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for some optimal controlled PDE

• regularization

• discretization

• error estimates

based on Hamiltonians and Hamilton-Jacobi theory
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Optimal Control

dXt

dt
= f (Xt, αt),

inf
α∈A

(
g(XT ) +

∫ T

0

h(Xs, αs)ds
)
,

given X0, f, g, h, A = {α : [0, T ]→ B}.
Ex: Calibration in math finance. Find σ : [0, T ]× R+ → R+

∂tC(t, x) =
σ2(t, x)x2

2
∂xxC(t, x), C(0, x) = max(S − x, 0)

min
σ

∑
i,j

|C(tj, xi)− Ĉ(tj, xi)|2
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Two Computational Alternatives

1. Dynamic programming and Hamilton-Jacobi PDE

u(x, t) := inf
α

(
g(XT +

∫ T

t

h(Xs, αs)ds ; Xt = x
)
,

∂tu(x, t) + min
α∈B

(
f (x, α) · ∂xu(x, t) + h

)︸ ︷︷ ︸
H(∂xu(x,t),x)

= 0, t < T

u(·, T ) = g

2. Minimization with ODE-constraint: Hamiltonian system

Ẋt = Hλ(λt, Xt) X0 given

λ̇t = −Hx(λt, Xt) λT = g′(XT )
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Compare HJB-PDE and Hamiltonian system

Hamilton-Jacobi by FEM or FD:

+ Global minimum

+ Theory also for non smooth

+ Stochastics

− Not d� 1

Minimization with ODE-constraint:

− Local minimum

− Need smooth

− No stochastics

+ d� 1!

Idea here:
use HJ theory to find regularizations & estimates for H-systems
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Approximation of Optimal Controls

- Convergence for symplectic ODE method with

- non smooth control (two reasons)

- regularization by consistency with Hamilton-Jacobi PDE and
Pontryagin principle.

Non smooth control:

- H only Lipschitz

- Colliding backward paths X , i.e. shocks!

Regularized Hδ:

Ex: f = α =⇒ H(λ) = min
α∈[−1,1]

(λα) = −|λ|.

5



HHδ
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Pontryagin Principle and the Symplectic Euler

X̄n+1 = X̄n + ∆t Hδ
λ(λ̄n+1, X̄n), X̄0 = X(0),

λ̄n = λ̄n+1 + ∆t Hδ
x(λ̄n+1, X̄n), λ̄N = g′(X̄N).

Motivation

The Hamilton equations are the characteristics for the Hamilton-
Jacobi PDE and

f
(
Xs, α

∗(Xs, λs)
)

= Hλ(λs, Xs)

h = H − λHλ

α∗t = argmina
(
λt · f (Xt, a) + h(x, a)

)
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Implied volatility

Find σ̃ : [0, T ]→ [σ−, σ+]M

min
σ̃

∑
i,j

(
C(tj, xi)− Ĉ(tj, xi)

)2

subject to ∂tCi(t) = σ̃i(t)D
2
iC(t) (Dupire’s eq.)

H(λ,C) = min
σ̃

M−1∑
i=1

(
σ̃iD

2
iCλi︸ ︷︷ ︸
vi

+(C − Ĉ)2
i

)
=

M−1∑
i=1

(
min
σ̃

(σ̃ivi)︸ ︷︷ ︸
s(vi)

+(C − Ĉ)2
i

)
Regularized:

Hδ(λ,C) :=

M−1∑
i=1

(
sδ(D

2
iCλi) + (C − Ĉ)2

i

)
8



ssδ
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The corresponding Hamiltonian system

∂tCi = s′δ(D
2
iCλi)D

2
iC, C0 = S,CM = 0

−∂tλi = D2
i

(
s′δ
(
D2
·Cλ·

)
λ·
)

+ 2(C − Ĉ)i, λ0 = λM = 0

and Hamilton-Jacobi equation for the value function

u(c, t) = min
σ̃

[ ∑
i,tj>t

|Ci(tj)− Ĉi(tj)|2 ; C(t) = c
]

is

∂tu(C, t) + Hδ(∂Cu(C, t), C) = 0 t < T,

u(·, T ) = 0.
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ODE Convergence for d� 1

Theorem. Assume f, g, h Lipschitz,

‖∂X̄(tn)λ̄n+1‖L∞(Ω−∪Ω+) ≤ K,

then
|u− ū| = O(δ + ∆t + ∆t2/δ).

Proof.

1. ū(x, tn) := min
X̄n=x

(
g(X̄N) +

∑
m≥n

h(X̄m, λ̄m+1)∆t
)

2. ∂X̄nū = λ̄n

3. ∂tū(X̄t, t) + H(∂xū, X̄t) = O(δ + ∆t +
(∆t)2

δ
),

4. 2 & 3 and stability of viscosity solutions

5. H concave, subdifferential empty at shocks.
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HJ-Stability

L2 projection P : V → V̄ gives H̄(λ̄, X̄) = Hδ(Pλ̄, X̄) and∫ T

0

(H̄ −H)
(
∂u(X̄t, t), X̄t

)
dt ≤ ū(X0, 0)− u(X0, 0)

≤
∫ T

0

(H̄ −H)
(
∂ū(PXt, t), PXt

)
dt

+

∫ T

0

H
(
∂ū(PXt, t), PXt

)
−H

(
∂ū(PXt, t), Xt

)
dt

+ g(PXT )− g(XT )

Allen-Cahn Ex. (Sandberg)

u(X0, 0)− ū(X0, 0) = O(∆t + (∆x)2)

∂tXt = δ∂xxXt − δ−1V ′(Xt) + αt x ∈ (0, 1) t < T
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Stability for case X̄0 = X0 and ḡ = g:

∫ T

0

h̄(X̄ t, ᾱt) dt + ḡ(X̄T )︸ ︷︷ ︸
ū(X̄0,0)

−
∫ T

0

h(X t, αt) dt + g(XT )︸ ︷︷ ︸
u(X0,0)

=

∫ T

0

h̄(X̄ t, ᾱt) dt + u(X̄T , T )− u(X0, 0)︸ ︷︷ ︸
u(X̄0,0)

=

∫ T

0

h̄(X̄ t, ᾱt) dt +

∫ T

0

du(X̄ t, t)

=

∫ T

0

∂tu(X̄ t, t)︸ ︷︷ ︸
=−H

(
∂xu(X̄t,t),X̄t

)+ ∂xu(X̄ t, t) · f̄ (X̄ t, ᾱt) + h̄(X̄ t, ᾱt)︸ ︷︷ ︸
≥H̄
(
∂xu(X̄t,t),X̄t

) dt

≥
∫ T

0

(H̄ −H)
(
∂xu(X̄ t, t), X̄ t

)
dt.
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Implied volatility: from Heston plus jumps
20 strikes in price and 5 in time
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Figure 1: Volatility surface and error in option prices with piecewise linears

14



0
50

100
150

200
250

300

0

0.2

0.4

0.6

0.8

1
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

K

logerror = −4.7799, maxabserror = 0.0099983

T 0
50

100
150

200
250

300

0

0.2

0.4

0.6

0.8

1
−0.5

−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

FEM minus analytic ALL PRICES

Figure 2: Volatility surface and error in option prices; volatility on fine mesh
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Figure 3: Volatility surface and error in option prices with splines
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Relation to Tikhonov

Want

min
α∈B

(
λ · f (X,α) + T̂ (X,α)

)
= Hδ(λ,X)?

instead min
φ∈f̂(X,B)

(
λ · φ + T (X,φ)

)
= Hδ(λ,X)

Legendre solution

T (X,φ) = sup
λ∈Rd

(
− λ · φ + Hδ(λ,X)

)
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Our inverse approach

• choose controls

• determine Hamiltonian (if possible)

• regularize Hamiltonian (by convolution)

• solve Hamiltonian system (by Newton)
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More Examples

• optimal design

• reconstruction

• use MD to find Allen-Cahn SPDE for phase changes

• accuracy of MD compared to Schrödinger

• calibration of jump-diffusion (Kiessling)

• optimal design and reconstruction for heat equation and wave
equation (Carlsson)
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A Convex Minimization Problem

Ex: Computation of optimal designs. Find σ : Ω→ {σ−, σ+}

div(σ∂xϕ(x)) = 0 x ∈ Ω, σ
∂ϕ

∂n

∣∣∣
∂Ω

= I

min
σ

(

∫
∂Ω

Iϕds + η

∫
Ω

σdx).

• Convex problem

• δ → 0 possible
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Non Convex/Concave Problem

Change to maxσ

Figure 4: Convexified reference, Hδ, iterations in {σ−, σ+}

• δ ∼ 1

• Convexified functional optimal, or do η/σ
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Parameter estimation from measurements

Change to minσ
∫
∂Ω (ϕ− ϕ̄)2

Figure 5: Conductivity: true, estimated no noise, 5% noise

• Seems to behave as convex/non-convex problem depending on
σ+/σ−

• Optimal choice of input currents?
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Elasticity
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