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A semi-linear stochastic heat equation

The stochastic evolution equation

dX(t) + [AX(t) — F(X(t))]dt = g(X(t))dW/(¢t), t € (0, T],
X(0) = Xo.

D C RY convex polygonal domain. H = L,(D), Q € L(H) selfadjoint
nonnegative operator, { W(t)};>o an H-valued Q-Wiener process on
(Q, F,{Ft}t>0,P), Up = QY2(H), £ = HS(Uy, H), A= —A,

D(A) = H}(D) N H(D).
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Mild solution

Let {E(t)}+>0 be the analytic semigroup generated by —A.

J1 solution X € C([0, T], Lo(Q, H?)) to the mild equation
t
X(t) = E(t)Xo +/ E(t —s)f(X(s))ds
0

+ /Ot E(t —s)g(X(s))dW(s), te(0,T]



Approximation by the finite element method

A discretized equation:

dXp(t) + [AnXn(t) — Prf (Xu(t))] dt = Prg(Xn(t)) dW(t), te (0, 7]
Xn(0) = PpXo.

Finite element spaces {Sp}hc(0,1) Of continuous piecewise linear functions
corresponding to a quasi-uniform family of triangulations of D.

Ap is the discrete Laplacian satisfying
<Ahw7X>H = <V’(/)7VX>H7 v’(/}7X S 5h-

Pn: H — Sp, orthogonal projection w.r.t. (-, -)y.



Mild solution of discretized equation

Let {En(t)}e>0 be the analytic semigroup generated by —A,.

For every h € (0,1] 3! solution X, € C([0, T], L2(€2, Sp)) to the mild
equation

Xn(£) = En(t)PhXo + /t En(t — 5)Pyf(X(s)) ds
0

+ /t En(t— 5)Phg(X(s) AW(s), te€ (0, T].
0



Malliavin integration by parts formula

For all F € DY2(H) and ® € L,(Q x [0, T], £3)

E<F,/T¢(t)dW(t)> - E/TTr{QCD(t)*DtF}dt
0 0

= (DF, ®),(ax[0,7],c9)-

In particular for u € C*(H,R)
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Theorem
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Sketch of proof:
Method by A. Debussche (2011).
Assume that f = 0 and Xp = 0.

Let u(t,x) = EP(X(t,x)), t € [0, T] and x € H where X(0, x) = x.
Satisfies the Kolmogorov equation

ur(t,x) + Lu(t,x) =0, te€l[0,T), x€H,
u(0,x) = d(x), xeH.

Here

Lu(t,x) = (Ax, ux(t, x)) — %Tr{g(X)Qg*(X)uXX(t,X)}.



By It6's formula and the Kolmogorov equation

E[®(X(T)) — ®(Xa(T))]
= E[u(T, Xo) — u(0, X,(T))]

—E[/OTut(T—sxh ) + Lyu(T — 5, Xn(s)) ds
:E{/OT (Ly — L)u(T — 5, Xs(s ))ds]
ze{/oT (Ap— A T — s, Xp(s))) ds

1

Tr{ Prg(Xn(s)) Qg™ (Xn(s))Ph

—&(Xn(s)) Qg™ (Xn(s)))uxx(t, Xn(s))} ds
=1+J

2 o

\



I < )E/OT <A,,P,,(I — Ry)ux(T — S,Xh(s)),Xh(s)> ds‘ (Ry = A, 1P, A)

_ ’E/OT <uX(T — 5, Xn(s)),
/OS(A,,P,,(I ~ Ry))" Ex(s — r)Pog(Xs(r)) dW(r) ) ds|

T ps
= )E/ / Tr{Qg*(Xh(r))PhEh(s — r)AyPy(l — Ry)
0 0
U (T — s, Xh(s))D,Xh(s)} dr ds’
T ° L« -1 1-8 s-1
<[ [ 104 OheNA T IuslA™ PuA, e
0 0
X || A, En(s — r)Pull el A, o Py(l — Rh)A*H“T
1-8
(T = 5, Xn($))A 7 [l ()
X ||A%D Xn(5)Q%||ns dr ds

< Ch*~ 36/ / —§) 2 (s—r) M€ drds.

L(H)
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Estimates
Let 0 <s<r<1. Then

|AZ Pyl — Ry)A™% || oy < CH%,  h € (0,1].
Let v > 0. Then
IAYE(t) || c(ry + 1AL En(t)Pall oy < CE77, 0 VE> 0.

Let X € [0, 142). Then
[A u(t, X) | ey < CEP[Pler, Ve (0,T], VxeH.

Let A\, p € [0, %) be such that A + p < 1. Then
1A o (£, ) AN gy < CE=PFN|Gl o, VEE(0,T], Vx € H.

Let v € [0, 5). Then

B=1+y
2

E[llA,

DXn(t)Q% 3] < C(t—s)™", Vtel[o,T], Vsel[o,t).



Thank you for your attention!
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