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1. Example: climate extreme events

Earth’s global temperature

AT

80 60 40 20 0
Age (thousands of years before present)

e P. Ditlevsen (U Copenhagen) e L — «-stable symmetric Lévy
Geophys. Res. Lett. 26, 1999 process + maybe a BM
Phys. Rev. E 60, 1999

e Langevin equation for the e U — double-well potential, wells
climate dynamics: correspond to the climate states

o dX(t) =-U'"(X(t))dt +edL(t) o Statistical analysis:

a~ 1.75 (or a ~ 0.77)
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2. Example: electricity prices
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e Mean-reversion models e [ — positively skewed («-stable)
Pyndick; Borovkova&Permana; Lévy process + maybe a BM
R. Weron

e U — 'parabolic’ potential,
e Stochastic differential e.q9.U(zx) = M(z — a).
equation for energy prices
e Goal: good model for the spikes
o dX(t)=-U'(X(t))dt +edL(t)
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3. Motivation: Duffing oscillator

Perturbed Duffing oscillator with friction.

i +0i+U'(x)=¢eL,e—0,68>0.

U double-well potential, e.g.

Ux) = x*/4 — x22/2.

e = 0: two attractors, say +1 and a saddle z = 0, domains of attraction €2,

separatrix I|

Equation in phase space {
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Noise induces transitions
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4. Motivation: van der Pol oscillator
van der Pol oscillator: harmonic oscillator with non-linear friction
i—6(1—ai+x=cL,e—0,8>0.

e = 0: a stable limit cycle and an repulsive focus x = 0

Equation in phase space r=0,
a P P b =06(1—2%v—x+eL
Noise: exit from a neighbourhood of a limit cycle |
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5. Multiple limit cycles in electric circuits
Y. A. Saet and G. L. Viviani: Mathematical Modelling, 7, pp. 377-384, 1986
Saet and Viviani (~ 1985): Liénard equation z + uW (z)x + = = 0, i > 0.

One can construct a polynomial W (x) such that the dynamical system has
limit cycles with predefined amplitides.

Fig. 4. Single-exposure photograph of white-noise excited oscillator with three stable limit cycles,

L. N. Epele, H. Fanchiotti, A. Spina, and H. Vucetich: Physical Review A, 31(4)
1985
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6. Multiple limit cycles in chemical reactions
A. Goldbeter and F. Moran: European Biophysics Journal, 15, 1988

Autocatalytic enzyme reaction with input of substrate o both from a constant
source v > 0 and from non-linear recycling of product ~ into substrate.

do oy a(l+a)(1l+7v)?

— =0+ — OM

dt Kn 4 An L+ (1+a)?(1+7)?
dy al+a)1+9)* qoin"

e R e (R A CEeT

v=0.255,qg=1,n=4,K=10,L=5-10% k, = 0.06, 0; = 1.3; ops = 10.
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7. Setting

Planar structurally stable dynamical system o = f(u) with K1, ..., Kn
attractors which are either exponentially stable foci or orbitally exponentially
stable limit cycles.

Domains of attraction 24, ..., Qn.

Perturbed system

t t
X = Xo+ f f(Xs)ds + 5J F(Xs )dZ,
0 0

Z € R™-dimensional Levy Process with heavy tails

F: R™ — R? sufficiently smooth function, ¢ | 0
Goal: long term behaviour of X.
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8. Source of randomness: Lévy process 7
Z is a Lévy process if Z; = 0, is stochastically continuous and has
independent stationary increments

(and right continuous paths with left limits).

Z = Brownian motion + drift + jumps = Z¢ + Z¢
“ - ~/ SN—_——

Lévy—Khintchine formula for Z € R™: {x,y) = D" Ty

. t . ; i(A,
Eel<Zt’>\> = exXp |: — §<A)\7 )\> + 1t<)\, ,UJ> + tf (e <)\7y> —1— 1<—|— ‘z;‘>2> V(dy)]

“ _J - _/ .

Brownian motion drift jumps
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9. a-stable Lévy process (Levy flights)
Isometric a-stable LP in R™:
7.(.771/2 F(_%)

20 T(mFe)

B = exp [~ tenmal M| a€ (0,2 -

dy

lylotm

a € (0,2)

Jump measure: v(dy) =

1
L ]2

i

Brownian motion 1.50-stable Lévy process

Cauchy process: a = 1, probability density p(x)

— 1, u — o0. (see Kolokoltsov (LNM 1724) for expansions)
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10. Heavy tails

v is a regularly varying at oo: there is a non-zero Radon measure m on
B(R"™\{0}) with m(R"\R™) = 0 with the scaling property, a > 0,

- v(auA) _ i - v(uA) _ im
m(ad) = Jim s = i T s e~ A

0¢ A, m(0A) = 0, for some r > 0. In particular, u — v({||z| = u}) is regularly
varying at infinity with index —r, v({|z| = u}) = v "l(u).

Isometric «-stable LP in R™

d 1
Y v({Jz] > u}) = —, m=v
[y ue

v(dy) = C(a,m)

Weakly tempered a-stable LP in R™:

dy C(o,B,m)
ly[otm (1 + |ly||?)P/%

1 dy
v({]z] > u}) ~ = U m(dy) = C(a, B, m) [y[erArm

ae (0,2), 8=0,

v(dy) =

10
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11

11. One-dimensional case with additive a-stable noise

Ux)

h=U(-b) < U(a)

I X

-b a

t
X, =a— f U'(X,)ds + eW,
0

Kramers’ law
(Freidlin, Wentzell, Bovier)'

S o |\/UT
Exponential exit (Day, Bovier)

P:z; (EZT > U) —e ¢

2h/€2

Diffusion ‘climbs up and out’

\ U(x)

U(a)<U(b)

X

>

a

f dS + EZt,
0
v(dy) = |y| ' "*dy

(Godovanchuk, 1981; Imkeller, P.)

1 . c
ExT%Oé[l—l—l] :V([ b, al)
e« la b g

Px (EZT > U) — e ¢

Lévy motion driven SDE ‘jumps out’
11
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12. Gaussian perturbations

Freidlin-Wentzell theory: Action functional

( T
1 | > -
- s — f(ps)|* ds, if p: [0,T] — R* absolutely continuous,
Sor(e) = - 2f0 ls — f(ps)] p: 0,T] y

k—l—oo else.

Quasipotential

V(K;, K;) = inf{Sor(¢): o€ Ki, pre Kj, o€ GG\ | | Ky, te(0,T)},

k#1,7

All points of limit cycles are equivalent, exponentially long transition times

between the attractors (see Wentzell; Kolokoltsoy, ... )
12
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13. Heavy tail perturbations. Transitions
Let v(dy) = |y|' T@dy. For small A > 0 denote B; = {y : |y — m;| < A} and

Ti(e) = inf{t > 0: X (t) € Uj»Bj}

T
/

tuw

-
-~
N ~

N\
\

Theorem 1. [l.&P. 2008] For x € B; the following holds as ¢ — 0:

1

Ee_usaq”;@) —> u>—1
1 —|— u7 9
i dy
Eri(e) ~ ——. G = f _—
g R\(s;_1,8) Y — ]
- dij dy . .
P(X°(ri(e)) € By) — 1. G — f i
’ qZ ’ (Sj—lasj) |y o mi‘1+a

13
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14. Metastability

Theorem 2. Letz e (sj_1,s;) and0 < t; < --- <t,. Then for any bounded
continuous function f

Ef(Xw(t—D . ,X;(t—’;)>—>Ef(ij(t1), o ,ij(tk)),

E €

where Y is a Markov chain on {m, ..., m,} with a generator Q) = (q;;),
Qii = —qi-

Remark. Y has the invariant measure

where Q17 = 0.

14
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15. Separation of time scales

Zi= ZU|AZ| = )+ (Z— ), pe (0,1)

=ny ;2;‘
e 1); IS @ compound Poisson process
e jump measure v, (A) = v(An{|z| = e "}); fe = vy (R™) ~ P
earrivaltimes 0= < <1 <...;Tk— Th_1 d & (Be)

e iid jump sizes (Wi)i>1, P(W1 € A) = ”(A“{”gg”%_p”.

t t
X, — X, 4 f F(X) ds + e f F(X, )des, te[0,m)
0 0
X, = X, +eF(X,, )W
t

f(X3>d8+€J F(XS_>CZ£§, tE[O,TQ—7'1>
0

T1+1

Koot |

71

X7-2 = X7-2_ + €F(X7-2_>W2

15
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16. Dynamics between big jumps

Xt=X0+f f(XS)dSJreJ F(Xs)d&s, tel0,m)
0 0

. 4
B %}%% Return time to a small -
y, ’é,.% dependﬁnt neigbourhood of
T “,, K ~In-.
“.‘-»F\ % €
7) Mean waiting1 time before a
Bngu,,,p . j—' big jJump ~ s

Melan number of rotations ~

Togap

Many rotations with period T 7

16
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17. Orbital stability

A solution (t) of the system = = f(x) is called exponentially stable if § > 0,
C > 0 and a > 0 exist such that

2 (t; w0) — @(t)] < Ce™* w0 — ¢(0)], >0

as soon as ||zg — ¢(0)| < 6.

For x € R? and a limit cycle K define a distance

dic(w) i= inf o =yl = inf o - p(t)]

t<T°

The function = — dx(z) is well defined in a small neighbourhood of K.

A periodic solution ¢(t) of the system = = f(z) is called
exponentially orbitally stable if 6 > 0, C' > 0 and « > 0 exist such that

drc(x(t; 20)) < Ce”Ydg(20), t=0

as soon as dx (xg) < 6.

17

17
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18. Transitions

t t
X = Xo+ J f(XS) ds + €J F(XS_) dfi + €F(X7-1_>W1H{t:7-1}, t e [O, 7'1]
0 0

S/l\c(y) ={weR™: y+ F(y)w e Q°Y}, (//\'(y) ={weR™: y+ F(y)we U},
5= inf{t > 0: X7 ¢ O}

T T°
A 1 N
w= | mO@E)ds, a= 7| m@ () ds
0 0
_ € € 1 qu
E[ Ogh(e) (X . ] 10 :
¢ (X €U) 1+60 ¢
18
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19. Asymptotics |

Characteristic time scale of X¢: h, = v({||lz]| = 1}) ~
Characteristic time scale of a ‘big jumps process’: 8. = v({||z|| = 5}) ~ *;
The first ‘big jump time’ P(T > u) = e~

E o 0eheT] (Xt c Ot <T, Xy +cF(Xp )W ¢ Q)

ﬂuse that P( sup || Xt —us(zg)| <dcand  sup dg(Xi) < d5> A lﬂ

t<T/\ln% tZT/\ln%

~ f B~ (0ahetBe)tp (Xt L eF(X)W ¢ Q) dt
0
k

00 TO
Z —(0qhe+Be) kT 6‘€f P(gW S Qc(ut)) dt
k=0 0

(k+1

)T°
B.e” Qqha-l-ﬁe)tP (907(5 ) + €F< (k) )W ¢ Q)
kT°

19
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20. Asymptotics |

0 T°
~ Z e_(9qh5+5a)kToB€f P(8W c Qc(ut>) dt
k=0 0
65 r 1 o

~ 1 o—(0qhet+Bo)T . EV(QC(ut)) dt

h 1 (T~ h
~ < : Qc dt = =
Oqh + 5. Jh.ﬁ) mll ) dt = e B

Analogously,

Be

20

he

E e fah:T] (Xt eQ,t <T,Xr_ +cF(Xr )W e Q) ~

Ogh. + B-  Oqhe + B

20
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For x € ()

G B
k=1

1 qq
146 ¢

21. Asymptotics il

21

21
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22. Metastability for a system with limit cycles

For a limit cycle K; denote 77 its period and ¢%i) = oKi(1), t € [0, T7) any its
parameterization, o5 = f(oEd (1)), oE)(0) e K;.

Attractors K1, ..., Ky given, consider the probability measures m1,..., 7y On
R? with
(k. (A), if I, is a stable fixed point,
mi(A) =< 1 (5 . . .
(4 = Tanx, (B (2)) dt, if K, is a stable limit cycle.
7 JO

Clearly, supp 7; = {K;}. For 2 € R? denote the set of “jumps leading to
transition to 2; from z” (It6-SDE)

NN

Qi(x) ={weR™: z + F(z)w € Q;}.

22
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23. Measure-valued Markov chain

We construct a Markov chain Y = (Y;);>9 On {7y, ..., 7n} with the generator
Q = (¢i;)1;_, defined by

gij = | m(Q;(y)) mi(dy)

m(Qj(f(i)), if K; is a stable fixed point ,

m(Qj(go i (s))) ds, if K;is a stable limit cycle

for i # 9 and q; = Zj;éiq’ij'

Theorem. FOI’xEQi,kZ 1,0<t1 < - <ty and Al,...,Ak with 7'('@(@14]) = (),
i=1,... N,j=1.... .k

P$<X(I;1 )X( e )) B[V (A1) Vi (AR)].

23
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24. Simulations

24

24



