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© Motivation and Problem

© On groups {—1,1} and {0, 1}

e Multiplicative Gibbs measures and Multiple ergodic averages
@ Oriented walks and Riesz products

e An open problem on Riesz products
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Motivation and Problem

Ai-Hua FAN Riesz products and Multiplicative Gibbs measures



I. Multirecurrence and Multiple ergodic averages
Theorem (Furstenberg-Weiss, 1978) If

o (X,d) a compact metric space.
o T;: X — T continuous, T;T; = T;T; (1 <4,j <d).
Then there exists x € X and (n;) C N such that

lim T/"x =2, Vi=12,--- ¢

k—o0
Applied to X = {0, 1}, T; = T?, T being the shift.
Theorem (Szemeredi, 1975) If A C N satisfies

AN[1,N
1imsupM > 0,

N —oc0 N

Then A contains arithmetic progressions of arbitrary length.
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Il. Multiple ergodic theorem
Multiple ergodic averages

% D h(T ) fo(TH) - fo(T %)
k=1

Lesigne

Bourgain

°
°

@ Furstenberg
@ Host-Kra

°
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I1l. Setting

@ T : X — X topological dynamical system
@ f1,---, f¢ continuous functions on X (¢ > 2)
@ Denote, if the limit exists

Af og(x) = nlgl;o % Z F1(T*2) f2(T%2) - - - fo(Tz).
k=1

@ For a, denote
Ela)={z e X: Ay .. 1(z)=a}

Problem : What is the size of E(«a)?

N.B. The case ¢ = 1 is classical. The case £ > 2 is a challenging problem.
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IV. Spectrum of Birkhoff averages
(X,T) : System satisfying specification property.
® : X — B (a Banach space) : continuous.

Mg (a) := {,uEMinV: @d,u:a}.

Theorem (Fan-Liao-Peyriere, DCDS 2008)

(a) If Ma(a) =0, we have Xg(a) = 0.
(b) If Mg () # 0, we have the conditional variational principle

hiop(Xa(a)) = sup  hy.
HEMa ()

Related works, Fan-Feng, Fan-Feng-Wu, Olivier, Barreira-Schmeling,
Feng-Lau-Wu, Taken-Verbytzky, Olsen, et al.
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On groups {—1,1}" and {0, 1}"




I. A special case on {—1,1}"
o X ={-1,1}
o T the shift : (zn)n>0 = (Tnt1)n>0-
@ f;(x) = x; the projection on the first coordinates (i = 1,2,--- ,¥)
@ for 0 € R, denote

1 n
By := {zGD:nlirrgoﬁ];xkxgk~~~xgk 9}.

Theorem (Fan-Liao-Ma, 2009)
For 6 ¢ [—1,1], By = 0. For any § € [—1,1], we have

1 1+6
Lodaisl)

I 2
where H(t) = —tlog,t — (1 — t) log,(1 — ©).
N.B. dimgy By > 1—1/6>0if€22.

dimH (Bg) =
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Il. Proof using Riesz products
@ Rademacher functions r,,(x) = x,, are group characters

@ Walsh functions
Wp =Tpy """ Tnyy, N= 2n171+2n271+. g .+2n5717 1 <ng<ng <---

is a Hilbert space in L2({—1,1}").
@ The subsystem
& =rprog Ty (K>1)
are dissociated in the sense of Hewitt-Zuckerman.

@ The following Riesz product measure is well defined

oo

dpg = H(l + 08k (x))dx.

k=1
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Il. Proof (continued)
Lemma 1 (Expectation)
If f(z) = f(x1, - ,x,), we have

[n/¢]
Ealf) = [ @) T] (1 + 66 (@)
k=1

Proof. Because r,, are Haar-independent. QED
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Il. Proof (continued)

Lemma 2 (Law of large numbers)

If f(z) =307 o gna™ with > |gn| < oo, then for pp-almost all z,

lim = 3" g(€x(x) = Ealg(€1)].
k=1

n—oo n

Proof. Apply Menchoff Theorem to 7, %(g(fk) —Eq [g(fk)]) and
conclude by Kronecker theorem :

o &M(x) =1, & H(x) = &(z) Vn > 1.

© g(&k) = 2nlo92n + &k 21 2n—1-

o Eo(&) = 0,Ea(§;6) = 02, (j # K.

o Eglg(€)] = 0o g2n + 0 550, g,

o g(&) —Eog(&) are orthogonal.
QED
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Il. Proof (continued) : Proof of Theorem
1o(Bg) =1 (Lemma 2 applied to g(z) = z) :

po—a.e.x  lim % ka(iﬂ) =E(&) =
k=1

By Lemma 1 (applied to 17,) : Va, Vn > ¢,

[n/¢]
Py(I =_— H 1+ 0 (x
Notice that log(1 + 6&x(z)) = — 300, £ 4+ 3% | £ ¢, (x). Then
for all points = € By,
92n 92n 1
lim —Zlog 1+ 08 (x Z Z2n719.

m—o0 1M
k=1 n=1

The right hand side can be written as
-1 1406
log(1 — #%) = [1 - H (%)} log 2.

We conclude by Billingsley’s theorem. QED
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I11. A special case on {0, 1}"
o X ={0,1}N
o T the shift : (zn)n>0 = (Tnt1)n>0-
@ fi(x) = x1 the projection on the first coodinates (i = 1,2,---,{)

@ for # € R, denote
Ap = D: 1 l §n =0
g =< xel: nnn ” T2k Top = .

Remarks
@ f;(T'x) = x; are not group characters.
@ Riesz product method doesn’'t work and the study of Ay is more
difficult than By.

@ The study of Ay was the motivation.
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IV. A subset of By For ¢ =2, define
Xo = {x e {o, 1}N :xpxop =0, for all n}

Fibonacci sequence : ag =1, a1 =2, ap =an_1+an—2 (n>2).

Theorem (Fan-Liao-Ma, 2009)

. 1 > log a,
dimp(Xy) = 3Tog2 ,;1 - = 0.8242936 - - -

Theorem (Kenyon-Peres-Solomyak, 2011)

dimpg (Xo) = —logyp = 0.81137---  (p® = (1 — p)?).
Remarks
o dimpy (X)) < dimp(Xo).
@ A class of sets like Xy is studied by Kenyon-Peres-Solomyak.
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V. Combinatorial proof (of box dimension) Starting point
10g2 Nn

dimp Xy = lim
n— o0 n

where N,, is the cardinality of
{(z1x2 - 2p) : Traxor, =0 for k > 1 such that 2k <n}.
Let {1,--- ,n}=CoUC,U---UC,, with

Co:={1, 3,5, ..., 2no — 1},
C1:={2-1,2-3,2-5 ..., 2 (2n; — 1)},
Cr:={2"-1,2%.3,2F.5, ... 2% (2n, — 1)},
Cp i ={2m -1},

The conditions xpzor = 0 with & in different columns in the above table
are independent. On each column, (z, x2) is conditioned to be different
from (1,1). Counting column by column, we get

Nm—-2—"MNm-—1 nog—mni

_  Mm Mpm—1—N .
N”l - anb-{—la”mm ma’m—l ay
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Multiplicative Gibbs measures

an
Multiple ergodic averages
[part of Ph D. thesis of WU Meng]
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I. Setting We are going to study some special cases concerning

lim — Z f(T"2, TTz)

N—oo N

where f: %, x ¥, > R, ¥, =5 with S ={0,1,--- .m — 1}.

@ Assumption : f(x,y) = p(x1,y1) for £ = (Tn)n>1 and y = (Yn)n>1-

© may take values in R<.
@ Object of study :

A (z) = ngnoo N Z O(Zn, Tgn)-
n=1

E(a) :={z € ¥y, : Ay(x) = a}.

@ Additive action of Non X, : (25,) = (Znyk)-

o Multiplicative action of ¢ on X, : (25,) = (Zpgr).
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Il. Partial result

Theorem

Assume that for each ¢ € S, the sequence (¢(3%, j));es is a permutation of
(¢(07j))j€S- Let

m—1
P(t) :=log,, Z St (09
j=0
Then P .
dimg E(a) = Plta) — (> ta) _q (@ ta) + (1 - 5) :

and t,, is the unique solution of VP(t,) = a.

Examples : p(z,) = (z +y mod m)
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I1l. Notation
@ (Associated matrices) ¢ : S x S - R% h: 8 xS =R, t € R?

O (t) = (h(i,j)e“’“’(i’j»)sxs.

B(t) = By (1)

@ (Perron eigenvalue and eigenvectors of ®(t))
LH)2(t) = L(t)p(t),  P(t)w(t) = p(t)w(t)

Zwi(t) =1, Z&-(t)wi(t) =1.
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IV. Pressure Definition (cas d = 1)
P(t) = li l1 Zn(t
(t) = lim —log,, Z,(t)

n

Zn(t)= > exp(ty_o(z;, zjq)-

L1ye-3Tgn j=1
Theorem (Existence of Pressure)

0o o k .
P(t):(q_1)2zl gmH(I)(t) ||

k+1
k=1 q
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V. Gibbs measure For n > 1, y, is the probability measure
uniformly distributed on each ng-cylinder and such that

n

pin ([21, ---aan]) = Zn() eXp(tZ(P(xjaqu))'

j=1

Theorem (Existence of Gibbs measure)

For each t, the measures p,, converge weakly to a probability measure p,
called Gibbs measure.
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VI. Fundamental lemma
Theorem (Distribution of 1)

Let N > 1 and F1, ..., Fy be N arbitrary real functions defined on S x S.
We have

n—»c0 p(t)*

N [log, N| trrh—1
| : (T By, ()w()
lim /HFj(xj,qu)dun = H =0 " “ig .
=1

= N g N
k=1 q_k<l§qk71

Ai-Hua FAN Riesz products and Multiplicative Gibbs measures 23/43



VII. Consequences of Fundamental lemma
o Existence of u;, Walsh-Fourier coefficients of
@ Gibbs property

N
q N

ptla, ...,an] = s Z w(aj, ajq) H Wq,, (t).

p(t) i=1 k=2 |41

(product of an infinite number of Markov measures).
o Law of large numbers : Let X := p(z;,xjq) — Eu, 0(z5, xjq),
Y, =(X1+4+---+X,)/n. Then
E,.Y; = O((logn)/n).
k—1

1= () Dy, (H)w(t)
2
iy 3 ) 2 0103 e 3 e

n—oo N 1 0

<.
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VIIl. What make it work

@ Decompositions

N* = |_|Ai; Ay = {ig’} ;>0

afi

Ln]= || Ai(n), Ai(n)=Ain[Ln].
qtl,i<n

° HAi(n) = kiff & <i< .

@ The variables x|a, (g 1) are independent.
@ Perron-Frobenius Theorem
o@)"
p(t)"

— w(t)l(t)(1+0(™) (0<6<1).

@ When @ is "symmetric”, eigenvectors w(t) are constant vectors.
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IX. Work to be done

If ® is not "symmetric”, the constructed Gibbs measure may be not

optimal.
There is a long way to go.
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Oriented walks and Riesz products
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I. Oriented walks on Z
Let t = (€,(t))n>1 € D := {—1,+1}". Consider

n

Su(t) = er(t)ea(t) - - ex(t).

k=1

07 —1” = left,” +1” = right

@ At the time 0, an individual is at the origin and keeps the orientation

to the right.

@ If €1(t) = 1, he forwards one step in the orientation he kept (to the
right)

@ If €1(t) = —1, he returns back and then forwards one step (to the
left).

@ State at time n+ 1 is (Spi1,&nt1) := (position, orientation)

Snt+1 = Sn + €nt1én, nt1 = €nt1én.

@ (Sn, &) is Markovian if (e,) is iid.
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Il. Oriented walks on Z?
Let t = (€,(t))n>1 € D := {—1,+1}". Consider

Sa(t) =Y el Fenoi = N "ike, (t)ea(t) - - - ex(t).
k=1 k=1
with o = g

@ 7 — 1”7 = turn to right with 90°
@ 7 4+ 17 = turn to left with 90°
@ Orientations : 1 (rightward), i (upward), -1 (leftward), -i (downward)

o State at time n + 1 is (Sp41,&nt1) 1= (position, orientation)

n 2% — o€n 2%
Sn+1 = Sn +ef 17/ ’Lgn; €n+1 =e° +17/ l§n~
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I11. Positions on Z?

For z € C let e
FZZ{tE]D): lim "(t):z}.

n—oo
Foa={teD: S,(t)=0(1) as n — oo}.
Let A={Z==z+iy: |z[ <1, |y <1}, a unitsquare (not a disk!).
Theorem (Fan 2000)

(1) If z¢ A, we have F, = 0.
(2) Ifz=x+1iy e A, we have

1 1+2 1+2
o <ane -3 (52) 1 (52)]

(3) dlmH de = 1.
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L
N. B. Fast Birkhoff average (like Fy,q), see Fan-Schmeling, Pollicott,
Jordan-Pollicott, ... Dynamicall diophantine approximation, see
Fan-Schmeling, Persson-Schmeling,...
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IV. Proof on Z?(sketch)

k =1,4,—1,—i according to k = 0,1,2,3 ( mod 4)
@ ¢, =a,b,c,d according to k = 0,1,2,3 ( mod 4)

@ Riesz product
dp(t) H (14 crer(t)ea(t)---ex(t))dt
k=1

@ z= x+vyi. Maximize on

a—c d—2b
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V. Open questions
@ Given an angle 0 < a < 2mw. What is the behavior of
S,,(?L) _ eelni + e(f;#»eg)ui 44 €<€1+F2+W+F”)“i ?

[S,, may not stay on a lattice.]

@ A 3-dimensional generalization is the following

n

Sa(t) =) RO Fery

k=1

where v is a vector and R is a rotation. The simplest is

R =

o = O
= o O
OO =
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An open problem on Riesz products
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I. Riesz product on T =R/Z
o F. Riesz (1918) : singular BV function

z N
F(x) = lim [T+ cos2mant)dt
°Jo n=1

@ Zygmund (1932) : a, = rne®™ " € A, 3An < Any1

s N
F = 1 1 2
(x) i A };[1( + 1, €08 2 (Apt + ¢y, ))dt
@ Notation
g 1= H(l + 1, 08 2m(Apt + ) 1= pr.
n=1
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I1 On T (continued)
@ Zygmund dichotomy (1932)

F singular < (a,) € £*; F ac. < (a,) € (2

@ Peyriere criterion (1973)
Z|an *bn|2 =00 = Ha L Mbs
Z lan — bn|? < 00 = g < o
N. B. The second implication is proved under sup |a,| < 1.
@ Parreau (1990) : sup |a,| < 1 replaced by |an| = |bn|.
@ Kilmer-Saeki (1988) : "3 |an — bn|*" not "sufficient” .
@ Equivalence problem
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111 Elegant Proof by Peyriéere (singularity)
@ (Banach-Steinhaus) Ja € (2 :

Zan(ﬁn —by) =40

@ dNj, : almost everywhere convergence of

L P i i 1
Zan<e @ —Ean), Zan(e 2 —an)

n=1 n=1

@ Difference of these sums (at a convergent point) :

_Zananf < 400.
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IV On a compact abelian G
o I' = {7,}(c @) is dissociated if §W,,(T") = 3"
Wy i =W,o(T) :={esm +- -+ €nn ¢ =—1,0,1}

@ Notation : a = (an)n>1 C C,lan| <1

n

Pyn(z) = [T (1 + Re arm(2))

k=1
@ Remarkable relation
Wn—i—l - Wn L (_'Yn-i-l + Wn) (W (’Yn—i-l + Wn)

~

Pa,n+1('}/) = ?a,n(')/) V’Y S Wn.
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V On G (continued)
@ Riesz product (Hewitt-Zuckerman,1966)

oo

po = w*—lim P, n(x)dz =: H(l + Re apyn(x))

n=1

@ Lacunary sequences (i.e. A,+1 > 3\,) are dissociated (on T)
Y€ =2 €5, en FE €
An < len — €] An < 22?;11 Aj
An <2377 4+ 372 4 37, < A,
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VI Group Dy = {—1,1}"

@ Rademacher-Bernoulli characters are dissociated :
Yu(x) = T Vo = (z,,) € Do, ¥n > 1.
@ Riesz products are Bernoulli product measures
pa([z1, -+ zn]) = pr(@1) - - pulan)

pa(£) = 5(1+ Re akp(®) = 2 (1 £ o)

o =Dy, (Mm>2)
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VIl On D, (continued)
o Kakutani dichotomy (1948) : pq L pp iff

H E\/(l + Re apye)(1 +Re bpy) =0

n=1

equivalently,

> (1 = pnn — VT = pa) (1 — ) = o0

with
Pn = (1+an)/27 qn = (1+bn)/2

o Method — martingale : [, Z‘;‘Z” in L (ppn)-
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VIII Random Riesz products

@ Random Riesz products of Rademacher type :

o0

[0 +Re+ anym(@))

n=1

@ Random Riesz products of Steinhaus type : Yw € GN

oo

T 6= H (1+ Re apyn(z +wy))

n=1

@ Homogeneous martingale (Kahane random multiplication) :

Qn(x) := H(l + Re agye(x +wg)), VaeG.
k=1
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IX Two conjectures
@ Conjecture 1 : Yw € GN

Paw L Pow < ta L o Haw <K Hbw < fa <K Hp-

@ Conjecture 2 : >
Ha il Hy <= H I((ln, bn,) = 0.

n gol

fha < [y & H I(ay,b,) > 0.

n=1

I(an,by) := Ev/(1 + Re axyi) (1 + Re bpyi).
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X Return to T
@ A distance d(-,-) on the unit disk :

2
dr 2mif

Vi—r’

d(21,22)2 = |Zl S 22|2 (1 +

ds* = do* +

cos® (¢ — ¢)
\/2 £ |Zl —+ 22|

¢ =arg(z1 + 22), ¢ = arg(z1 — 22).
@ Conjecture 2 becomes

Z d(ans bn,)2 =00 = g il Hb,

Zd(a,l., bn)? < 00 = g < iy
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