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Major-Minor e-Nash Mean Field Game (MM e-NMFG)

In this work we extend the Minyi Huang's linear quadratic Gaussian
(LQG) model [Huang'10, Nguyen-Huang'11] for major and minor (MM)
agents with uniform parameters to the case of a nonlinear stochastic
dynamic game formulation of controlled McKean-Vlasov (MV) type
[HMC'06].

We consider a large population dynamic game involving nonlinear
stochastic dynamical systems with agents of the following mixed types:
(i) a major agent, and (ii) a large IV population of minor agents.

The MM agents are coupled via both: (i) their individual nonlinear
stochastic dynamics, and (ii) their individual finite time horizon nonlinear
cost functions.

: Social opinion models with a finite number of leaders,
Power markets involving large consumers/utilities and domestic
consumers (smart meters and small scale generating units).

N
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Major-Minor e-Nash Mean Field Game (MM e-NMFG)

[H'10, NH'11]: Even asymptotically
(as N — o0) the noise process of the major agent causes random
fluctuation of the mean field behaviour of the minor agents.

The overall asymptotic (N — oo) MFG problem is decomposed into:
(i) two non-standard stochastic optimal control problems (SOCPs) with
random coefficient processes, and

(ii) two stochastic (coefficient) McKean-Vlasov (SMV) equations which
characterize the state distribution measure of the major agent and the
measure determining the mean field behaviour of the minor agents.

: The forward adapted stochastic best response control
processes determined from the solution of the (backward in time)
stochastic Hamilton-Jacobi-Bellman (SHJB) equations in (i) depend upon
the state distribution measures generated by the SMV equations in (ii)
which in turn depend upon (i).




Major-Minor e-Nash Mean Field Game (MM e-NMFG)

Subscript 0 for the major agent Ao and an integer valued subscript for
minor agents {A4; : 1 <i < N}.

The states Ao and A; are denoted by 28 (t) and 27" ().

ab (1) = %Z folt 2 (0), wb’ (6, 27" ()t

o[t 2 (), 2 (B)]dwo(t), 2o (0) = 20(0), 0<t<T,

\Mz

N

dzf' (t) = = Zf[t 2" (8),ud (t), 20 (t), 25 (B)]dt

Za[t Z; t),zév(t)]dwi(t), 2 (0) = z:(0), 1<i<N.
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Major-Minor e-Nash Mean Field Game (MM e-NMFG)

: The objective of each agent is
to minimize its finite time horizon nonlinear cost function given by

T (@l u) :_E/ ( 1/N) ZLot 2 (), ud (t)7zjv(t)]>dt,

TN @l ;) _E/ (1/N) ZLT @), uN (), z{ﬁ(t),zf’(t)})dt.

The major agent has non-negligible influence on the mean field (mass)
behaviour of the minor agents due to presence of z)’ in the dynamics and
cost function of each minor agent.

Note that the coupling terms in the dynamics and the costs of the MM
agents may be written as functionals of the empirical distribution of the
minor agents 07" := (1/N) >N, 6 Nay 0<t<T.

i=1"z
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Major-Minor e-Nash Mean Field Game (MM e-NMFG)

. Let the empirical distribution of N minor agents' initial states be
defined by Fy (z) := (1/N) SN | 1ip.;0)<a}-

(A1) The initial states {z;(0) : 0 < j < N} are Fp-adapted random variables
mutually independent and independent of all Brownian motions, and there
exists a constant k independent of N such that sup,< ;< v E|z;(0)|* < k < oo.
(A2) {Fn : N > 1} converges weakly to the probability distribution F'.

(A3) Uy and U are compact metric spaces.

(A4) The functions fo[t, z,u,y], oolt,z,y], f[t,z,u,y, 2] and o[t, z,y, 2] are
continuous and bounded with respect to all their parameters, and Lipschitz
continuous in (z,y, z). In addition, their first and second order derivatives

(w.r.t. x) are all uniformly continuous and bounded with respect to all their
parameters, and Lipschitz continuous in (y, z).

(A5) folt,z,u,y] and f[t,x,u,y, z] are Lipschitz continuous in w.
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Major-Minor e-Nash Mean Field Game (MM e-NMFG)

(A6) Lolt,z,u,y] and L[¢, x, u,y, z] are continuous and bounded with respect
to all their parameters, and Lipschitz continuous in (z,y, z). In addition, their
first and second order derivatives (w.r.t. x) are all uniformly continuous and
bounded with respect to all their parameters, and Lipschitz continuous in

(Y, 2)-

(A7) (Non-degeneracy Assumption) There exists a positive constant « such
that

UO [t7 I’ y]olg; [t7 x’ y] 2 aI? U[t7 m? y7 Z]UT(t’ m’ y? Z) 2 aI? v(t7 x? y’ Z)’

: Let (Q,F, {F:}t>0, P) be a complete filtered probability space. We
denote:
Fi = 0{z;(0),w;(s) : 0<j <N,0<s <t}
F0 = 0{20(0),wo(s) : 0 < s < t}.
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Major-Minor e-Nash Mean Field Game (MM e-NMFG)

: Let (W (t))¢>0 and
(B(t))¢t>0 be mutually independent standard Brownian motions in R™. Denote

FVB .= o{W(s),B(s): s < t}, F :=c{W(s):s<t}.

dz(t) = f[t,w, z,u]dt + o[t,w, z|dW (t) + ¢[t,w, 2]dB(t), 0<t<T,

inf J(u) := inf E[/OT L[t,w,z(t)u(t)]dt],

ueU ueU

where the coefficients f, o, ¢ and L are are F}V-adapted stochastic processes.
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Major-Minor e-Nash Mean Field Game (MM e-NMFG)

[Peng'92]:
T
o(t,x) = 1}1615 Erw [/ Lls,w, z(s),u(s)]ds|z(t) = L}
which is a F}¥-adapted process for any fixed .

[Peng'92]: Following Peng we
assume that the continuous semimartingale ¢(¢, ) has the representation

o(t, x) :/[ (s, z)ds 7// v (s,2)dW(s), (t,z) € [0,T] x R,

where, for each z, ¢(s,z), T'(s,x) and (s, z) are Fa"' -adapted stochastic
processes.

: What are I'(¢,z) and 9 (t, z) processes?
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Major-Minor e-Nash Mean Field Game (MM e-NMFG)

Theorem ( (GEEA))

Let F(t,x) be a stochastic process continuous in (t,x) almost surely (a.s.),
such that (i) for each t, F(t,-) is a C*(R™) map a.s., (ii) for each x, F(-,x) is
a continuous semimartingale represented as

F(t,z) =F(0,z)+ ) /O't fi(s,x)dY?,
j=1"

where Y, 1 < j < m, are continuous semimartingales, f;(s,z), 1 < j <m,
are stochastic processes that are continuous in (s,x) a.s., such that (i) for each
s, fi(s,-) is a C*(R™) map a.s., (ii) for each =, f;(-,x) is an adapted process.
Let X; = (X{,---, X" be continuous semimartingale. Then we have

m t ‘ w t )
F(t, X;) = F(0,Xo) + Z/ fi(s, X)dY? + Z/ D, F(s,X,)dX!
j=170 i=170

m n

. | 1 [ i i
+ZZ/O Ouifi(8, Xo)d < Y7, X' >, 45 > /O 07,0, F (s, X)d < X', X7 >,

j=11i=1 4,j=1

where < -,- >4 stands for the quadratic variation of semimartingales.
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Major-Minor e-Nash Mean Field Game (MM e-NMFG)

[Peng'92]:

Using the 1t6-Kunita formula and the Principle of Optimality, Peng showed if
o(t,z), T'(¢,x) and ¥(t,z) are a.s. continuous in (z,t) and are smooth enough
with respect to z, then the pair (¢(s, ), (s,x)) satisfies the following
backward in time SHJB equation:

- d¢(tvw7 7) - |:H[t7wa l’, Dqu(tvwal)} + <O-[t7w7'/1;]7 Diw(t,wvl)>
+ 2 Te(aft,w, 2] D201, w,2) |t — 07 (b0, 2)dW (t,0), (T,3) =0,

in [0,7] x R™, where a[t,w, z] := o[t,w, z]o” [t,w, z] + [t, w, z]¢T (t,w, z), and
the stochastic Hamiltonian H is given by

H[t,w7z,p} = 52£{<f[tawvzvu]ap> + L[tawvzvu]}'

The solution of the backward in time SHJB equation is a unique forward in
time F}V-adapted pair (¢,%)(t,z) = (qﬁ(t,w,m),w(t,w,m))
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Major-Minor e-Nash Mean Field Game (MM e-NMFG)

(H1) f[t,z,u] and L[t,x,u] are a.s. continuous in (z,u) for each ¢, a.s.
continuous in t for each (z,u), f[t,0,0] € L%, ([0,T]; R™) and

L[t,0,0] € L%, ([0, T];R4). In addition, they an all their first derivatives (w.r.t.
x) are a.s. continuous and bounded.

(H2) o[t,z] and g[t, z] are a.s. continuous in x for each ¢, a.s. continuous in ¢
for each = and of[t, 0], [t,0] € L%, ([0, T]; R™*™). In addition, they and all
their first derivatives (w.r.t. ) are a.s. continuous and bounded.

(H3) (Non-degeneracy Assumption) There exist non-negative constants o and
a2 such that
oft,w,zlo” [t,w,z] > onl, <lt,w,z)s” (t,w,z) > oo, as., Y(w,z),

where a1 or as (but not both) can be zero.

Theorem (Peng’92)

Assume (H1)-(H3) hold. Then the SHJB equation has a unique solution
(6(t,2),9(t, @) in (L%, ([0, T R), LE, ([0, T[;R™)).
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Major-Minor e-Nash Mean Field Game (MM e-NMFG)

[Peng’92]:
u’(t,w, z) 1= arg ing Hlt,w,z, Dy (t,w, ), u]
ue

= arg ing {<f[t~w7 Z, ’U,], Dilf¢(t7w7 1’)> + L[t>w7 LI?,U}}.

which is a forward in time F;"-adapted process for any fixed .

By a verification theorem approach, Peng showed that if a unique
solution (¢,1)(t,z) to the SHIB equation exists, and if it satisfies:

(i) for each t, (¢,4)(t, ) is a C*(R™) map,

(ii) for each z, (¢,v)(t,z) and (D2, D2, ¢, D2t)(t,x) are continuous
FV-adapted stochastic processes,

then ¢(z,t) coincides with the value function of the SOCP.
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Major-Minor e-Nash Mean Field Game (MM e-NMFG)

A probabilistic approach to show a “decoupling effect” result such that a

generic minor agent's statistical properties can effectively approximate the
distribution produced by all minor agents as the number of minor agents

N goes to infinity (based on the HMC'06).

Let wo(w,t,z) and p(w,t,z) be two arbitrary F,"°-measurable stochastic
processes. We introduce the following assumption:

(H4) ¢o(w,t,z) and @(w,t, ) are Lipschitz continuous in z, and
@o(w,t,0) € L5w, ([0,T]; Uo) and @(w,t,0) € L3w, ([0, T]; U).
t t
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Major-Minor e-Nash Mean Field Game (MM e-NMFG)

Assume that o (t, ) = po(w,t,x) and p(t,x) = p(w,t, ) are respectively
used by the Major and Minor agents as their control laws. Then we have the
following closed-loop equations with random coefficients:

N

a2 (1) = ¢ S folts 23 (1), ool 25 (1), 27 e

j=1

+ goo[u 8 (), 2 ())dwo(t), 5 (0) = 20(0), 0<t<T,

N
, 1 . 5 5 5
0 = 35 310 (6 000, 0l
Za[f 2V (t), 290 (¢), 2§V(t)]dwi(t), 2N (0) = 2z(0), 1<i<N.
Under (A4)-(A5) and (H4) there exists a unique solution (23, --- ,2%) to the

above system.
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Major-Minor e-Nash Mean Field Game (MM e-NMFG)

We now introduce the system
dg()(t) — fO [ta 20 (t)’ ¥0 (t7 Zo(t))'/ :u’f}dt + 0o [t7 20@)7 ﬂt}dwo(t)v 0<t< T7
di(t) = f[tv E(t)v @(tv E(t))a M;)-, :u‘t]dt + G’[t, E(t)a H(t)-, :u‘t}dw(t)v

with initial condition (Z(0), 2(0)), where for an arbitrary function g and
probability distributions y; and p? in R™ denote

glt. sl = [ otz ou(do),  glt,zn) = [ glt,zz)uldo).

In the above MV system (o, z, 1°, ;1) is a consistent solution if (Zo, Z) is
a solution to the above SDE system, and 19 and i are the corresponding
distributions (laws of the processes Zp and Z) at time ¢t (HMC'06).

Under (A4)-(A5) and (H4) there exists a unique solution (Zo,z, u’, 11) to
the above MV SDE system.
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Major-Minor e-Nash Mean Field Game (MM e-NMFG)

We also introduce the equations
dzo(t) = fo[t, 20(t), po(t, 20(t)), peldt + oo[t, 20(t), pe]dwo(t), 0<t < T,

with initial conditions z;(0) = z;(0) for 0 < j < N, which can be viewed as N
independent samples of the MV SDE system above.

We develop the decoupling result such that each 2V, 1 < i < N, has the
natural limit Z; in the infinite population limit (HMC'06).

Theorem
Assume (A1), (A3)-(A5) and (H4) hold. Then we have

sup sup E|z) (t) — z;(t)| = O(1/V'N),

0<j<N 0<t<T

where the right hand side may depend upon the terminal time T'.
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Major-Minor e-Nash Mean Field Game (MM e-NMFG)

The noise process of the major agent wg causes random fluctuation of
the mean-field behaviour of the minor agents = the mean field
behaviour of the minor agents is stochastic [H'10, NH'11].
: We construct the major agent's SMF system
in the following steps.

By the decoupling result we shall approximate the empirical distribution of
minor agents 6{V_) with a stochastic probability measure p(.y.

Let pt(w), 0 < ¢t < T, be a given exogenous stochastic process. Then we define
the following SOCP with F;"°-adapted random coefficients from the major
agent’'s model in the infinite population limit:

dzo(t) = fo[t, 20(t), uo(t), pe(w)]dt + oolt, z0(t), pe(w)]dwo(t, w),  20(0),
T
)= E[/O Lolt, Zo(t)vuo(t)yﬂt(wﬂdt],
where we explicitly indicate the dependence of random measure 1.y on the

sample point w € Q.
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Major-Minor e-Nash Mean Field Game (MM e-NMFG)

[based on Peng’92]:
T
do(t,x) := inf Erwo {/ Lo[&Z(J(S),U(1(8)~,Ms(w)]d5}20(t) = 1]
ug EUy t t

which is a F;’°-adapted process for any fixed x.

[based on Peng'92]:

do(t,z) = / To(s,z) / Ue (s, x)dwo(s), (t,z) €[0,T] x R™,
Jt

where ¢ (s, z), T'o(s,z) and 9o(s,z) are F,;’°-adapted stochastic processes.
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Major-Minor e-Nash Mean Field Game (MM e-NMFG)

2 If ¢o(t,x), To(t, z) and o (t, x) are a.s.
continuous in (z,t) and are smooth enough with respect to z, then the pair
(do(s,x),1bo(s, x)) satisfies the backward in time SHJB equation

— déo(t,w,z) = [Ho[uw,z,DIgbo(t,ww)] + (ot 7, j1e(w)], Datho(t, w, z))

1 ;
+ iTr(ao [t, w, m]Df,quSo(t,w,:r))]dt — wg(t,w,:r)dwo(t,w), ¢o(T,x) =0,

in [0, T] x R™, where ao[t,w, x| := oo[t, x, pe(w)]od [t, z, ue(w)], and the
stochastic Hamiltonian Hj is given by

H(] [t7w7w7p} = uiég{‘g {<f(] [t7 Z,u, Hf(w)]7p> + L[)[t7 Z,u, ‘LLt(UL))}}

The solution of the backward in time SHJB equation is a forward in time
F;°-adapted pair (¢o(t, z), vo(t,x)) = (do(t, w, z), tho(t,w,z)).

Note that the appearance of the term (oo [t, z, it (w)], Datho(t, w, ) is

due to the quadratic variation of the major agent's Brownian motion wo
in the It6-Kunita formula for the composition of F;’°-adapted stochastic
processes ¢o(t,w,z) and zo(t,w).
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Major-Minor e-Nash Mean Field Game (MM e-NMFG)

US(tvwvx) = US(t'/mHMS(w)}OSSST) ‘= arg HelfU I-I(z)ll(J [tvwaxvu()?DI(ﬁO(twaz)}
uo 0

is a forward in time F,"°-adapted process which depends on the Brownian
motion wo via the stochastic measure u¢(w), 0 <t < T.

: By substituting ug
into the major agent’s dynamics we get the SMV dynamics with random
coefficients:

dzo (t,w) = folt, 20 (t,w), ug(t, w, z0), ue(w)]dt + oolt, 20 (t, w), p(w)]dwo (t,w),

where fo and o( are random processes via the stochastic measure p and ug.

We denote the corresponding random probability measure (law) of the
major agent z§(t,w) by pf(w), 0 <t < T.

arg ujlelgo {<fo[t, x, uo, pt(w)], Dago(t, w, x)> + Lol[t, z, uo, ut(w)]}.
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Major-Minor e-Nash Mean Field Game (MM e-NMFG)

: An equivalent
method to characterize the SMV equation. Let p°(t,w, z) := p°(t, w, z)‘}'j”o:

dp®(t,w, x) = <— (Da, fo [t,1:,ug(t.,w,x).,ut(w)}po(t,w,x»
+ %TMDQQDI7 aolt,w, x]po(t,w, x)>>dt

— <D177 UOH? z, Nt(w)]po(t> w, x)dwo(t, w)>> po(tv 0) — pg-

The density function p°(t,w, ) generates the random measure of the major
agent pf(w) such that p°(t,w,dr) = p°(t,w,z)dz (as.), 0 <t < T.

The to the SFPK equation is
(g(tkux)vpo(t7w7x)) — (9(07(‘)7‘73)7170(07 x))

+ / (Ao(s7 w,z)g(s,w, x),po(s, w, x))ds

+ '/0 (oo[s, z, pe ()] Dag(s,w,z),p°(s,w, z))dwo(s,w),

where (h(t,w,z),p°(t,w,z)) = [ h(t,w,z)p°(t,w, z)dz, and Ao is

Ao(t,w, z)h(z) := (folt, z,ug(t, w, x), pt(w)], Dzh(z)) + %Tr(ao[t,ww]DiIh(x)).
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Major-Minor e-Nash Mean Field Game (MM e-NMFG)

We note that the major agent's SOCP may be written with respect to the
random mean field density of minor agents p(t,w, x) instead of since
w(t,w,dx) by the fact that p(t, w,dz) = p(t,w, z)dzx (a.s.), 0 <t < T.

- d¢0(t7 w, /I:) - |:H0[t7 w, T, DT¢O(t7 w, T)]

+ (oolt, z, pt(w)], Datpo(t,w, ) + %Tr(ao [t7w7$]Diz¢O(t,w7$))i|dt
— g (t,w, z)dwo(t,w), ¢o(T,z) =0, [ ]
ug(t,w, ©) = ug(t, z|{ps (W) fo<s<) [ }

= argu(}g[fjo {<f0[t7x>U07Mt(w)]va¢0(tvwvx)> + Lo[tvxvuovut(w)”7

dzg (t,w) = folt, 20 (¢, w), ug (¢, w, 20), e (w)]dt
+ Uo[t7Zg(tvw)vﬂt(w)]dwo(t7w)v 28(0) — ZU(O)7 [ ]

The solution of the SMF system above consists of 4-tuple F,"°-adapted
random processes (¢o(t,w, x), Yo(t,w, ), ud(t,w, ), 25 (t,w)), for a
given exogenous stochastic process pu+(w), where z§(t,w) generates the
random measure uf(w).
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Major-Minor e-Nash Mean Field Game (MM e-NMFG)

. We construct the
SMF stochastic mean field (SMF) system for a “generic’ minor agent ¢ in the
following steps.

By the decoupling result we may approximate the empirical distribution of
minor agents 5(1\’,) with a stochastic probability measure fi.).
As in major player's case let ¢, 0 <t < T, be the exogenous stochastic
process approximating &7 in the infinite population limit. We let (W),
0 <t < T, be the random measure of the major agent obtained from the
major agent's SMF system.
We define the following SOCP with F,’°-adapted random coefficients from the
minor agent's model in the infinite population limit:

di(t) = Flt, 20(8), ws(), 19 (@), (@)t + oTt, 20(8), 19 (@), e ()] duwi(t, ),

inf Ji(u;) := inf E[/O L[t,zi(t),ui(t),u?(w),,u,,,(w)]dt], z;(0),

u; EU w; EU

where we explicitly indicate the dependence of random measures ,u?,) and

on the sample point w € €.
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Major-Minor e-Nash Mean Field Game (MM e-NMFG)

[based on Peng’92]:
T
d)i(ta ‘E) = u}lglf;{o E}‘:”O {/t L[S, Zi(s)v Us (8)5 /L(: (w)v Hs (w)]ds}z’l (t) - l:| >

which is a F;’°-adapted process for any fixed x.

[based on Peng'92]:

@i(t,z) = /t Ii(s,z)ds f/t of (s,2)dwo(s), (t,z) € [0,T] x R,

where ¢ (s, z), T'o(s,z) and 9o(s,z) are F;’°-adapted stochastic processes.
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Major-Minor e-Nash Mean Field Game (MM e-NMFG)

 If ¢i(t, x), Ti(t,x) and 1, (¢, z)
are a.s. continuous in (z,t) and are smooth enough with respect to z, then the
pair (¢i(s,x),vi(s, x)) satisfies the backward in time SHJB equation

—doi(t,w,x) = {H[t,w,x,D;,,qﬁi(t,w,x)] + %Tr(a[t,w,x}Dimqﬁi(t,w,J:))}dt

— z;bf(t,w,x)dwo(t.,w), ¢:i(T,x) =0,

in [0,T] x R™, where a[t,w, z] := o[t, z, u? (W), pe(w)] oL [t, =, w2 (W), e (w)],
and the stochastic Hamiltonian H is given by

H{t,w,z,p] == inf {{f[t,2,u, 12 (@), me(@)], p) + Llt, 2w, 12 (@), pe(w)]}-

The solution of the backward in time SHJB equation is a forward in time
F;°-adapted pair (¢(t,z),vi(t,z)) = (¢i(t,w, ), ¥i(t, w, x)).
Since the coefficients of the minor agent's SOCP are F,"°-adapted
random processes we have the major agent's Brownian motion wg in the
SHJB equation above.
Unlike the major agent’s SHJB equation we do not have the term
(olt,z, ui (W), e (w)] Dx1pi(t,w, ) ) since the coefficients in the minor
agent’s SOCP are F;"°-adapted random processes depending upon (wo)
which is independent of (w;) (see the Itd-Kunita formula).

26 /42




Major-Minor e-Nash Mean Field Game (MM e-NMFG)

uf (t,w, ) = uf (t, 2|{p2 (W), ps (W) bo<s<r) = arg Inf H"[t,w, z,u, Dy¢i(t,w, x)]
= arguirelg {<f[t1 T, u, /,L?(W), /’Lt(w)L D1¢i(t7w7 $)> + L[tvx'/ uvu?(w)7 /”’t(w)]}

is a forward in time F;"°-adapted process which depends on the Brownian
motion wo via the stochastic measures u(w) and p(w), 0 <t < T.

: By
substituting u; into the minor agent’s dynamics we get the SMV dynamics
with random coefficients:

de (t7 w) = f[ta zf(t./ w)v u?(tv w, Zi)v :u‘?(w)v 43 (w)]dt
+ o[t, 20 (t,w), pe (W), pe(w)]dwi (t,w), 27(0) = z(0),

where f and o are random processes via the stochastic measures p° and p, and
the best response control process u$ which all depend on the Brownian motion
of the major agent wp.
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Major-Minor e-Nash Mean Field Game (MM e-NMFG)

Based on the decoupling effect the generic minor agent's statistical
properties can effectively approximate the empirical distribution produced
by all minor agents in a large population system.

From the minor agent's SMV equation we obtain a new stochastic
measure [i:(w) for the mean field behaviour of minor agents from the
statistical behaviour of the generic minor agent z7 (¢, w). We characterize
ft(w), 0 <t < T, as the law of z{(¢,w).

[HCM'03, HMC'06, LL'06] is now imposed by letting fi¢(w) = p:(w) a.s.,
0<t<T.
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: An equivalent
method to characterize the SMV equation. Let p(t,w, z) := p(t,w, )| F;":

dﬁ(tv“J?m) — <_ <Dw>f[t7m7u:;)(t7w7m)vﬂg(w)vﬂt(w)}ﬁ(twvm)>

1
+ 3T Dl alt,w, @li(t, w,2)) ) dt,  B(t,0) = po,

The density function p(¢,w, z) generates the random measure of the minor
agents’s mean field behaviour fi;(w) such that i(t,w,dz) = p(t,w, z)dz (a.s.),
0<t<T.

The weak solution to the SFPK equation is

t
(g(t7 w, I)7ﬁ(t7 w, .T)) = (9(07 w, w)v ﬁ(07 CU)) + / (A(Sv W, x)g(‘S? w, l’),ﬁ(57 w, I’))dS,
Jo
where (h(t,w, ), p(t,w,x)) := [ h(t,w,z)p(t,w,z)ds, and A is
1
At,w, 2)h(@) i= (Flt, 2,6 (6w, @), 5 (@), 10 ()], Dah(@)) + 5 Tr (alt, w, 2] D2, ().
The reason that the generic minor agent's SFPK equation does not
include the It6 integral term with respect to w; is due to the fact that the

independent Brownian motions of individual minor agents are averaged

out in their mean field behaviour. o
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The MFG or NCE consistency is imposed in: (i) the major agent’s stochastic
mean field (SMF) system together with (ii) the following SMF system for the

minor agents below.

—do(t,w,z) = [H[t7w,m7 Do (t,w,x)] + %Tr(a[t,o.@m]Diﬁ)(t,ww))}dt

— T (t,w, z)dwo(t,w), (T, z) =0, [ |
u(t,w, ) = u® (¢, @l {5 (W), ps (W) o<s<r) [ ]
= arg z}IelfU {{flt,z,u, P (w), e (w)], Ded(t, w, x)) + L[t, z,u, e (W), pe(w)]},
dz°(t,w) = f[t, 2°(t,w), u®(t,w, 2), py (W), pe (w)]dt
+U[t7zo(t1w)7ﬂ?(w)vut(w)]dw(t7w)7 [
in [0, 7] x R™, where z°(0) has the measure po(dz) = dF(z) where F is
defined in (A2).
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The SMF system is given by the major and minor agents’ coupled SMF
systems.

The solution of the major-minor SMF system consists of 8-tuple
F;’°-adapted random processes

(¢()(t7 w, l)* ’lﬁo(t w, ‘L), /ug(tv w, ‘L)- Zg(tv W)v ¢(t7 w, ‘L), w(tv w, ‘L)' uo(tv w, :L'), Zo(ta w))7
where 2§ (t,w) and z°(t,w) respectively generate the random measures
(@) and pi(w).
The solution to the major-minor SMF system is a public stochastic mean

field in contrast to the public deterministic mean field of the standard
MFG problems (HCM'03,HMC'06,LL’06).
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. A fixed point argument with random
parameters in the space of stochastic probability measures.

On the Banach space C([0, T]; R™) we define the metric
pr(x,y) :=o<t<t |2(t) — y(t)| A 1 where A denotes minimum.

C, := (C([0,T);R™), pr) forms a separable complete metric space.

Let M(C,) be the space of all Borel probability measures x on
C([0,T);R™) such that [ |z|du(z) < co.

We also denote M(C), x C,) as the space of probability measures on the
product space C'([0, T]; R™) x C([0,T]; R™).

Let the canonical process x be a random process with the sample space
C([0,T];R™), i.e., z(t,w) = w(t) for w € C([0,T]; R™) [HMC'06].

ClLip(z): the class of a.s. continuous functions which are a.s. Lipschitz
continuous in x
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Based on the metric p, we introduce the

on M(C,):

D)= ot [ [ pr(aten). s

YEI(p,v)

where II(p, v) C M(C, x C,) is the set of Borel probability measures v such
that v(A x C([0,T];R™)) = p(A) and v(C([0, T);R™) x A) = v(A) for any
Borel set A € C([0,T];R"). The metric space M, := (M(C,), DY) is a
separable and complete metric space since C, = (C([O, T];R"),pT) )
separable complete metric space.

Definition

A stochastic probability measure pi;(w), 0 < ¢ < T, in the space M, is in

if w is a.s. uniformly Hoélder continuous with exponent 0 < 3 < 1/2, i.e., there
exists B € (0,1/2) and constant c such that for any bounded and Lipschitz
continuos function ¢ on R",

‘ o(x)pt(w, dz) — (2)ps(w, dz)| < c(w)|t — s|?, as.,
JR™ R"
for all 0 < s <t < T, where ¢ may depend upon the Lipschitz constant of ¢

and the sample point w € ). .
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n 0
(A8) For any p € R™ and p, u” € ./\/15, the sets
So(t,w,z,p) := arg inf Hy°[t,w,z,uo,pl,
ug€eUg

S(t,w,z,p) := arg inf H"[t,w,z,u,p],
uelU
are singletons and the resulting w and uo as functions of [¢,w, z,p] are a.s.
continuous in ¢, Lipschitz continuous in (z,p), uniformly with respect to ¢ and

py p® € Mg. In addition, wuo[t,w, 0,0] and ult,w, 0, 0] are in the space
L% ([0, T;R™).
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: Assume (A3)-(A8) holds.
Then we have the following well-defined maps:

T8 MP — CLip@([0,T] x @ xR™;Up),  0< B <1/2,
Lo 7P () (W) = uf(t,w, ) = ug(t, | {ps(w)}o<s<T)-

oMY 2 CLipy ([0, T) x @ x R*; Up) — MP,  0< B <1/2,

To™Y (uf (8w, 2)) = ply (W),
which together give
To: M — MJ,  0<B<1/2

Lo (pe)(w)) =T"" <FcS)HJB (M(~)(w))> = ugy ().
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: Assume (A3)-(A8)
holds. Then we have the following well-defined maps:

378 MP x MP — Crip) ([0, T] x @ x R U), 0<B<1/2,
T8 (e (W), 1y (W) = uf (t,w, ) = uf (t, o[ {ud (W), ts(w) bo<s<T)-

TPMY 0 MP X CLip@)([0,T] x @ x R%;U) — MS, 0< B < 1/2,
FZSMV (,[L((J) (UJ), U?(t, W, 7:)) = K() (OJ)

Hence, we obtain the following well-defined map:

r:M)— M), 0<B<1/2

L (@) = T3 (To (1 (@), TE (1) (@), To (1) (@))) )
Subsequently, the problem of existence and uniqueness of solution to the SMF

system is translated into for the
map I on the separable complete metric space Mf, 0<pB<1/2
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(A9) We assume that oo does not contain 2}’ and 2} for 1 <i < N.
(A10)

(i) There exists a constant ¢; such that

sup |u0(t,w7;c) — ug(t,w,x” < e Df (u(w),u(w)), a.s.,
(t,2)€[0,T] X R™

where o, uf are induced by the map I'5™'P using 11(.)(w) and v(.)(w).

(i) There exists a constant ¢z such that
sup |u(t,w7 z) — u'(t,w, J:)| < ;Db (,u(w), V(w)), a.s.,
(t,)€[0,T] XR™

F?HJB

where u,u’ are induced by the map using .y (w) and vy (w).

(iif) There exists a constant cs such that

sup ’u(t,w,x) — u/(t,w,z)| < %D%(uo(w),yo(w)), a.s.,
(t,z)€[0,T] xR™

where u,u’ are induced by the map I8 using ,u?»(w) and 1/<O,>(w).
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The feedback regularity assumptions may be shown under some
conditions by a sensitivity analysis of the major and minor agents’ SHJB
equations with respect to the stochastic measures (based on the analysis
in [Kolokoltsov, Li, Yang, 2011])

Theorem ( )

Assume (A3)-(A10) hold. Under a contraction gain condition there exists a
unique solution for the map I', and hence a unique solution to the major and
minor agents’ SMF system.
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Given € > 0, the set of controls {u5;0 < j < N} generates an
w.r.t. the costs J]N, 1< j < N} if, for each j,

INW,ul ) —e< uuelIfJJ7 (g, ul ) < J ( ul ;).
£l J

J J3 ==7 ’*J

U;j = {u;(-,w,z) € CLipa) : u;j(t,w, ) is adapted to the sigma-field
T
o{z;j(7),wo(7) : 0 < 7 < t} such that E/ s (t)|°dt < oo}
0

(A11) We assume that functions f and o in the minor agents’ “dynamics” do
not contain the state of the major agent 2.

Theorem
Assume (A1)-(A8) and (A11) hold, and there exists a unique solution to the
SMEF system such that the MF best response control processes (ug, - - ,uly)

satisfies the Lipschitz condition. Then {uj € U; : 0 < j < N} generates an
en-Nash equilibrium where ex = O(1/v/N).
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: Consider the MM MF-LQG model of (SLN,MYH'11) with uniform
parameters

¢ dzo(t) = (@ozo(t) + bouo(t) + CoZ<N)(t))dt + oodwo(t),
¢ dzi(t) = (azi(t) + bus(t) + CZ(N>(t))dt + odw;(t), 1 <i <N,

where 2V (1) := (1/N) Zl 1 %i(+) is the average state of minor agents.

2
: Jo(uo, u—o) E/ 20(t /\oz ()+770)> +rou(2)(t)}dt,

. Jiui,u_) = E [(z() ()\Z(N)(t)+)\lz(](t)+n))2+7»uf(t)}dt,

0

where ro, 7 > 0.
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Let z*(-) be the stochastic mean filed of the minor agents

[ } 2 = dpo(t) (aopo( ) + /\[)Z*(t) + po — 2o (t))dt — qo(t)dwo(t),
[SBR] : ug(t) = (bo/r0)po(t),
[ ]+ dzo(t) = (aozo(t) + boug(t) + coz™(t))dt + oodwo,

with po(T") = 0 and z5(0) = z0(0).

| ]+ —dp(t) = (ap(t) + (A = 1)2"(t) + A125(t) + p)dt — q(t)dwo(t)
[SBR] u”(t) = (b/r)p(t),
[ ]+ d2"(t) = ((a+ )2" (t) + bu™(t))dt

with p(T) = 0 and z*(0) = z(0).

The solution of the above SMF systems of equations consist of

(Po("); 0(), 45 (), 25(+)) and (p(-), ("), w" (), 2" ("))
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In the MM MF-LQG model of (NH'11):

A Gaussian mean field approximation is used for the average state of
minor agents:

)2 20 = 5O + £O20) + [ glts)dun(s)
Jo
where f1, fo and g are continuous functions.

Consistency conditions are imposed for the mean field approximations
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