
A replica analysis of the one-dimensional KPZ
equation

T. Sasamoto

(Based on a collaboration with T. Imamura)

5 Sep 2011 @ Warwick

References: arxiv:1105.4659, 1108.2118

1



1. Introduction: 1D surface growth

• Paper combustion, bacteria colony, crystal

growth, liquid crystal turbulence

(2010 Takeuchi Sano)

• Non-equilibrium statistical mechanics

• Stochastic interacting particle systems

• Integrable systems (Myllys et al)
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Kardar-Parisi-Zhang(KPZ) equation

1986 Kardar Parisi Zhang

∂th(x, t) = 1
2
λ(∂xh(x, t))

2 + ν∂2
xh(x, t) +

√
Dη(x, t)

where η is the Gaussian noise with covariance

⟨η(x, t)η(x′, t′)⟩ = δ(x − x′)δ(t − t′)

• The Brownian motion is stationary.

• Dynamical RG analysis: h(x = 0, t) ≃ vt + cξt1/3

KPZ universality class

• Now revival: New analytic and experimental developments
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A discrete model: ASEP as a surface growth model

ASEP(asymmetric simple exclusion process)

q p q p q

Mapping to surface growth
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Stationary measure

ASEP · · · Bernoulli measure: each site is independent and

occupied with prob. ρ (0 < ρ < 1). Current is ρ(1 − ρ).

· · · ρ ρ ρ ρ ρ ρ ρ · · ·

-3 -2 -1 0 1 2 3

Surface growth · · · Random walk height profile
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Surface growth and 2 initial conditions besides stationary

Step

Droplet

Wedge

↕ ↕

Alternating

Flat

↕ ↕

Integrated current N(x, t) in ASEP ⇔ Height h(x, t) in surface

growth
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Current distributions for ASEP with wedge initial conditions

2000 Johansson (TASEP) 2008 Tracy-Widom (ASEP)

N(0, t/(q − p)) ≃ 1
4
t − 2−4/3t1/3ξTW

Here N(x = 0, t) is the integrated current of ASEP at the origin

and ξTW obeys the GUE Tracy-Widom distributions;

FTW(s) = P[ξTW ≤ s] = det(1 − PsKAiPs)

where KAi is the Airy kernel

KAi(x, y) =

∫ ∞

0
dλAi(x + λ)Ai(y + λ) -6 -4 -2 0 2

0.0

0.1

0.2

0.3

0.4

0.5

s
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Current Fluctuations of ASEP with flat initial conditions: GOE

TW distribution

More generalizations: stationary case: F0 distribution, multi-point

fluctuations, etc

Can they be measured experimentally?

What about the KPZ equation?
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Random matrix theory

GUE (Gaussian Unitary Ensemble) hermitian matrices

A =


u11 u12 + iv12 · · · u1N + iv1N

u12 − iv12 u22 · · · u2N + iv2N
...

...
. . .

...

u1N − iv1N u2N − iv2N · · · uNN


ujj ∼ N(0, 1/2) ujk, vjk ∼ N(0, 1/4)

The largest eigenvalue xmax · · · GUE TW distribution

GOE (Gaussian Orthogonal Ensemble) real symmetric matrices

· · · GOE TW distribution
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Experiments by liquid crystal turbulence

2010-2011 Takeuchi Sano
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See Takeuchi Sano Sasamoto Spohn, Sci. Rep. 1,34(2011)
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Solution for the KPZ equation

2010 Sasamoto Spohn, Amir Corwin Quastel

• Narrow wedge initial condition

• Based on (i) the fact that the weakly ASEP is KPZ equation

(1997 Bertini Giacomin) and (ii) a formula for step ASEP by

2009 Tracy Widom

• The explicit distribution function for finite t

• The KPZ equation is in the KPZ universality class

Before this

2009 Balaźs, Quastel, and Seppäläinen

The 1/3 exponent for the stationary case
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Narrow wedge initial condition

We consider the droplet growth with macroscopic shape

h(x, t) =

−x2/2λt for |x| ≤ λt/δ ,

(λ/2δ2)t − |x|/δ for |x| > λt/δ

which corresponds to taking the following narrow wedge initial

conditions:
h(x, 0) = −|x|/δ , δ ≪ 1
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2λt/δ
x

h(x,t)
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Distribution

(λ/2ν)h(x, t/2ν) = −x2/2t − 1
12

γ3
t + 2 logα + γtξt

Here γt = 2−1/3α4/3t1/3 , α = (2ν)−3/2λD1/2.

The cumulative distribution of ξt

Ft(s) = P[ξt ≤ s] = 1 −
∫ ∞

−∞
exp

[
− eγt(s−u)

]
×
(
det(1 − Pu(Bt − PAi)Pu) − det(1 − PuBtPu)

)
du

where PAi(x, y) = Ai(x)Ai(y) .

15



Pu is the projection onto [u,∞) and the kernel Bt is

Bt(x, y) = KAi(x, y) +

∫ ∞

0
dλ(eγtλ − 1)−1

×
(
Ai(x + λ)Ai(y + λ) − Ai(x − λ)Ai(y − λ)

)
.
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Developments (not all!)

• 2010 Calabrese Le Doussal Rosso, Dotsenko Replica

• 2010 Corwin Quastel Half-BM by step Bernoulli ASEP (2009

Tracy Widom)

• 2010 O’Connell A directed polymer model related to quantum

Toda lattice

• 2010 Prolhac Spohn Multi-point distributions by replica

• 2011 Corwin Quastel Renormalization fixed point

• 2011 Calabrese Le Dossal Flat case by replica

• 2011 O’Connell Warren Multi-layer picture

• 2011 Imamura Sasamoto Half-BM case by replica
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Morikazu Toda (1917-2010)

• Passed away last year at the age of 93.

• The Toda lattice is well known as a solition equation but the

solition solution was not obtained in the first paper.

• His orignal motivation was to consider a fundamental aspect of

statistical mechanics from a dynamical point of view. A numerical

simulation suggested that aproximation scheme was not very useful.

• He discovered his lattice by matching the equation of motion with a

formula of elliptic functions. The solution was periodic in space.

• The discovery was during a summer vacation in 1966. He brought

only a few books including a consise book of mathematical formulas.
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2. Results: Half Brownian motion initial condition

λ

2ν
h(x, t = 0) =

x/δ, δ → 0, x < 0,

αB(x), x ≥ 0.

with α = (2ν)−3/2λD1/2.

x
0

h(x,0)
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Macroshape at t

h(x, t) ∼

−x2/2λt, x ≤ 0,

0, 0 < x.

Here we focus on the crossover region around the origin.

• One of the few solvable initial conditions so far.

• A step toward the stationary case.
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Cole-Hopf transformation

1997 Bertini and Giacomin

hν,λ,D(x, t) =
2ν

λ
log (Zν,λ,D(x, t))

Zν,λ,D(x, t) is the solution of the stochastic heat equation,

∂Zν,λ,D(x, t)

∂t
= ν

∂2Zν,λ,D(x, t)

∂x2
+

λ
√
D

2ν
η(x, t)Zν,λ,D(x, t).

The partition function Zν,λ,D(x, t) can be considered as a

directed polymer in random potential η.
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Feynmann-Kac and Scaling

Feynmann-Kac expression for the partition function,

Z(x, t) = Ex

(
exp

[
λ
√
D

2ν

∫ t

0
η (b(2νs), t − s) ds

]
Z(b(t), 0)

)
Using this we can establish

λ

2ν
hν,λ,D

(
x,

t

2ν

)
= h1

2
,1,1(α

2x, α4t).

In the following, we set ν = 1
2
, λ = 1, D = 1, α = 1 and

consider h(x, t) = h1
2
,1,1(x, t).
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Generating function

We are interested in the distibution of h = logZ, which is

difficult to handle. Instead we consider the moments ⟨ZN⟩, or
the generating function of them.

We introduce the scaled height h̃t(X) by

h
(
2γ2

t X, t
)
= −

γ3
t

12
− γtX

2 + γth̃t(X)

where γt =
(
t
2

)1
3 , x = 2γ2

t X and consider

Gγt(s;X) =

∞∑
N=0

(
−e−γts

)N
N !

⟨
ZN

(
2γ2

t X, t
)⟩

eN
γ3
t

12
+NγtX2

= ⟨e−eγt(h̃t(X)−s)⟩.
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Result

Gγt(s;X) is expressed as the Fredholm determinant

Gγt(s;X) = det (1 − P0KXP0)

Here Ps represents the projection onto (s,∞) and the kernel of

KX is given by

KX(ξj, ξk)

=

∫
R
dyAiΓ

(
ξj + y,

1

γt
,−

X

γt

)
AiΓ

(
ξk + y,

1

γt
,−

X

γt

)
eγty

eγty + eγts
.
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Here AiΓ(a, b, c), AiΓ(a, b, c) are deformed Airy functions

AiΓ(a, b, c) =
1

2π

∫
Γi c

b

dzeiza+iz
3

3 Γ (ibz + c),

AiΓ(a, b, c) =
1

2π

∫ ∞

−∞
dzeiza+iz

3

3
1

Γ (−ibz + c)
.
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Height distribution

Fγt(s;X) = 1 −
∫ ∞

−∞
due−eγt(s−u)

gγt(u;X).

Here gγt(u;X) is expressed as a difference of two Fredholm

determinants,

gγt(u;X) = det
(
1 − Pu(B

Γ
γt

− PΓ
Ai)Pu

)
− det

(
1 − PuB

Γ
γt
Pu

)
,
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where PΓ
Ai(ξ1, ξ2) = AiΓ

(
ξ1,

1
γt
,−X

γt

)
AiΓ

(
ξ2,

1
γt
,−X

γt

)
and

BΓ
γt
(ξ1, ξ2) =

∫ ∞

0
dyAiΓ

(
ξ1 + y,

1

γt
,−

X

γt

)
AiΓ

(
ξ2 + y,

1

γt
,−

X

γt

)
+

∫ ∞

0
dy

1

eγty − 1

(
AiΓ

(
ξ1 + y,

1

γt
,−

X

γt

)
AiΓ

(
ξ2 + y,

1

γt
,−

X

γt

)
−AiΓ

(
ξ1 − y,

1

γt
,−

X

γt

)
AiΓ

(
ξ2 − y,

1

γt
,−

X

γt

))
.
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Long time limit

In general Prob(X ≤ s) = E(Θ(s − X)), where Θ(y) is the

step function, Θ(y) := 1 (y ≥ 0), 0 (y < 0). Noticing

lim
a→∞

exp[−e−ax] = Θ(x), we take the t → ∞ limit and see

lim
γt→∞

Prob(h̃t ≤ s) = lim
γt→∞

Gγt(s;X) = det (1 − PsKXPs)

the kernel is given by

KX(ξj, ξk) =

∫ ∞

0
dyAi(ξj + y)Ai(ξk + y)

+ Ai(ξk)

(
e−

X3

3
+Xξj −

∫ ∞

0
dye−XyAi(ξj + y)

)
.

This appeared in GUE and TASEP with external source.
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Multi-point distribution

Gγt({s}n, {X}n) =

⟨
e−

∑n
j=1 e

γt(h̃t(Xj)−sj)
⟩
,

where we abbreviated s1, · · · , sn and X1, · · · , Xn as {s}n and

{X}n respectively and we set X1 < X2 < · · · < Xn.

Using the “factorization approximation” by Prolhac-Spohn, we get

G♯
γt
({s}n, {X}n) = det (1 − Q) ,

and the kernel Q(x, y) is given by

Q(u1, un+1) =

∫ ∞

−∞
du2 · · · dun⟨u1|e(X1−X2)H |u2⟩ · · ·

× ⟨un|e(Xn−X1)HL1|un+1⟩Φ({u − s}n),
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H is the Airy Hamiltonian H = − ∂2

∂u2 + u, and

Φ({x}n) =

∑n
j=1 e

−γtxj

1 +
∑n

j=1 e
−γtxj

,

Lj(x, y) =

∫ ∞

0
dwAiΓ

(
w + x,

1

γt
,−

Xj

γt

)
AiΓ

(
w + y,

1

γt
,−

Xj

γt

)
,

30



3. Replica analysis: δ-Bose gas

Taking the Gaussian average over the noise η, one finds that the

replica partition function can be written as

⟨ZN(x, t)⟩

=
N∏

j=1

∫ ∞

0
dyj

∫ xj(t)=x

xj(0)=yj

D[xj(τ )] exp

− ∫ t

0
dτ

 N∑
j=1

1

2

(
dx

dτ

)2

−
N∑

j ̸=k=1

δ (xj(τ ) − xk(τ ))

×
⟨
exp

(
N∑

k=1

B(yk)

)⟩
= ⟨x|e−HN t|Φ⟩.

31



HN is the Hamiltonian of the δ-Bose gas,

HN = −
1

2

N∑
j=1

∂2

∂x2
j

−
1

2

N∑
j ̸=k

δ(xj − xk),

|Φ⟩ represents the state corresponding to the initial condition. We

compute ⟨ZN(x, t)⟩ by expanding in terms of the eigenstates of

HN ,

⟨Z(x, t)N⟩ =
∑
z

⟨x|Ψz⟩⟨Ψz|Φ⟩e−Ezt

where Ez and |Ψz⟩ are the eigenvalue and the eigenfunction of

HN : HN |Ψz⟩ = Ez|Ψz⟩.
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The state |Φ⟩ can be computed as

⟨x1, · · · , xN |Φ⟩

=
1

N !

∑
P∈SN

⟨
exp

(
N∑

k=1

B(xP (k))

)⟩

=
∑

P∈SN

N∏
j=1

e
1
2
(2N−2j+1)xP (j)Θ

(
xP (j) − xP (j−1)

)
.
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Bethe states
By the Bethe ansatz, the eigenfunction is given as

⟨x1, · · · , xN |Ψz⟩ = Cz

∑
P∈SN

sgnP

×
∏

1≤j<k≤N

(
zP (j) − zP (k) + isgn(xj − xk)

)
exp

(
i

N∑
l=1

zP (l)xl

)

N momenta zj (1 ≤ j ≤ N) are parametrized as

zj = qα −
i

2
(nα + 1 − 2rα) , for j =

α−1∑
β=1

nβ + rα.

(1 ≤ α ≤ M and 1 ≤ rα ≤ nα). They are divided into M

groups where 1 ≤ M ≤ N and the αth group consists of nα

quasimomenta z′
js which shares the common real part qα.
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Cz =

∏M
α=1 nα

N !

∏
1≤j<k≤N

1

|zj − zk − i|2

1/2

Ez =
1

2

N∑
j=1

z2
j =

1

2

M∑
α=1

nαq
2
α −

1

24

M∑
α=1

(
n3
α − nα

)
.

Expanding the moment in terms of the Bethe states, we have

⟨ZN(x, t)⟩

=

N∑
M=1

N !

M !

N∏
j=1

∫ ∞

−∞
dyj

(∫ ∞

−∞

M∏
α=1

dqα

2π

∞∑
nα=1

)
δ∑M

β=1 nβ,N

× e−Ezt⟨x|Ψz⟩⟨Ψz|y1, · · · , yN⟩⟨y1, · · · , yN |Φ⟩.

There is a question of completeness of Bethe states.
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After deforming the contour, we can perform the integrations of

yj (1 ≤ j ≤ N) before those of qα (1 ≤ α ≤ M). We see

⟨Ψz|Φ⟩ = Cz

∑
P∈SN

sgnP
N∏
l=1

∫ ∞

yl−1

dyle
−i

(
z∗
P (l)

−1
2
(2N−2l+1)

)
yl

×
∏

1≤j<k≤N

(
z∗
P (j) − z∗

P (k) + i)
)

= N !Cz

∑
P∈SN

sgnP
∏

1≤j<k≤N

(
z∗
P (j) − z∗

P (k) + i
)

×
N∏
l=1

1

−i(z∗
P (N) + · · · + z∗

P (N−l+1)) + l2/2
.
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Combinatorial identities

(1) ∑
P∈SN

sgnP
∏

1≤j<k≤N

(
wP (j) − wP (k) + if(j, k)

)
= N !

∏
1≤j<k≤N

(wj − wk)
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(2)For any complex numbers wj (1 ≤ j ≤ N) and a,∑
P∈SN

sgnP
∏

1≤j<k≤N

(
wP (j) − wP (k) + a

)
×

N∏
m=1

1

wP (N) + · · · + wP (N−m+1) + m2a/2

=
∏

1≤j<k≤N

(wj − wk)
N∏

m=1

1

wm + a/2
.

[Similar identity for step Bernoulli ASEP by Tracy-Widom]

38



After some computations, we see that Gγt(s;X) is expressed as

the Fredholm determinant

Gγt(s;X) = det (1 − P0KXP0)

Here Ps represents the projection onto (s,∞) and the kernel of

KX is given by

KX(ωj, ωk) =

∞∑
n=1

(−1)n−1

∫
R−icn

dq

π
e−n(ωj+ωk)−2iq(ωj−ωk)

× e−γ3
t nq2+

γ3
t

12
n3−γtns

Γ
(
iq − X

γt
− n

2

)
Γ
(
iq − X

γt
+ n

2

) ,
where Γ(x) is the gamma function and cn satisfies

cn > X/γt + n/2.
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Lemma

(a) We set a ∈ R and m, n ≥ 0. When Im q < −n/2 + a,

we have

Γ
(
iq + a − n

2

)
Γ
(
iq + a + n

2

)em3n3

3 =

∫ ∞

−∞
dyAiΓΓ

(
y,

1

2m
, iq + a

)
emny,

where

AiΓΓ (a, b, c) =
1

2π

∫
Γi c

b

dzeiaz+iz3/3 Γ(ibz + c)

Γ(−ibz + c)
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(b) For u, v, x ∈ R and w ≥ 0, we have

1

2π

∫ ∞

−∞
dpAiΓΓ

(
p2 + v,w, iwp + u

)
eipx

=
1

2
1
3

AiΓ
(
2−

2
3 (v + x), 2

1
3w, u

)
AiΓ

(
2−

2
3 (v − x), 2

1
3w, u

)
.

Using this we get our results for the generating function.
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Deformed Airy functions

Let H = −∂2/∂x2 + x. We have the following relations.

(i) The deformed Airy function representation of the propagator

⟨x|etH |y⟩ =

∫ ∞

−∞
dze−tzAiΓ (x + z, b, c − bt)AiΓ (y + z, b, c) .

Biorthogonality relation∫ ∞

−∞
dwAiΓ(x + w, b, c)AiΓ(y + w, b, c) = δ(x − y).
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(ii) “Time evolution” by the Airy Hamiltonian

etHAiΓ(x + w, b, c) = e−twAiΓ(x + w, b, c − bt),

etHAiΓ(x + w, b, c) = e−twAiΓ(x + w, b, c + bt).
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Summary

• Experiments for both circular and flat initial conditions.

• Half-Brownian motion initial condition by replica

• Similar structure to the narrow wedge case with Airy function

replaced by the deformed Airy functions

• Multi-point distriubtions based on the factorization

approximation

• An extension to the stationary case is now under way.
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Stationary Case

Generalized initial condition

h(x, 0) =

B−,v−(−x) = B̃(−x) + v−x, x < 0,

B+,v+(x) = B(x) − v+x, x > 0,

Combinatorial identity

Overall initial height is inverse gamma distributed.
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