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1. Example: climate extreme events

ùñ
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 Langevin equation for the
climate dynamics:


 dXptq � �U 1pXptqqdt� ε dLptq


 L — α-stable symmetric Lévy
process � maybe a BM


 U — double-well potential, wells
correspond to the climate states


 Statistical analysis:
α � 1.75 (or α � 0.7?)
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2. Example: electricity prices

ùñ


 Mean-reversion models
Pyndick; Borovkova&Permana;
R. Weron


 Stochastic differential
equation for energy prices


 dXptq � �U 1pXptqqdt� ε dLptq


 L— positively skewed (α-stable)
Lévy process � maybe a BM


 U — ’parabolic’ potential,
e.g. Upxq �Mpx� aq2.


 Goal: good model for the spikes
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3. Motivation: Duffing oscillator
Perturbed Duffing oscillator with friction.

:x� δ 9x� U 1pxq � ε 9L, εÑ 0, δ ¡ 0.

U double-well potential, e.g. Upxq � x4{4 � x2{2.

ε � 0: two attractors, say �1 and a saddle x � 0, domains of attraction Ω�,
separatrix Γ

Equation in phase space

#
9x � v,

9v � �δv � U 1pxq � ε 9L
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Noise induces transitions
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4. Motivation: van der Pol oscillator

van der Pol oscillator: harmonic oscillator with non-linear friction

:x� δp1 � x2q 9x� x � ε 9L, εÑ 0, δ ¡ 0.

ε � 0: a stable limit cycle and an repulsive focus x � 0

Equation in phase space

#
9x � v,

9v � δp1 � x2qv � x� ε 9L

Noise: exit from a neighbourhood of a limit cycle
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5. Multiple limit cycles in electric circuits

Y. A. Saet and G. L. Viviani: Mathematical Modelling, 7, pp. 377–384, 1986

Saet and Viviani (� 1985): Liénard equation :x� µW pxq 9x� x � 0, µ ¡ 0.

One can construct a polynomial W pxq such that the dynamical system has
limit cycles with predefined amplitides.

L. N. Epele, H. Fanchiotti, A. Spina, and H. Vucetich: Physical Review A, 31(4)
1985
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6. Multiple limit cycles in chemical reactions

A. Goldbeter and F. Moran: European Biophysics Journal, 15, 1988

Autocatalytic enzyme reaction with input of substrate α both from a constant
source v ¡ 0 and from non-linear recycling of product γ into substrate.

dα

dt
� v � σiγ

n

Kn � γn
� σM

αp1 � αqp1 � γq2
L� p1 � αq2p1 � γq2

dγ

dt
� qσM

αp1 � αqp1 � γq2
L� p1 � αq2p1 � γq2 � ksγ � qσiγ

n

Kn � γn

v � 0.255, q � 1, n � 4, K � 10, L � 5 � 106, ks � 0.06, σi � 1.3; σM � 10.
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7. Setting

Planar structurally stable dynamical system 9u � fpuq with K1, . . . ,KN

attractors which are either exponentially stable foci or orbitally exponentially
stable limit cycles.

Domains of attraction Ω1, . . . ,ΩN .

Perturbed system

Xt � X0 �
» t

0

fpXsq ds� ε

» t
0

F pXs�q dZs

Z P Rm-dimensional Levy Process with heavy tails

F : Rm Ñ R2 sufficiently smooth function, ε Ó 0
Goal: long term behaviour of X.
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8. Source of randomness: Lévy process Z

Z is a Lévy process if Z0 � 0, is stochastically continuous and has

independent stationary increments

(and right continuous paths with left limits).

Z � Brownian motion � driftloooooooooooooooomoooooooooooooooon� jumpsloomoon � Zc � Zd

Lévy–Khintchine formula for Z P Rm: xx, yy � °m
i�1 xiyi

EeixZt,λy � exp
�
� t

2
xAλ, λylooooomooooon

Brownian motion

� itxλ, µyloomoon
drift

� t
» �

eixλ,yy � 1 � ixλ, yy
1 � }y}2

	
νpdyqlooooooooooooooooooooomooooooooooooooooooooon

jumps

�
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9. α-stable Lévy process (Lévy flights)
Isometric α-stable LP in Rm:

EeixZt,λy � exp
�
� tcm,α}λ}α

�
, α P p0, 2q, cm,α � πm{2

2α
Γp�α

2 q
Γpm�α

2 q

Jump measure: νpdyq � dy

}y}α�m, α P p0, 2q

Cauchy process: α � 1, probability density ppxq � 1

1 � }x}2
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Brownian motion 1.50-stable Lévy process

Pp}Z1} ¥ uq
νpy : }y} ¥ uq Ñ 1, uÑ 8. (see Kolokoltsov (LNM 1724) for expansions)
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10. Heavy tails

ν is a regularly varying at 8: there is a non-zero Radon measure m on
BpRmzt0uq with mpRmzRmq � 0 with the scaling property, a ¡ 0,

mpaAq � lim
uÑ�8

νpauAq
νpt}z} ¥ uuq �

1

ar
lim
uÑ�8

νpuAq
νpt}z} ¥ uuq �

1

ar
mpAq,

0 R A, mpBAq � 0, for some r ¡ 0. In particular, u ÞÑ νpt}z} ¥ uuq is regularly
varying at infinity with index �r, νpt}z} ¥ uuq � u�rlpuq.
Isometric α-stable LP in Rm

νpdyq � Cpα,mq dy

}y}α�m νpt}z} ¡ uuq � 1

uα
, m � ν

Weakly tempered α-stable LP in Rm:

νpdyq � dy

}y}α�m
Cpα, β,mq
p1 � }y}2qβ{2, α P p0, 2q, β ¥ 0,

νpt}z} ¡ uuq � 1

uα�β
, uÑ 8, mpdyq � Cpα, β,mq dy

}y}α�β�m
10
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11. One-dimensional case with additive α-stable noise

−b a

x

U(x)

h

h = U(−b) < U(a)

Xt � x�
» t

0

U 1pXsq ds� εWt

Kramers’ law
(Freidlin, Wentzell, Bovier):

Exτ � ε
?
π

|U 1p�bq|
?
U2p0qe

2h{ε2

Exponential exit (Day, Bovier)

Px

� τ

Exτ
¡ u

	
Ñ e�u

Diffusion ‘climbs up and out’

−b a

x

U(a)<U(b)

U(x)

Xt � x�
» t

0

U 1pXsq ds� εZt,

νpdyq � |y|�1�αdy

(Godovanchuk, 1981; Imkeller, P.)

Exτ � α

εα

� 1

aα
� 1

bα

��1

� νpr�b, ascq
εα

Px

� τ

Exτ
¡ u

	
Ñ e�u

Lévy motion driven SDE ‘jumps out’
11
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12. Gaussian perturbations

Freidlin-Wentzell theory: Action functional

S0T pϕq �

$'&'%
1

2

» T
0

} 9ϕs � fpϕsq}2 ds, if ϕ : r0, T s Ñ R2 absolutely continuous,

�8 else.

Quasipotential

Ṽ pKi,Kjq � inftS0T pϕq : ϕ0 P Ki, ϕT P Kj, ϕt P GY BGz
¤
k�i,j

Kk, t P p0, T qu.

All points of limit cycles are equivalent, exponentially long transition times
between the attractors (see Wentzell; Kolokoltsov, . . . )

12
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13. Heavy tail perturbations. Transitions

Let νpdyq � |y|1�αdy. For small ∆ ¡ 0 denote Bi � ty : |y �mi| ¤ ∆u and

τ ixpεq � inftt ¥ 0 : Xε
xptq P Yj�iBju

x

U(x)

m

m

s
s

1

1

n

n−1

τ 1

Theorem 1. [I.&P. 2008] For x P Bi the following holds as εÑ 0:

Ee�uε
αqiτ

i
xpεq Ñ 1

1 � u
, u ¡ �1,

Eτ ixpεq �
1

εαqi
, qi �

»
Rzpsi�1,siq

dy

|y �mi|1�α,

PpXεpτ ixpεqq P Bjq Ñ
qij
qi
, qij �

»
psj�1,sjq

dy

|y �mi|1�α, i � j.

13
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14. Metastability

Theorem 2. Let x P psj�1, sjq and 0   t1   � � �   tk. Then for any bounded
continuous function f

Ef
�
Xε
x

� t1
εα

	
, . . . , Xε

x

� tk
εα

		
ÑEf

�
Ymj

pt1q, . . . , Ymj
ptkq

	
,

where Y is a Markov chain on tm1, . . . ,mnu with a generator Q � pqijq,
qii � �qi.

Remark. Y has the invariant measure

πpdyq �
ņ

j�1

πjδmj
pdyq,

πj ¡ 0,

where QTπ � 0.

14
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15. Separation of time scales

Zt � ZtIp}∆Zt} ¥ ε�ρqloooooooooomoooooooooon
:�ηεt

�pZt � ηεsqloooomoooon
:�ξεt

, ρ P p0, 1q


 ηεt is a compound Poisson process

 jump measure νηpAq � νpAX t}x} ¥ ε�ρuq; βε � νηpRmq � εαρ


 arrival times 0 � τ0   τ1   τ2   . . . ; τk � τk�1
iid� E pβεq


 iid jump sizes pWkqk¥1, PpW1 P Aq � νpAXt}x}¥ε�ρuq
βε

.

Xt � X0 �
» t

0

fpXsq ds� ε

» t
0

F pXs�q dξεs, t P r0, τ1q

Xτ1 � Xτ1� � εF pXτ1�qW1

Xt � Xτ1 �
» τ1�t

τ1

fpXsq ds� ε

» t
0

F pXs�q dξεs, t P r0, τ2 � τ1q

Xτ2 � Xτ2� � εF pXτ2�qW2

� � �

15
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16. Dynamics between big jumps

Xt � X0 �
» t

0

fpXsq ds� ε

» t
0

F pXs�q dξεs, t P r0, τ1q

τ −

F(X       )W

ε

1 

Big jump 

logarithm
ic return tim

e

Many rotations with period T 

Return time to a small ε-
dependent neigbourhood of

K � ln
1

ε
.

Mean waiting time before a

big jump � 1

εαρ

Mean number of rotations �
1

T �εαρ
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17. Orbital stability

A solution ϕptq of the system 9x � fpxq is called exponentially stable if δ ¡ 0,
C ¡ 0 and α ¡ 0 exist such that

}xpt;x0q � ϕptq} ¤ Ce�αt}x0 � ϕp0q}, t ¥ 0

as soon as }x0 � ϕp0q} ¤ δ.

For x P R2 and a limit cycle K define a distance

dKpxq :� inf
yPK

}x� y} � inf
t¤T �

}x� ϕptq}.

The function x ÞÑ dKpxq is well defined in a small neighbourhood of K.

A periodic solution ϕptq of the system 9x � fpxq is called
exponentially orbitally stable if δ ¡ 0, C ¡ 0 and α ¡ 0 exist such that

dKpxpt;x0qq ¤ Ce�αtdKpx0q, t ¥ 0

as soon as dKpx0q ¤ δ.
17
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18. Transitions

Xt � X0 �
» t

0

fpXsq ds� ε

» t
0

F pXs�q dξεs � εF pXτ1�qW1Itt�τ1u, t P r0, τ1s

τ −

F(X       )W

ε

1 

Big jump 

Many rotations with period T 

Domain of attraction

U

Ω

xΩcpyq :� tw P Rm : y � F pyqw P Ωcu, pUpyq :� tw P Rm : y � F pyqw P Uu,
τεx :� inftt ¥ 0: Xε

t R Ωu

qU �
» T �

0

mpÛpϕpsqqq ds, q � 1

T �

» T �

0

mpxΩcpϕpsqqq ds,
E
�
e�θqhpεqτ

ε
xIpXτεx

P Uq
�
εÓ0Ñ 1

1 � θ
� qU
q

18
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19. Asymptotics I

Characteristic time scale of Xε: hε � νpt}x} ¥ 1
εuq � εα;

Characteristic time scale of a ‘big jumps process’: βε � νpt}x} ¥ 1
ε�ρuq � εαρ;

The first ‘big jump time’ PpT ¡ uq � e�βu

E e�θqhεT I
�
Xt P Ω, t   T,XT� � εF pXT�qW R Ω

	
1
use that P

�
sup

t¤T^ln 1
ε

}Xt � utpx0q} ¤ dε and sup
t¥T^ln

1
ε

dKpXtq ¤ dε

	
� 1

9

�
» 8

0

βεe
�pθqhε�βεqtP

�
Xt � εF pXtqW R Ω

	
dt

�
8̧

k�0

» pk�1qT �

kT �

βεe
�pθqhε�βεqtP

�
ϕ
pkq
t � εF pϕpkqt qW R Ω

	
dt

�
8̧

k�0

e�pθqhε�βεqkT
�

βε

» T �

0

PpεW P xΩcputqq dt
19
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20. Asymptotics II

�
8̧

k�0

e�pθqhε�βεqkT
�

βε

» T �

0

PpεW P xΩcputqq dt
� βε

1 � e�pθqhε�βεqT �

» T �

0

1

βε
νpxΩcputqq dt

� hε
θqhε � βε

� 1

T �

» T �

0

mpxΩcputqq dt � hε
θqhε � βε

q

Analogously,

E e�θqhεT I
�
Xt P Ω, t   T,XT� � εF pXT�qW P Ω

	
� βε
θqhε � βε

� hε
θqhε � βε

q

20
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21. Asymptotics III

For x P Ωi:

E
�
e�θqhετ

ε
xIpXτεx

P Ωjq
�
�

8̧

k�1

E
�
e�θqhετ

ε
xIpXτεx

P ΩjqIpτεx � τkq
�

�
8̧

k�1

� βε
θqhε � βε

� hε
θqhε � βε

q
�k�1 hε

θqhε � βε
qΩj

� 1

1 � θ

qΩj

q
,

q �
¸
j�i

qΩj

21
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22. Metastability for a system with limit cycles

For a limit cycle Ki denote T �
i its period and ϕpKiq � ϕpKiqptq, t P r0, T �

i q any its
parameterization, 9ϕpKiq � fpϕpKiqptqq, ϕpKiqp0q P Ki.

Attractors K1, . . . ,KN given, consider the probability measures π1, . . . , πN on
R2 with

πipAq �

$'&'%
δKipAq, if Ki is a stable fixed point,
1

T �
i

» T �

i

0

IAXKipϕpKiqptqq dt, if Ki is a stable limit cycle.

Clearly, suppπi � tKiu. For x P R2 denote the set of “jumps leading to
transition to Ωj from x” (Itô-SDE)

xΩjpxq :� tw P Rm : x� F pxqw P Ωju.

22
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23. Measure-valued Markov chain

We construct a Markov chain Y � pYtqt¥0 on tπ1, . . . , πNu with the generator
Q � pqijqNi,j�1 defined by

qij �
»
Ki

mpxΩjpyqqπipdyq
�

$'&'%
mpxΩjpKiqq, if Ki is a stable fixed point ,
1

T �
i

» T �

i

0

m
�xΩjpϕpKiqpsqq	 ds, if Ki is a stable limit cycle

for i � j and qi �
°
j�i qij.

Theorem. For x P Ωi, k ¥ 1, 0   t1   � � �   tk and A1, . . . , Ak with πipBAjq � 0,
i � 1, . . . , N , j � 1, . . . , k,

Px

�
X
� t1
Hpεq

	
, . . . , X

� tk
Hpεq

		
Ñ EπirYt1pA1q � � �YtkpAkqs.

23
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24. Simulations

- 2 -1 1 2

- 2

-1
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