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Reversible chains and resistors
Irreducible Markov chain: on Q, a+# b, x € Q,

hy : = Px{1a < 7p} (7 is the hitting time)
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Reversible chains and resistors
Irreducible Markov chain: on Q, a+# b, x € Q,

hy : = Px{1a < 7p} (7 is the hitting time)

is
he=>_ Pxyhy,  ha=1, hy=0.
y
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I
Electric resistor network: the voltage u is (C=1/R):

ny
Ug =Y k-l Ua=1, Uup=0.
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Reversible chains and resistors
Irreducible Markov chain: on Q, a+# b, x € Q,

hy : = Px{1a < 7p} (7 is the hitting time)

is
hX:ZP)(yhy7 ha:17 hb:O
y
2 X 4 5
1ve Rax . Ryl . [Rl—s0V
I
Electric resistor network: the voltage u is (C=1/R):

Uy = - Uy; us=1, u,=0.
X Ey:ZZCXZ y a b
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Let nx = Ea(number of visits to x before absorbed in b). Then
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Reversible chains and resistors
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Reversible chains and resistors
Let nx = Ea(number of visits to x before absorbed in b). Then

C
C
Uy = ny'y
y X
ny
uxCx = —= C
x Lx ;Cy y Ly

E(signed current x — y before absorbed in b)
— nxpxy - nyPyX — (UX - Uy)ny — Ixy

Py = Cuy/Cx Cx = hix
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Reducing a network

Series:

Parallel:
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Reducing a network
Star-Delta:

QaSa

R.Q. + R.S. + Q.S
Ra = .

R, = ,
RA+QA+SA R.
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The physical unit current is the unit flow that minimizes the sum
of the ohmic power losses > i?R.
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Thomson, Dirichlet principles

Thomson principle:
1] Al
*—9 *—o
0—@—0

The physical unit current is the unit flow that minimizes the sum
of the ohmic power losses > i?R.

Dirichlet principle:

1V u oV

The physical voltage is the function that minimizes the ohmic
power losses > (Vu)?/R.
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The monotonicity property:
Between any disjoint sets of vertices, the effective resistance is
a non-decreasing function of the individual resistances.
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Monotonicity, transience, recurrence

The monotonicity property:
Between any disjoint sets of vertices, the effective resistance is
a non-decreasing function of the individual resistances.

~~ can be used to prove transience-recurrence by reducing the
graph to something manageable in terms of resistor networks.
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i
*\
X N y
o{R2}—|—FR/2}e
: keeps the current, multiplies the potential.
. R . R
(Ux — i 2) A— 5 = U
Equivalent:
R —1—rs | —F—
(Uy — i~ AP - \P" = u, Uy - X% — % - =uy
APT =)\ A€ =)\
_ A1 _ A1
RPf =5 R Re=3"-R



Irreversible The part Chain Network Effective Works

The part
i
*\
X N y
o{R2}—|—FR/2}e
: keeps the current, multiplies the potential.
. R . R
(ux — i 5 ) A — 5 = U
Equivalent:
R —1—rs | —F—
(ux —7-RPT)-APT =y Uy - X% — % - =uy
APT =)\ A€ =)\
Rpr:%%? RSG:%-FI
R — M1 R Rse =241 . R
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Harmonicity
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Harmonicity
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Harmonicity
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Harmonicity
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Harmonicity
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From network to chain
Irreducible Markov chain: on Q, a+# b, x € Q,

hy : = Px{ma < 1p} (7 is the hitting time)

he=>_ Pxyhy,  ha=1, hy=0.
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From network to chain
Irreducible Markov chain: on Q, a+# b, x € Q,

hy : = Px{ma < 1p} (7 is the hitting time)

he=>_ Pxyhy,  ha=1, hy=0.

xy/xy
Z y,  Ua=1, up=0.

D
P Xy - Xéjxy

Txy =V >\xy D, = Z sz'sz ny = 2'ny ny/()\xy + 1)
z

P xy — ny'ny/ Dy
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From network to chain

Stationary distribtuion:

D
o= Yo ey = 3 e 1
z z

z

sz’)/zx
Dy = E D
X . z D,

Txy =V >\xy Dy = Z sz’sz ny = 2'ny ny/()\xy + 1)
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From network to chain

Stationary distribtuion:

D
Hx = Z,Uzpzx = ZNZ ZBZZX
z z

sz’)/zx
D, = E D
X . z D,

~ DX:NX'

Txy =V >\xy Dy = Z sz’sz ny = 2'ny ny/()\xy + 1)
z

P xy = nyny/ Dy
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"Markovity” property
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uy = const. is a solution of the network with no external
sources. This is now nontrivial.
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"Markovity” property

UX:ZPXZUZ; ZPXZ:1
z z

uy = const. is a solution of the network with no external
sources. This is now nontrivial.

Z P, = sz')’xz -1
Dy
z z

Dy := Z sz’}/zx = Z sz’}/xz-
z z

Txy = / )\xy Dy :Z sz’sz :Z sz’}/xz ny = 2’nyny/()\xy + 1)
z z

ny = ny’ny/Dx
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Irreversible

From chain to network
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The part Chain Network Effective Works

Irreversible

From chain to network

ny%(y Dyxyvxy

P., —
v = Dy Hx
1xPry 1y Pyx = Diy;
fix Pxy 2
= = Ay
,UyPyx Ty X

Ky

Reversed chain: Replace Py, by Py, = Py

~ Dyy stays, Ay, reverses to Ayy.

Txy =/ Axy Dy :Z szsz :Z sz’sz ny = 2’nyny/()\xy + 1)
z z

ny = ny’ny/Dx
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From chain to network
Let ny = Ea(number of visits to x before absorbed in b). Then

Dyxyyx
y y

Txy = V/ )\xy Dy = Z sz’sz :Z Dyzvxz ny = 2’ny ny/()\xy + 1)
z z

P, xy = ny’ny/ Dy
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From chain to network
Let ny = Ea(number of visits to x before absorbed in b). Then

Dyxyx
y

y
Uy = Dy vy u
L= 2

D, y

Txy = V/ )\xy Dy = Z sz’sz :Z Dyzvxz ny = 2’ny ny/()\xy + 1)
z z

P, xy = ny’ny/ Dy



Irreversible The part Chain Network Effective Works

From chain to network
Let ny = Ea(number of visits to x before absorbed in b). Then

Dyxyx
y

y
Dy
Uy = le)xxy Y
D
uDy =S 2y p,

Dy

Txy = V/ )\xy Dy = Z sz’sz :Z Dyzvxz ny = 2’ny ny/()\xy + 1)
z z

P, xy = ny’ny/ Dy



Irreversible The part Chain Network Effective Works

From chain to network
Let ny = Ea(number of visits to x before absorbed in b). Then

Z Z Dyxyx
y

y
=S Doy,
=S 2
D, A
uDy =S 2% .y p,

yDy

e axDx = Nx

in the reversed chain.

Txy = / >\xy Dy = Z Dyzyzx :Z Dyzxz ny = 2’ny ny/()\xy + 1)
z z

P xy — ny’ny/ Dy



Irreversible The part Chain Network Effective Works

From chain to network

Let ny = Ea(number of visits to x before absorbed in b). Then
~ uxDX = Ny
in the reversed chain.

E,(signed current x — y before absorbed in b)

= nxpxy—nyPyX == (ax’}/xy—i:ly’}/yx)ny = Ixy

Txy = V/ Axy Dy :Z Dyzzx :Z Dyzyxz ny = 2’nyny/()\xy + 1)
z z

ny = ny'ny/Dx
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Current
ia - Z iax

X~a

flows in the network at a.
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Effective resistance

Suppose Uz, Up given, the solution is {uUy}xeq and {ixy }x~yca-

Current
ia - Z iax

X~a

flows in the network at a.

~The "Markovity” property has another solution: constant v,
potentials with zero external currents.

~ The difference of these two: {ux — up}xcq is a solution too,
with /5 flowing in the network.

~+ Going backwards from up, — up, = 0 at b, all currents and
potentials are proportional to u; — up, at a.

~ In particular, iz is proportional to us — up.
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What works

... the analogy with P{75 < 7}.

E.(signed current x — y before absorbed in b) = 7Xy.

in the reversed network!

Theorem
Commute time = Ry - all conductances.
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The electric network

Series:

A S
[V |- {Azte[az} | - {O/2]e
A S
|——|—AQ°—

* AL
7N
RF Py I Qs
*AL
N
|~
*AL

N
e
*A L
N
S/2 I S/2

()\+1),u w41
S= R)\ +1 Q)\,u—i—1

Dirichlet
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The electric network

*A
7N am

| ¢—|—F—
* L4 *—9 * o
7N am

| 1T

Compare this with

Parallel:

RQ

S= R+ Q
QM+ 1)+ Ru(h+1)
Qe+ 1)+RMAN+1)
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The electric network

Star-Delta:
Star to Delta works,

Delta to Star only works if Delta does not produce a circular
current by itself ( )
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Nonmonotonicity

x1/5 x5/13
VP 7N
521 | e te (22} | (272
5 x13/5
V" VP
3/2 |—|—| 3/2 }e{ 2/2 |—|—| 2/2
27
Rett = 14
x1/5 x5/13
V" VP
3/2 |—|—| 3/2 2/2 |—|—| 2/2
%5 x13/5
VP 7N
3/2 |—|—| 3/2 2/2 |—|—| 2/2
SR

=%~ 14
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Dirichlet principle

Classical case:
Eonm(fu),

R = min
et = u(@)=1, u(b)=0

Dirichlet

Irreversible case (A. Gaudilliere, C. Landim / M. Slowik):

Reff = min EOhm(iZ: — \U)7
v: flow
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Dirichlet principle

Classical case:
Eonm(fu),

R = min
et = u(@)=1, u(b)=0

Irreversible case (A. Gaudilliere, C. Landim / M. Slowik):

Reit = min min Eonm(i; — V¥
ef u:u(a)=1, u(b)=0 W:flow Ohm( Y )7
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Dirichlet principle

Classical case:
Eonm(fu),

R = min
et = Lu(a)=1, u(b)=0

Irreversible case (A. Gaudilliere, C. Landim / M. Slowik):

Reit = min min Eonm(i; — V¥
ef u:u(a)=1, u(b)=0 W:flow Ohm( Y )7

Thank you.
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