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The East model

The East model

» Markov process on {0,1}% with dynamics of creation/destruction of
particles. p € (0,1) density parameter.
» Constraint: the system can add/remove a particle at x only if the East
neighbour (i.e. x4+ 1) is empty (wx+1 = 0).

@ Beware! 1) 0 = active, 1 = inactive, 2) orientation.
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» Initial configuration w € {0, 1}Z.

» Each site x waits for an
4 exponential time of parameter 1.

0. Blondel Front progression



The East model

The East model

» Markov process on {0,1}% with dynamics of creation/destruction of

particles. p € (0,1) density parameter.
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w » Initial configuration w € {0, 1}Z.

LA » Each site x waits for an
4 exponential time of parameter 1.

+ » Then, if the constraint is satisfied,
update x: place a particle at x
with proba p and leave x empty
with proba g =1 — p.
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» If the constraint is not satisfied,
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The East model

Some properties of the East model

» Oriented: what happens on the left of x does not influence the dynamics in
[x, +00).
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The East model

Some properties of the East model

» Oriented: what happens on the left of x does not influence the dynamics in
[x, +00).
» Non attractive: the (partial) order on configurations is not preserved by the

dynamics.
O < g.
O £ 0e
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» Oriented: what happens on the left of x does not influence the dynamics in
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» Non attractive: the (partial) order on configurations is not preserved by the

dynamics.
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» Equilibrium measure p = B(p)®% (reversible).
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The East model

Some properties of the East model

» Oriented: what happens on the left of x does not influence the dynamics in
[x, +00).
» Non attractive: the (partial) order on configurations is not preserved by the

dynamics.
g o

» Equilibrium measure p = B(p)®% (reversible).

» Positive spectral gap [AD '02] (exponential return to equilibrium, but not
uniform).
Recall: 7 = gap~! is the smallest quantity s.t. for all f € L?(u)

(B0 - ))& V).
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The front and behind

» Start from any configuration with
left-most active site at 0.
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The front and behind

» Start from any configuration with
left-most active site at 0.

> Let the East dynamics run for time
t.

X:: position of the front (i.e. the left-
most active site) at time t.

On(t): configuration seen from the front
at time t.

Xy
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The front and behind

» Start from any configuration with
left-most active site at 0.

> Let the East dynamics run for time
t.

X;: position of the front (i.e. the left-
most active site) at time t.
On(t): configuration seen from the front
at time t.
Questions

X, . .

11 » Long-time behaviour of X;?
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The front and behind

» Start from any configuration with
left-most active site at 0.

> Let the East dynamics run for time
t.

X;: position of the front (i.e. the left-
most active site) at time t.
On(t): configuration seen from the front
at time t.
Questions

X, . .

11 » Long-time behaviour of X;?

» What does the front see? Invariant
measure for (07(t)),q?

Convergence of (07(t)),>?

0. Blondel Front progression



The front and behind

Transitions for the front

N.B.: Only transitions on the front or on its left change its position.
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Transitions for the front
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Ring on the front + constraint satisfied + ®
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The front and behind

Transitions for the front

N.B.: Only transitions on the front or on its left change its position.

Ring on the front + constraint satisfied + ®

Xt - X +1
O(n(t)) — delete the left-most zero and
translate to the left.

0. Blondel Front progression



The front and behind

Transitions for the front

N.B.: Only transitions on the front or on its left change its position.

Ring on the front + constraint satisfied + ®

Xt - X +1
O(n(t)) — delete the left-most zero and
translate to the left.

Ring on the left of the front (constraint

automatically satisfied) + ©
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The front and behind

Transitions for the front

N.B.: Only transitions on the front or on its left change its position.

Ring on the front + constraint satisfied + ®

Xt - X +1
O(n(t)) — delete the left-most zero and
translate to the left.

Ring on the left of the front (constraint

O

automatically satisfied) + ©

Xi - Xi—1
O(n(t)) — add a zero to the left and trans-
late to the right.
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The front and behind

Theorem
> [B. '12] There exists v < 0 such that for every initial  as above

— — v in probability.

» [B. '12] The process seen from the front has a unique invariant measure v
and
on(t) = v in distribution.
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The front and behind

Theorem
> [B. '12] There exists v < 0 such that for every initial  as above

— — v in probability.

[Ganguly, Lubetzky, Martinelli '13] + a.s. convergence + normal fluctuations.

» [B. '12] The process seen from the front has a unique invariant measure v
and
on(t) = v in distribution.

[Ganguly, Lubetzky, Martinelli '13] + stretched exp. convergence in TV.
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The front and behind

Theorem
> [B. '12] There exists v < 0 such that for every initial  as above

— — v in probability.

[Ganguly, Lubetzky, Martinelli '13] + a.s. convergence + normal fluctuations.

» [B. '12] The process seen from the front has a unique invariant measure v
and
on(t) = v in distribution.

[Ganguly, Lubetzky, Martinelli '13] + stretched exp. convergence in TV.

NB.: v=—(1-p)+pr(l —wi).
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The front and behind

Invariant measure

Facts:

» v is NOT equal to pu (correlations close to the front induced by the
translations).

» [B. '12] v exponentially close to yu far from the front.
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The front and behind

Invariant measure

Facts:

» v is NOT equal to pu (correlations close to the front induced by the
translations).

» [B. '12] v exponentially close to yu far from the front.

More questions:
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More active sites close to the front?
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The front and behind

Invariant measure

Facts:

» v is NOT equal to pu (correlations close to the front induced by the
translations).

» [B. '12] v exponentially close to yu far from the front.

More questions:
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More active sites close to the front? 2? Other nice expression?
lv| < ¢*?
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Equilibrium behind the front

Central argument

Far from the front, 6n(t) is almost distributed as p.
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Equilibrium behind the front

Central argument

Far from the front, 6n(t) is almost distributed as p.

Theorem (B., 2012)

> IfL+M§Cti

HVZL,M - M”TV < e <t
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Equilibrium behind the front

Central argument

Far from the front, 6n(t) is almost distributed as p.

Theorem (B., 2012)

> IfL+M§Cti

V= nllrv < e

» If L+ M > Ct and n has “enough

zeros”’

v g — pllry < et
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Equilibrium behind the front

Return to equilibrium behind the front

Two steps:
» Guarantee that at all times there are “many” active sites behind the front.

0 720 L W)
| Thokg®

0. Blondel Front progression



Equilibrium behind the front

Return to equilibrium behind the front

Two steps:
» Guarantee that at all times there are “many” active sites behind the front.

0 720 L W)
| Thokg®

» Use those active sites to relax to equilibrium.

AL > At
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Relaxation

Relaxation to equilibrium

New problem:
East dynamics

Y
A R Y

n(t) ~ p?
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Relaxation

Relaxation to equilibrium

New problem:

East dynamics

» [Cancrini-Martinelli-Schonmann-Toninelli '10] If f has support in [0, x;] and
1, = 0 with z > x4

[Ey [F(n(t))] = u(F)] < v/ Var(F)K(p)*e /",

where K(p) =1/(p A (1—p)) > 1.
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Relaxation

Relaxation to equilibrium

New problem:

» [Cancrini-Martinelli-Schonmann-Toninelli '10] If f has support in [0, x;] and
1, = 0 with z > x4

[Ey [F(n(t))] = u(F)] < v/ Var(F)K(p)*e /",

where K(p) =1/(p A (1—p)) > 1.

Works well as long as t > z.
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Relaxation

Relaxation to equilibrium

New problem:

» [Cancrini-Martinelli-Schonmann-Toninelli '10] If f has support in [0, x;] and
1, = 0 with z > x4

By [F(n(t))] — < V/Var(f)K(p)*e "7,
where K(p) =1/(p A (1—p)) > 1.

Works well as long as t > z. Does not take advantage of the many zeros.

0. Blondel Front progression



Relaxation

Relaxation on large sets

East dynamics

Proposition (B. '12)
f bounded with support in N, n, = 0.

B, [F(n(t)) = 140, -1y (N (0)]| < V2I|f [l K (p)7e /7.
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Relaxation

Relaxation on large sets

N Supp(f)

~

Proposition (B. '12)
f bounded with support in N, n, = 0.

B, [F(n(t)) = 140, -1y (N (0)]| < V2I|f [l K (p)7e /7.
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Relaxation

Relaxation on large sets

Proposition (B. '12)
f bounded with support in N, 77, =0, 75, =0, z < 2.

B, [£(1(t)) = higo,.... .-y (F) ()] | < V2| Flloc [K(p)? + K(p)* 2] 77
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Relaxation

Relaxation on large sets

Proposition (B. '12)
f bounded with support in N, 77, =0, 75, =0, z < 2.

B, [£(1(t)) = higo,.... .-y (F) ()] | < V2| Flloc [K(p)? + K(p)* 2] 77

Works well if max distance between active sites < t.

0. Blondel Front progression



Back to the front

Conclusion: coupling

Recall: The configuration seen from the front at time t starting from 7, 6n(t),
is exponentially close to p in total variation distance.
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Back to the front

Conclusion: coupling

Recall: The configuration seen from the front at time t starting from 7, 6n(t),
is exponentially close to p in total variation distance.

Consequence: let 1, o with left-most active site in 0. We can find (7, o+)
random configurations such that:

d
> Nt @ on(t),
> o @ O (t),

» with probability exponentially close to 1, n; = o, far from the front.
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Back to the front

Conclusion: coupling

Goal: starting from 7, o with left-most active site at 0, build a coupling (7:, o+)
between 0n(t) and 6o (t) such that for all L € N, P(n; = o; on [0, L]) havond 1.
o

Ingredients:
» With the previous theorem, coupling far from the front OK.
» The part close to the front is finite.
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Goal: starting from 7, o with left-most active site at 0, build a coupling (7:, o+)
between 0n(t) and 6o (t) such that for all L € N, P(n; = o; on [0, L]) havond 1.
o

Ingredients:
» With the previous theorem, coupling far from the front OK.
» The part close to the front is finite.

Basic strategy (see [GLM '13] for a more clever one):

» Find a good event with positive probability.
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Back to the front

Conclusion: coupling

Goal: starting from 7, o with left-most active site at 0, build a coupling (7:, o+)
between 0n(t) and 6o (t) such that for all L € N, P(n; = o; on [0, L]) havond 1.
o

Ingredients:
» With the previous theorem, coupling far from the front OK.
» The part close to the front is finite.

Basic strategy (see [GLM '13] for a more clever one):

» Find a good event with positive probability.

» Try many times. "When one tries continuously, one ends up succeeding..."
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The front and behin E n be the front Back to the front

Thank you for your attention!
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Back to the front

Thank you for your attention!

Lo duwides Shadok

EN ESSAYANT LoNTINUELLEMENT

ON FINIT PAR. REUSSIR. DOKC!
PLUS G-A RATE, PLUS ON

DECHANCES QUE G4 MARCHE. .
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