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Topics	  for	  discussion	  

• 	  	  The	  problem	  of	  sequen'al	  assimila'on	  
	  
• 	  	  A	  varia'onal	  smoothing	  filter	  (vsf)	  

• 	  	  Numerical	  example	  -‐	  Lorenz	  ’96	  

• 	  	  Discussion	  

• 	  	  References	  
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Evolu'on	  of	  a	  probability	  density	  func'on	  
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ϕ=(ϕ1,ϕ2,...,ϕN )
Evolution equation from tn  to tn+1:      ϕ n+1 = Fn (ϕ n )  
Fn =  identity for parameters 

  e.g. as a solution of       dϕi

dt
= fi (ϕ, t)       with  fi  = 0 for parameters

ϕ  given at t = 0 as a pdf  π (ϕ 0 )

Simulation of the observing apparatus:
snk = hk (ϕ

n )+σ kwk
n       observe at discrete times  

Let Sn = {s1, s2,..., sn ) and where  ϕ n =ϕ(tn )  and  tn = nΔ

Problem: Compute the density function   π (ϕ, t | Sn ) t ≥ tn



Evolu'on	  of	  a	  probability	  density	  func'on	  
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pdf	  of	  obs.	  given	  the	  new	  state	  

pdf	  of	  new	  state	  given	  the	  old	  state	  

pdf	  of	  the	  old	  state	  

  
z =   a generic normalisation constant 

pk =
1
σ k

2

Fn   is the function implied by the dynamics taking states at t  to states at t +Δ

  π (ϕ n+1 | Sn+1)  = z π (ϕ n+1,ϕ n, sn+1 | Sn )dϕ n∫

  

π (ϕ n+1,ϕ n, sn+1 | Sn ) = z exp[− pk
2

(hk (ϕ
n+1)

k∈K
∑ − sk

n+1)2 ] δ (ϕ n+1 − Fn (ϕ n )) π (ϕ n | Sn ) 



Gaussian	  sum	  representa'on	  of	  pdf’s	  
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mixture approximation with an ensemble of R 'centres'  ϕr
n

π (ϕ n ) = ar
nzr

n exp[−H (ϕ n −ϕr
n )]

r
∑                 

                         where zr  are normalisation constants
weights

ar
n ≥ 0. ar

n

r
∑ =1  

  'energy of the r-th component'

H (ϕ n −ϕr
n ) = 1

2
(ϕi

n −ϕi,r
n )Lnij,r (ϕ j

n −ϕ j,r
n )

i, j
∑  



Evolu'on	  of	  a	  probability	  density	  func'on	  
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   δ(ϕ n+1 −F(ϕ n ))e
−

1
2

(ϕi
n−ϕi,r

n )Lnij ,r (ϕ j
n−ϕ j ,r

n )
i, j
∑

dϕ n∫

= | An+1 | e
−

1
2

(Fi
−1(ϕn+1 )−ϕi,r

n )Lnij ,r (Fj
−1(ϕn+1 )−ϕ j ,r

n )
i, j
∑

where  | An+1 |= det(∂F
−1(ϕ n+1)
∂ϕ n+1 )

Use	  the	  change	  of	  variables	  theorem	  for	  mul'ple	  integrals	  and	  the	  proper'es	  
of	  the	  delta	  func'on.	  	  
	  
Assumes	  that	  the	  inverse	  is	  unique	  if	  the	  'me	  step	  is	  sufficiently	  short.	  



Evolu'on	  of	  a	  probability	  density	  func'on	  
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π (ϕ n+1, sn+1 | Sn ) =

ar
nzr

n | An+1 | e
−

pk
2
(hk (ϕ

n+1 )
k∈K
∑ −sk

n+1 )2−1
2

(Fi
−1(ϕn+1 )−ϕi,r

n )Lnij ,r (Fj
−1(ϕn+1 )−ϕ j ,r

n )
i, j
∑

r
∑

An	  exact	  expression	  for	  the	  posterior	  mixture	  density	  	  
	  	  	  	  given	  a	  Gaussian	  mixture	  density	  at	  the	  previous	  'me	  step	  
	  
	  
The	  Varia'onal	  Smoothing	  Filter	  builds	  a	  quadra'c	  approxima'on	  to	  the	  
	  	  	  argument	  of	  the	  exponen'al	  



Applica'on	  of	  implicit	  Euler	  
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Using an implicit Euler time discretisation with time step τ

ϕ n+1 =ϕ n +τ f (ϕ n+1)

One finds: F −1(ϕ n+1) =ϕ n+1 −τ f (ϕ n+1)

Also: Aij
n+1 = δ ij −τ

∂fi (ϕ
n+1)

∂ϕ j
n+1

Notation:   Ar
n+1 = An+1

ϕr
n+1



Varia'onal	  Smoothing	  Filter	  
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A: Update the centres 

Jr
n+1(ϕ n+1 ) = pk

2
[hk (ϕ

n+1)
k∈K
∑ − sk

n+1]2 + 

1
2

(ϕi
n+1 −τ fi (ϕ

n+1)−ϕi,r
n )Lnij,r (ϕi

n+1 −τ fi (ϕ
n+1)−ϕi,r

n )
i, j
∑

ϕr
n+1 = argmin

ϕn+1
 Jr

n+1(ϕ n+1)              ( ∂Jr
n+1(ϕ n+1)
∂ϕi

n+1
ϕr
n

= 0 )

B: Update the precision matrices

Ln+1
ij,r =  ∂

2Jr
n+1(ϕ n+1)

∂ϕi
n∂ϕ j

n
ϕr
n+1

C: Update the weights

ar
n+1 = ar

n Ar
n+1

Lnr
1/2

Lr
n+1 1/2 exp(−Jr

n+1(ϕr
n+1))       ar

n+1   = εw
1
R
+ (1−εw )

ar
n+1

ar
n+1

r
∑

*	  	  No	  adjoints	  needed	  
*	  	  Analy'cal	  gradient	  
*	  	  Analy'cal	  sparse	  Hessian	  	  
*	  	  Sparse	  algebra	  	  
	  	  	  	  	  	  –	  but	  needs	  a	  drop	  	  	  	  	  	  
	  	  	  	  	  	  	  	  	  	  	  tolerance	  in	  general	  

Use	  	  prior	  centre	  as	  a	  first	  iterate	  	  
&	  no	  Newtons	  ==	  
‘ensemble	  extended	  Kalman	  filter’	  
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Notes :

1.    Ln+1
ij,r =  ∂

2Jr
n+1(ϕ n+1)

∂ϕi
n∂ϕ j

n
ϕr
n+1

= piδij + (Aim,r
n+1Lnmk,rAkj,r

n+1

mk
∑ −τ

∂2 fm (ϕi
n+1)

∂ϕi,r
n+1∂ϕ j,r

n+1 L
n
mk,r (ϕk,r

n+1 −τ fk (ϕr
n+1)−ϕk,r

n ))

2.   Approximate   
Lnr

1/2

Lr
n+1 1/2 ≈1

3.   Reset  Lnmk,r = L
0
mk,r +

δmk
ε + varm

 every so many time steps

       where varm =  empirical, ensemble variance of ϕm
n+1

All	  of	  the	  component	  
	  matrices	  are	  sparse	  

Provides	  a	  first	  order	  correc'on	  –	  in	  the	  'me	  step	  -‐	  
	  	  to	  the	  modified	  Kalman	  filter	  formulae	  

Example	  where	  
h	  observes	  a	  single	  component	  



Choosing	  L0	  	  via	  local	  random	  fields	  
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clf	  	  2007	  

Helmholtz Green's 
functions

g(r) = e
−r a

b

4πrb
     3D

g(r) = e
−r a

b

4 ab
    1D

  

H (ψ ) = 1
2

[aψ 2∫ + b(∇ψ )2 + c(∇2ψ )2 ]dω = 1
2

[ψ Lψ∫ ]dω

where  L = a − b∇2 + c∇2∇2

π (ϕ ) = zexp(−H (ϕ −ϕ ))

g(x − y) := ϕ(x)ϕ(y) Theorem : Lg(x − y) = δ (x − y)

After discretisation Lij  is sparse and C  =  (L)-1  is the covariance matrix

L = a − b∇2    - the 'Helmholtz precision matrix' - is particularly convenient
and was used in the numerical experiments on Lorenz-96
Set  Lr

0 = wL   for  some  'sharpness control' w that increases with R



Numerical	  example:	  Lorenz	  96	  
dui
dt

= 0    : 'reality' and forward model

dvi
dt

= (vi+1 − vi−2 )vi−1 − vi (ui + e
εv2
i −1)+Fi      : 'reality' and forward model

ϕ = (u,v)

Reality:  
ui = 0.5 + 0.2 sin( 0.3 i ) + 0.02 (0.5 - ζ 'i );      εL =1.0,       Fi = 10.0
vi (0) =10 + 2ζ ''i                                              ζ i,ζ 'i,ζ ''i ~ N(0,1)
No parameters are observed. 1000 equilibration steps before observing
Observe variables at: i = 1, 6, ... then every other five  with σ 2

i = 0.01
Initialised with balanced sampling (mirror images of each realisation about the mean)
Cor. lengths. 20.0 (parms) & 0.1 (vars) Init. var 0.1 parm and 1.0 var
Implicit Euler, time step = 0.05 between obs, and 
10 Newtons time stepping and optimisation
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See	  Yang	  &	  DelSole	  
2009,	  2010	  for	  
related	  work	  
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Lorenz	  96	  example	  –	  R	  =	  50:	  ini'al	  condi'on	  
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Solid	  blue	  lines	  =	  ‘reality’.	  Domed	  blue	  line	  =	  ‘ensemble	  mean’.	  Shading	  +/-‐	  1	  stand.	  dev.	  

Balanced	  ini'al	  ensemble	   2	  fields	  
40	  parameters	  
40	  variables	  
	  

vsf	  	  
compared	  	  
with	  reality	  

Parameters	  
prior	  correla'on	  	  
length	  =	  20.0	  

Variables	  
prior	  correla'on	  	  
length	  =	  0.1	  

aper	  1000	  
Equilibra'on	  steps	  
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Lorenz	  96	  example	  –	  R	  =	  50:	  5,000	  'me	  steps	  	  
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Solid	  blue	  lines	  =	  ‘reality’.	  Domed	  blue	  line	  =	  ‘ensemble	  mean’.	  Shading	  +/-‐	  1	  stand.	  dev.	  

2	  fields	  
40	  parameters	  
40	  variables	  
	  

vsf	  	  
compared	  	  
with	  reality	  

Parameters	  
prior	  correla'on	  	  
length	  =	  20.0	  

Variables	  
prior	  correla'on	  	  
length	  =	  0.1	  
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Lorenz	  96	  example	  –	  R	  =	  50:	  10,000	  'me	  steps	  	  
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Solid	  blue	  lines	  =	  ‘reality’.	  Domed	  blue	  line	  =	  ‘ensemble	  mean’.	  Shading	  +/-‐	  1	  stand.	  dev.	  

2	  fields	  
40	  parameters	  
40	  variables	  
	  

vsf	  	  
compared	  	  
with	  reality	  

Parameters	  
prior	  correla'on	  	  
length	  =	  20.0	  

Variables	  
prior	  correla'on	  	  
length	  =	  0.1	  
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Lorenz	  96	  example	  –	  R	  =	  50:	  10,000	  'me	  steps	  	  
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Solid	  blue	  lines	  =	  ‘reality’.	  Green	  lines	  =	  centres.	  Red/black	  =	  most/least	  probable	  centre	  

2	  fields	  
40	  parameters	  
40	  variables	  
	  

vsf	  	  
compared	  	  
with	  reality	  

Parameters	  
prior	  correla'on	  	  
length	  =	  20.0	  

Variables	  
prior	  correla'on	  	  
length	  =	  0.1	  
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Lorenz	  96	  example	  –	  R	  =	  50:	  10,000	  'me	  steps	  	  
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Root	  mean	  square	  distance	  from	  ‘reality’:	  	  
Solid	  blue	  lines	  =	  ensemble	  mean.	  Green	  lines	  –	  the	  centres.	  

2	  fields	  
40	  parameters	  
40	  variables	  
	  

vsf	  	  
compared	  	  
with	  reality	  

Parameters	  
prior	  correla'on	  	  
length	  =	  20.0	  

Variables	  
prior	  correla'on	  	  
length	  =	  0.1	  
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Lorenz	  96	  –	  R	  =	  4:	  Obs.	  every	  third	  variable	  

19/21	  
Solid	  blue	  lines	  =	  ‘reality’.	  Domed	  blue	  line	  =	  ‘ensemble	  mean’.	  Shading	  +/-‐	  1	  stand.	  dev.	  

Balanced	  ini'al	  ensemble	   2	  fields	  
40	  parameters	  
40	  variables	  
	  

vsf	  	  
compared	  	  
with	  reality	  

Parameters	  
prior	  correla'on	  	  
length	  =	  4.0	  

Variables	  
prior	  correla'on	  	  
length	  =	  0.1	  

Aper	  10000	  
steps	  the	  ensemble	  
converged	  to	  	  
the	  true	  values	  



Concluding	  remarks	  

•  The	  aim	  of	  filtering	  theory	  is	  to	  compute	  a	  best	  approxima2on	  to	  the	  
posterior	  density.	  	  

•  The	  combina'on	  of	  varia'onal	  and	  principled	  ensemble	  methods	  is	  	  	  	  
	  	  	  	  	  	  promising.	  Even	  the	  first	  iterate	  –	  the	  ‘ensemble	  modified	  Kalman	  
	  	  	  	  	  	  	  Filter’	  works	  well	  in	  some	  cases.	  

•  A	  ‘principled’	  approach	  should	  allow	  us	  to	  control	  the	  numerical	  	  
	  	  	  	  	  	  	  errors	  so	  that	  we	  can	  concentrate	  on	  the	  important	  ques'ons	  such	  
	  	  	  	  	  	  	  	  (i)	  how	  good	  is	  our	  forward	  model?	  
	  	  	  	  	  	  	  (ii)	  how	  sensi've	  are	  we	  to	  the	  ini'al	  prior?	  
	  	  	  	  	  	  (iii)	  what	  observa'ons	  would	  reduce	  sensi'vity	  to	  the	  ini'al	  prior?	  	  
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