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Introduction

Let 5 >1and A= {a1,...,am} a set of real numbers with
a; < ap < --- < ap. Expressions of the form

with b, € A for all n > 1, are called S-expansions with arbitrary
digits.

This gives numbers in the interval [%’ ﬂainl].
[ is called the base, A is the digit set and elements of A are
called digits. The sequence b1 by - - - is a digit sequence for x.
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Allowable digit sets

If, for a given 5 > 1, a set of real numbers A = {ay, ...
satisfies

(i) ar <+ < am

. am — d1

i) max (aj —aj—1) < ——,
()23.9"(1 Jl)— B—1
it is called an allowable digit set.

Theorem (Pedicini, 2005)

If Ais an allowable digit set for 3, then every
x € [%, 5ain1] has a B-expansion with digits in A.
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QOutline

Introduce a class of transformations that generate
[B-expansions.

Characterize the set of digit sequences given by such a
transformation.

For specific 8's (Pisot units) give a construction of a
natural extension for the transformation.

From the natural extension, get an absolutely continuous
invariant measure.

finite-to-one.

Under a further assumption, construct a symbolic
covering of the torus that is almost everywhere
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Give an example in which this map is not one-to-one.
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QOutline

» Introduce a class of transformations that generate
[B-expansions.

» Characterize the set of digit sequences given by such a
transformation.
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QOutline

» Introduce a class of transformations that generate
[B-expansions.

» Characterize the set of digit sequences given by such a
transformation.

» For specific 8's (Pisot units) give a construction of a
natural extension for the transformation.
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QOutline

» Introduce a class of transformations that generate
[B-expansions.

» Characterize the set of digit sequences given by such a
transformation.

» For specific 8's (Pisot units) give a construction of a
natural extension for the transformation.

» From the natural extension, get an absolutely continuous
invariant measure.
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Outline

» Introduce a class of transformations that generate
[B-expansions.

» Characterize the set of digit sequences given by such a
transformation.

» For specific 8's (Pisot units) give a construction of a
natural extension for the transformation.

» From the natural extension, get an absolutely continuous
invariant measure.

» Under a further assumption, construct a symbolic
covering of the torus that is almost everywhere
finite-to-one.
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Outline

» Introduce a class of transformations that generate
[B-expansions.

Introduction

» Characterize the set of digit sequences given by such a
transformation.

» For specific 8’s (Pisot units) give a construction of a
natural extension for the transformation.

» From the natural extension, get an absolutely continuous
invariant measure.

» Under a further assumption, construct a symbolic
covering of the torus that is almost everywhere
finite-to-one.

» Give an example in which this map is not one-to-one.



Transformations

For each > 1 and allowable digit set A = {a1,...,an} there
exist transformations that generate (-expansions with digits in
A by iteration.

Example: x — fx (mod 1)

Consider a non-integer 1 < 3 < 2 and digit set A ={0,1}. One
transformation that generates [-expansions with digits in this
set is the map Tx = x (mod 1).
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The classical S-expansions

This is the map
x — Bx (mod 1).
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The classical S-expansions

Assign a digit to each interval.

Make a digit sequence by setting

0, ifx<l
bi(x) = { ' A

otherwise.

and bp(x) = b1 (T"1x) for n >
1. Then we have Tx = Bx — by
and T2x = BTx — by, etc.

bl Tx o bl b2 T2 X
378 "B

32

b  T"x
R Y- R
k=1

X =

5]
In the limit x = > 72 ; gﬁ
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The classical S-expansions

Assign a digit to each interval

Make a digit sequence by setting

o1
bl(x)={ 0, ifx<g,

L,

otherwise
and b,(x) = by (T""1x) for n >
1. Then we have Tx = Bx — by
and T%2x = BTx — b, etc
by Tx b by T " by T"x
R T R R DD T
k=1
In the limit x = 31572, 2%
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The classical S-expansions

Assign a digit to each interval.
Make a digit sequence by setting

i 1
bl(x)={ 0, ifx<g,

L,

otherwise.
and b,(x) = by (T""1x) for n >
1. Then we have Tx = Bx — by
and T%x = BTx — b, etc.
by Tx by by T?x " b T"x
BB TR R 2.5
In the limit x = > 72 ; %
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The classical S-expansions

Assign a digit to each interval.
Make a digit sequence by setting

i 1
bl(x)={ 0, ifx<g,

L,

otherwise.

and b,(x) = by (T""1x) for n >
1. Then we have Tx = Bx — by

and T?x = BTx — by, etc.
b1 Tx
X = —

bk b
,8+

- - + T_2)( P — - ﬁ _.l_ TnX
B-stRT R 2kt
In the limit x = >"}7 %
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Other transformations: the minimal weight
transformation

Take /3 to be the golden mean and A= {—1,0,1}. Thisis a
minimal weight transformation, i.e., if an x has a finite
[-expansion, then the expansion generated by this

transformation has the highest number of 0's. [Frougny &
Steiner, 2009]
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Other transformations: the linear mod 1
transformation

Take S >1land 0 <a < 1. Suppose n< B+a<n+1. The

linear mod 1 transformation below (Tx = 8x + a (mod 1))
gives [-expansions with digits in {j —« : 0 <j < n}.

aV;’x+a

Bx R+«
N Bx—1+a

Ol—_a 2—a 1
B B
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The class of transformations

we consider the class of transformations that have the following
properties.

Given a real number 3 > 1 and a digit set A = {a;,

ceyamb

» For each digit in the digit set a;, there is a bounded
interval Z; and if i # j, then Z; N Z; = (). We assume
Zi = [b,', C,') for b;, ¢c; € R.
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The class of transformations

we consider the class of transformations that have the following
properties.

Given a real number 3 > 1 and a digit set A = {a;,

ceyamb

» For each digit in the digit set a;, there is a bounded
interval Z; and if i # j, then Z; N Z; = (). We assume
Zi = [b,', C,') for b;, ¢c; € R.

» On the interval Z; the transformation is given by
Tx = Bx — a;.
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The class of transformations

we consider the class of transformations that have the following
properties.

Given a real number 3 > 1 and a digit set A = {a;,

ceyamb
» For each digit in the digit set a;, there is a bounded
interval Z; and if i # j, then Z; N Z; = (). We assume
Zi = [b,', C,') for b;, ¢c; € R.
» On the interval Z; the transformation is given by
Tx = Bx — a;.

» If X =J", Zi, then TX = X.
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Admissible sequences

Expansions

b
> ket gk are
uniquely determined by the digit
sequences (by)k>1-

A transformation T with digit

set A does not produce all se-
quences in AV,

Here, for example, the block 11 never occurs.
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The set of admissible sequences

Given a transformation T for a 8 > 1 and digit set A, we call a
sequence uitp - - - € AN admissible for T if there is an x € X
such that uyup -+ = by (x)ba(x) - - -

A two-sided sequence --- u_juguy - - - is called admissible if for
each n € Z there is an x € X, such that
UplUpy1 -+ = b]_(X)b2(X) -

Notation: ST is the set of one-sided admissible sequences and
S is the set of two-sided ones.
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Admissible sequences for x — 5x (mod 1)

1

0 1 For the map Tx = fx (mod 1)
R there is a characterisation of all
the generated sequences.
oy ! Consider the map T, given by
e e
20N . X, ifx<i,
Tx = B 1 -8
0 1 1 OBx — 1, |f3<x§1.
B

Theorem (Parry, 1960)

Let b(1) be the expansion of 1 generated by T. Then a
sequence uiup - - - € {0,1}Y is generated by T iff for each
n>1, y

UpUpyi -+ < b(1),

where < is the lexicographical ordering.
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Admissible sequences

We can characterise the digit sequences generated by any
transformation similarly.

T 72 73 7o

Y1 Y2

73
Let b(x) be a digit sequence given by T and b(x) the one

given by T. Then we have the foIIPWing characterization in
terms of the sequences b(~;) and b(v;).

«O» «4F»r « >

« =)

o>



Admissible sequences

O p
al g
T: T:
L O Q
Y 1 2 73 Y Y172 73
Admissible sequences

A sequence ujus - - € {ay,...,am}" is generated by T iff for
each n > 1, if u, = a;, then

b(vj) = Unptipgr - < E(’Yj+1),

O» «F» « =»
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where =< denotes the lexicographical ordering.
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Shift space

diagram:

o0
Let A= {a1,...,am}. Define the map &((bk)k>1) Z —k
— Bk
Let o denote the left shift on S*. Then ¢ gives the commuting

S+L)S+

N

X

Using the symbolic space (S, 0), we find a ‘nice’ natural
extension of the dynamical system (X, T)
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Natural extensions

Consider the non-invertible system (X, B, i1, T), where B is the
Lebesgue o-algebra on X and p an invariant measure for T.

Then a version of the natural extension of (X, B, u, T) is an
invertible system (X, B, v, T), such that

» Thereis a map 7 : X — X that is surjective, measurable
and such that ro T = T o .
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Natural extensions

Consider the non-invertible system (X, B, i1, T), where B is the
Lebesgue o-algebra on X and p an invariant measure for T.

Then a version of the natural extension of (X, B, u, T) is an
invertible system (X, B, v, T), such that
» Thereis a map 7 : X — X that is surjective, measurable
and such that ro T = T o .

» For all measurable sets £ € B, u(E) = (von~1)(E).
We can define the measure g in this way.
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Natural extensions

Consider the non-invertible system (X, B, i1, T), where B is the
Lebesgue o-algebra on X and p an invariant measure for T.
Then a version of the natural extension of (X, B, u, T) is an
invertible system ()A(,B, v, 7\_) such that

» Thereis a map 7 : X — X that is surjective, measurable
and such that ro T = T o .

» For all measurable sets £ € B, u(E) = (von~1)(E).
We can define the measure g in this way.

» This system is the smallest in the sense of o-algebras:
Voo (7~ Y(B)) = B.
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Natural extensions

Consider the non-invertible system (X, B, i1, T), where B is the
Lebesgue o-algebra on X and p an invariant measure for T.
Then a version of the natural extension of (X, B, u, T) is an
invertible system ()A(,B, v, 7\_) such that

» Thereis a map 7 : X — X that is surjective, measurable
and such that ro T = T o .

» For all measurable sets £ € B, u(E) = (von 1) (E).
We can define the measure p in this way.

» This system is the smallest in the sense of o-algebras:
Voso (7 Y(B)) = B.

o «F = = T vae



Pisot (5's

X =", Z where Z; = [bj, ¢;) are disjoint intervals and
Tx = x — aj on Z;.

From now on we assume that the real number § > 1 is a Pisot
unit:

» (3 is an algebraic unit: it is a root of a minimal polynomial
of the form x4

—ax9 1 — ... — ¢y, with ¢ € Z for all i
and ¢ € {—1,1}.

We also assume that a; C Q(3) for all 1 < i < m. For
convenience, we take a; C Z.
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Pisot (5's

X =", Z where Z; = [bj, ¢;) are disjoint intervals and
Tx = x — aj on Z;.

From now on we assume that the real number § > 1 is a Pisot
unit:

» (3 is an algebraic unit: it is a root of a minimal polynomial
of the form x4

—ax9 1 — ... — ¢y, with ¢ € Z for all i
and ¢ € {—1,1}.
» Denote all the other roots of the polynomial
d

x4 —cx471 — ... — ¢4 by B;, then |B;j| < 1 for all j.

We also assume that a; C Q(f) for all 1 < i < m. For
convenience, we take a; C Z.
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Pisot (5's

X =", Z where Z; = [bj, ¢;) are disjoint intervals and
Tx = x — aj on Z;.

From now on we assume that the real number § > 1 is a Pisot
unit:

» (3 is an algebraic unit: it is a root of a minimal polynomial
of the form x9

—ax9 1 — ... — ¢y, with ¢ € Z for all i
and ¢ € {—1,1}.

» Denote all the other roots of the polynomial
d

x4 —cx471 — ... — ¢4 by B;, then |B;j| < 1 for all j.

We also assume that a; € Q(/5) for all 1 < i < m. For
convenience, we take a; C Z.
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Hyperbolic toral automorphism

Let 5 > 1 be a Pisot unit with minimal polynomial
xd — cix

companion matrix M:

d=1 ... — ¢y, ¢ €Z and ¢4 € {—1,1}. Consider the

(5]

(€] © CGd-1
0o --- 0
M — o 1 ...

Cd

0
The eigenvalues are 8 and (s, ..., 84, the Galois conjugates
of 3. Also,

det M| =1, so M is invertible.
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Hyperbolic toral automorphism

[ is a Pisot unit with minimal polynomial
x4 — exd-1_

o]

-«+ — ¢g4 and Galois conjugates 35, ..., Bq4.
@ - Cd-1 Cd 64—1
1 0 --- 0 0 ﬂj‘.’—2
o1 .-~ 0 O J
0 0 1 0 1
afi e B
ge-1 ge-1
- ; =17 =8y
B Bj
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The natural extension space

We use the eigenvectors of M to define the natural extension
space by mapping the admissible sequences into R?

Let w-u="---w_iwouiup---

€ AZ. Define the map
W AZ 5 RY by:

P(w-u) = Z— 1722‘”*
n=1"' j=2 n=0
G>1)  (Bl<1)

Set X = 1(S). This is the natural extension space
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The natural extension space

We use the eigenvectors of M to define the natural extension
space by mapping the admissible sequences into RY.

Let w-u=---w_iwouis - - - € AZ. Define the map
Y A = RY by:
9] d oo
P(w-u) = Z %vl - ZZ w_nB/v;.
n=1 j=2 n=0
B>1)  (81<1)

Set X = 1)(S). This is the natural extension space.

2 Lniversitat
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The natural extension space

We use the eigenvectors of M to define the natural extension
space by mapping the admissible sequences into RY.

Let w-u=---w_iwouus - -- € AZ. Define the map
Y A = RY by:
9] d oo
P(w-u) = Z %vl - ZZ wnB}v;.
n=1 j=2 n=0
B>1)  (81<1)

Set X = 1)(S). This is the natural extension space.
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The natural extension space

We use the eigenvectors of M to define the natural extension
space by mapping the admissible sequences into RY.

Let w-u=---w_iwouitp - - - € AZ. Define the map
Y A = RY by:
[e's) d o
Y(w-u) = Z %vl - ZZ w_nf3;"v;.
n=1 j=2 n=0

(8>1) (I8l <1)

Set X = 1)(S). This is the natural extension space.
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s wien

«0O>» «Fr «=Z» «=)»

o>



The natural extension space

We use the eigenvectors of M to define the natural extension
space by mapping the admissible sequences into RY.

Let w-u=---w_iwouitp - - - € AZ. Define the map
Y A = RY by:
[es) d o
P(w-u) = Z %vl - ZZ w_nB/v;.
n=1 j=2 n=0

Set X = ¢(S). This is the natural extension space.
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The natural extension transformation

For the natural extension transformation 7 : X — X we want
» T is a.e. invertible

» T preserves the dynamics of T

» T is invariant wrt the Lebesgue measure.
Partition X = (J7, Z; with Z; = {¢)(w - u)| u; = a;}. For
X e )A< write X = xvi

27:2 yivj. If x € Z;, take

Tx
A /—/A
Tx =

= (Bx—a)

d
Z Bjyj + ai)v

Jj=2

Mx — g ajvj.
j=1
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The natural extension transformation

For the natural extension transformation 7 : X — X we want:
» T is a.e. invertible.

» T preserves the dynamics of T.

» T is invariant wrt the Lebesgue measure.

Partition X = |7, Z; with Z; = {¢)(w - u) | u1 = a;}. For
x € X, write x = xv; — 3

j=2 YiVj- If x € 2,', take
Tx d

A~ —N—

Tx = (Bx—aj)vi— Z(ﬁjyj + aj)v;

j=2
d
= Mx— Z ajv;.

j=1
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The natural extension transformation

For the natural extension transformation 7 : X — X we want:
» T is a.e. invertible.

» T preserves the dynamics of T.

» T is invariant wrt the Lebesgue measure.

Partition X = |7, Z; with Z; = {¢)(w - u) | u1 = a;}. For
x € X, write x = xv; — 3

j=2 YiVj- If x € 2,', take
Tx d

A~ ——

Tx = (Bx—aj)vi— Z(ﬁjyj + aj)v;

Jj=2
d
= Mx— Z ajv;.

j=1
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An invariant measure for T

The Lebesgue measure A9 on R is invariant for T
(recall |det M| =1).

Let 7 : X — X be given by m(xvy — 2722 yjvj) = x.

Define the measure o on X by u(E) = (A9 o 77 1)(E)
for each Borel measurable set E.

Then p is invariant for T.
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Purely periodic points

Denote by H the subspace of R? spanned by the real and
imaginary parts of vo, ..., vg.

Let [ : Q(8) = Q(B;) : B~ ;.

Define the function ¢ : Q(5) — H by ®(x) =>_
Theorem

=2 Ti(x)vj.
The expansion of x generated by T is purely periodic iff
x € Q(B) and xvy + d(x) € X.

(For x — Bx (mod 1), Ito and Rao(2005))
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An example: the golden mean

and Tx = fx (mod 1). Then A= {0,1} and

11
=1

Let 3 be the golden mean, i.e., the real root > 1 of x> — x — 1,

Jou=(1)==(7)

1




An example: the tribonacci number

Let 5 be the tribonacci number. Take A ={-1,0,1},
— B 1 1

X —_[— Es T /3+1> Xo = [— mm) and

X; = |2+ % Then T is a minimal weight transformation.

The natural
extension




Symbolic coverings

Let A= {ay,

.yam} C Z. Recall the definition of the map
¥ 1 AZ — RY, but consider it on T9 = Rd/Zd:
U
¢(W'U)=Zﬁ—7,v1—
n=1

j=2 n=0

d o
ZZ w_nf7vj (mod z9).

AZL,AZ

ol
Td —— Td
more for 9|s.

«0O0)>» «F»r « >
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Finite-to-one covering map

Rauzy, 1982 For the Pisot number given by the polynomial
x3 — x* — x — 1 (tribonacci number), the map is a.e. one-to-one
for the [-shift S given by the map x — x (mod 1).

Kenyon and Vershik, 1998 Algebraic construction of a sofic
subshift VV C A% that gives an a.e. finite-to-one covering.

Schmidt, 2000 For every Pisot number j3 the set S, given by
the map x — fx (mod 1), provides an a.e. finite-to-one map.

Many others ...
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wien

o «F = = T vae



An additional condition

Recall the transformation T

Y0 Y12

A
e
Y3 0
T

For ~;, let n; be the minimal k such that Tk'y,- = 7"")/,- with
n; = oo if this doesn’t happen.
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An additional condition

Suppose that A= {ai1,...,am}. Define the set V by

V= U{%'} U U
i=0

{T5y;, TFvi).
1<k<n;, v, €X,i#0

The extra assumtion we make is that the set V is finite. This
happens in 2 cases.

steps.

» If the points 7; have ultimately periodic orbits.
» If the orbits of the points 7y; come together after some

«0O0)>» «F»r « >
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An example: periodic endpoints

m—+1
v=Utv U AT TR
i=0 1<k<nj,vi€X,i#0
Y0 702
O

> UI?ZO{’-YI.} = {07 %7 1}'

1/8 1

i
v
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O» «5F»

0

An example: periodic endpoints

m—+1
v=Utv U AT TR
i=0 1<k<nj,vi€X,i#0
Y0 702
O

> UI?ZO{’-YI.} = {07 %7 1}'
> {vi € X|i#0}={1/8}.

1/8 1

i
v
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An example: periodic endpoints

m+1

v=J v U
i=0

{T vy, TRy}
1<k<nj,vi€X,i#0
Yo

1 72 > UI?:O{’W} = {0, %7 1}
b s {meX|i#£0}={1/8).
> Tk(llg) =0 forall K> 1.
() =L T =1
0 151 T() BNSO ny = oo, but 71 is
periodic for T.
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An example: periodic endpoints

m—+1
v=J v U
i=0

{TH i, Ty}
1<k<nj,vi€X,i#0

Yo 72
O

> UI?ZO{’-YI.} = {07 %7 1}'
0 > {vie X|i#0}={1/8}.
> Tk(/lg) =0 for all kK > 1.
N
T (3) = B'NSO’ ny = oo, but 71 is
periodic for T.

0

1/8 1

» V=1{0, %,ﬁ — 1,1} is a finite set.
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An example: periodic endpoints

m+1
v=|J{itu U {T5 i, Ty}
i=0

1<k<n;,v€X,i#0
U?:o{’Yi} = {0, %’ 1}.
{vieX|i#0}={1/8}. coverng
> Tk(%) =0 for all Kk > 1.

=1 = 1

Z_(B) =1, T2(B) =B-1,

T3(%) = % So, n; = oo, but 77 is

3
-2
=
2
N
v

O
v

periodic for T
» V= {0, %,B — 1,1} is a finite set.
» The associated subshift is of finite
type here, sofic in general.




An example: meeting endpoints

m+1
V= }u U {T 5, Ty}
i=0 1<k<n,vi€X,i#0
Yo M oo U‘?' olvit = {-Ba, —a, o, Ba}.

N
v

{i EXII#O} {a —a}.
» For all 32 <a< 32“,
T3a = T3a. So, mp, = 3. By
symmetry also n; = 3.
» V= +{Ba,a, T?a, Ty, T2t}
is a finite set.

NA

Ba

[ .

=
Rr--e

» The associated subshift is
not sofic in general.
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An example: meeting endpoints

m+1

v=|J{tu U {T5 i, Ty}

i=0 1§k<n,-,'y,-€X,i;é0

% > Ulolmi} = {-Ba, —a,a, Ba}.
- g » {7 € X|i#0} = {a,—a}.
S

1 _B_
g f Ba»ForaII ﬂ~2<a<ﬁ2+1,
4 o T3a = T3a. So, np = 3. By
o

symmetry also n; = 3.
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An example: meeting endpoints

m+1
V= }u U {T 5, Ty}
i=0 1<k<n,vi€X,i#0

nm ’12 73 > U?:O{’Yi} = {—BOJ, —O[,Oé,,BO[}.
. ¢ » {rie X|i#0} ={a,—a}.

L 1 B
e /E; fo 1 o » For all B <a< gy,
¢ : 0__ T3a = T3a. So, no = 3. By
a

symmetry also n; = 3.

» V=1{fa,q, T2a, Ta, T?a}
is a finite set.

g % universitat
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«4O0>» «Fr «=» «=)>»

An example: meeting endpoints

m+1
V= }u U {T 5, Ty}
i=0 1<k<n,vi€X,i#0
Y M T U?:O{fy,-} ={-fa,—a,a, pa}.

L/ 1 8
e /E; fo 1 o » For all B <a< gy,
' : A 0__ T3a = T3a. So, no = 3. By
a

T/ - iexiiz=(a-a)

symmetry also n; = 3.

» V=1{fa,q, T2a, Ta, T?a}
is a finite set.

» The associated subshift is
not sofic in general.
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A finite-to-one mapping

Theorem

If the set V is finite, then there is a constant x > 1, such that
the map 1) : S — T9 is almost everywhere r-to-one.

This includes cases in which S is not sofic.

If V is finite, then the density of the invariant measure

=M or"!of Tisasum of « indicator functions.

«0O0)>» «F»r « >
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Purely periodic expansions

Recall the definition of the map ¢ : S — RY:
0o u d oo
¢(W'U)=Zﬂ—zvl—
n=1
For x € X, we are interested in the set

n=0

d oo

{ZZ w_nB]v; | - woiwo - b(x) € S} H.
j=2

Recall that H is the real contracting eigenspace for the

matrix M.

«0O0)>» «F»r « >
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«4O0>» «Fr «=» «=)>»

Expansions and tiles
Recall that T; : Q(8) — Q(B;) : +— pBj and
©:Q(B) - H:x— Zf:z Fi(x)v;.

Theorem
The origin 0 € H belongs to a set

x)+{ZZW_,,ﬂ"vJ| SW_1Wp - bx)ES}

j=2 n=0

for x € Z[B] N X iff the expansion of x that is generated by
T is purely periodic.

(For x — Bx (mod 1), Akiyama 1999 and Praggastis 1999)

o>



One-to-one covering?

For certain specific cases it is known that the map ¢ : S — T¢
is a.e. one-to-one for the map x — fSx (mod 1).

Pisot conjecture
(Schmidt 2000, Akiyama 2002 and Sidorov 2003)

If 8 is a Pisot number and Tx = x (mod 1), then
¢ : S — T is almost everywhere one-to-one.

«4O0>» «Fr «=» «=)>»
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An example: the golden mean)

Let 5 be the golden mean and Tx = f$x (mod 1)

«O>» «4F»r « =>»

«E=»

o>




An example: the Rauzy tiling (Rauzy, 1982)

Let 8 be the tribonacci number and Tx = 5x (mod 1).

1

1
B

Two-to-one
covering



An example

. the Rauzy tiling (Rauzy, 1982)

010101

o~

«O>» «4F»r « =>»

«E=»




O» «5F»

A two-to-one map: the tribonacci number

1

Let 8 be the tribonacci number. Take A= {—1,0,1},
X_1 = [ L ﬂ) and X1 =

1 _ 1
_Ea_ﬁ)rxo_ [_%7

#3)
2872 )"

i
v

o>




A double tiling: the tribonacci number




A double tiling: the tribonacci number

The map 1) is a.e. two-to-one if there is a ball in R?, such that
for each y in this ball we have

y=x+v(w-u)=x"+(w,u)
for two different copies of 1(S).

a ‘good’ w'.

We fixed specific x, X/, u and v/ and transformed each w into

«0O0)>» «F»r « >
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A double tiling: the tribonacci number

The transducer that transforms a sequence w into w’:

«0O)»>» «F»

i
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