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I. Why local dynamical scaling ?
physical ageing ; scaling behaviour and exponents; tests of
dynamical scaling ; theoretical formulation

[I. Local scale-invariance for z # 2
axioms of LSI; classifications: mass terms; relation to
integrability ; computation of responses and correlators

[1l. How to test the foundations of LSI
kinds of tests; Ising model; in which models responses and
correlators were compared with LSI-predictions ?

IV. Conclusions
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|. Why local dynamical scaling ?

non-equilibrium systems naturally display dynamical scaling

a common example : ageing phenomena
@ slow relaxation (non-exponential)
@ breaking of time-translation-invariance
© dynamical scaling

which (reversible) microscopic processes lead to such
macroscopic effects ?

physical ageing known since (pre-)historical times, but
systematic studies first in glassy systems STRUIK 78
e a priori, behaviour prehistory-dependent
e but evidence for reproducible and behaviour

for better conceptual understanding : study ageing in simpler
systems without disorder (i.e. ferromagnets)

Question : what is the current evidence for larger,

‘ local scaling symmetries‘ ?




F(M)

for symmetry analysis : simple ageing systems without disorder
consider a simple magnet (ferromagnet, i.e. Ising model)

@ prepare system initially at high temperature T > T, >0

@ quench to temperature T < T, (or T = T¢)
— non-equilibrium state

© fix T and observe dynamics

T>T T<T

c c

competition :
at least 2 equivalent ground states
local fields lead to rapid local ordering
0 no global order, relaxation time oo
) b)

0 0
M

formation of ordered domains, of linear size L = L(t) ~ t!/?
z




Scaling behaviour & exponents

single relevant time-dependent length scale L(t) ~ t'/7
BRAY 94, JANSSEN ET AL. 92, CUGLIANDOLO & KURCHAN 908, GODRECHE & Luck 00, ...

o(t,r) — space-time-dependent order-parameter (magnetisation)

correlator C(t,s;r) = (o(t,r)o(s,0)) = s_bfc(t/s, ¥|?/(t = s))
response R(t,s;r) = (m T s R (t/s, |r)7/(t = s))

No fluctuation-dissipation theorem : ’ R(t,s;r)#T 0C(t,s; r)/as‘
values of exponents : equilibrium correlator — classes S and L

Coal1) N{ exp(~|r|/¢) :>{ class :>{ am1/z

|r|~(d=24m) class L a=(d—-2+n)/z
fT<T.:z=2and b=0 if T=T:,:z=2z-and b= 2
fory = o0 : fcr(y) ~ y~AcR/Z, Ac,r independent exponents



Test of dynamical scaling : 3D Ising model, T < T,

Ojol_Lu].ll‘_Lull.I‘_Lu.l.l.l.LLl.l.uli | I
10° 10" 10° 10° 10* 0 10 20 30
t-s s
no time-translation invariance dynamical scaling

C(t,s) : autocorrelation function, quenched to T < T,
scaling regime : t,s >> Tyicro and t — 5 > Thicro
Question : how to find the scaling functions fgr(y) and fc(y)?



How to understand these scaling forms — mean-field

Langevin eq. for order parameter m(t)

dlggt) =3Xm(t) = m(t)> +n(t) . (n(t)n(s)) = 2T5(t - s)

contrdle parameter \? :
MAN>0:T<T,(QN=0:T=T,0B)N<0:T>T,
two-time observables : response R(t,s), correlation C(t,s)

N Lot (o) = (m(eim(s)

mean-field equation of motion (cumulants neglected) :

R(t,s) =

OR(t,s) = 3 (N2 —v(t)) R(t,s)+d(t—s)
9sC(t,s) = 3(N—v(s)) C(t,s) +2TR(t,s)

with variance v(t) = (m(t)?), v(t) =6(A% — v(t))v(t)




s
<7 A2 > 0 : fluctuations persist
if A2 < 0 : fluctuations disappear

in the long-time limit t,s — oo : (t > s)

1 2min(t,s) ; A2>0
R(t,s) ~ < +/s/t ; C(t,s)~T s\/s/t ;i A2=0
e—3\>\2|(t—s) (3|}\2‘)e—3p\2| |t—s]| : A2 <0

fluctuation-dissipation ratio measures distance from equilibrium

1/24+0(e %) A2>0
TR(t ’
X(t,s):ac(’s): 2/3 : A2=0
sC(t,s) 1+O(e—\)\2||t—s|) ©A2<0
relaxation far from equilibrium, when X # 1, if A2 >0 (T < T.)



Consequences :

If A2 > 0 : free random walk,
the system never reaches equilibrium !
If A2 =0 : slow relaxation, because of critical fluctuations

In both situations : observe

@ slow dynamics (non-exponential relaxation)
@ time-translation-invariance broken
© dynamical scaling behaviour

— the conditions for physical ageing are

all satisfied if T < T,
— the system remains

If A2 < 0 : rapid relaxation, with finite relaxation time
Teel ~ 1/|22|, towards unique equilibrium state



II. Local scale-invariance for z # 2

Extend known cases z = 1,2 —> axioms of LSI :
MH 97/02, BAUMANN & MH 07

@ M@bius transformations in time (generator X))

_at+pj

= Stye W hr=l

t—t

require commutator : [Xp, Xyy] = (n — n") X4
@ Dilatation generator : Xo = —t0; — %r O — 3

Implies simple power-law scaling L(t) ~ t'/7 (no glasses!).
© Spatial translation-invariance — 2¢ family Y}, of generators.
@ X, contain phase terms from the scaling dimension x = x,
@ X, Ym contain further ‘mass terms’ (Galilei!)

@ finite number of independent conditions for n-point functions.



Theorem : LSI without ‘masses’ MH 02
Commutators [X,, Xiy] = (n — n") Xpwn, [Xn, Ym] = (f — m) Yotm
with n,n’ € Z and m € Z — 1/z have only the realisations :

z | X, = —t"1y, — %lt”r(?r - ("tl)x t" — n(n2+1) Biot" " 1r?
Yk—l/z = _tkar — %QkBlotk—lr—l'i‘Z
2| Xn = —t"19, — L(n+1)t"rd, — I(n + 1)xt"
_ ”(”;‘1) Blotn_1r2 . (nz—Tl)nBzotn_gr4
Yicip = —tkd, — 2kByotk—1r — %k(k — 1)520tk—2r3
L] X = —t"10, = A [(t + Awr)™! — 7]0,
—(I‘I + l)th — n+1 310 [(t + Alor) — t"]
Yk_l - _(t+A10r)k r— §Blo(t+A10r)

free parameters (two in each case) : z, A1g, Bio, Bao



similar classification from a geometric point of view puvar & Horvarsy 09
1. generic z and Bijg =0 : = [V}, Yor] = 0. MH 97
2. z = 2. Find infinite-dimensional extension of scbh; :

Z,(,O) = —2t", Z,(nl) = —2t’”_1/2r Z(z) ‘= —nt" 142 and

Yo Yol = (m—m)(4B0Z2), + B1ZY) )
X0, Z0P] = 0202 | X, 20 = ~(n/2 - m)ZY,
[YmaZr(nl’)] = _Zr(r?—&)-m' ) [YmaZn2)] = _an(nlJ)rn

For Byp = 0 and Bjg = M/2 one is back to sb; D sch;.

3. z=1. Then [Yy,, Yy] = Ao(n — n")Ypip, in d = 1 dimensions.
If Ajp # 0, isomorphic to vect(S?) x vect(S?).

In the limit A;p — 0, contraction to ab; D alt; = cGA(1); (v € R)

X, = —t"0, — (n+1)t"rd, — (n+1)t"x — n(n+ 1)yt"r
Yo = —t"19, — (n+ 1)yt"
two Virasoro-like central charges OVSIENKO & ROGER 98

For d = 2 so-called exotic central extension of alt;, but incompatible
with oo-dim. extension a[tz C avy LUKIERSKI, STICHEL, ZAKREWSKI 06/07



consider z arbitrary, set Bjg = 0.

FOI’ the case Zz = 1, see Havas & PLEBANSKI 78, NEGRO ET AL 97, MH 97 & 02; ...09-10.

Extend to z # 1,2 by generators with mass terms, for d =1 :

Yici, = —tO — pzrVi? —~yz(2 — 2)9,V, * Galilei

2 2
X = -0 2uo, - v el
V4 z

—2v(2—=2)ro,V,? —~(2 - 2)(1 - z)V, *

@ depend on two parameters «y, 11 and on two dimensions x, £

@ contains fractional derivative (/f\ : Fourier transform)

«a Y dk a irk 7
Vif(r) =i /]Rd (27T)d|k’ e f(k)

e some properties : VOVE = Vo’ [ve ] = a0, V&2

ro

V& exp(iq - r) = 1%|q|* exp(iq - r)



Fact 1 : simple algebraic structure :

n
DX Xl = (0= 1) X+ DXy Yonl = (5 = m) Yo

— Generate Yy, from Y_;/,, = —0,.
Fact 2 : LSl-invariant Schrodinger operator :

S = —udy + z72V?

Let xo+&=1—-2/z+(2—z)y/p. Then [S, Y] =0 and

2
[S. X0] = =S , [S,Xi] = —2tS + 7“ (x — xo)

== I:' is equation, if x; = xo.

Physical assumption (hidden & approximate) : equations of
motion remain of first order in 9, even after renormalisation.



Fact 3 :
iterated commutator with G := Yi_y,, ad G- =, G]

Mf = (adG)2f+1 Y—l/z — a£M2£+1V$2£+1)(1_Z)+1

For z=2, 3y =0 if £ > 1. For a n-point function
F) = (¢1...¢n), MF(") =0 gives in momentum space

(Zn:u?“kflxwl)z) F({tiki}) = 0
i=1
(Zk) {t,, 1}) =0

= momentum conservation & conservation of |k|!
analogous to relativistic factorisable scattering ZanoLopcukov? 79, 89
equil. analogy : 2D Ising model at T = T, in magnetic field



Consequence : a [si-covariant 2n-point function F(n) is only
non-zero, if the ‘masses’ yi; can be arranged in pairs (1, fiq(j))
with i =1,...,nsuch that | uj = —pg(j) |

generalised Galilei-invariance with z # 2 = integrability

Corollary 1 : Bargman rule : | (¢1... ¢, ggl o ggm>0 ~ Onm
Corollary 2 : derive reduction formulae for averages :
go to stochastic field-theory, action JANSSEN 92, DE DOMINICIS,. ..

T16, 9] = Dolé, 3] / o / GecoCinitdeco

+ Jbl¢] : noise

¢ : response field ; C(t,s) = (¢(t)p(s)), R(t,s) = ($(t)d(s))
averages : (A)g 1= IDQngA[QSa l exp(—To[¢, 9])

identify masses (generalised Bargman rule) :
He = —Hg




application to the response PICONE & MH 04 ; BAUMANN & MH 07-10

Rits) = (9(03()) = (o(0)als)e )
= <¢(t)qg(s)>0 = Ro(t,s)

0

Bargman rule = response function independent of noise !
left side : computed in stochastic models
right side : local scale-symmetry of deterministic equation

Corollary 3 : response function noise-independent

R(t,s;v) = R(t,s)Fr)(|r|(t —s)~Y?)

L/t 1+a'—Ar/z /¢ —1-a
R(t,s) = ros (f) (——1)
S

S

dk
(17) — k|Y u-k — ulkl?
Fou) = [ Ikl exp -k = ki)



choice of the (quasi-)primary operators ?

Finite transformation (spatial part here for z = 2) :
t=p(t), r=r 45 and B(0) =0

dt’
o dinB(¢)\ ¢ Mr2din 3(t)
t — B(¢ x/2 _ "t ¢
ot =By (ST e | A )
extra transformation mass term

reduce to usual [si-primary operator ®(t,r) := t28/Z¢(t, r).
Then | &(t) = B(t')~xF26)/2¢/(+') |, transforms as a primary.

a) 9em = Am + 3(A? — v(t))m reduces to
diffusion equation 0;P = A via

m(t,r) = ®(t,r)exp /0th 3()\2 —v(7))

fT=T.oX=0: &)~ t/2m(t)
fT<TceA>0: &(t)~1-m(t)

two cases : {



= magnetisation m(t) and primary operator ®(t) distinct
b) kinetic spherical model equation

Orp(t) = Ag(t) — v(t)p(t) + noise , v(t) ~t7t

gauge transformation ®(t) = ¢(t) exp[ fo dr v(r ]
gives diffusion eq. for ¢
c) kinetic Glauber-Ising model T = T, MH, Enss, PLEIMLING 06

N

ID ad—a=—3
2D a—a~—017( )
3D &' —a~ —0.022(5)

b e
[ Ising 3D
L 1 L 1 L 1 L 1 P

. . X 0.2 04 0.6 0.8
S/t s/t

* 204 order e-expansion disagrees with lattice datapuenime & Gavnass 05
*x 8 — a < 0 required to match LSI with lattice data, but still
disagrees with FT

= resum g-expansion to be able to compare with lattice data?




Some known values of a, 3’ and A\g/z at T = T,.

model d a a—a AR/z Réf.
|sing 1 0 —1/2 1/2 GODRECHE
& Luck 00
2 0.115 ~0.17(2)  0.732(5) | neros
3 0.506 —0.022(5) 1.36(2) | neros
EA spin glass | 3 0.060(4) —0.76(3) 0.38(2) | m&ros
FA 1 1 —3/2 2 MAYER ET AL 06
>2 1+d/2 —2 2+d/2 MAYER ET AL 06
contact proc. | 1  —0.681 0.270(10) 1.76(5) | mE&Pos
NEKIM 1 —0.430(2) 0.00(1) 1.9(2) OpoR 06
OJK model Z 2 (d— 1)/2 —1/2 d/4 MAZENKO 04

— : a # 4’ should be the generic case.
= : order-parameter m(t) does in general not transform in the
most simple way !



Corollary 4 :
Correlators obtained from factorised 4-point responses :

C(t,s) = (@(£)(s)) = (d(t)p(s)e Tl

example : contribution of ‘initial’ noise at time u :

Cunit (t, 5; r)—/ dRAR’ F®(t,s,u;r,R,R’) C(u,R-R/)
R2d ~~ /

4-pt function  ‘initial’ correlator
= o (ts)2§/z+fs4§/zf2f(t _ 5)72(2§+X)/z

></ dk |k|?? exp[ir - k — a|k[*(t — s)] C(s, k)
Rd

where we have also sent v — s.
Relevant, e.g. for phase-ordering kinetics — z = 2 Brav & Rurensinc 94

Ising model, more precise ‘initial’ correlator :  onta, Jasnow, Kawasaki 's2

(1) arn (o 5
I




[1l. How to test the foundations of LSI

theory is built on :

a) simple scaling — domain sizes L(t) ~ t'/7

b) invariance under Mébius transformation t — t/(yt + )
c) Galilei-invariance generalised to z # 2

together with spatial translation-invariance
—> extended Bargman rules
— factorisation of 2n-point functions

Mobius transformation autoresponse R(t,s)
generalised Galilei-invariance space-time response R(t,s;r)
factorisation two-time correlation function




Example : Ising model, space-time behaviour (parameter-free!) :

0.24 . . 0.30 : . 0.15 . ; 0.21 : r
LY, & = 5=100 o 5=25 o 5=25
f Y o g=121 - = 5=36 % " 5=36
020 b %‘ ] 4 s=144 ?E © s=64 7;%&, o s=64
: Yoo L4 h, V=169 i:t 4 =81 T @ +s=8
ol K 0.26 | T es=1961 0.1 | ﬁl vs=100 4 0.17 4 d vs=1001
. § os=225 [ 1 b fﬁ‘z}
3 : 3 % T %
> 0.16 | 1 L. > E
& ¥ a E: S
o % (=% , i
022 | Yoo 007 | I {013} j’% 1
012 E e 3 =
. % fﬁi{
® %, @ C)
0.08 . . 0.18 . . 0.03 . . 0.09 L .
0 4 8 12770 4 8 12 0 4 8 12770 4 8 12
y y y y

spatio-temporally integrated response Ising model T < T,
(a,b)2D; p=1,2,4 (c,d)3D; up=1,2,
Jodu fo\/ﬁ dr rd=1R(t, u;v) = 59272 %) (t /s, )

MH & M. PLEIMLING, PHYS. REV. E68, 065101 (R) (2003)

analogous results in the g-states 2D Potts model, T < T,

E. LorENZ & W. JANKE, EUROPHYS. LETT. 77, 10003 (2007)




2D Ising model, T < T, : autocorrelator in the scaling limit

Cys,s) = Goy’(y — 1)—9—%/2/0 dx e~ f, ( ; i : >

£,(Vu) = /OOOdV arcsin (e ™) Jo(vuv')

parameters to be fitted : p, v. z=2

T LR e e L L L L
1 T T T

0.8 \ 09:
: 200
- 1/

-1 of practical importance :

i S . e .
e PL \ —— 1 ‘good’ choice of ‘initial’ correlations
m s=800 A
1 sk \:\ 4 Gni(r) = cd(r) not sufficient
- LET R BaumanN & MH 10
LSI (new) - n
@ 1 (k:) Ladla1a1
1 10 1000‘41l2l3'4l5lﬁl78
t/s ts

= for the first time, a theoretical calculation for C(t,s)
reproduces the simulations for all t/s!



Tests of LSI for z # 2 :

@ spherical model with conserved order-parameter, T = T,

z=4 BaumanNN & MH 06

@ Mullins-Herring model for surface growth, z = 4

ROTHLEIN, BAUMANN, PLEIMLING 06

@ spherical model with long-ranged interactions, T < Tg,

0 < Z =0 < 2 CANNAS ET AL. 01; BAUMANN, DuTTA, MH 07; DUTTA 08

e ferromagnets at their critical point (Ising, XY), z ~ 2.0 — 2.2

MH, ENss, PLEIMLING 06 ; ABRIET & KAREVSKI 04

e critical particle-reaction models (DP 7, NEKIM),
z~16-—-2 Opor 06

@ particle-reaction models with Lévy-flight transport,
O0<z= n <2 DURANG & MH 09

important : consideration of invariant differential equation

NB : all of the exactly solved models in this list are markovian !



What tests of LS| have been achieved ?

1. :
o T < T.,d=2:lsing, Potts, spherical (A&B), disord. Ising
o T < T.d=3:lsing, XY, spherical (A&B)
e T =T.d<2:lsing, spherical (A&B), HvL, DP 7, NEKIM
e T =T.d=3:lsing, spherical (A&B), BCPD/L, BPCPD
o growth : Edwards-Wilkinson, Mullins-Herring

2. R(t,s;r) :
o T < T, : Ising, Potts-3 & 8, spherical (A&B)
e T = T, :Ising 1D, spherical (A&B), BCPD/L, BPCDP
o growth : Edwards-Wilkinson, Mullins-Herring
Difficulty : oscillating dependence on |r|
3. C(t,s) :
o T < T. :lIsing 2D, Potts 2D, spherical (A&B)
o T = T, :lIsing 1D, spherical (A&B), BCPD/L, BPCPD
o growth : Family, Edwards-Wilkinson, Mullins-Herring
Required : precise single-time correlator C(t,r)



V. Conclusions

o

©e © 00

look for extensions of dynamical scaling in ageing systems
recently, scaling derived for phase-ordering ARENZON ET AL. 07

here : hypothesis of generalised Galilei-invariance

leads to Bargman rule if z =2

and further to ‘integrability’ if z # 1, 2.

hidden dynamical symmetry of deterministic part of (linear &

first-order!) Langevin equations

Tests : derive two-time response and correlation functions

LSI exactly proven for linear Langevin equations

very good numerical evidence for non-linear systems

Some questions (the list could/should be extended) :

o

how to physically justify Galilei-invariance ?

how to extend to non-linear equations ?

non-markovian effects ? choice of fractional derivative ?
what is the algebraic (non-Lie!) structure of LSI?
treatment of master equations with LSI?
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@ Springer

Vol. 2 — co-author M. Pleimling — will treat ageing phenomena in
simple magnets and LSI (to appear still in 2010)




