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Motivation - Defects in Lattices
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Perfect and Defective Crystals

Let A = Z3 and let € C2°(By/4(0)) be non-negative and satisfy
[n=1.
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Perfect and Defective Crystals
Let A = Z3 and let € C2°(By/4(0)) be non-negative and satisfy

Jn=1

» Periodic nuclear density

mo(x) = Zn(x —1).

len

» Defective nuclear density

my(x) = D n(x =1 = Up(1)) + pgef (x).

len
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Perfect and Defective Crystals
Let A = Z3 and let € C2°(By/4(0)) be non-negative and satisfy

Jn=1

» Periodic nuclear density

mo(x) = Zn(x —1).

len

» Defective nuclear density

my(x) = > n(x =1 = Ua(1)) + pgef (x).

len

1. Nuclear defect - pjuf € C°(Br(0)),
2. Nuclear displacement - Uy : A — R3, satisfying Up € W2(A):

3 1/2
IVUAlleeny = (ZZ |Un(! + &) — U/\(/)|2> < oo. M[A]S
e D]O[C



The TFW Energy

The Thomas-Fermi-von Weiszacker energy functional is defined as

ETFW(y, m) = /R3 Vol + / J0/3 /¢ 2

where u > 0 and
—A¢ = dr(m — uv?).

M[ATS
D]O[C



The TFW Energy

The Thomas-Fermi-von Weiszacker energy functional is defined as

ETFW(y, m) = /R3 Vol + / J0/3 /¢ 2

where u > 0 and
—A¢ = dr(m — uv?).

The minimiser (u, ¢) is unique and satisfies

—Au+gu7/3—¢u:0,
— Ap = dr(m — uv?).

Existence and uniqueness is shown in [C/LB/L].



The minimisers of the energies are given by:

Periodic Defective

(uo, ¢o) (u1, ¢1)
—AUO + %USB - ¢0U0 = 0, —Aul + %UIB — (Z51U1 = 0,
—A¢0 = 47T(m0 — ug), —Agbl = 47r(m1 — u%)
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smooth.



The minimisers of the energies are given by:

Periodic Defective

(uo, ¢o) (u1, ¢1)
—Aug + %US/?’ — ¢oup = 0, —Au; + %UIB — ¢1u1 =0,
—A¢g = 47T(m0 — ug), —Agbl = 47r(m1 — U%)

Additionally, for i = 0,1 m; is smooth, hence u;, ¢; are also
smooth.

We apply a change of variables argument to compare (ug, ¢o) with

(u1, ¢1).



Residual Estimates

First, we interpolate Id + Up from A to R3. This gives a bijective
deformation field Y € C®°(R3,R3) and J = det(VY).
Now define the predictors

G=ugo Y 1U 2 $=¢pgoY L
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Residual Estimates

First, we interpolate Id + Up from A to R3. This gives a bijective
deformation field Y € C®°(R3,R3) and J = det(VY).
Now define the predictors

G=ugo Y 1U 2 $=¢pgoY L
The residual terms u; — U, 1 — (Z satisfy
—A(up —u) + (U7/3 03) — prun + ol = g1,
—A(¢1 — @) = 47r(u — 17) + g2 + 4mplef,
where g1, g» satisfy for each k € N

1811l re) + 182l ey < Chll VUAIe(a):
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Main Estimate

By adapting the proof of uniqueness from [C/LB/L], we obtain

Theorem
For each k € N, for all £ € C°(R3)

S [ (- 0P + 96— DP) &

o<k

<G Y [(oral + el +107R) €

lal <k

+ G [ (G =37+ (01— 7) |VEP.
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Additional Estimates

» Sending £ — 1 gives

lun = @l ey + 16 = Sllmeesy < Cic (IV Unlleaqny + 1103 [l es)) -
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Additional Estimates

» Sending £ — 1 gives

|ur — 0| sy + |6 — $||H’<(R3) < Gk (IVUAlle2eny + 1| 02 e rey) -

» Suppose that [VUA(/)| < C(1 +|/])~¢, then

(= D))+ (@1 = D)) < C(L+ [l Lz (L + Ix]) 7.
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Additional Estimates

» Sending £ — 1 gives

|ur — 0| sy + |6 — QZHH"(H@) < Gk (IVUAlle2eny + 1| 02 e rey) -

» Suppose that [VUA(/)| < C(1 +|/])~¢, then

(= D))+ (@1 = D)) < C(L+ [l Lz (L + Ix]) 7.

> Alternatively, suppose Ur(/) = 0 for |/| > R, then there exists v > 0
such that

(u1 — T)(x)| + (61 — D)(x)| < Cr (IV Unllezny + [l ool 2gray) €™
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Consider the two energy differences

gO(V/\) = ETF\N(UV7 mv) — ETFW(Uo, mo),

X (V) = ETPW(uy, my + pii) — ETPW (ug, mo).
They are well-defined for any V) € Wh2(A)

E°(VA)] < ClIVVallea,
9 (V)| < CUIIV Vallezgny + 115 Il 2(r3))-

Similarly, we can also estimate the forcing and Hessian for both £°,
and £9f.



Outlook

We wish to show the existence of a local minimiser Uy of £9¢f and
prove decay estimates for Up.
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We wish to show the existence of a local minimiser Uy of £9¢f and
prove decay estimates for Up.

Thanks for your attention!
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