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Motivations: irected olymerina andom edium

@ DPRM with one free end ("point to line”)

(i,jyeC

e E,,c = Energy of the optimal polymer
e X = Transverse coordinate of the optimal polymer
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Motivations: irected olymerina andom edium

@ DPRM with one free end ("point to line”)

o E(Ep) ~aT, E(X)=0
g EOPt*E(EOPt) ~ O(T1/3)
X ~ O(T?/3)

| X - Q: what is the joint pdf of
t EOpt: X '?

e £,y = Energy of the optimal polymer
e X = Transverse coordinate of the optimal polymer
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Fluctuations in DPRM and the Airy, process minus a

parabola

@ The "Airy, process minus a parabola”
Y(u) = Az(u) — 2

where Az(u) is the Airy, process Prahofer, Spohn, 02

@ Fluctuations in the DPRM

Jim “ = (Ea(T) ~ E(En(T))) = max Y(u) = M

lim TTX = argmax Y(uy=T

T—oo

Johansson, 03
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Extreme statistics of Airy, process minus a parabola

M =max Ay(u) — u?, T =argmax As(u) — u? J
ueRr ueR

@ Joint pdf ﬁ’(m, t) of M, T Moreno Flores, Quastel, Remenik, arXiv:1106.2716

Pm,t) =2/°71(2/%m) [~ ok [ oy &-om(@ P X)ps2ran(x:5) S1n(2/)
0 0
where
. m(x) = 28" [tAI(2 + m+ x) + AP’ (£ + m + X)]
and

pm(X,y) = (l_ noan0)71(X,y) ’ Bm(va) = Ai(X+y+m)
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Extreme statistics of Airy, process minus a parabola

M =max Ay(u) — u?, T =argmax As(u) — u? J
ueR UeR

@ Joint pdf I:"(m, t) of M, T Moreno Flores, Quastel, Remenik, arXiv:1106.2716

P(m, t) = 2'/3F;(22/3m) / dx / dy Dt m(2"/2X)pg/3,(X, ¥) Pr.m(2/3y)
0 0

@ Marginal distribution P(t) of 7 Quastel, Remenik, arxiv:1203 2907

A 4
log P(t) = —ct® + o(£) , t — oo with zses %
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Extreme statistics of Airy, process minus a parabola

@ This work: joint pdf P(m, t) of M, T G.s. arxiv:1203.1658

2 oo
P(m,t) = = Fy(2%/3m) / f(x, 24/30)f(x, —2*/3t) dx
23 22/3m
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Extreme statistics of Airy, process minus a parabola

@ This work: joint pdf P(m, t) of M, T G.s. arxiv:1203.1658

2 oo
P(m, 1) = " F1(22/°m) / f(x, 24/30)f(x, —2*/3t) dx
273 22/3m
where

13

27 oo
ot = -5 /0 Cy(¢, x)e 1" de

G. Schehr (LPTMS Orsay) Extremes of N vicious walkers Warwick, March 20 6/29



Extreme statistics of Airy, process minus a parabola

@ This work: joint pdf P(m, t) of M, T G.s. arxiv:1203.1658

2 oo
P(m,t) = = Fy(2%/3m) / f(x, 24/30)f(x, —2*/3t) dx
23 22/3m

where

13

27 oo
ot = -5 /0 Cy(¢, x)e 1" de

9y 9 _ _ ¢1(C,X))
acw_Aw’ axw_ v w_( Da(¢, X)

Lax Pair
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Extreme statistics of Airy, process minus a parabola

@ This work: joint pdf P(m, t) of M, T G.s. arxiv:1203.1658

2 oo
P(m, 1) = " F1(22/°m) / f(x, 24/30)f(x, —2*/3t) dx
273 22/3m
where

13

27 oo
ot = -5 /0 Cy(¢, x)e 1" de

Qy_pv, Ly- \u,w:( ®1(¢,%) )

acC ox P2(¢, x)
Lax Pair
_ 4¢q 4¢% + x +29° + 29 _( aqa ¢
A(C’X)_ ( —4C2—X—2q2+2q/ _4<-q ) ) (Cvx)_ ( _C _q )
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Extreme statistics of Airy, process minus a parabola

@ This work: joint pdf P(m, t) of M, T G.s. arxiv:1203.1658

2 oo
P(m, 1) = " F1(22/°m) / f(x, 24/30)f(x, —2*/3t) dx
273 22/3m
where

13

27 oo
ot = -5 /0 Cy(¢, x)e 1" de

8
2\u:Aw, iwz v, \IJ:( i) ) , Do(C, X) ~ —sin <4§+x{> , > 1

acC ox P2(¢, x)
Lax Pair
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Extreme statistics of Airy, process minus a parabola

@ This work: joint pdf P(m, t) of M, T G.s. arxiv:1203.1658

2 (o)
P(m,t) = = F,(2%/3m) / f(x, 24/30)f(x, —2*/3¢) dx
23 22/3m

@ Marginal distribution P(t) of T G s anxiv:1203 1658

log P(t) = —ct® + o(t%) , t — oo with ¢ = %
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o Non-intersecting Brownian motions
9 Discrete orthogonal polynomials
e Asymptotic analysis for large N: double scaling limit

0 Conclusion
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o Non-intersecting Brownian motions
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Non-intersecting Brownian motions and Airy,

@ N non intersecting Brownian motions in one-dimension
xi(t)

24(0) \/_\J

xi(t) < xo(t) <...<xn(t), 0] N
21(0) f\/\
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Non-intersecting Brownian motions and Airy,

@ N non intersecting Brownian motions in one-dimension
;i(t) N =4

xi(t) < x(t) <..<xn(t), .
vi >0 1

watermelons
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Non-intersecting Brownian motions and Airy,

@ N non intersecting Brownian motions in one-dimension
;i(t) N =4

X1(t) < Xg(t) < ... < XN(t) s .
vi >0 1

watermelons

zi(t) N =4

watermelons "with a wall"
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Non-intersecting Brownian motions and Airy,

@ Large N limit

2 [xu(} + §N3) — VN
lim

d 2
N—oo N~ ake ( U) Y

o=

Préahofer & Spohn '02 .AQ(U) = Ail’yg process
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Non-intersecting Brownian motions and Airy,

@ Focus on non-intersecting excursions
zn(T) ~ 2V2N/7(1 —7)

(t) N=4 La
—
N> 1
0
P ! 0 q

@ Expected: the fluctuations of the top path are insensitive to the
boundary, for N > 1

g

[XN(% + UNT3) - \/W]

, d
lim 1 = Ap(u) — P
N—oo N s
Tracy & Widom '07 Ao (u) = Airy, process
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Extreme of N non-intersecting excursions

0 < xq(t) < xo(f) < ... < xn(1)

Hy = max xy(t
9= I n(t)

T2, = arg max xn(t
0 1 t " g1re[o,1] N()

Pn(h, h) = joint probability distribution function of #y, 7%
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Extreme of N non-intersecting excursions

0 < x1(t) < xo(t) < ... < xn(1)

Hy = max xn(t
N te[0,1] N()

- T = arg e Xn(t)

Pn(h, ) = joint probability distribution function of Hy, 7
HERE :
e Compute exactly Py(h, m,) for any finite N

e Perform the large N limit to describe the extremes
of Airyo minus a parabola
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An exact expression for Py( , )

N—1
Pu(hh) = e S ()™ 2t 2 TT m2 An(rd, ..., né_y,nd)
(g, 0y ) €ZNH i=1
2 N1 2
_ mP_z (1= ,712+ s
XAN(TR, ... My, mP)e BF 5T (=i
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An exact expression for Py( , )

N—1
_ N+ 2 ot 2 2 2 2 2
Pn(h, ) = AN@N+1)+3 > [(—1) VI gy TT nf Anrg, . my_q, %)
(g, ,ny,nh ) €EZNH1 i=1
2 N=i 2
— I m®_ (1—Th)n, 2+‘r n?
. i N h''N
AN, ..., m%_q,mP)e 2 = e ]
N 2N2+N+2

ON2+N/2+1 H,Ii? r@+j)r (% +/>
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e Discrete orthogonal polynomials
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Introducing (discrete) orthogonal polynomials

N—1
A 2
Pn(h, ) o > (=)™ = T n? Aan(r, . ..on5_q, )
(-, np ) €ZNFT =

N—1

:1
~

n,2 “?{1 Th)nN +’rhnN]

3

2
XAN(”?:'”?n%f‘l’n;V)e 2 S
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Introducing (discrete) orthogonal polynomials

Pn(h,mh) o > (=)W i H M AN(rE,... iR _y, )
(11, s,y ) €ZNH

N—1

g
~

n,2 “?{1 Th)nN +ThI7N:|

3

2
XAN(”??“wn%f‘l’n;V)e 2 S

@ Discrete orthogonal polynomials

oo _LGz
S pe(mpe (e 22" = b b, pe(n) =+

n=—oo
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Introducing (discrete) orthogonal polynomials

N—1

A 2
Pn(h, ) o > (=)™ = T n? Aan(r, . ..on5_q, )
Ny, ,nN,n;\,)EZN“ i=1
o N—1
=i n2 L{(‘] T )n +T n ]
2 n2 = i o2 PR it
XAN(ME, ..., 03 _q,ny)e 27 i

@ Discrete orthogonal polynomials

oo _LGz
S pe(mpe (e 22" = b b, pe(n) =+

n=—oo

@ After some manipulations...

hok—1

N N
—1(n -
Pr(h, ) oc [ hojm1 D_(=1)""nm > Pak—1(M)Pak—1(m)
j=1 n,m k=1

——

[(1 Th)f12+7'hr712]

e 2h2

P[Har < h] = Fn(h) P. J. Forrester, S. N. Majumdar, G. S. "11

G. Schehr (LPTMS Orsay) Extremes of N vicious walkers

Warwick, March 20

16/29



Intermezzo on the marginal distribution of Hy

@ Cumulative distribution of the maximum #

Fu(h) = Plw(r)<h,v¥0<r<1]
1 h
_ / dr / dx Pu(X, 1)
0 0
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Intermezzo on the marginal distribution of Hy

@ Cumulative distribution of the maximum #

Fn(h) = Pxn(r)<h,V¥0<7<1]
1 h
= [ o [ axPutxm)
0 0

@ Exact result for finite N G. S, S. N. Majumdar, A. Comtet, J. Randon-Furling 08

N
1

T—=

By S 2 SIS o -
Fn(h) = 2NN > 10 II (7 —n)Pezr ="

n1,~~- ,ny=0 i=1 1<j<k<N

— h2N2+NH o1 see also T. Feierl '08, M. Katori et al. '08
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Intermezzo on the marginal distribution of Hy

@ Exact result for finite N G. S, S. N. Majumdar, A. Comtet, J. Randon-Furling '08

Fn( h2N2+NH 2j—1

@ Large N analysis

Fn(M) — 7 (2"/5N'8 M- V2N|)

1 o]
) = oo -3 [ (=060 - as) o5)
Tracy-Widom distribution for g = 1

P. J. Forrester, S. N. Majumdar, G.S. 11

G. Schehr (LPTMS Orsay) Extremes of N vicious walkers Warwick, March 20 18/29



Intermezzo on the marginal distribution of Hy

@ Exact result for finite N G. S, S. N. Majumdar, A. Comtet, J. Randon-Furling '08

Fn( h2N2+NH 2j—1

@ Large N analysis

Fn(M) — 7 (2"/5N'8 M- V2N|)

1 o]
) = oo -3 [ (=060 - as) o5)
Tracy-Widom distribution for g = 1

P. J. Forrester, S. N. Majumdar, G.S. 11

@ A recent rigorous proof of this result: i Liechty arxiv:1111.4239
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Back to discrete orthogonal polynomials

@ Discrete orthogonal polynomials

&9 2
_mt R
D pmpw(me” 22" =& ohic, pi(n) = n*+ -

nN=—oo

@ After some manipulations...

N N 2
Pn(h, ) H hoj_4 Z(—1 )"‘*”"nmz Pek—1(Mpar—1(m) e 2@ [(177”)"24“”1’"2]
j=1 n,m k=1 har—1

——

P[Hn < h] = Fn(h) P. J. Forrester, S. N. Majumdar, G. S. 11

1 B N
Pr(h, 5 + 1) = 55 Fu(h) 3 Gok—1(h,u) Gak—1(h, )
k=1
o) 2 5 2 5
_ux? pk(n) — =
Gok—1(h,u) = (—1)" ok _1(n)e” 22" yy(n) = = Ze
n:z_:oo v
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Differential recursion relations (l)

2 n) _=°p2
Z pk n)pk/ e 2h2 = 5k,k/hk 5 ’(l]k(n) = pk( ) h2n

nN=—o0 hk
@ Three terms recursion relation
h
X Pk (X) = Prs1(x) + Rk pxk—1(x) , Rx = hkk1 ,

X P (X) = Va1 Ykt (X) + Yeok—1(X) » 7k = VB

@ A first differential recursion relation for Gox_1(h, u)

oo 2 5

Gakor(hu) = 3 (1) ndg_y(n)e” 22"

n=—o0
2

0 T
%szq =2 [’sz’sz+1 Gakr1 + (Vk + Vak—1)Gok—1 + Yok—2V2k—1 ng,3]
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Differential recursion relations (II)

> _ a2 n) _a2.p
> pe(mpw(n)e R = Sigohic s d(n) = p\%k)e o

n=—oo

@ A differential recursion relation for = (n)

" 8 1 1

— o3 a7 Uk = ZKVk=1 = 3 k2 ke

@ A second differential recursion relation for Gox_1(h, u)

" 272 9h 4 2 2

1 u
7 T3 ) Narveke Gok 11

) 1 u u
Gok—1 = [ (* = *) Yok—1V2k—2Gok—3 — = (’ng + ’ng—1) Gok—1
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e Asymptotic analysis for large N: double scaling limit
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Double scaling limit

h— 0o & N — oo , with N&(h — v2N) fixed

@ Analysis of the coefficients Rx = hy/hx_1 for large k

h* K
A= —5 = ()N 00) + FR(x) + O(HF) , X = h*72 (1 - ﬁ)

S—+

25/3
fil0) ===5a(2"x), q"(s) = sa(s) +24°(s) , a(s) | rv__Ai(s)

Gross, Matytsin ‘94
@ Analysis of Gox_1(h, u) for large k

Gok—1(h,u) = (—1)kn°/® (91 (%K, V) + W23 go(xok, v) + h*/3gs (xak, v) + O(h_2)>

2k
Xox = h*/3 (1 = ﬁ) ,v=uh?/?
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Differential recursion relations in the dble scaling limit

2
aGZk—1 = *271# ['YZk'YZk-H Gokr1 + (V3 + Vok—1)Gok—1 + Yok—2V2k—1 sz—s]
Gak—1(h,u) = (—1)KP*/3g (xek, v) + O(h)
91(x,v) = f(s = 22/3x, w = 27/3v)
where f(s, w) satisfies G.S."12

2
a6 W) = | 52— (@ = )] fls.w
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Differential recursion relations in the dble scaling limit

h 9 1 u u
7@%62"*‘ = [ (Z - 5) Yok—1Yek—2Gok—3 — > (“ng +7§k71) Gok—1
1 u
= (21 3) r2x201 Garess
Gak—1(h, u) = (=1)h*/3 g1 (xax, v) + O(h)
g1(x,v) = /(s = 22/3x,w = 27/3v)
where (s, w) satisfies G.S."12
o° o2 0
4@ - 2W@ ~ s [5(572 -q)+ 3] - [3(572 —q) +2-2w(¢ - q/)] =0

with the asymptotic behavior (matching the regime h > v2N)

_o11/3 w
(5, w) ~ —2 " W+ e (%Ai(wZ/zﬁ/3 +5/22/3) ¢ zgﬁm'(w?/zs/3 + s/22/3))
s
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Solution in terms of a psi-function associated to P Il

13/2

213/2 poo
o) =2 [ coatc. e ac

Dy Py _ ¢1(<,x)) —
T = A U=y W—( oa(c.x) ) 26X sm< 5 TX¢), (>
Lax Pair
B 4acq 42+ x+2¢° +2q' (9 ¢
A(Cﬁx)—( —4¢2 — x —2q? +2q' —4¢q ) ’ (C’X)_( < —q )
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Large N limit and back to Ax(u) — u?

@ Large N asymptotics for extremes of excursions
. _9, 1 _i _1 1 _8 _1
Nllm 272N"2Py(vV2N+2"6 sN s,§+2 3wN™3) = P(s,w)
— 00

P(s, w) = 2%20;1 (s) / * F(x, w)f(x, —w) dx

13
27 oo
few) = =5 [ con(c. e~ ac

@ Results for Airy, process minus a parabola

P(m, t) = 4 P(22/3m, 24/3¢)
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0 Conclusion
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Conclusion

@ Exact results for extreme statistics of N vicious walkers

@ Large N analysis using dble scaling limit of discrete orthogonal
polynomials

@ Connection between extreme statistics of Ax(u) — u? and Painlevé

@ Marginal distribution P(t) of 7 G. s aniv:1203 1658

log P(t) = —c £ + o(%) tﬁoowithc:g

G. Schehr (LPTMS Orsay) Extremes of N vicious walkers Warwick, March 20 29/29



	Non-intersecting Brownian motions
	Discrete orthogonal polynomials
	Asymptotic analysis for large N: double scaling limit
	Conclusion

