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Three models, leading to Tacnode process: (Universality!)
(1) continuous time and discrete space process: (ran-
dom walks)

Mark Adler, Patrik Ferrari & PvM : Non-intersecting random walks in the
neighborhood of a symmetric tacnode, Annals of Prob 2011 (arXiv:1007.1163

(2) continuous time and continuous space process

K. Johansson: Non-colliding Brownian Motions and the extended tacnode
process (arXiv:1105.4027 )

Delvaux-Kuijlaars-Zhang: Critical behavior of non-intersecting Brownian
motions at a Tacnode (arXiv:1009.2457 )

(3) discrete time and discrete space process (Domino
tilings of Double Aztec Diamonds):

Mark Adler, Kurt Johansson & PvM: Double Aztec Diamonds and the
Tacnode Process (arXiv:1112.5532)(to appear 2012)



1. Domino tilings of Double Aztec Diamonds



Domino tilings of an Aztec diamond
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4 types of coverings by domino’s!
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Double Aztec diamond (Adier-Johansson-PvM '11)
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Figure 1: Double Aztec diamond of type (n,m) = (7, 2) with #{inliers} =
M =2m+ 1 =5.



Random cover with domino’s: two groups of non-intersecting paths
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o height and level lines for n=7
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Figure 4. Height function on domino’s and level-lines.

Domino-tiling < Random Surface

(piecewise-linear)

The level curves for this Random Surface give
non-intersecting paths

Implies Fixed boundary condition!



o o o height and level lines for n=7
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A weight on domino’s and a probability on domino tilings:
e put the weight O < a < 1 on vertical dominoes
e put the weight 1 on horizontal dominoes,

Define:

a#vertical domino’s in T

P(domino tiling T') = (1)

Z a#vertical domino’'s in T

all possible tilings T



Question:

For an axis Y5,. going through black squares only, and an interval [k, ] C Z,

P(height function is flat along the interval [k,{]) =

P(no dots along the points of interval [k, {]) =
=

P(domino’s are pomtlng to the left of Y5, along the points of interval [k, 4])

, height and level lines for n=7
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2. A determinantal process
How does one turn this into a determinantal process?

In other terms: How does one turn this into non-intersecting ran-
dom walks, with synchronized time?

By completing the double Aztec diamond with South domino’s (in a trivial

way). . (South)
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P ({non-intersecting random walks} N [k, 4] = 0 along Y5,) =7



In order to compute the kernel for the determinantal process, it is easier
to first consider Inliers, instead of the walks before (outliers).

T herefore remember the height function and introduce a dual heigth:

h h h h h h hHW h h ° h41
M = North o — South — Fast %ﬁ/ — West
h h h h+1 h+1 h+1 h+1 h-+1 h+1 h+1

Figure 4. Height function h on domino’s and level line.
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Figure 5. Dual height function h on domino’s and level line.
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Figure 17: Lattice paths: superimposing in- and outliers.



3. The kernel fo 2the inlier determinantal process

oY, ify—x<0 _jl{ dz =z'7Y
0 otherwise - Jr

x»i}‘?,¢2j,2j+1(w,y) = {

0,a 27T|Z 1-—=

’

a, ify—x = 1)

. dz ,_
}: Voji1242(@,0) =1 ify—z =00 = ¢ = 2"V(14az).
’ _ Mo 27iz
| O, otherwise

circle-to-dot

-steps

/

Yr.s = ¢r,r—|—1 * .ok Pgq s, if s>

Then define in general: _
= 0,if s <.

where

f(@) xg(x) == ) f(z)g(z)

T EZ



e Lindstrom-Gessel-Viennot / Karlin-McGregor
P(ri 21, ..., 2om41)

det(po,(—m +i—1,25))1<i j<omt1 det(Wropt1(zj, —m +i—1))1<i

n,m

e Via the Eynard-Mehta formula: EXpression in terms of orthogonal
polynomials on the circle (inliers)

Kn,m(ra T, 5,Y)

2m—+1
So Yronti(@, —m—4i— DA i)Dvos(—m 4+ — 1,9) — Lr<stbrs(z, y),
ii=1
1 7{ dw R(w)j{ dz L(z) wr T Qir:n P.(2)P.(w ) |, forr=s=n
(27_”)2 ’Y CL ’le > CL y_l_m s k k 9 — ==

bi- orthogc;nal pol on
circle for pk(2)pk(2)

n/2
ol () = (1“2) and pfi(z) = )

z



4. The kernel for the outlier determinantal process

e Kernel for the dot-determinantal process (outlier paths) (Borodin
'00)

K’g,on%bleAZteC(na T, n, y) — 5:13,y T Kn,m(n7 T, n, y)

e Extended kernel (outlier paths) :

Kg?ﬂ%bleAztec(zn X 28, y)
— _1 ) % [gdoubleAztec .
— 8<?“¢(23—2r) (337 y) + wn—QT(wa ) * n,m (7’2,, y T2, O) * 1p(QS—fn,) (07 y)7

with

k
o (2. 9) ::]{ dz <1+az>

I'O,a 2m1z 1 — %



Two approaches:

(1) Work immediately with

2m
S Pu(w)P(z7h)
k=0

(2) Or use the Christoffel-Darboux formula for bi-orthonormal polynomials
on the circle,

2m R 1

> Pp(w)Pr(z7)

k=0

z=2m=lpy 1 (WP () = Popa 1 (2T ) Poya g (w)

1 _w
z




Using approach (1), the kernel for the Double Aztec Diamond reads:

( 1)33 yKDoubleAzteC(QT, T 28, y)

Kil_rll_glleAztec(Q(n +1—-7r),m+1—-z2n+1—-s),m+1-— y)

+ Z b—:z:,’r'(k)[(IL — :K)_la—y,s](k)

k=2m-+1

S
P ( M {the line Y5,. has a gap D [ki,ﬁi]}>
i=1

= det (:ﬂ. - [X[kz’é ]KDOUbIeAZteC(QTZ’ xz’ 2ij xj)x[kj,£ ]:| 1<Z]<S> .



Using approach (1), the kernel for the Double Aztec Diamond reads:

( 1)x yKDoubleAzteC(zr’ T 28’ y)

= Ki'_rﬂeAZtec(Q(n +1-r),m+1-z;2n+1—-s),m+1-— y)

+ Z b—:z:,r(]f)[(IL — fKj)_la—y,s](k)

k=2m-+1

_ (1)ke dv o™t (14 av)s(1 — 9n—stl
o) =" ] T )
(—1)tv W, a (20 )

byr(€) 1= (27i)2 %y duy{w u—uv uytmtl (1—|—au)7“(1—%)“_7"+1

K, , = (—1)’“+€7{ du § o plEmw)
ke (27i)2 Jy, Yo U — wok Tl pa(2n,v)

with o (2n;2) := (1 + a2)™(1 — %)n—l—l
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5. Determinantal point process for single Aztec dia-
mond: Interlacing red dots on the red lines (Johansson
'05)
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In the Iimit for 0 < a < 1:

Frozen North

\

iSordered region

—>

e Frozen East

Frozen West

Frozen South



6. Limiting behavior for the double Aztec diamond: the
Tacnode Process, for n — oc.

Bringing Arctic ellipses together (tacnode):

(z£5)° | (y£5)° a a!
=1, with g= and p=1-—-q = ;
p T q 1T atal P 1T atal




SCALING: From old to new variables: &;, 7;

(r,z;, s,y) — (11,1, 72,&2)

= 2, = ¢—2/3
" n a-+ a1 top
= =a20rt P4 e pr 23, L= aP0rp 3 4 Jepp 23
r 1 _ S 1 _
C= o450 +dA)meE S =4 A+ a1,

Given the weight O < a < 1 on vertical dominoes, define:

_1-a 5. a(l+a)° o B —
R R M Avg >0, 0= /p(a+a")

v . —



Jim (—vp)¥™ TS (—1)YTTRD G (2, 0 25, ) pt /3 = KO (1, €15 72, £2)

For m» > 71, one has the tacnode process:

t . AiryP 2. >
K" (r1, €15 10, &) = KAVEOCS (1 0 — & + 75,711, 0 — €1 4+ 71)

+f1§2 2321/3 /;o (@ = KaD;EA ) (VAS 2 (V.

where

AL(R) = A (g +21/%0) — [T A (=g + 21 /3B) Ak + 8)d3

2
A (2) = ™37 Ai(z + 72).



