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Abstract

We explore transition paths of particles moving across energy barriers.

The underlying motion is described by Brownian Dynamics, the
overdamped limit of Langevin’s equations.

The density of paths is governed by a well-known probability measure.

For a variety of models, we use gradient descent to find the Most Probable
Paths (MPPs), paths that exist at a probability maximum.

In the talk, we will describe characteristics of such paths. Some are
unexpected; others can be anticipated.

Many of the features of paths in Lennard-Jones Clusters are also seen in

simple one- and two-dimensional models, giving a framework for a
discussion of our findings.
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Introduction

*Derive a mathematical framework for the sampling of path
space, in which the Onsager-Machlup functional plays a
central role.

*Other approaches: Transition Path Sampling, String
Methods, etc. | will not try to review the long history.

*The approach taken here is to employ a Langevin equation in
path space, based on Brownian Dynamics as a way to sample
paths that are conditioned to cross a relevant free-energy
barrier.

*Define the Most Probable Path (MPP) as the path that
generates the maximum probability.

*This MPP does not have all the properties of an actual path -
e.g. it is twice differentiable. But what do they look like?

*In some cases, these MPPs are simply strange.



SDE Langevin Equation
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Onsager-Machlup functional
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Continuum Limit - Stratonovich Integral
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Remember the Langevin equation (original SDE)
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Advantage of the SPDE: every path can be conditioned to start
In one Free Energy basin and end in another



Most Probable Paths MPPs
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This is what we call the MPP (most probable path).
It is a path that is never realized; the MPP is twice
differentiable. Actual paths are almost nowhere differentiable.

How do we find the MPP? We use gradient descent:
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Using Crank-Nicolson, and other Numerical Techniques



1-d Double Well "
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QuickTime™ and a
TIFF (LZW) decompressor
are needed to see this picture.



Paths x(u) Various Lengths (U) U=20,10,5, 2,1
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2-d Potential

QuickTime™ and a
TIFF (LZW) decompressor
are needed to see this picture.

Path - diverging

QuickTime™ and a
TIFF (LZW) decompressor
are needed to see this picture.
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The minimization emphasizes the
places where G is “smallest”
the most negative




2-d Potential

QuickTime™ and a
TIFF (LZW) decompressor
are needed to see this picture.

Paths “Direct”
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LJ, In 2 spatial dimensions
P. Bolhuis, C. Dellago and D. Chandler

QuickTime™ and a
TIFF (LZW) decompressor
are needed to see this picture.

T=0.4

QuickTime™ and a
TIFF (LZW) decompressor
are needed to see this picture.

U QuickTime™ and a
Animation decompressor

Energy along the path are needed to see this picture.

Segmenting

T-dependence of G suggest conformation change



Vacancy-assisted diffusion T=0
soft-core potential

2 spatial dimension

Starting conflguratlon
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Energy along the path

Segmented
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Vacancy-assisted diffusion  T=0.1T,  y _, (1)
2 spatial dimension soft-core potential oy

saddle point same configuration with disclinations highlighted
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LJ,g In 3 spatial dimensions Zero Temperature

QuickTime™ and a
Animation decompressor
are needed to see this picture.



T=0 LJ,s In 3 spatial dimensions
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Summary and Conclusions

Using Brownian Dynamics, showed how the Stratonovich
formula can be considered to be a "measure,” providing an
expression for the probability of paths.

Showed how to form an SPDE for path sampling.

For a variety of examples, looked at the paths that maximized
the path probability - but may not be statistically significant.

Characteristics: the MPPs are

0 Segmented

o Highly sensitive to small asymmetries

o Many times, unphysically driven to saddle points, and
0 In one case, driven far away from any minimum of V.

The MPPs possess many unphysical features. In complex,
higher dimensional can they be trusted to give the correct
sequence of (transition) states? Remains to be seen.

This work supports the view of Durr and Bach, Comm. Math.
Phys, 1978, and not that of Faccioli, et al. Phys. Rev. Lett,
2006, 2008, J. Chem. Phys., 2009
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If U Is big enough

IS an atypical condition



