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Motivation and Problem
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I. Multirecurrence and Multiple ergodic averages
Theorem (Furstenberg-Weiss, 1978) If

(X, d) a compact metric space.

Ti : X → T continuous, TiTj = TjTi (1 ≤ i, j ≤ d).

Then there exists x ∈ X and (nk) ⊂ N such that

lim
k→∞

T nk

i x = x, ∀i = 1, 2, · · · , ℓ.

Applied to X = {0, 1}N, Ti = T i, T being the shift.

Theorem (Szemeredi, 1975) If Λ ⊂ N satisfies

lim sup
N→∞

|Λ ∩ [1, N ]|
N

> 0,

Then Λ contains arithmetic progressions of arbitrary length.
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II. Multiple ergodic theorem
Multiple ergodic averages

1

n

n∑

k=1

f1(T
kx)f2(T

2kx) · · · fℓ(T ℓkx)

Lesigne

Bourgain

Furstenberg

Host-Kra

...
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III. Setting

T : X → X topological dynamical system

f1, · · · , fℓ continuous functions on X (ℓ ≥ 2)

Denote, if the limit exists

Af1,··· ,fℓ(x) = lim
n→∞

1

n

n∑

k=1

f1(T
kx)f2(T

2kx) · · · fℓ(T ℓkx).

For α, denote

E(α) = {x ∈ X : Af1,··· ,fℓ(x) = α}.

Problem : What is the size of E(α) ?

N.B. The case ℓ = 1 is classical. The case ℓ ≥ 2 is a challenging problem.
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IV. Spectrum of Birkhoff averages
(X,T ) : System satisfying specification property.
Φ : X → B (a Banach space) : continuous.

MΦ(α) :=

{
µ ∈ Minv :

∫
Φdµ = α

}
.

Theorem (Fan-Liao-Peyrière, DCDS 2008)

(a) If MΦ(α) = ∅, we have XΦ(α) = ∅.
(b) If MΦ(α) 6= ∅, we have the conditional variational principle

htop(XΦ(α)) = sup
µ∈MΦ(α)

hµ.

Related works, Fan-Feng, Fan-Feng-Wu, Olivier, Barreira-Schmeling,
Feng-Lau-Wu, Taken-Verbytzky, Olsen, et al.
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On groups {−1, 1}N and {0, 1}N
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I. A special case on {−1, 1}N
X = {−1, 1}N
T the shift : (xn)n≥0 7→ (xn+1)n≥0.

fi(x) = x1 the projection on the first coordinates (i = 1, 2, · · · , ℓ)
for θ ∈ R, denote

Bθ :=

{
x ∈ D : lim

n→∞

1

n

n∑

k=1

xkx2k · · ·xℓk = θ

}
.

Theorem (Fan-Liao-Ma, 2009)

For θ 6∈ [−1, 1], Bθ = ∅. For any θ ∈ [−1, 1], we have

dimH(Bθ) = 1− 1

ℓ
+

1

ℓ
H
(1 + θ

2

)
,

where H(t) = −t log2 t− (1− t) log2(1− t).

N.B. dimH Bθ ≥ 1− 1/ℓ > 0 if ℓ ≥ 2.
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II. Proof using Riesz products
Rademacher functions rn(x) = xn are group characters

Walsh functions

wn = rn1
· · · rns

, n = 2n1−1+2n2−1+· · ·+2ns−1, 1 ≤ n1 < n2 < · · ·

is a Hilbert space in L2({−1, 1}N).
The subsystem

ξk = rkr2k · · · rℓk (k ≥ 1)

are dissociated in the sense of Hewitt-Zuckerman.

The following Riesz product measure is well defined

dµθ =

∞∏

k=1

(1 + θξk(x))dx.

Ai-Hua FAN Riesz products and Multiplicative Gibbs measures 10/43



II. Proof (continued)

Lemma 1 (Expectation)

If f(x) = f(x1, · · · , xn), we have

Eθ[f ] =

∫
f(x)

⌊n/ℓ⌋∏

k=1

(
1 + θξk(x)

)
dx.

Proof. Because rn are Haar-independent. QED
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II. Proof (continued)

Lemma 2 (Law of large numbers)

If f(x) =
∑∞

n=0 gnx
n with

∑
n |gn| <∞, then for µθ-almost all x,

lim
n→∞

1

n

n∑

k=1

g(ξk(x)) = Eθ[g(ξ1)].

Proof. Apply Menchoff Theorem to
∑∞

k=0
1
k

(
g(ξk)− Eθ[g(ξk)]

)
and

conclude by Kronecker theorem :

ξ2nk (x) = 1, ξ2n−1
k (x) = ξk(x) ∀n ≥ 1.

g(ξk) =
∑∞

n=0 g2n + ξk
∑∞

n=1 g2n−1.

Eθ(ξk) = θ,Eθ(ξjξk) = θ2, (j 6= k).

Eθ[g(ξk)] =
∑∞

n=0 g2n + θ
∑∞

n=1 g2n−1.

g(ξj)− Eθg(ξk) are orthogonal.

QED
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II. Proof (continued) : Proof of Theorem
µθ(Bθ) = 1 (Lemma 2 applied to g(x) = x) :

µθ−a.e. x lim
m→∞

1

m

m∑

k=1

ξk(x) = E(ξ1) = θ.

By Lemma 1 (applied to 1In) : ∀x, ∀n ≥ ℓ,

Pθ(In(x)) =
1

2n

⌊n/ℓ⌋∏

k=1

(
1 + θξk(x)

)
.

Notice that log(1 + θξk(x)) = −∑∞
n=1

θ2n

2n +
∑∞

n=1
θ2n−1

2n−1 ξk(x). Then
for all points x ∈ Bθ,

lim
m→∞

1

m

m∑

k=1

log(1 + θξk(x)) = −
∞∑

n=1

θ2n

2n
+

∞∑

n=1

θ2n−1

2n− 1
θ.

The right hand side can be written as

θ log(1 + θ)− θ − 1

2
log(1 − θ2) =

[
1−H

(
1 + θ

2

)]
log 2.

We conclude by Billingsley’s theorem. QED
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III. A special case on {0, 1}N
X = {0, 1}N
T the shift : (xn)n≥0 7→ (xn+1)n≥0.

fi(x) = x1 the projection on the first coodinates (i = 1, 2, · · · , ℓ)
for θ ∈ R, denote

Aθ :=

{
x ∈ D : lim

n→∞

1

n

n∑

k=1

xkx2k · · ·xℓk = θ

}
.

Remarks

fi(T
ix) = xi are not group characters.

Riesz product method doesn’t work and the study of Aθ is more
difficult than Bθ.

The study of Aθ was the motivation.
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IV. A subset of B0 For ℓ = 2, define

X0 :=
{
x ∈ {0, 1}N : xnx2n = 0, for all n

}
.

Fibonacci sequence : a0 = 1, a1 = 2, an = an−1 + an−2 (n ≥ 2).

Theorem (Fan-Liao-Ma, 2009)

dimB(X0) =
1

2 log 2

∞∑

n=1

log an
2n

= 0.8242936 · · ·

Theorem (Kenyon-Peres-Solomyak, 2011)

dimH(X0) = − log2 p = 0.81137 · · · (p3 = (1− p)2).

Remarks

dimH(X0) < dimB(X0).

A class of sets like X0 is studied by Kenyon-Peres-Solomyak.
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V. Combinatorial proof (of box dimension) Starting point

dimB X0 = lim
n→∞

log2Nn

n

where Nn is the cardinality of

{(x1x2 · · ·xn) : xkx2k = 0 for k ≥ 1 such that 2k ≤ n}.
Let {1, · · · , n} = C0 ⊔ C1 ⊔ · · · ⊔ Cm with

C0 : = {1, 3, 5, . . . , 2n0 − 1} ,
C1 : =

{
2 · 1, 2 · 3, 2 · 5, . . . , 2 ·

(
2n1 − 1

)}
,

. . .

Ck : =
{
2k · 1, 2k · 3, 2k · 5, . . . , 2k · (2nk − 1)

}
,

. . .

Cm : = {2m · 1} ,
The conditions xkx2k = 0 with k in different columns in the above table
are independent. On each column, (xk, x2k) is conditioned to be different
from (1, 1). Counting column by column, we get

Nn = anm

m+1a
nm−1−nm
m a

nm−2−nm−1

m−1 · · · an0−n1

1 .
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Multiplicative Gibbs measures
and

Multiple ergodic averages
[part of Ph D. thesis of WU Meng]
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I. Setting We are going to study some special cases concerning

lim
N→∞

1

N

N−1∑

n=0

f(T nx, T qnx)

where f : Σm × Σm → R, Σm = S∞ with S = {0, 1, · · · .m− 1}.

Assumption : f(x, y) = ϕ(x1, y1) for x = (xn)n≥1 and y = (yn)n≥1.
ϕ may take values in Rd.

Object of study :

Aϕ(x) := lim
N→∞

1

N

N∑

n=1

ϕ(xn, xqn).

E(α) := {x ∈ Σm : Aϕ(x) = α}.
Additive action of N on Σm : (xn) → (xn+k).

Multiplicative action of qN on Σm : (xn) → (xnqk ).
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II. Partial result

Theorem

Assume that for each i ∈ S, the sequence (ϕ(i, j))j∈S is a permutation of
(ϕ(0, j))j∈S . Let

P (t) := logm

m−1∑

j=0

e〈t,ϕ(0,j)〉.

Then

dimH E(α) =
P (tα)− 〈α, tα〉

q
+

(
1− 1

q

)
,

and tα is the unique solution of ∇P (tα) = α.

Examples : ϕ(x, y) = φ(x + y mod m)
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III. Notation
(Associated matrices) ϕ : S × S → Rd, h : S × S → R, t ∈ Rd

Φh(t) :=
(
h(i, j)e〈t,ϕ(i,j)〉

)
S×S

.

Φ(t) = Φ1(t).

(Perron eigenvalue and eigenvectors of Φ(t))

ℓ(t)Φ(t) = ℓ(t)ρ(t), Φ(t)w(t) = ρ(t)w(t)

∑

i

wi(t) = 1,
∑

i

ℓi(t)wi(t) = 1.
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IV. Pressure Definition (cas d = 1)

P (t) = lim
n→∞

1

n
logm Zn(t)

Zn(t) =
∑

x1,...,xqn

exp(t

n∑

j=1

ϕ(xj , xjq).

Theorem (Existence of Pressure)

P (t) = (q − 1)2
∞∑

k=1

logm ||Φ(t)k||1
qk+1

Ai-Hua FAN Riesz products and Multiplicative Gibbs measures 21/43



V. Gibbs measure For n ≥ 1, µn is the probability measure
uniformly distributed on each nq-cylinder and such that

µn([x1, ..., xqn]) =
1

Zn(t)
exp(t

n∑

j=1

ϕ(xj , xjq)).

Theorem (Existence of Gibbs measure)

For each t, the measures µn converge weakly to a probability measure µt,
called Gibbs measure.
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VI. Fundamental lemma

Theorem (Distribution of µt)

Let N ≥ 1 and F1, ..., FN be N arbitrary real functions defined on S × S.
We have

lim
n→∞

∫ N∏

j=1

Fj(xj , xjq)dµn =

⌊logq N⌋∏

k=1

∏

N

qk
<i≤ N

qk−1

1t(
∏k−1

j=0 ΦF
iqj

(t))w(t)

ρ(t)k
.
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VII. Consequences of Fundamental lemma

Existence of µt, Walsh-Fourier coefficients of µt

Gibbs property

µt[a1, ..., aN ] =
1

ρ(t)⌊
N
q
⌋
exp


t

⌊N
q
⌋∑

j=1

ϕ(aj , ajq)




N∏

k=⌊N
q
⌋+1

wak
(t).

(product of an infinite number of Markov measures).

Law of large numbers : Let Xj := ϕ(xj , xjq)− Eµt
ϕ(xj , xjq),

Yn = (X1 + · · ·+Xn)/n. Then

Eµt
Y 2
n = O((log n)/n).

lim
n→∞

1

n

n∑

j=1

ϕ(xj , xjq)
µt
= (q − 1)2

∞∑

k=1

1

qk+1

k−1∑

j=0

1tΦ(t)jΦϕ(t)w(t)

ρ(t)j+1
.
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VIII. What make it work

Decompositions

N∗ =
⊔

q∤i

Λi, Λi = {iqj}j≥0

[1, n] =
⊔

q∤I,i≤n

Λi(n), Λi(n) = Λi ∩ [1, n].

♯Λi(n) = k iff n
qk
< i ≤ n

qk−1 .

The variables x|Λi
(q ∤ i) are independent.

Perron-Frobenius Theorem

Φ(t)n

ρ(t)n
= w(t)ℓ(t)(1 +O(δn)) (0 < δ < 1).

When Φ is ”symmetric”, eigenvectors w(t) are constant vectors.
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IX. Work to be done
If Φ is not ”symmetric”, the constructed Gibbs measure may be not
optimal.
There is a long way to go.
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Oriented walks and Riesz products
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I. Oriented walks on Z
Let t = (ǫn(t))n≥1 ∈ D := {−1,+1}N. Consider

Sn(t) =
n∑

k=1

ǫ1(t)ǫ2(t) · · · ǫk(t).

”− 1” = left, ” + 1” = right

At the time 0, an individual is at the origin and keeps the orientation
to the right.

If ǫ1(t) = 1, he forwards one step in the orientation he kept (to the
right)

If ǫ1(t) = −1, he returns back and then forwards one step (to the
left).

State at time n+ 1 is (Sn+1, ξn+1) := (position, orientation)

Sn+1 = Sn + ǫn+1ξn, ξn+1 = ǫn+1ξn.

(Sn, ξn) is Markovian if (ǫn) is iid.
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II. Oriented walks on Z2

Let t = (ǫn(t))n≥1 ∈ D := {−1,+1}N. Consider

Sn(t) =

n∑

k=1

e(ǫ1+···+ǫk)αi =

n∑

k=1

ikǫ1(t)ǫ2(t) · · · ǫk(t).

with α = π
2 .

”− 1” = turn to right with 90◦

” + 1” = turn to left with 90◦

Orientations : 1 (rightward), i (upward), -1 (leftward), -i (downward)

State at time n+ 1 is (Sn+1, ξn+1) := (position, orientation)

Sn+1 = Sn + eǫn+1π/2iξn, ξn+1 = eǫn+1π/2iξn.
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III. Positions on Z2

For z ∈ C let

Fz =

{
t ∈ D : lim

n→∞

Sn(t)

n
= z

}
.

Fbd = {t ∈ D : Sn(t) = O(1) as n→ ∞} .
Let ∆ = {Z = x+ iy : |x| ≤ 1

2 , |y| ≤ 1
2}, a unit square (not a disk !).

Theorem (Fan 2000)

(1) If z 6∈ ∆, we have Fz = ∅.
(2) If z = x+ iy ∈ ∆, we have

dimH Fz = dimP Fz =
1

2

[
H

(
1 + 2x

2

)
+H

(
1 + 2y

2

)]

(3) dimH Fbd = 1.
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N. B. Fast Birkhoff average (like Fbd), see Fan-Schmeling, Pollicott,
Jordan-Pollicott, ... Dynamicall diophantine approximation, see
Fan-Schmeling, Persson-Schmeling,...
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IV. Proof on Z2(sketch)

ik = 1, i,−1,−i according to k = 0, 1, 2, 3 ( mod 4)

ck = a, b, c, d according to k = 0, 1, 2, 3 ( mod 4)

Riesz product

dµc(t) =
∞∏

k=1

(1 + ckǫ1(t)ǫ2(t) · · · ǫk(t)) dt

z= x+yi. Maximize on

a− c

4
= x,

d− b

4
= y.
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V. Open questions

Given an angle 0 < α < 2π. What is the behavior of

Sn(t) = eǫ1αi + e(ǫ1+ǫ2)αi + · · ·+ e(ǫ1+ǫ2+···+ǫn)αi ?

[Sn may not stay on a lattice.]

A 3-dimensional generalization is the following

Sn(t) =

n∑

k=1

Rǫ1+···+ǫkv

where v is a vector and R is a rotation. The simplest is

R =




0 0 1
1 0 0
0 1 0


 .
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An open problem on Riesz products
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I. Riesz product on T = R/Z

F. Riesz (1918) : singular BV function

F (x) = lim
N→∞

∫ x

0

N∏

n=1

(1 + cos 2π4nt)dt

Zygmund (1932) : an = rne
2πiφn ∈ ∆, 3λn ≤ λn+1

F (x) = lim
N→∞

∫ x

0

N∏

n=1

(1 + rn cos 2π(λnt+ φn))dt

Notation

µa :=
∞∏

n=1

(1 + rn cos 2π(λnt+ φn)) := µF .
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II On T (continued)
Zygmund dichotomy (1932)

F singular ⇔ (an) 6∈ ℓ2; F a.c. ⇔ (an) ∈ ℓ2.

Peyrière criterion (1973)

∑
|an − bn|2 = ∞ ⇒ µa ⊥ µb;

∑
|an − bn|2 <∞ ⇒ µa ≪ µb.

N. B. The second implication is proved under sup |an| < 1.

Parreau (1990) : sup |an| < 1 replaced by |an| = |bn|.

Kilmer-Saeki (1988) : ”
∑

|an − bn|
2” not ”sufficient”.

Equivalence problem
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III Elegant Proof by Peyrière (singularity)

(Banach-Steinhaus) ∃α ∈ ℓ2 :

∑
αn(an − bn) = +∞

∃Nk : almost everywhere convergence of

Nk∑

n=1

αn

(
eiλnx − 1

2
an

)
,

Nk∑

n=1

αn

(
eiλnx − 1

2
bn

)

Difference of these sums (at a convergent point) :

1

2

∑
αn(an − bn) < +∞.
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IV On a compact abelian G

Γ = {γn}(⊂ Ĝ) is dissociated if ♯Wn(Γ) = 3n

Wn :=Wn(Γ) := {ǫ1γ1 + · · ·+ ǫnγn : ǫj = −1, 0, 1}

Notation : a = (an)n≥1 ⊂ C, |an| ≤ 1

Pa,n(x) =

n∏

k=1

(1 + Re akγk(x))

Remarkable relation

Wn+1 =Wn ⊔ (−γn+1 +Wn) ⊔ (γn+1 +Wn)

P̂a,n+1(γ) = P̂a,n(γ) ∀γ ∈Wn.
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V On G (continued)

Riesz product (Hewitt-Zuckerman,1966)

µa = w∗−limPa,N (x)dx =:

∞∏

n=1

(1 + Re anγn(x))

Lacunary sequences (i.e. λn+1 ≥ 3λn) are dissociated (on T)∑n
1 ǫjλj =

∑n
1 ǫ

′
jλ

′
j , ǫn 6= ǫ′n

λn ≤ |ǫn − ǫ′n|λn ≤ 2
∑n−1

j=1 λj

λn ≤ 2(3−(n−1) + · · ·+ 3−2 + 3−1)λn < λn.
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VI Group D2 = {−1, 1}N
Rademacher-Bernoulli characters are dissociated :

γn(x) = xn ∀x = (xn) ∈ D2, ∀n ≥ 1.

Riesz products are Bernoulli product measures

µa([x1, · · · , xn]) = p1(x1) · · · pn(xn)

pn(±) =
1

2
(1 + Re akγk(±)) =

1

2
(1 ± ak)

→ Dm (m ≥ 2)
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VII On D2 (continued)

Kakutani dichotomy (1948) : µa ⊥ µb iff

∞∏

n=1

E
√

(1 + Re akγk)(1 + Re bkγk) = 0

equivalently,

∑
(1−√

pnqn −
√
(1− pn)(1− qn)) = ∞

with
pn = (1 + an)/2, qn = (1 + bn)/2.

Method → martingale :
∏N

n=1

√
dµa,n

dµb,n
in L1(µb,n).
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VIII Random Riesz products
Random Riesz products of Rademacher type :

∞∏

n=1

(1 + Re± anγn(x))

Random Riesz products of Steinhaus type : ∀ω ∈ GN

µa,ω :=

∞∏

n=1

(1 + Re anγn(x+ ωn))

Homogeneous martingale (Kahane random multiplication) :

Qn(x) :=

n∏

k=1

(1 + Re akγk(x + ωk)), ∀x ∈ G.
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IX Two conjectures

Conjecture 1 : ∀ω ∈ GN

µa,ω ⊥ µb,ω ⇔ µa ⊥ µb; µa,ω ≪ µb,ω ⇔ µa ≪ µb.

Conjecture 2 :
µa ⊥ µb ⇔

∞∏

n=1

I(an, bn) = 0.

µa ≪ µb ⇔
∞∏

n=1

I(an, bn) > 0.

I(an, bn) := E
√

(1 + Re akγk)(1 + Re bkγk).
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X Return to T
A distance d(·, ·) on the unit disk :

ds2 = dθ2 +
dr2√
1− r

, z = re2πiθ.

d(z1, z2)
2 ≍ |z1 − z2|2

(
1 +

cos2(φ− ψ)√
2− |z1 + z2|

)

φ = arg(z1 + z2), ψ = arg(z1 − z2).

Conjecture 2 becomes

∑
d(an, bn)

2 = ∞ ⇒ µa ⊥ µb,

∑
d(an, bn)

2 <∞ ⇒ µa ≪ µb.
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