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Forward And Inverse Problem

Forward And Inverse Problems

Groundwater Flow Model
@ pore pressure (head) : p(x)
@ permeability (hydraulic conductivity) : x(x)

Single-Phase Darcy Flow:
find p € H}(D), given x € L>(D)

-V .- (k(x)Vp) = f, xe€D,
p = 0, xedD,

Inverse Problem: find x € L*°(D), given noisy y;

yi = 4i(p) + ),
nj ~ N(0,7%), ¢ € H'(D).

Mathematics Institute (Warwick) Geometric Inverse Problems Andrew Stuart 6/31




Forward And Inverse Problem

Geometric Model

Piecewise Constant Permeability
n

HL(X) = Z Rj XDI-(X)a
i=1

where |J; D; = Dand D;N D; = @,Vi # j.

Figure : A multiple layers Model Figure : A fault Model
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Forward And Inverse Problem

Forward and Observation Map

Geometry
parameterization

unknowns: u = (x",a’,b",c)"
permeability : u — k(x)

Forward Operator
G: u — k(x) — px) —y
RY +—— (D) —s H}(D) —RY

Find u from y
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Bayesian Framework

Bayesian Approach

y=G(u)+n, n~NQO,T). J

@ Prior distribution on u:
po(du) = P(du).

@ Negative log likelihood on y|u:
1 2
®uiy) = 5ly = G(u)lr,

where | - |r = |r—% .
@ Posterior distribution on u|y:

p¥(du) = P(duly).
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Prior Modeling

Geometric prior 7 and 75"

4 7r0 1 a, b~ uniformly in A:= {x € R"~ 1|Z o Tx; <1,x >0}

@ =": ¢ ~ uniformly in [-C, C].
@ a, b, c are independent.

Permeability prior ), on x; ,
L(x

. ﬂo( ) log-normal

@ log-normal: k; = exp(&;), & drawn from Gaussian.

@ uniform: k; drawn from (> 0) uniform distribution. \

@ exponential: x; drawn from exponential distribution.

uniform

~ exponential

X

Prioron u c U := (0,00)" x A2 x [-C, C]

mo(u) = [T mh(ri) x =§(@)nG(b)mgP(c).

i=1

v

Mathematics Institute (Warwick) Geometric Inverse Problems Andrew Stuart 11/31



Well-Defined Posterior

Theorem (Bayes’ Theorem [4])
Assume that ®(u; y) : U x Y — R is measurable and,

Z.= / exp(—b(U; y))puo(dl) > 0
U

Then the conditional distribution 1Y of u|y exists, v < o and

dp’ 1 _
die 29Xp(_¢(uv y))-

We establish this theorem for our problem by proving continuity of G,
(and hence of ®(-; y)) on a set of full ug measure.
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Bayesian Framework

Continuity of G
Applying Bayes’ Theorem (see [3])

1 < po

g is continuous on U, J — dp

;
po(U)=1and Z >0 due ~ Z exp (—®(u; y))-

@ k€ L®(D) — p e H}(D)
@ u— k(x)— p(x) BUT is Lipschitz.
° u€—>n€(x)—>p€(x)J @ ucRY = ke L'(D)
continuous only for r < cc.

=V - (&5 (X)V(p" = p)) =V - ((x* — K)VP), xeD
pP —p=0 x € 0D.

)
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Bayesian Framework

Continuity of G

1
1 2
I = plly < == ( [ s = nf2IvpPa)

min

4
2
1 n
— (S —wlP [ (Vplax+ S Ikf — i [ [plax
Kmin \ 7255 DfND; i DfND;
v
aq K1 bl
u— u°
R2 ba
ag -’
K(X) = K°(X) 2
Figure : x(x), x*(x) Figure : x°(x) — x(x)
. .
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Bayesian Framework

Well-Poseness of Posterior
@ The Hellinger distance:

d d
Aren(, 1) (\/ dlzj \/ de/>

@ The Total Variation distance:

drv(p, p /

@ Relationship:

.1

A, 1) < drgen(p, 1) < drv(p, 1)z,
7 v, 1) < dpen(pe, 1) < drv(p, 1)
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Well-Poseness of Posterior

w (resp 1) the posterior corresponding to data y (resp. y/).

Theorem (Well-Posedness [3])

Assume that max{|y|, |y’|} < r. Then there are C; = C;(r) such that:
(1) ki ~ log-normal or k; ~ uniform, then

drv(p, 1) < Cily —y'l,  dren(p, 1) < Coly —y'I.
(ll) ki ~ exponential, then

drv(u, 1) < Cily = ¥'|%, duen(p, 1) < Coly — y'| 2,

where 0 < o < 1.
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Bayesian Framework

Well-Poseness of Posterior

Sketch of proof:

drv(p, i) < b + b.

where
1 /
h =55 ] 1exp (~0(u.y) - exp (~0(u.y)| dhio(u),
k=527 = (@) [ e (~0(uy) dino(u)
And

I < Ch. J
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Bayesian Framework

Well-Poseness of Posterior

I 22/ lexp (—®(u, y)) — exp (—(u, y")) | duo(u)

lexp (—(u,y)) — exp (=P(u,¥"))| < |®(u,y) — D(u,y")| < M(r,u)ly — y'I.

(I): log-normal or uniform ;5 on u

/|¢ Ui y) — o(u, ) dpo(u /M(r u)dpo(u) y — .

(Il): exponential ;.o on u
o f{|¢(u;y)_¢(u7y/)|§1} ‘CD(U,y) - q)(U, y/)‘adﬂo < fU Madﬂo ’y - y/‘a'

® 1o (I®(u;y) — (u,y")| > 1) < [y Mduo |y — y'|*.

v
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MCMC Method
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Metropolis Hasting Method

General Metropolis-Hasting Algorithm: to sample 7 (u):
@ k =0, initialize u(®.
@ Propose v € RY from gq(u®), v).

Q Set
ylk+1) — { v with probability a(u(®, v)

u(k) otherwise ’

©Q k — k+1andrepeat 2.
Here
(v
a(u,v) = -
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MCMC Method

Prior Reversible Proposal
To sample m(u) = exp(—®(u))mo(u):
@ Choose q(u, V) s.t.
ro(U)q(u, v) = m(v)q(v,u), Vu,veR.

@ Then
a(u,v) =

= exp(P(u) — d(v)) A 1.

@ Propose using prior; accept/reject according to model-data misfit.
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Two-Step Metropolis Hasting Method
Algorithm:

Q k=0, initialize u® ¢ U.

@ Draw w € R from p(u®) w).

© Propose v € U defined by

W welU
Tl u® o weu

© Accept or reject v:

Y1) — v with probability a(u(®, v)
T u® otherwise :

@ k — k+1andrepeat 2.

Here
a(u,v) = exp(®(u; y) — d(v;iy)) A1
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Two Layers Model

@ Truth andTPmrior distribution

o " parameter | true value | prior distribution
. . a 0.11 U, 1]

~0s N b 0.86 ulo,1]
o N T 4 U[0.1,86] or exp(1)
o " K 1 U[0.1,8] or exp(1)

@ Random draws from prior
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Two Layers Model: Uniform Prior Permeability

a" 5
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Two Layers Model: Exponential Prior Permeability

@ 1, k™ ~exp(\), where \ = 1.
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Fault Model

@ Truth andTPmrior distribution

. parameter | true value | prior distribution
o ay 0.39 a~ U(A)

s a 0.35

N by 0.18 b~ U(A)

N b 0.6

25 c 0.15 U[-0.5,0.5]
: K1 4 ulo.1,6]

| K2 1 u[o.1,6]

o5 K3 1 U[0.1,6]

@ Random drawn from prior

b
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Fault Model
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Conclusions

Conclusions

What we have shown:

@ Geometric permeability prior modeling

@ Well-definedness of posterior distribution (continuity argument)

@ Well-posedness of posterior distribution (not Lipschitz)
@ A tailored Metropolis-Hasting method
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