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Overview

Overall Objective:

Develop a theory of decentralized decision-making in stochastic
dynamical systems with many competing or cooperating agents

Outline:

A motivating control problem from code division multiple
access (CDMA) uplink power control

Motivational notions from statistical mechanics

The basic concepts of Mean Field (MF) control and game
theory

The Nash Certainty Equivalence (NCE) methodology
Main NCE results for Linear-Quadratic-Gaussian (LQG)
systems

Nonlinear MF Systems

Adaptive NCE System Theory

Adaptation based leader-follower stochastic dynamic games
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Part 1 — CDMA Power Control

Base Station & Individual Agents




Part 1 — CDMA Power Control

Lognormal channel attenuation: 1 <7 < N
iy, channel: dz; = —a(z; + b)dt + odw;, 1<i<N

Transmitted power = channel attenuation x power
= e"ilp;(2)
(Charalambous, Menemenlis; 1999)

Signal to interference ratio (Agent i) at the base station
= e=ips/ | (B/N) L )kes €p5 + 1
How to optimize all the individual SIR's?

Self defeating for everyone to increase their power

Humans display the “Cocktail Party Effect”: Tune hearing to
frequency of friend's voice (E. Colin Cherry)
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Part 1 — CDMA Power Control

Can maximize Y% | STR; with

Since is not feasible for complex systems,
how can such systems be optimized using

?
Idea: Use properties of the system together

with
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Part 2 — Statistical Mechanics

The Statistical Mechanics Connection
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Part 2 — Statistical Mechanics

A foundation for thermodynamics was provided by the
of Boltzmann, Maxwell and Gibbs.

Basic Ideal Gas Model describes the of a of
essentially identical particles.

SM describes the aggregate of the very complex individual particle
trajectories in terms of the PDEs governing the continuum limit of
the mass of particles.

o

Animation of Particles
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Part 2 — Statistical Mechanics

Start from the equations for the perfectly elastic (i.e. hard) sphere
mechanical collisions of each pair of particles:

Velocities before collision: v,V
Velocities after collision: v/ =v/(v,V,t), V' =V'(v,V,t)

These collisions satisfy the conservation laws, and hence:

Momentum m(v' + V') =m(v+V)
Conserv. of
Energy  gm ([V'II* + [IV'I]*) = 3m (V] + [ VI?)
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Part 2 — Boltzmann's Equation

The assumption of of particles
( ) gives for the
behaviour of an infinite population of particles

61)%‘;”() + Vapi(v,x) - v = ///Q(Q,q/z)dedq/}”v — V|-

(pt(V,, x)pe(V', x) — pe(v, x)p (V, X)) YA

vi=v/(v,V,t), V' =V'(v,V,t)
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Part 2 — Statistical Mechanics

H(t) o —///pt(v,x)(logpt(v,x)) dPrd*v

dH (1)
& =V

def

Hy, = supoH(t) occursat  po = N(Voo, o)

(The Maxwell Distribution)
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Part 2 — Statistical Mechanics: Key Intuition

large population particle systems
may have
with distinctive
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Part 2 — Statistical Mechanics
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Part 2 — Statistical Mechanics

Feedback Control Law (Non-physical Interactions):

At each collision, total energy of each pair of particles is
shared equally while physical trajectories are retained.

Energy is conserved.

Animation of Particles
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Part 2 — Key Intuition

A sufficiently large mass of individuals may be
treated as a

of particle (or agent) can result in
(partial) control of the continuum.
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Part 3 — Game Theoretic Control Systems

Massive game theoretic control systems: of
partially regulated agents

Fundamental issue: The relation between the actions of each
agent and the resulting behavior
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Part 3 — Basic LQG Game Problem

dr; = (aixi = bui)dt + o;dw;, 1<i<N.

(scalar case only for simplicity of notation)

x;: state of the ith agent

u;: control

wj: disturbance (standard Wiener process)
N: population size
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Part 3 — Basic LQG Game Problem

i(ug, v E/ e P (z; — v)? + rul]dt

Basic case: v £ 7.(% Z,]ﬁ\;z T+ 1)

More General case: v = @(% ch\;l Zk + 1) ® Lipschitz

Main feature:

Agents are coupled via their costs

Tracked process v:
stochastic
depends on other agents’ control laws
not feasible for z; to track all zj trajectories for large N
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Part 3 — Large Popn. Models with Game Theory Features

Cournot-Nash equilibria (Lambson)
game models (Erickson)
(Alpcan et al., Altman, HCM)
(Ma, MC)
voluntary vaccination games (Bauch & Earn)
stochastic PDE swarming models (Bertozzi et al.)
urban economics (Brock and Durlauf et al.)
Charging control of of PEVs (Ma et al.)
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Part 3 — Background & Current Related Work

40+ years of work on stochastic dynamic games and team problems:
Witsenhausen, Varaiya, Ho, Basar, et al.

Industry dynamics with many firms: Markov models and Oblivious
Equilibria (Weintraub, Benkard, Van Roy, Adlakha, Johari & Goldsmith,
2005, 2008 - )

Mean Field Games: Stochastic control of many agent systems with
applications to finance (Lasry et al., Cardaliaguet, Capuzzo-Dolcetta,
Buckdahn, 2006-)

Mean Field Control of Oscillators & Mean Field Particle Filters
(Yin/Yang, Mehta, Meyn, Shanbhag, 2009-)

Mean Field Games for Nonlinear Markov Processes (Kolokoltsov, Li, Wei,
2011-)

Mean Field MDP Games on Networks: Exchangeability hypothesis;
propagation of chaos in the popn. limit; evolutionary games. (Tembine et
al., 2009-)

Discrete Mean Field Games (Gomes, Mohr, Souza, 2009-)
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Part 3 — Preliminary Optimal LQG Tracking
Take z* (bounded continuous) for scalar model:
dr; = a;x;dt + bu;dt + o;dw;

Ji(ug, z*) = E/ e P (x; — x*)? + rul]dt
0

b2
pll; = 20,1, — —TI7 +1, I, >0
r
Set 81 = —a; + ?Hi, Ba = —a; + ?Hi + p, and assume £; > 0

ds; b2
= di + a;s; — 71_[1‘81‘ —z*.

PSi

b
i = —— (LT + 8¢
U T(llx—&—s)

Boundedness condition on z* implies existence of unique solution s;.




Part 3 — Key Intuition

When the tracked signal is replaced by the
of the mass of agents:

Agent's feedback = feedback of agent's local

feedback of

Think Globally, Act Locally
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Part 3 — LQG-NCE Equation Scheme

. a € A; common b for simplicity
dsg b? "
PSq = 0 + as, — 71_[@8@ —T
dz. b2 b2
dta = (a = 71_[@).%‘& — 780“,

z(t) = /A Ta(t)dF(a),
¥ (t) =v@()+n) t>0

b2
pll, = 2all, — —II2 +1, II, >0
T

Individual control action is optimal w.r.t
tracked x*.

Does there exist a solution (%, Sq, 2*;a € A)?
Yes:
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Part 3 — NCE Feedback Control

The Finite System of N Agents with Dynamics:

dx; = a;x;dt + bu;dt + o;dw;, 1<i<N, t>0

Let u_; = (u1,- -+ ,uj_1,Uit1, -~ ,un); then the individual cost

N
0 1
Tuwum) 2 B [ e =g S+ nl + ridya
k#i

For ith agent with parameter (a;,b) compute:
x* using NCE Equation System

b” 172
pIL; = 20,11, — 112 4 1
. 2 *
ps; = L 4 a;s; — Lllis; —
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Part 3 — Saddle Point Nash Equilibrium

Agent y is a maximizer

Agent z is a minimizer
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Part 3 — Nash Equilibrium

Fi £ o(ai(r);7 < 1) FN £ o(aj(r);7 <t,1<j < N)

Fi adapted control: Ui FN adapted control: U/

The set of controls U = {uY; u) adapted to Ujpci, 1 <i < N}
generates a w.r.t. the costs {J;;1 <1i < N} if,
for each 1,

Ji(ug,ugi) = inf Ji(ui,ugi)

u; EU
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Part 3 — e-Nash Equilibrium

Given € > 0, the set of controls U® = {u;1 < i < N} generates
an w.r.t. the costs {J;;1 <1i < N} if,
for each 1,

Ji(ud,u?;) — ¢ < mfuJ(uz, D < Ji(ud,ul))
(AS
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Part 3 — NCE Control: First Main Result

Subject to technical conditions, the NCE Equations have a unique
solution for which the NCE Control Algorithm generates a set of controls
UN, ={ud;1<i< N}, 1<N < oo, where

b
u) = ——(TLx; + s;)
r

which are s.t.

All agent systems S(4;), 1 <i< N, are second order stable.

{UN ;1 < N < oo} yields an
i.e. Ve >0 IN(e) s.t. VN > N(e)

1

Ji(u%ugi) —e< ui;g/{ Ji(ui,ugi) < Ji(u?,ugiL

where u; € U is adapted to FV.
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Part 3 — NCE Control: Key Observations

The information set for is minimal and
completely local since Agent A;'s control depends on:
Agent A;'s 3 ()

F(0) on the dynamical parameters of
the mass of agents.

Hence NCE Control is truly decentralized.

All trajectories are statistically independent for all finite
population sizes N.
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Part 4 — Localization of Influence

Consider the 2-D interaction:
Partition [—1, 1] x [—1, 1] into a 2-D lattice

Weight decays with distance by the rule w;,(ﬁ,z, = c|p; — p;| =

where c¢ is the normalizing factor and \ € (0, 2)

A\
0‘&\\

Pl

A
/44
7%

55
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Part 4 — Separated and Linked Populations

2-D System
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Part 5 — Nonlinear MF Systems

In the infinite population limit, a representative agent satisfies
a

dry = flxe, ug, pe)dt + odwy, 0<t<T

with flz, u, ] = [ f(z,u,y)pe(dy), o, po given and
we(+) = of population states at ¢ € [0, T7.

In the infinite population limit, individual Agents’ Costs:

J(u,p) = E/ [z, g, pre)d

where L{z, u, jis] = [ Lz, u,y)pe(dy).
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Part 5 — Mean Field and McK-V-HJB Theory

Mean Field Triple (HMC, 2006, LL, 2006-07):
oV g oV 0.2 aQV
— 5 = irelg {f[$7uaﬂt}az 4F L[x,u7ut]} + e
V(T,x) =0, (t,z) €[0,T) xR

op(t,z) _ _ O{ffw,u pup(t2)} o® &p(t, x)

ot Ox 2 Ox2

ue = (b, z|pe), (t,z) €[0,T] xR

Closed-loop McK-V equation:
dry = flze, p(t, x|p.), pe]dt + odw;, 0<t<T
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Part 5 — Mean Field and McK-V-HJB Theory
Mean Field Triple (HMC, 2006, LL, 2006-07):
o2V

A oV o2
— 5 = irelg {f[$7uaﬂt}az +L[m,u7ut]} + e

V(T,z) =0, (t,x) € [0,T) xR

op(t, ) _ _ Offlw,u, plp(t, x)} | o® O°p(t, x)

o opLT)
ot Oz 2 Ox?
ur = p(t, xlpe), (t,x) €[0,T] xR

Closed-loop McK-V equation:
dry = flze, p(t, x|p.), pe]dt + odw;, 0<t<T
Yielding expressed in terms of

, hence achieving the
possible for a Systems and Control Theory result.
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Part 6 — Adaptive NCE Theory:

Stochastic Adaptive Control replaces
by their recursively generated

To show this results in asymptotically optimal system behaviour in
the e—Nash sense
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Part 6 — Adaptive NCE: Self & Popn. Ident.

Q 2 ()
R uz(t)
) {xj,u;:j € Obs;i(N)}
A, B;
F:(6)

A; observes a random subset Obs;(NN) of all agents s.t.
|Obs;(N)| — 00, |Obs;(N)|/N — 0as N — o0

07 = (A, By)
Fr=F:(0), 0@ cCCcR@+m  (¢cPCCRP
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Part 6 — NCE-SAC Cost Function

Each agent's Long Run Average ( ) Cost Function:

i,

= limsup — / { zi(t) — mi(t)] T Q[zi(t) — ma(t)] + 4 (t)Rai(t)

T—o00
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Part 6 — NCE-SAC Control Algorithm

Self Parameter Identification:
Solve the RWLS Equations for the dynamical parameters [A; ;, B; +]:
Popn. Parameter Identification:

Solve the RWLS equations for the dynamical parameters
{Ahﬁ B?Jv .7 € Obsl( )} .
Solve the MLE equation at 9 1 Nol [A] ¢+, Bj.t], j € Obs;(N) to

estimate ¢° via (Y, = argmmgep LOMN¢),  No = |Obsi(N)],
and solve the set of NCE Equations for allgeco generating

z* (T, (f';) , T2t
Solve the NCE Control Law at ; , and CAZNt
II,;: Solve the Riccati Equation at éi,t

5(t): Solve the mass control offset at 0, ; and z* (T, @Nt)
The control law from

@(t) = —R7'BY (ML (t) + 5(0)) + & [e(t) — (k)

Dither weighting: £7 = %, k>1 €(t) = Wiener Process
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Part 6 — NCE-SAC - Self & Popn. Ident.

Subject to the conditions above, assume each agent

a random subset Obs;(N) of the total population
N s.t. |Obs;(N)| — oo, |Obs;(N)|/N -0, N — oo,

own parameter é,f via RWLS
the population distribution parameter Af\i via RMLE

uo(t) via the extended NCE equations plus dither,
where Z(T, = [g @(7,0) dF; N(@)
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Part 6 — NCE-SAC - Self & Popn. Ident.

Then, ast — oo and N — oo :
éi’t—>9? as. 1<i<N
AZ.]\Q — (0 € P w.p.1 and hence, FfN — Fco a.s.
) i,t

(weak convergence on P), 1< §N
and the set of controls {U/2

we; 1 <N < oo} iss.t.

Each S(A;),1 <i < N, is an LRA — L? stable system.
{UN ;1 < N < oo} yields a

Moreover J>®(t;, 1) = J®(ud,u®;) wpl, 1<i<N

=1
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Part 6 — NCE-SAC Simulation

400 Agents
System matrices {Ai}, {Br}, 1<k <400

S —0.2+ anp —2+a12] A|:]-+b1:|

14 a9y 0+ as T 04by

Population dynamical parameter distribution a;;'s and b;'s are
independent.

a;j ~ N(0,0.5) b; ~ N(0,0.5)
Population distribution parameters:
ap; = —0.2, 0'311 = 0.5, l_)n = 1, O'gu =0.5 etc.
All agents performing individual parameter and population
distribution parameter estimation

Each of 400 agents observing its own 20 randomly chosen
agents’ outputs and control inputs
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Part 6 — NCE-SAC Simulation

state trajectories

self parameter est. histogram

popn. parameter est.
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Part 6 — NCE-SAC Animation

Animation of Trajectories
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Part 7 — Adaptation based L-F dynamic games

Leader-Follower behaviour:

is observed in humans [Dyer et.al. 2009] and other species in nature
[Couzin et.al. 2005]

is studied in many disciplines:

game theory [Simaan and Cruz 1973]
biology [Couzin et.al. 2005]
networking [Wang and Slotine 2006]
flocking [Gu and Wang 2009]

among others.
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Part 7 — An Example: Leadership in Animal Groups

Some individuals in the group have more information than others, for
instance the location of food or migratory routes [Couzin et.al. 2005]
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Part 7 — Problem Formulation: Leaders

Leaders’ Dynamics:

dz = [Aiz{ + B )dt + Cdwy, 1€ L, t>0

L: the set of leaders (L-agents), Ni = |L]

2zl € R™: state of the | — th Leader

ulL € R™: control input

w; € RP: disturbance (standard Wiener process)
0, = [A;, B;] € ©;: dynamic parameter

{2£(0) : 1 € £}: initial states, mutually independent
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Part 7 — Problem Formulation: Leaders

The LRA Cost Function for Leaders:

JE 7hmsup / {||71 — @512 + ||luf ||R}df

lzllr £ (T Rx)/2, R > 0 is a symmetric matrix
Ui() = - e 4 ()
OL() 2 AR() + (1 = N)TE()

A € [0,1], h: common reference trajectory of leaders

This cost function is based on a trade-off between moving towards a
common reference trajectory, h(-), and staying near the leaders’ centroid
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Part 7 — Problem Formulation: Followers

Followers' Dynamics:

dzf = [Aszf + Bpufldt+ Cdwy, feEF, t>0

F: the set of Followers (F-agents)
zfj € R": state of the f — th Follower
uff € R™: control input

wy € RP: disturbance (standard Wiener process)
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Part 7 — Problem Formulation: Followers

The LRA Cost Function for Followers:

Jf :hmsup—/ {HZf )H2+||“f ||R}df

TE() = 77 Yiec 2 ()

The followers react by tracking the centroid of the leaders
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Part 7 — Leaders’ MF (NCE) Equation Systems

Equilibria in infinite population of leaders:

dzL - -
(Z = (A4, — BBR"'Bf,,) z* — B.R™'BTst,
dst - T

d—; =— (A - B_R'Bl'lly,)" s + ",

®E(t) = Ar(t) + (1 — Nrb= (1),

Leaders’ control action ul(t) & —R™'B}I'(Ilp, 2% (t) + sE(t)) is optimal
with respect to ®(-)

51/70




Part 7 — MF Equation Systems: Followers

For each follower with 87 = [Af, Bf] when Nj, — oo:

dz¥

f —1pT _F —1pT F
—~ = (Ay = ByR'BfTly,) zj — ByR™' By sy,
dS? _ A B R—lBTH T F L,c0
it =— (A — By 7o) sf +r%,

rLioo (f) = /O zE (H)dFE(6),

Followers' control action u?(t) = 7R718?(H9f2};(f) 4 sf(t)) is
optimal with respect to 7°°()

52 /70




Part 7 — Estimation Procedure for the Followers

Each adaptive follower is observing a random subset M of size M of the
leaders’ trajectories through the process y(-)

M

T (%Z )dt + —ZDduZ

IEL

{vi;,1 <1 < M}: disturbance (standard Wiener processes)
M is chosen by uniformly distributed random selection on £
h(-), is parameterized with ¢ from a finite set A

WLG assume §; € A is the true unobservable parameter
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Part 7 — The Likelihood Ratio

For each Adaptive Follower, define:

Likelihood Function [T. Duncan 1968]:

(= exp{fo zoLbMdy ||2L MH ds}, t>0

Z(;L’%M 2 L5, z[5(t): the centroid of the leaders’ states when
the defining parameter of h(:) is § € A

Likelihood Ratio:

1%@%3%% 0i,0; €A, t>0

which depend explicitly upon the hypotheses d; and §;
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Part 7 — Identifiability Condition

( A1) For all K > 0 there exists 0 < Tx < oo such that

/ Iy —ryXlPds > K, ¥6;,6; € A, 8 # 65, t > T,

() is computed by the followers from the leader's MF (NCE)
equation system with parameter § € A.
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Part 7 — Maximum Likelihood Ratio Estimator

For an adaptive follower f € F with observation size m, the Maximum
Likelihood Ratio (MLR) estimator:

N Lm(d.)
ST (t) 2 {6 € A=
FO=0C AT

<1V6; € A5 # 5}

te [tk,tk —|—Tf)
Ty is a pre-specific positive number

to,t1,--- is an infinite sequence, 41 — tp = 7.

56

70




Part 7 — Main Estimation Theorem

: [Based on Caines 1975]
Under suitable assumptions, for each follower f € F there exist

non-random 7', and, with probability one, My (w), 0 < Ty, My(w) < oo,
such that 0%'(t) = 61 for all t > Ty and m > My (w). |
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Part 7 — Algorithm for Adaptive Followers

1
By observing a sample population of the leaders each follower
computes the LRs for alternative values in A
control laws:
. F, _ - ;
@ (t) £ ~R-BT (I, 25 (8) + ssfy,m(t))
2

the MF (NCE) control laws will necessarily be computed with
the true parameter of the reference trajectory
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Part 7 — Optimality Property: Followers

: Under suitable assumptions each follower's adaptive MF
(NCE) control strategy is almost surely ey, -optimal with respect to the
leaders’ control strategies, i.e.

Ji (ﬁf’o,ug’o) — en,, < infuey Jf (u, uo ) < Jf (@ ( ok uoL )

almost surely and such that limy, o €y, =0, a.s.
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Part 7 — Simulation

30 leaders and one adaptive follower
n=2 A=05 C=D=5I R=0.001, 7y =1

—0.2 0.5
Ar = [ —0.8 04 ]

observation size of adaptive follower is 10

A; is chosen randomly from a normal probability distribution with
zero mean and identity covariance

The reference trajectories: [ay + bycos(wt) az + basin(wt)],
t € [0,00), where § = (ay, by, as,ba,w) € A

A has four parameters
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Part 7 — Simulation

Reference raectores & nials of agents

61

70




Part 7 — Simulation (cnt)

07 (t) £ {6 € A

(a) log(

Liy (9)

Ly, (9)

hlog (MLRs):,

L (%)
L (d1)

<1V € A6 # 6}

in denominator

) for §; € A
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Part 7 — Simulation (cnt)

Liy (9)

SF() 2 {seA -
F(t)=A{ IL;,;(O)

<1V € A6 # 6}

1ltlog (MLRs) :32 in denominator

(b) log( i;é?;;) for §; € A
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Part 7 — Simulation (cnt)

07 (t) £ {6 € A

() log(

Liy (9)

Ly, (9)

1tlog (MLRs): 5,

L (34)
L (93)

<1V € A6 # 6}

in denominator

) for §; € A
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Part 7 — Simulation (cnt)

07 (t) £ {6 € A

(d) log(

Liy (9)

Ly, (9)

hlog (MLRs):5,

L (84)
Li"(4)

<1V € A6 # 6}

in denominator

) for 6; € A
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Part 7 — Simulation (cnt)

State trajectories of the leaders and adaptive follower
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Part 7 — Simulation (cnt)

State trajectories of the leaders and adaptive follower
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Summary

NCE Theory solves a class of
with many competing agents.

Asymptotic Nash Equilibria are generated by
the
Key intuition:

Single agent's control = feedback of
+ feedback of

NCE Theory extends to (i) problems, (ii) stochastic
control, (iii)
systems, (iv) behaviour, (v)
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Future Directions

Further development of Minyi Huang's players
extension of NCE Theory

Further development of version of NCE
Theory

Mean Field stochastic control of (McKean-Vlasov,

YMMS) systems

Extension of NCE (MF) SAC Theory in richer
contexts

Development of MF Theory towards
applications

Development of Systems and control
theory for and
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Thank You !
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