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Stochastic processes on networks

@ protein interaction networks

dynamics: chemical reaction egns

nodes: proteins i,j=1...N

links: cj=c;=1 if icanbindto j
cj=¢C;i=0 otherwise

nondirected graphs,

N ~ 10*, links/node ~ 7

@ gene regulation networks

dynamics: gene transcription/expression

nodes: genesi,j=1...N
links: ¢;j=1 if j is transcription factor of i
c;=0 otherwise

directed graphs,
N ~ 10*, links/node ~ 5
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Tailoring random graphs

stat mech of processes on network ¢*,
use random graph ¢ as proxy

@ tailored random graph ensemble €;:

maximum entropy ensemble, constrained by

values of w(c) = {wi(€),...,wi(€)}
Q™ p(e) o< [ ] dwienween)
<L

QI ple) o € @® ST ple)wi(e) = wile") Ve
c

all nondirected graphs

@ approx model solution: ;
wi(e)=wq(c”)

average generating functions

of process over ¢ in Q, wa(e)=wa(e)

wa(c) =w3(c¥)
eC*
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How to choose observables w(c) = {wi(c),...,w.(€)}
to carry over from ¢* to the ensemble?

e.g. spin models H(o') = — 3=,_; cjJjoio;

@ statics: replica method

e2i<j A

e BXh_ HIO™) _ > Sw wi(e)

n
, Ai=BJi Y ool
> ¢ dw wie) ! ”; Y

@ dynamics: generating functional analysis

_ E : 5 Zi<j CijAjj

—i 3 hi(t) 22 cjpdjoi(t) — ¢ Ow,w(e)® e 3 h. . A, .

eiX J G i) = , A= —1J g [hi(1)aj(t)+hi(t)oi(1)]
Zc 6‘*’#’(0) ! ! t I ! ' l

in both cases S A
, 1) i<j “i%
to be done analytically: Ec:w N
hard easy
seems to boil down to this:
can we calculate ensemble entropy?
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calculations feasible for:

plkle) = 5 Z5k s, Wik Kle) =

Shannon entropy
S=N"3,p(c)logp(c)

[1+Iog { Zp Iog[p

ZC’/ 5k 2 C,,5k’ > G

*2 2 WK )09 i)

k

Erdos— Renyi entropy degree complexity

|im/\/*>oo en=0
m(k) = e~ 0 (k) /K1

wiring complexity

similar for directed graphs,
formulae in terms of

K = (Kin, kout), p(K) and W(k,K')

(e.g. Annibale, Coolen, Roberts et al, 2009-2011)
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;?:::Sn?uﬁ:::’m / all nondirected graphsh

p(kle) = p(k|c)

W(k,k'|c) = W(k, K'|c*)

next box?

obvious candidates: k=Y c=4
J

generalised degrees, m =3 CjCk = 20

node neighbourhoods,

ni = (ki {&}) = (4 3,4,6,7)
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Graphs with many short loops

Ising spin models on
tailored random graphs

Qa: graphs with imposed k
Qg: graphs with imposed p(k)
Qc¢: imposed p(k) and W(k, k')

@ c* = d-dim cubic lattice Te(d) | |
P(K) = 6y 0 R e | To(4) ~6.687
i t 1 T.(3)~4.512
= \ 4 Te(2)=2/log(1++/2)
0 . o Tc(1)=0
Q Qs Q¢
@ c* =‘small work{ Igttice Te(Q) sf o | 13 —2/l0g(2 + 1 v9)
=e 99" %/(k-2)! > o(8)= 5t3
ptk>2) = “q/tk-2) o g ] To(2)=2/l0g(3 4 § V)
of :it,‘ 1 To(1)=2/l0g(1+V2)

> T6(0)=0
Qs Q5 Q
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most informative
next observable w(c)?

15 T T

— human protein
@ random graphs with interaction network

prescribed p(k) and W(k, k'): 1 3
locally tree-like ... wTH(e)

10 1

in contrast:

protein interaction networks ¢*:
many short loops ...

L L
0 100000 200000 300000

lattice-like networks ¢*:

randomisation steps
many short loops ...

@ so w(c) must count short loops,

but most of our analysis methods
(replicas, GFA, cavity, belief prop)
tend to require locally tree-like graphs ...
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Immune model of Agliari and Barra (2013)
interaction between B-cells and T-cells

N aN N
1
H(o) = =5 D dioioj =D _hu) oif
p=t =1

=1

aN
(o] (o]
Jj = Zf,-“f,”y p(&f') = >N [5.5,.“,1 + 55;‘,71} +(1 *N)(Sg;‘,o
pn=1

ac® <1 ac® > 1
0-000330-00-02-00 000807320 0-0%% 00 T8 g}
S S S SR S A
Sel e nnns 0
oot Tl Bl BoiipiRy Ly
BYE B AW AL PEYS WY
< (&?gw S8 5 3P e
oS @H% < (\%ﬁ;% oo EBEEY
i o
AR Y
e ST 2
e e o >
38 fesen A o PURE << = FE
SR o AMNTEE RS

(see also Newman, 2003)
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Immune versus neural network models

mathematically very similar ...
both store and recall information ...

p(o) o e PHO) H(o) = —3 ZJ,,a,cr, Z h, Za,ﬁ”

ij=1

@ Hopfield model: bond dilution
c;: finitely connected tree-like graph

< 1
Ji=cpy &g, pg) = 5[55;",1 +0en 4] hu= o(y)

p=1
recall of one N-bit pattern at a time
@ Immune model: pattern dilution

< c
Jj = Zélﬂ i P& = [55“ 1+ O ]+ _N)ng,“,o’ h. = 0O(1)

simultaneous recall of O(N) c-bit patterns

analysis very different!!
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Model exactly solvable 25

c=1
using repllca teChnlqueS, 2r  no clonal cross-talk
in spite of the many short loops ...
1.5¢
T
— B Z/<] joi%] 1r
f BN log Z e
0.5¢
clonal cross-talk
0

o 05 1 15 2 25 3

here: J = ¢f¢
&: sparse px N matrix with indep distributed entries

Hubbard-Stratonovich type mapping
to model with spins + Gaussian fields,
on tree-like bipartite graph ¢

BYic;djoioj _ VB i Zubpici—3 X, 22
%:e <j U j_/(zﬁ)p/ZZe pi RS p nep

solvable because it is a special case!
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Harmonic oscillator of loopy graphs

Simplest nontrivial graph ensemble

controlled average connectivity, S ey S concn
controlled nr of triangles p(C) o e =i BT Sk BT
(Strauss, 1986)

@ quantities of interest:

(k) = <1N gy, (my= <1N > cjckcu), S= 1 >~ p(e)logp(c)
i

ijk N c
@ generating function
; (k) = 9¢/0u
¢ = fylogd T IR ARG (m) = 0g/0v
(4

the challenge:
how to do the sum over graphs
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Early results

@ Strauss (1986) Strauss ensemble:

Ui itV >k CjiCikC
— Nno theory p(c) x e ij i ijk Cij Cjk Cki

— triangles ‘clump together’

@ Burda et al (2004)

— u=—}log(N/k-1), v=0(

1)
if v=0: ER ensemble with (k) =k

— diagrammatic perturbation theory in v,
formula for nr of triangles:

iMoo (T) = K3¢¥

— regular regime, ‘clumped’ regime

— unresolved subtleties in expansion,
expect series to explode for v~log N
i.e. when (T) = O(N)
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intuition behind Burda’s results

@ exact identities:

= f(N 1)log(e® 4+ 1) + — Iog > p(rluye”

r>0

p(rlu) = Z per(C|U) 015, ey (ER triangle distr)

(N 1)(N-2)
W=y
@ assume p(r|u) is Poissonnian: ':’/\\\
p(rlu) = e "Fu) /! / \\\
1 ou y o (N=1)(N=2 /
- E(N_1)|09(e (e _1)( (1+Z(’2”)3 ! asa%a?&?&aa%s%a&ﬁ&m
gives: (k) =k+0(3),  Nm) =K' +0(y)
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@ Park and Newman (2005)

— u=0(1), v=0(N"")
if v=0: ER ensemble with (k) =O(N) 5

H [ low . § 1
— mean-field approx: L density coexistence region |
p(c) oc e 22 GtV 2 GGk Cri) L E
N i
—2u high density ]
— coupled egns for 2b -
m=(cj) and g=(CiCy) i 1
. 1~ =
result: phase diagram ~— critical point

sl sl sl L

01 10 100 1000

6Nv
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Generalisations

@ control closed paths ,
of all lengths ¢/ < L p(c) o e 20 G + 326=3 Ve 2y iy Ciyip Ciaig - Cigy

(Strauss: L = 3)

generating function: = 1 log QUTr(e®) + Shg veTr(c’)
(use >2; Cj = >_; CiCii) N 2
0 0 .
k=52, tmi) = g (T(e) = 22, S=p—ulk)-3 vi(m)
£=3
@ control closed paths of all lengths, R
since TI‘(CZ) _ Nfd,LL ,L/Q(M|C): p(C) < eN.fd# o(n)e(ple)
control eigenvalue density o) (above : o(u) = vep’)

generating function: =— Iog Ze’\’ Jdu awelule)

o) = % S=¢- / du (i) o)
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Calculation road map

1 ii Cii ' o(p)o(p ~
target: ¢ =qlog) e Syt emele)  Strauss : g(u) = v
(4

Burda's scaling regime : u = 1§ log(k/N), N — oo

Shannon entropy? observables? phase transitions?

@ derive expression in which
sum over graphs can be done:

T 1 Uy cj A1) ST oAy ANK)
¢_6!mon|ogzc:e i IH[Z(M+1s|c) Z(nticle) }

i

Z(plc) Z/d¢ o bpemund =1 d 50

7rdp

@ replica analysis, saddle-point eqgns for N— oo,
analytical continuation to imaginary dimension,
limits e/Oand A0

@ replica symmetry, bifurcation analysis,

phase transitions and entropy .
feasible?
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Conversion into a replica formulation

ensemble constraints written in terms of spectrum,
use Edwards-Jones formula (1976):

2 . _lichle—
o(ule) = mggglm% log Z(pticle),  Z(ule) = / dgp ¢~ 2P lemntlP

insert into ¢, 6 = 1 o QUGN [di 6() i im0 Tin 2 log Z(u-ieo)
integrate by parts, N9 Z

discretise p-integral:
e — limL Iog Zeuzij Gj—2 [du Tmlog Z(uticle) £ a(u)

lim IogZe“Z'l cj— 20 3, Tmlog Z(u-+iele) ff; o(x)

ealo N
= lm — Iog E :euZ,, 6 T o= 2imlog Z(u-ticle). 24 ou)
€ Aio
. IHI
672 Imlogz _ Az
L ab o)

T l uz G : N TIPS
¢_€!moN|ogzc:e i /H[Z(ﬂ+la|c) Z(uticle) ]

m
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Flavours of the replica method
the replica dimension n ...

@ n=0: Kac (1968), Sherrington, Kirkpatrick (1975), Parisi (1979)
stat mech of disordered spin systems

T [ —_ 1 =
logZ = A@OE(Z —-1), logZ = rllno o logZ
@ neclR, >0: Sherrington (1980), Coolen, Penney, Sherrington (1993)
‘slow’ dynamics of parameters in ‘fast’ spin system

(partial annealing, n= T/T)

@ nelR, <0: Dotsenko, Franz, Mezard (1994)
slow dynamics evolves to maximise free energy of fast system

many applications of finite n replica method,
neural networks, protein folding, ... here: n¢ R ...
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Derivation of order parameter egns

replica dimensions:
__ 1A d A
n,=—m, =2 5.0(k)

@ prepare summation over graphs:

0 1 uyli G . Ny 0 Liolm) e
gb_e!lAn]oNIoch:e IJH[Z(M+15|C) Z(u+iclc) ]

N
use u = —1 log(N/k), and

per(elF) = [ [%50,,,1 +(1 —%)56,,,0]

i<j

to get
IR T R p——— 1
= 5k+ lim 5 log ( ]u[ [Z(u+1€|c) v Z(u+iele) >ER+ O(yy)

¢ 2
Z(ple) = / A

30/43
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my

@ evaluate Z(u+iele)™ and Z(u+ielc)
for integer n, and m,,

and do average over graphs

{ 1 1/ dge” €¢2—%i¢-<c—ul>¢” I1/ aw 6_125¢2+1zi'¢~(0—u1)'¢}}>ER

N
Bu=1"]

/H gy o= 3E— @)=Y (erin) 1!)’)2]6%2;#,-109{1%[exp[i(w’w’—qb“qﬁ’)]q]}
¢ = {bua,<n.t ¥ =1{up,<m,}

@ introduce functional order parameter

V(b = {¢l"7augnu}

1 i i
vo et 1= @) slne. - 06 - 9w - v)

theory in terms of

P(¢, ) and P(¢,1p)
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@ path integral form:

6= fm lim —Iog /{d?d?}e“’w[{? M= i extrp 5, WP, 0)]

N—oco €,A10

VPPN = i / dgdep P(, )P(b, )
*1’_‘ / depdepdes'dyy'P(p, ) P(, ') ¥ ¥ =)

+|Og /d¢d¢ e 2¢ (eI— 1M)¢ (eI+iM ’lb*l'j’((ﬁ,’l,[})
M/,L,a;,u/,oc’ = ,uzswldaa/
¢ ={bnausn},  Mu="250(0)
Y= {"/’u,ﬁuému}v m, = _%% A(M)

@ saddle-point egns, Q = exp[—if]:
¢, p) = explk /ddfdw’ P, ) BV 99)]

Q(q{) '(/))e7§¢ (eI—iM ¢ (SI+1M)’¢J
[d¢'dyy’ (@', ¢ )e” 3 1-iM @’ — 1P’ (cT+imya)’

(e, )
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Replica symmetric ansatz

@ de Finetti’s theorem, combined with T(w ¢) = P(p, ):

2(¢.9) = [tampwim) [T T 76 )] 1 H (W 0]

poay=1

/{dvr}W[{w}]:L / dé m(lu) = 1 for all

@ insert into saddle-point eqgns,
ALO: AY, = [du
S0 & [ (TceldmyWIH{m ) Dl .., me}ls [ m =T, e ]

Wi} = T
Sisoe 5 [ (T cdandWim 1) Dl . me}]

_le_in)e? N
e~ 2(e—in)é Hrgﬂrf(@ﬂ“)
1ie—i ’ N ’
fdd)/ e~ 2(e—in)e’ Hrgl LACam)

. —Le—ip)s? .
D, ... m}] = e 7 dm o) oo fls "2 Lo frlsle) o foops: D] = 1

F(Blim, ... me) = #(elu) = / dx m(x|p)e?
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@ nature of RS solutions W[{7}]
(similar to spectrum calculations)

e~ 2e#” = bix()d+y(n)o

O = e e - WU W)

@ insertinto RS eqns,
take €0

Yo Pe f(H,SZ{dxrdy,}W[{xr,y,}])@[. Cex=Fd Sy —Fyl- -]
S esoPe [ (I < {dxedy Y W[{x:, y: 1) DI . ]

Wix, y}] =

FX[H|{X17"'7X5}] K= Z r(M

r<t
Yr(p) ke
pe=e "k /!
r<e X (1) ‘ /

FY[N|{X17Y17~~-7X£7YZ}] = -

F2[ulxy 1.2 %p 0]
a5 1 1 Fylelxoys. o oxe.ye
Jap £ e(w) [zsgn(Fx[Mn 77777 Xz])+; Pl gl

®[{X17y1a"'7xfayz}] =e

everything now real-valued!

ACC Coolen (KCL & LIMS) Loopy Random Graph Ensembles 35/43



@ alternative form

DX YN o Pe [ (< {dxedy } W{xe, y})) 0 [x = Al ]S [y = F [ ]
S esoPe [ (I <o Adxedy } Wxe, y}1) DIFL . 1 L]

Wix,y}] =

Felul{xi,. .. x}] = —n — Z 1/x:(1)

Fylul{x1, y1, ..., Xe, ye}] = Z}’r )/x: (1 pe = FK' /01
Dixy il = e | fan o) [1bgn[X(u)] + 22
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Phase transition formulae

@ Remaining symmetry:
invariance under P(¢, ) — P(—¢, —1p)
here: {y} — {-y}
weakly symmetric soins : WI[{x, -y} = W[{x,¥y}]
strongly symmetric soins : W[{x,y}] = W{x}] é[{y}]

DX, 0313 10 Pe S (T <e {dxed} WX ) S [x— Ful.. ]
S esoPe [ (T < Adx} WI{x ) DIFL. . 1,01

W{x}] =

@ symmetry-breaking:
SGtype:  W[{x,y}] = W{x}Is[{y}] — W[x, -y} = W[{x,y}]
Ftype:  W[Hx,y}] = WHx3o[{y}] — WHx, -y} # W[{x,y}]

continuous transitions:

functional

moment Bur, .. pnl (X)) = / AWy y(er) - y(an)

expansion »
P = O(e") close to transition
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lowest orders:

@ F-type bifurcation, O(e):

VO0) = 40X} Bl D x H(ul ) + O(E)

WI{x'}] XesoPe [ (TT< Adx I WH{x )6 [x = F[{x, ..., xe, x'}]]
X' () > im0 e f(]'[,Sé{dxr}W[{x,}])é[foX[{m ..... xe}]

FX[{X1 ..... X[,X/}] = Fx[{X1 77777 XZ}] - %:
WX} oo Pe [ (T AdX I WX S [x 45 — Fel{x1, . ., xe}]

Bl x,x'}] = -k

B s {x, X'}] = =k

K1) 5o pe [ (L AW S [x— Rl {xr, . x)]]
P WX Y WIx+ 51 Dl(x,0)]
X'(n) Dl{x+,0}] WI{x}

hence

A B XN = ~x ()l X))

- 7 WHx+ 5 DX, 0}
Bl{x,x'}] = k Blix+.0}]
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@ SG-type bifurcation, O(€?):

W 1 X)) = / (A} B, s (6 X Yo 1/ {X' )
RWEXY] S P J (T e Adx WD) S [x+ & — Fel{x1, - xe}]

PN =500 b (e X WHX )T Aol ]

_ kWx'}] WHx+53] Dl{x,0}]
X (m)x' (') D{x+1,0}] WHx}]

hence
/ {dXYBI{x, X 1 (ks 1 1{XY) = x(u)x (1) (l{XY)

WI{x+ 5 }1D[{x,0}]

Bl{x,x'}] =k D{x+,0}]
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RS Entropy
follows directly from
)1}

log> e —kk (H{dm}W[{m}])D[{m,,,

¢rs =
>0
Tk — 5/‘( / {drdn" YW{r HW[{x HE[{m, «'}]

with
21m fdu é(p )d“ log fdxdx’e*"‘x (x| )7’ (x| )

E{{m, 7'} =e~

I, < Adm W }]) DL, ., e, 7]

Semoe M [(TTe
HE (T2 W) Dl o)

Extremisation:
Jam it e ny = I
£>0 f
(equivalent with earlier RS eqn)
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@ new analytical approach to loopy random graph ensembles,
developed for generalised Strauss model

@ based on replica form for generating function,
in which sum over graphs can be done

o UG  IAA() Ty —IAAK)
o= lm & Iogzc:e i 11:[[2(u+lg|c) M Z(pticlc) ]
Z(ple) = / dg o~ 1P lemund

@ intuitive RS order parameter egns

Sez0 M S (Moo AnWIHr]) Dl o} 16 [r—9{m, . mo}]]
Sezo e 5 [ (TTcAdm Wi }]) Dy, .. me)]

D[{m1,...,me}] indep of {m1,...,m} only when loops are absent

WH{r}] =

@ potential for symmetry-breaking phase transitions
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to be done — short term
@ solve RS phase transition equations,
analytically or numerically (population dynamics)

@ generate phase diagram,
characterise phases (symmetries, entropies)

@ physical meaning of W[{x, y}]
@ numerical simulations

to be done - longer term

@ integrate with earlier tailored random graph ensembles
@ beyond RS ...

@ extend formalism to §(1) = O(log N),
(where numbers of short loops scale as N)
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