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1. Introduction

The present talk is based on the papers

[O’Connell 12a] N. O’Connell: Directed polymers and the quantum Toda lattice.
Ann. Probab. 40, 437-458 (2012)

[Baudoin-O’Connell 11] F. Baudoin, N. O’Connell: Exponential functionals
of Brownian motion and class-one Whittaker functions.
Ann. Inst. H. Poincaré, Probab. Statist., 47, 1096-1120 (2011)

[O’Connell 12b] O’Connell, N.: Whittaker functions and related stochastic pro-
cesses. arXiv:math.PR/1201.4849

and on my work

[K11] M. Katori: O’Connell’s process as a vicious Brownian motion.
Phys. Rev. E84, 061144 /1-11 (2011); arXiv:math-ph/1110.1845

[K12] M. Katori: Survival probability of mutually killing Brownian motions
and the O’Connell process. J. Stat. Phys. (in press)
DOI 10.1007/s10955-012-0472-3 ; arXiv:math.PR/1112.4009



The O’Connell process
N-particle diffusion process in one dimension
with parameters (drifts) v = (vq,...,vy) € RY.

e the infinitesimal generator
Ly = —(Yw)™ (H + ’Vlg)i/)u
— %A + Viogvpy(x) -V,
where

Yy (x) = the class-one Whittaker function,
H = the Hamiltonian of the GL(N, R)-quantum Toda lattice.

e multi-dimensional (many-particle) extension of the Matsumoto-Yor process

e A geometric lifting (‘inverse tropical analogue’ )
of Dyson’s Brownian motion model with 5 = 2
(eigenvalue process of GUE = noncolliding BM)
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2. Whittaker function and survival probability

N e{23,...},z=(21,%2,...,zn) € RV, ¢t € [0, 00).
Schrodinger equation for identical N particles (mass m, charge q)
of open Toda lattice in an external vector potential A

0 h?
th—®(t,x) = | ——A — A - L q :
Ehatq)(t z) ( 2m ”LQm( v + £ Z . ) (%)

where £ = the range of interaction.

e natural units ¢ = light velocity = 1, h = Planck const./(27) = 1.
mass m = 1, charge ¢ = 1.

e We set
t = —it (Wick rotation)

' 1
LA = -v, Otz = ult.)

2 §

Then we have a diffusion equation

9,
— _ —(zj41—25)/
Eu(tm)-( A+ 1/ \% E e\t ) u(t, ).



By drift transformation u +— u:

u(t, x) = exp (—t2—€2 - % : :L’) u(t, x),

the equation is transformed to

9 4t z)

ot

with the Toda lattice ‘Hamiltonian’

14

= —Hu(t, x)



e generalized eigenvalue/eigenfunction problem

is solved as

= “Zu (1, o, - - -, i) € CN

and
Ua(x) = m(x/E, p)

fundamental Whittaker function, which behaves as

m(xz/&, p) ~ el T/E a5 € 0.

e class-one Whittaker function is defined by

Yu(z/f) = H R pRp——— Z sgn(o)m(xz/E o(p))

1<j<l<N UG(‘B\
for pweWy={uc RN . fy < g < -+ < N}
(Weyl chamber of type Ay_1).

Then
w(@/6) = bu(@/e), Vo€ By,

where Gy is the symmetry group, o(p) = (fo(1)s - - - Ho(N))-
(the alternating sum formula of [Baudoin-O’Connell 11]).



J . o
Eu(t, x) = —Hu(t, )

— class-one Whittaker function solutions

-
{eXp (2%2 Zu?) vu(x/§) + 1€ CN}
j=1

9, 1
Eu(t, x) = — (’H + EV : V) u(t, x)
—  u(t,x) = exp <\—t%’j — V- %} u(t, x)

i N
= exp « 2—22 (Z u? — ’;/2) } e—l/.::c/ﬁwu(m/f)_
\ j=1

Stationary solution is obtained by setting pu = v,

u(x) = e Py (x/€).




On the other hand,

%u(t T) = (’H - %I/ : V) u(t, x) k”"i} UL
= 2u(zf x) = —Au(t .’B)+1u Vu(t, x) ——Ze (@+1=2i)/8q (¢, 22)
ot £

stationary solution given by Feynman-Kac formula
for x,.v € Wy
exp ( ! Z/ —{Bjﬁl 4 ;/J(s)}/ids)] ’

B (@) = (B, BE . o B, £E [000)
N-dim. Brownian motion (BM) with drift v

EL[.] = expectation w.r.t. the BM starting from x

u(t,x) = EF

where




This solution is interpreted as the survival probability

1 «— +1
exp ( Z/ ~(Byi1 (s /&ds)] ?
=

Py (Survival} &/ & )

xr,ve Wy.

The probability that all NV particles survive forever
in the N-particle system of one-dim. BMs with drift
with the mutually killing term (with a range &)

1 N—1
—— Z o~ (Zj+1—2;)/€
j=1




The probability that all N particles survive forever

in the N-particle system of one-dim. BMs with drift

with the mutually killing term (with a range &)

/

-1
_ L e (i‘-_;+1—l'-';)/€_
o =

J
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Compare the two solution by looking at the asymptotics

Equality 1 !

@, &

[ the ‘Whittaker solution’
e VT hy (z/€)

— H — ﬂ-
ey L m(ve — v;)

W& — 0

the ‘Feynman-Kac solution’
Py (survival ‘ zc/g) — 1

e, v e Wpn, & — 0

11

o/ = ]

1<j<€<N

-

sin (v — v;)

x Py (survival ‘ ac/f), xr,v e Wy

[O’Connell 12b]
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Forv =20

Py (survival up to time ¢ ‘ 33/5)

with a constant ¢(N) > 0.

~

{ — o0

(N0 Ay (a/€),

[K12]




3. Givental’s integral

e Consider a lower triangular array with size N

111
T = (Tj,k, Lk s N) = | e Tgf o e RVW+1)/2
Ini1 In2 --- InnN

We write the rows of T as

T(l) — (Tl,l) eR
T = (Ty1, Thp) € R?

TW) = (Ty1, Tna, -, Tnn) € RY.

and define the type of T as

N N-1
type T = (Tm, Tyt + Doz — Taaeea ) Tig = ) TNl,j) e RY.

j=1 j=1



Let _
J

N
T/f Z { Ty i— 1J+1A)/5_|_€ (i ei—L 55 )/5}.

=1 &=1

Then Givental (1997) gives the integral expression

?/JI/(ZU/S) N(N-1)/2 /T(N) el/-typeT/fe}"(T/g)dT’

/T(N) T
=

where
N 1 f' w

j=1 k=1

14

H/_OO f[(STNgJ,g ).
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4. Vicious BM (Random matrix theory) limit

By the alternating sum formula [Baudwin-O’Connell 11],
for x,v € Wy

v/ = Il o o) 2 SEo)miz/E Ea(v))

1<j<<N cEGN

~ 5— (N—-1)/

S—N(N—l)/Z det {eujmg} .

h(v) 1<5<N

where we have used the fact I'(z) ~ 1/2 as 2 — 0 and

h(v) H (e —v;) (Vandermonde determinant)

1<j<t<N
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‘ Equality 1 !

Y (z/€) = ¥ E/E H i X Py (Survival

sinm(vy — v;
1<j<t<N l( ¢ -")

5'3/5) z,v e Wy

[O’Connell 12b)]

lim P (survival‘:c ) — g "% det [e’”m}
i~ Y /¢ 1<5{<N ’

for v,x e Wy.

Let Tyw = the first exit time from Wy of the BM with drift v.
Then the above is equal to IP% [TW — oo} , v, € Wy.

Equality 2 I

Pg [TW = OO} = B_V'w 1<(}%EN [61/}@@} , P, E Wy

[Biane, Bougerol, O’Connell 05] : Duke Math J. 130 (2005) 127-167
[O’Connell 12b]
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By Givental’s integral representation of vy (x/§)

. «N(N-1)/2,/, B T V-typed' F(I'/¢)
lim ¢ (/e) =t [ T T g

_ / N 61/-typeir' dT7
oTy TV =x

where

GTy = {(:BI,:L'Q,.... )EWlXWgX"'XWN:

‘}’;+1<:Ck<’1?k+11<k<j<N—1}

WlthWJ:{CU:(SCl?QTJ)ERJﬂflSSCEJ}lngN
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T,
'lr AN Gelfand-Tsetlin pattern

T GTy = {(a:l,:cQ,.... )EWlXWgX X Wy :
Jr \l " <o <afil1<k<jzN-1}
';1 ’;2 T3,3

VN NTY N

NN N

TN—I,I TN—],Z TN—1,3 v TN—] JN—1

ANE AN 2N

| conditioned
I N, 1 I N2 I N.3 I N,N-1 I N.N on the bottom values
| I | | | )
X X4 X3 .« o R T '=x
- -~ - >— - >

I dim.
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By Givental’s integral representation of ¥y (x/€)

£E—0 £E—0

_ / eI/-typecr dT,
G T

lim ENWV=D/2y,(2/€) = lim/m eV type L' F(T'/9) g
T '-x

where
GTy = {(a:l,;cQ,...,:l:N) EW; X Wy X - x Wy :

aﬁ‘ﬁlgaﬁ;g%ﬁ?lgkgjgN—l},

with W, = {z = (21,...,2;) eRI:z; <--- < x;},1 < j < N.

Equality 3 i

1
6I/.typeCF dT’ = —— det {eujaf:g}
Ty T =x h(v) 1<54<N




Harish-Chandra-Itzykson-Zuber (HCIZ) integral 20

where

Since

if we set

we See

Then

I ;
et [e] - / exp [tr(AyU*AmU) du,
U(N)

h(v)h(x) 1<j<N

Ay = diag(vy, -+ ,vN), Ag =diag(xy,...,zn),

/ (++-)dU = integral over U(N) w.r.t. the Haar measure.
JU(N)

H=U*AgU = N x N Hermitian matrix € H(N)

with eigenvaluesx = (xq,...,xn) € Wy,

a; = H;;, 1<j <N :diagonal elements of H,

tr(ApU AgU) =v - a.

HCIZ integral <=

1 . ' '

det [e”j‘”] = h($)/ da f:y'a’/ o dH.
h,.(l/) 1<j <N JRN JH(N ):eigenvalues=7T

diagonals=a




‘ Equality 3 ‘ ! 21
/ 6I/.typej_‘ dT = —— det [euj:cg}
cTy T =2 h(v) 1<ji<N

h(m)/ da eu.a A(N)'eiﬁenvalues—.ﬂc di
RN o B

diagonals=Q

— / el/-type TdT
cTyT" =z

— da eV - .
/RN ac /(;:TN:T(A):.’E

type T-a

Hermite matrix H — lower triangular array T°
eigenvalues © = (z1,...,TN) — TN = (Tn1y---sITnN)
diagonal elements a = (Hy1,..., Hvn) — type T
[O’Connell 12a, O’Connell 12b]

Interlacing particle systems, GT structure of random-matrix models
J. Warren, M. Defosseux, E. Nordenstam, L. Petrov, A. Metcalfe
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5. Geometric lifting of Dyson model

Dyson’s Brownian motion model (GUE,3 = 2)
transition probability density from @ € Wy to y € Wy with time duration ¢t > 0

h 1 ;
p(t,y]a:) = M det e_(fj—ye')z/?f

h(x) 1<5¢<N | \/2mt

h-transform by the Vandermonde determinant
of the Karlin-McGregor-Lindstrom-Gessel-Viennot determinant

v.,x,y € Wy

Py (survival y/& )

Py(t,y|z) e VPGV E-Y/EQ(t, y|x)

Py (survival x/& )

Equality 1 )
I~ e AVt o),
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v,x,y € Wy

Py(survival y/ﬁ) Y
Py(t ylz) = g eSS O )

Py (survival ofE )

—t|V|2/(2¢2) Y (y/§)
e %(m/@Q(L ylx).

where

Qyla) = [ Y (/€0 g (y/Os(EIk

with the density of Sklyanin measure

_ 1 2ET L. A2
) = Gy 11 IrGete—k)
L.I k _k
- (2w)1NN!h(f"’) 11 gmmﬂwg . ker”

1<j<t=EN



Forv =0

We can show that

Pﬂ(ta y|$) -

Vo(y/§)
Yo(x/§)

lim Py(t, ylx) = p(t, y|x)

Qt.ylx).

[K11], [K12]

1=t

I-s

> <€

€0
A time
T
A
[
V1 W2 )3 V4 ys | 1-5
S Y
)Cl XQ XB )C4 x5
Lo .
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Forv =0

Pﬂ(ta y|$) -

We can show that

lim Py(t, ylx) = p(t, y|x)
€50

|
Q
=~
<
&

[K11], [K12]
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1=t

> <€

A time
T

[

¥r XYz X3
S

X1 _(Xy X3

vicious walkers

softened

locally friendly
walkers



e the transition probability density

—t|l)2/(2¢2) ¥ V(?J/f)

Do\ /E) Qt,y|x)

Pu(t, ylz) = e
solves the diffusion equation associated with O’Connell’s infinitesimal generator

o g 1 |
Ly =—p)" (7{ + \.v|2)-tpy = 5&;;; + Vg logtvy(x) - Ve,

which is regarded as the Kolmogorov backward equation

0

for the O’Connell process.

e multi-time joint distribution for 0 < t; <ty < -+ <ty < 00

PE(t1, zV; 80, 2; - ;tﬂ-f-.m(M))
M) M-1
. 2 (1 ™m T —
= € tar [17/(267) IT‘ /6) Q(t*n':.—{—l - t-m..: 33( +l)|$( )) U) =, to = 0.
Yv .’]3/ 6) =0

The O’Connell process

X(t) = (X1(t), Xo(t), ..., Xn(t)), te]0,00).




6. Equilibrium state of Toda latticeon T
(Borodin-Corwin method)

If we think

Rl = PR

i |
= (@) v /AR ve)

the following formula is useful to calculate expectations.

27

For1<r<N-—1,veRY,

1
2 11 (Vs — Vj)wi(fl+i€;) = exp ( Z:zfj)

I L ; N B\ |=r JEL RE{ L NS

where e; is the vector with ones in the slots of label I and zeros otherwise;

(e1); = 1, jel,
D70, je{l,...,N}\I

[Borodin-Corwin 11] A. Borodin, I. Corwin : Macdonald processes.
arXiv:math.PR/1111.4408
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Assume that analytic continuation is performed
for the ortogonal relation of Whittaker functions w.r.t. k, k'
(see [Borodin-Corwin 11])

| B I
Vike(@)Y_ip (®)dw = 7y

Y d(k—o(K)).

]\IT
R ceG N
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Then for example, 0 < t; <ty < oo (a two-time observable)

ET [e—xl <t1>/§€—xl(t2)/a}

)(2iv;—1)/(262) ,—t1 (div;—4) /(2€2
L —(to—t1)( g 1)/( & )e t1( j )/( ) T (iU—Qe _ )-typeT
— lins ZH : : | E~ e i}
V—0 =i Ve — U )(We — W + )
—(ta—t1)(2ivj,—1)/(2€?) 1
1<j1#52<N lajo 2 7 " R )

p—t1{2i(vs, +v5,)—2}/(262)

<l

C1#751,61#]2

EZB {e(iy—e{jl_m})-type T}

Z.l/fl = 'iyjl +1

where

eF /8 T
Em{f(T)} :/ . H(T)—5—dT with Zm:/ T Togr,
T(f\'):x 7 T(M:w

Gibbs state with the Boltzman weight e=PE) — F (/9
on the space of real triangular arrays {T : 7R xr} ~ RN(N-1)/2
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1.1
VN .
T, Ty, Gelfand-Tsetlin pattern
NN e
Bi T T GTy = {(a:,a:,...,a: ) EW; x Wy x -+ x Wy
PN N xﬁléxiﬁxiﬁylﬁkgjéN—l}
AN AN Y
TN—I,] TN—1.2 TN—1,3 e TN—I,N—I
VY N AN
E T T TR T
JV" |J|M,2 lfﬁ lf’N“l |1|”’N conditioned (V)
on the bottom values L= =&

X1 %, X3 nEw Ky Xy
. . o - — >

| dim.

eF /7€) T
Ew[f(T)] :/ f(T)—e—dT with Zl':/ T L/Ogr.
T(N):ﬂﬂ 7 T(N):JJ

Gibbs state with the Boltzman weight e=BEA) — F(L'/5),
on the space of real triangular arrays {7 : TW) = x} ~ RNN-1)/2




/. Concluding remarks

multi-variate extensions

1 dim. BM cond. radial part
to stay positive of 3 dim. BM

4
BES(3)

/1

Pitman’s thm
2 max B(s) — B(t)

1 dim. killing BM cond. hyperbolic
to survive forever space

N v/
Matsumoto-Yor Process

/l

generalized Pitman’s thm
1 ot
£ log {;_z ! 02B()/¢ ds} — B(t)

3uiyl| d13Wo33

multi-variate extensions
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vicious BMs eigenvalue process
cond. to survive of matrix-v. BM

N\ 4
noncollid BM

(Dyson model)

Interlacing \

process Determinantal Process
construction

mutually killing BM Gelfand-Tsetlin
cond. to survive pattern

\

O’Connell Process

el N
Q. Toda lattice Macdonald Process
Whittaker functions KPZ universality
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