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Granular Matter

Jaeger et al, 1996

Blair et al, 2003 Goldhirsch et al, 1993 

Aranson et al, 2006

Daerr et al, 1999



Freely cooling (motivation)

• Isolates effect of dissipation

• Direct experiments

• As parts of larger driven systems

• Interacting particle systems

Ferguson et al, 2004



Model

• Particles on a ring

• Initial conditions

• Momentum conserving

• Energy dissipating
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Coefficient of Restitution: r

Brass Aluminium

Marble

r → 1 when v → 0

r → r0 when v →∞

C. V. Raman, 1918



Coefficient of Restitution

r(v) = r0 + (1− r0) exp [−(v/δ)σ]

• A new velocity scale δ

• An exponent σ

• σ=1/5 [viscoelastic theory]

• σ takes many values [experiment]

• σ=∞ convenient
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Do we need δ?
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Inelastic collapse

What role does δ play?



Homogeneous Cooling

dE

dt
∼ (1− r2)E

a/
√

E

E ∼ 1
(1− r2)t2 + c2

Haff’s law Haff, 1982
Maaβ et al, 2008

dE

dt
= −∆E

τ



1d-energy
1d-P(v,t)

2d-energy

Ben-Naim et al, 1999, Nie et al, 2002

r<1: As t →∞, r → 0



• Exactly solvable

• Mapping to Burgers equation

• E(t) ~ t-2/3, t >> tc 

Sticky Gas (r=0)

Frachebourg, 1999

Kida, 1979

Ben-Naim et al, 1999



Spatial correlations?

r=1 r=0

?



Phase Ordering

C(r, t) = 〈si(t)si+r(t)〉 = f(r/L(t))

L t

Early times

Later times



Phase Ordering
Well defined domain sizes

C(r, t) = 〈si(t)si+r(t)〉 = f(r/L(t))

f(x) ∼ b(1− c|x|) for x# 1

S(k,t) ∼ Ld

(Lk)d+1 for kL" 1 Porod law

S(k,t) ∼ Ld

(Lk)α , α "= d + 1 Non-Porod

C(r, t) ≈ 1× (Lt − r)− 1× r

Lt

= 1− 2r

Lt

Lt



Coarse Graining

• Density

• Velocity
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A new time scale
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Note: E(t) ∼ t−2/3 =⇒ t∗ ∼ δ3
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Granular ρ-ρ (-2.0) Granular v-v (real)

Granular v-v (-0.8)Granular ρ-ρ (-0.8)
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r=1 r=0

?

No. For large times, the nature of 
coarsening changes completely  



Why does Porod law fail?
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Independent Interval Approximation
(A)

(B)

x1 x2 2n!1x

x 2nx2x1
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Cρρ(x) ≈
∞∑

n=0

p2n(x)

p2n(x) = α

∫
dx1 . . . dx2nQ(x1)E(x2n − x2n−1)Q(x− x2n)

2n−3∏

j=1,3,...

[E(xj+1 − xj)O(xj+2 − xj+1)] , n = 1, 2, . . .

θ = 3− γ

θ ≈ 0.8; γ ≈ 2.2



Summary and Outlook

• A new time scale in freely cooling gas

• Porod law violated (different from the 
sticky gas limit)



Effective model

Sticky gas → a model of aggregation

Intermediate times: aggregation+ fragmentation
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Effective model
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Summary and Outlook (cont)

• Continuum description?

• r-independence?

Ben-Naim et al, 1999



Thank You 
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