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Quantum Walk: Particle with spin hopping on Z?

Setup: K=C*®I1*Z%
{|T>}T€I:|: , I:I: = {:l:l,j:Q} for (C4 ,
{‘x>}xez2 fOI‘ ZQ(ZQ)
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Quantum Walk: Particle with spin hopping on Z?

Setup: K=C*®I1*(7Z% >
+2
(") }rery , Ie = {£1,£2} for C* Z
{|z)}pez2 for 12(27)
-1 +1
I dients:
ngredients

e Spin dep. shift:  Let P, the proj. "on" |7) € C*
S =3 ez Yorer, Pr®|z4sign(r)e,)(z| on C* @ 1*(Z?)

-2
e Spinevol.. For C € U(4) a unitary op. on C* Y
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Quantum Walk: Particle with spin hopping on Z?

Setup: K=C*®I1*(7Z% >
+2
(") }rery , Ie = {£1,£2} for C* Z
{|z)}pez2 for 12(27)
-1 +1
I dients:
ngredients

e Spin dep. shift:  Let P, the proj. "on" |7) € C*
S =3 ez Yorer, Pr®|z4sign(r)e,)(z| on C* @ 1*(Z?)

-2
e Spinevol.. For C € U(4) a unitary op. on C* Y

Time one dynamics of a QW:

U(C) = S(CRT) =Y, ey, (PC) ® [z + sign(r)ep)) (el
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Quantum Walk: Particle with spin hopping on Z?

Setup: K=C*®I1*(7Z% >
+2
(") }rery , Ie = {£1,£2} for C* Z
{|)}pez2 for 1*(Z%)
-1 +1
Ingredients:
—— >

e Spin dep. shift:  Let P, the proj. "on" |7) € C*
S =3 ez Yorer, Pr®|z4sign(r)e,)(z| on C* @ 1*(Z?)

-2
e Spinevol.. For C € U(4) a unitary op. on C* Y

Time one dynamics of a random QW:

Ua(C) = 3" 3 (PCu()) @ [ + sign(r)eps )

xeZ72 el

Our choice: C,(x)r 0 = eXp(iw;+sign(T)e|T| )Cr o JM 10, J°’12,HJ '14

Set D, = diag(exp(iwy,)), then |U,(C) =D,U(C)
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Dynamics « Spectral Properties of RQW

Special case:

Let C' =

Dynamics:
® Spin | — 2) decoupled and travels Southwards ~~ H* < (U, (C))
® Spin |+ 1),|+2),| — 1) travel East-, North-, West-wards.
® Vector |+ 2) ® xo cannot come backto | +2)® o ~ H* (U, (C))
SenlT@a| Ut @) <oo = T7®x € H*(U).

Using:

r

9
t
0

in the ordered spin basis {| +1),|+2),| —1),| —2)}

B 0)
s 0
> O
0 ew}

c U(4), where C =

=2 Q QO

e U(3).

~+~ o 3
S, . ®
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Dynamics « Spectral Properties of RQW

Special case: in the ordered spin basis {|+1),|+2),| —1),| —2)}
0
(oz r p O\ o r B
Let C = | * i ; 0 cU(4), where C=|q g s|cU®).
Y
| t 9
\0 0 0 ¢*) !

Dynamics:

® Spin | — 2) decoupled and travels Southwards ~~ H* < (U, (C))

® Spin |+ 1),|+ 2),| — 1) travel East-, North-, West-wards.

® \ector | +2) ® xo cannot come backto |+ 2) ® xop ~~ H* (U, (C))
Using: > x(T®zlU"TQ@z)|? <oco =T17@x€ H*"(U).

Proposition: Let H =span{r® x |7 € {+1,—1},x = (21,0),x1 € Z},
Py projectoron H and T, := PyU,(C)Py|y , @ contraction op.

Then P()US(C)P()IH = TZ} V neN.

Corollary: spr(7.,) <1 = U,(C) is purely a.c.
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Non-Unitary Random Band Matrices

Setup: Hilbert space H = [°(Z), canonical basis {e;} ez
Random var. {w;};ez on T, iid, distrib. dv(0) =1(0)d0, I € L>°(T).
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Non-Unitary Random Band Matrices

Setup:

CMV Type Random Operator:

(-

e’iw2j—1,y
0
0

e'W2i+2 o

e'w2i-14
0
0

elw2j+2 B

Hilbert space H = [°(Z), canonical basis {e;} ez
Random var. {w;},ez on T, iid, distrib. dv(0) =1(0)d0, | € L>(T).

T, : 1*(Z) — I*(Z) st.

eiw2j+1 Y
0
0

e'w2i+4 o

el2i 1y
0
0

elw2j+4 B

)
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Non-Unitary Random Band Matrices

Setup: Hilbert space H = [°(Z), canonical basis {e;} ez
Random var. {w;},ez on T, iid, distrib. dv(0) =1(0)d0, | € L>(T).

CMV Type Random Operator: T, : 1*(Z) — I*(Z) st.
/ e’ing_lfy e’ing_ld \
0 0
0 0 eiw?j“fy e'2it1§
T, = . .
etz '™ t2 0 0
0 0
\ 6iw2j+404 6iw2j+46 . .)
Constraint:
a r S
a p ~ . .
Co—< )stC: g ¢ s | unitary,with 0 <g<1,
vy 0
v ot 9
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Non-Unitary Random Band Matrices

Setup: Hilbert space H = [°(Z), canonical basis {e;} ez

Random var. {w;},ez on T, iid, distrib. dv(0) =1(0)d0, | € L>(T).

CMV Type Random Operator: T, : 1*(Z) — I*(Z) st.
/ e’ing_lfy e’ing_ld \
0 0
0 0 eiw?j“fy e'2it1§
T, = . .
etz '™ t2 0 0
0 0
\ 6iw2j+404 6iw2j+46 . .)
Constraint:
a r S
a p ~ . .
CO=< )stC: g ¢ s | unitary,with 0 <g<1,
vy 0
v ot 9

Note: T, =D,T

, D, = diag(e*7) is unitary, and T is characterized by Cj
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Polar Decomposition of T,, = D,T

Thm: T, = V,K | with

® 1/, unitaryand 0 < K < I deterministic

® K=P +gP, o(K)=1{l,g}, tri-diagonal and dim P; = oo, j = 1,2.

® VvV, =D,V with

7T 11y
V = ar
S S s

1+4+g

qr
1+4+g

0 —

5_

0

st
1+g
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Polar Decomposition of T,, = D,T

Thm: T, = V,K | with

® 1/, unitaryand 0 < K < I deterministic
® K=P +gP, o(K)=1{l,g}, tri-diagonal and dim P; = oo, j = 1,2.
® V, =D,V with

/ T % 0 — 1? \
0
t st
V — qr ST - 16_1‘__9 5 - 1+g
a- 15y B 1
\ a- s B-th )
V., Is a Random Quantum Walk JM 10
o(V,)=0p(V,) as. & B(l4g) #sr

o(Vy)=0ac(Vo)=S Yw &  B(l+g)=sr

T, s.t. |T.|| =1, spr(T,)<1, T, unitary < g=1, Vw.
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Infos on o(VK) from o(V) and o(K)

Notation:  B.(r) open ball of center c, radius r

Thm: Let V', K bounded, normal, invertible. Then

Ure,ocvy NMieory Bre([Eldist(T,a(V))) C p(VK) also "V « K.

Bo(dist(0, o(V))dist(0, (K))) C p(VK)
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Infos on o(VK) from o(V) and o(K)

Notation:  B.(r) open ball of center c, radius r

Thm: Let V', K bounded, normal, invertible. Then

Ure,ocvy NMieory Bre([Eldist(T,a(V))) C p(VK) also "V « K.

Bo(dist(0, o(V))dist(0, (K))) C p(VK)

In our case
o(K)={1,9} and o(V) CS so
® Bo(g) C p(VK)
® Forany 7 € p(V), intersection on o(K) reduces to
B (dist(,0(V))) N By (g dist(1,0(V))),
® B, (gdist(r,o(V))) is adilation by g of B, (dist(r,c(V)))
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Urepovy B-(dist(7,0(V))) N By (g dist(r,0(V))) C p(VK)

Further assume
o(K)={l,g},1>¢g>0,and o(V)={e” |0 <v<2r—0},0<0 <7/2
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Urepovy B-(dist(7,0(V))) N By (g dist(r,0(V))) C p(VK)

Further assume
o(K)={l,g},1>¢g>0,and o(V)={e” |0 <v<2r—0},0<0 <7/2
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Urepovy B-(dist(7,0(V))) N By (g dist(r,0(V))) C p(VK)

Further assume
o(K)={l,g},1>¢g>0,and o(V)={e” |0 <v<2r—0},0<0 <7/2

T=0
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Urepovy B-(dist(7,0(V))) N By (g dist(r,0(V))) C p(VK)

Further assume
o(K)={l,g},1>¢g>0,and o(V)={e” |0 <v<2r—0},0<0 <7/2

O0<7T7<yg
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Urepovy B-(dist(7,0(V))) N By (g dist(r,0(V))) C p(VK)

Further assume
o(K)={l,g},1>¢g>0,and o(V)={e” |0 <v<2r—0},0<0 <7/2

g<T<I1
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Urepovy B-(dist(7,0(V))) N By (g dist(r,0(V))) C p(VK)

Further assume
o(K)={l,g},1>¢g>0,and o(V)={e” |0 <v<2r—0},0<0 <7/2

g<T<I1
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Urepovy B-(dist(7,0(V))) N By (g dist(r,0(V))) C p(VK)

Further assume
o(K)={l,g},1>¢g>0,and o(V)={e” |0 <v<2r—0},0<0 <7/2

T>1
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Urepovy B-(dist(7,0(V))) N By (g dist(r,0(V))) C p(VK)

Further assume
o(K)={l,g},1>¢g>0,and o(V)={e” |0 <v<2r—0},0<0 <7/2

T>1
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Urepovy B-(dist(7,0(V))) N By (g dist(r,0(V))) C p(VK)

Further assume
o(K)={l,g},1>¢g>0,and o(V)={e” |0 <v<2r—0},0<0 <7/2

T>>1

4 .
_ Q 1
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Subset of p(VK)

Thm: ) U0 Nieqigy (1) = Urepv) Niegigy ()

i) Bo(g)UDU{Re z > cos(0)} C p(VK), where

2 z(z?—xz(149g) cos(0)+g)
oD = {y - (1—|—g)cgs(9)—a: - }
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Subset of p(VK)

Thm: ) U0 Nieqigy (1) = Urepv) Niegigy ()

i) Bo(g)UDU{Re z > cos(0)} C p(VK), where
oD = {y2 _ z(z®—=z(14g) 008(9)+g)}

(14+g) cos(0)—=x
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Subset of p(VK)

Thm: ) U0 Nieqigy (1) = Urepv) Niegigy ()

i) Bo(g)UDU{Re z > cos(0)} C p(VK), where
oD = {y2 _ z(z®—=z(14g) 008(9)+g)}

(14+g) cos(0)—=x
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Subset of p(VK)

Thm: ) U0 Nieqigy (1) = Urepv) Niegigy ()

i) Bo(g)UDU{Re z > cos(0)} C p(VK), where

2 z(z?—xz(149g) cos(0)+g)
oD = {y - (1—}—9)058(9)—3: - }

T

X

I
N~
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Subset of p(VK)

Thm: ) U0 Nieqigy (1) = Urepv) Niegigy ()

i) Bo(g)UDU{Re z > cos(0)} C p(VK), where

2 z(z?—xz(149g) cos(0)+g)
oD = {y - (1—|—g)cgs(9)—a: - }

Remarks:

® If o(V)C {e”]0 <v <21 —0},ii) still holds =
Several similar sets if o(V") displays several gaps.

® [0,1] Cp(VK) & cos’(f) < 3%y , cf matrix case.

@® The set corresponding to "V <> K7 is

U ey Noeo vy Bro(|vldist(r, o(K))) C p(V K)

and is shown to be contained in ii).
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Example: T, = D,T with T < Cp = ((;08(77) —sin(§) Sm(n)>

sin(n)  sin(€) cos(n)

Where n,& €]0,7/2],

cos(n)  cos(§)sin(n)  —sin(&)sin(n)
C = 0 sin(§) cos(§) ,So that g =sin(¢) > 0.

sin(n) —cos(§)cos(n)  sin(§) cos(n)

Vo =D,V
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Example: T, = D,T with T < Cp = ((308(77) —sin(§) Sm(n)>

sin(n)  sin(€) cos(n)

Where 7775 6]0771-/2[’

cos(n)  cos(§)sin(n)  —sin(&)sin(n)
C = 0 sin(§) cos(§) ,So that g =sin(¢) > 0.

sin(n) —cos(§)cos(n)  sin(§) cos(n)
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Example: T,, = D,T with T + Cy = cos(n) - —sin(&) sin(i)
sin(n)  sin(€) cos(n)
Where n,§ €J0,m/2],
cos(n)  cos(§)sin(n)  —sin(§)sin(n)
C = cos(&) ,So that g =sin(§) > 0.
—cos(&) cos(n)  sin(&) cos(n)
Vo =D,V If suppr = [—¢, €],
O'(V) : O'(Vw) :
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Example: T,, = D,T with T + Cy = (

cos(n) —Sin(ﬁ)siﬂ(ﬁ)>
sin(n)  sin(€) cos(n)

Where

) cos(n)  cos(&)sin(n)
C = 0 sin(§)

sin(n)  — cos(&) cos(n)

n,€ €]0,7/2[,
— sin(&) sin(n)
cos(§) ,S0 that g =sin(§) > 0.
sin(€) cos (1)
If suppr = [—¢, ¢/,
o(T,) :
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Feschbach-Schur Method T, =D,V(Pi+gP), 0<g<1

PV, P gplvaQ

Structure: T, =
PV, P gPQVwPQ

> . Let ‘/gk = PjVPk; : PkH — PjH

Thm: If ||Vi1]] < 1, then, Vw

1 — |[Va]|
[ Var ||| Viz|| + [[Vaz2][(1 — [[Va1]])

g < = spr(7T,) <1
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Feschbach-Schur Method T, =D,V(Pi+gP), 0<g<1

PV, P gplvaQ

Structure: T, =
PV, P gPQVwPQ

> . Let ‘/]k = PjVPk : PkH — PjH

Thm: If ||Vii]| < 1, then, Vw

1 — |[Va]|
[ Var ||| Viz]] + || Vaz|[(1 — [[Va1]])

g < = spr(7T,) <1

Actually, Bo(g) U{r(V) <|z| <1} C p(Tv) |, Y w, where

1
r(V) = 5 (IVarll + gl Vaz | + v/IVir Tl = gVaall )2 + 49 Vau Va2l ) > o

Y
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Feschbach-Schur Method T, =D,V(Pi+gP), 0<g<1

PV.,P. gP\V,P:
Hrelt g 2). Let Vi, := P,V Py : PoH — PiH

Structure: T, =
PV, P gPQVwPQ

Thm: If ||Vi1]] < 1, then, Vw

1 — [V
= spr(T,) <1
[Var[[[[Vaz]| + [[Vaz[[(1 — ||V11]])

g <

Actually, Bo(g) U{r(V) <|z| <1} C p(Tv) |, Y w, where

1
r(V) = 5 (HVnH + g[|Vazl|l + /(|| Va1l — gl|Va2]))? +49HV21HHV12HH) > g.

Remarks:

_ 4 S et Q .
® HVHH __ |6—age’™|+|a—bge’X]| - where det < B) = ge'X

1—92 "Y 5
® Vit =Vjk(g)
® F(Z) = (V11 — 2’11) — gV12(9V22 — ZIQ)_1V21 S.1.

z € p(T)Np(gVaz) & 0 € p(F(2)) (for w =0)
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Feschbach-Schur Method T, =D,V(Pi+gP), 0<g<1

PV, P gplvaQ

Structure: T, =
PV, P gPQVwPQ

) . Let ij = PjVPk : PkH — PjH

Thm: |f ||V11|| < 1,then, YVw

1 — |[Va]|
[ Var ||| Viz]] + || Vaz|[(1 — [[Va1]])

g < = spr(7T,) <1

Actually, Bo(g) U{r(V) <|z| <1} C p(Tv) |, Y w, where

1
r(V) = 5 (||V11|| + g||Vaz|| + /([Vii|| — g]|Vazl|)2 + 49||V21||||V12||||) > g.

@® There are cases where
both Theorems hold:
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About Eigenvalues of T, = V(P + gP)

ForO<g<1: If T,p= Ap,then
|>\| =1 = gszlgo and VWQOZP1VWP1QO:>\QO,

AM=g = ¢=Py and V,p=PV,Pap=(\/g)p-

Consequence, ker PV, Pr = {0} = o,(T.)NS =10,
kerPlvag = {O} = O'p(Tw)ﬂgS:@.
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About Eigenvalues of T, = V(P + gP)

ForO<g<1: If T,p= Ap,then
|>\| =1 = gszlgo and VWQOZP1VWP1QO:)\QO,
A =g = ¢="Py and Voo = PV,Pp = (\/g)p

Consequence, ker PV, Pr = {0} = o,(T.)NS =10,
kerPlvag = {O} = O'p(Tw)ﬂgS:@.

More on PiV.P;lp;% : 3 ON.B's {v'”), 17212 of P st
® P,V.Pj|p,# is tri-diagonal and off-diagonal w.r.t. these bases
® P.V.Pjlpwu D(w)P:V P; , where D(w) is a random diagonal unitary op.
® ker PV, P; = {0}, Vj,ke 1,2,

vV X eigenval. of T, = |\ & {1,g}.
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Case g=0 < 1,=D,VFP

Thm: If ¢ =0, we have for all w

o(T,) = o(P1VuPilpu) U{0},

o (1) \ {0} C {[lal = 0]] < |2] < ]| +10]}-

Consequence: spr(T.,) <1 if |a|+ ] < 1.

Feschbach-Schur
StUdy of PV, P
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Case g=0 < 1,=D,VFP

Thm: If ¢ =0, we have for all w

o(T,) =c(PiV,Pi|p,#) U{0}, Feschbach-Schur
o(T.) \ {0} C {|la] = [d]| < |z] < |af + 4]} Study of PV, P
Consequence: spr(T.,) <1 if |a|+ ] < 1.
Ergodicity: In case dv(0) = db/2n Davies '01

o(T.) = {0} U {|la| — |8]] < |2| < |o] + 18]}, as.
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Case g=0 < 1,=D,VFP

Thm: If ¢ =0, we have for all w

o(T,) =c(PiV,Pi|p,#) U{0}, Feschbach-Schur
o(T.) \ {0} C {|la] = [d]| < |z] < |af + 4]} Study of PV, P
Consequence: spr(T.,) <1 if |a|+ ] < 1.
Ergodicity: In case dv(0) = db/2n Davies '01

o(T.) = {0} U {|la| — |8]] < |2| < |o] + 18]}, as.

la| + |0] =1 =spr(T.,):
The peripheral spectra coincide
o(T,)NS=0(PiV,Pilu,)NS=0(V,) =8, a.s,
their nature differs for v # qt

op(T,) NS =0,(T5) NS =0, whereas o.(V,) =0 a.s.

Warwick, Many Body Quantum Systems, 17-21/ 3 /2014 —p.12/12



	Quantum Walk: hspace {1.5cm} Particle with spin hopping on ${mathbb Z}^2$
	Dynamics $leftrightarrow $ Spectral Properties of RQW
	 Non-Unitary Random Band Matrices 
	 Polar Decomposition of $T_{
ed omega }={mathbb D}_{
ed omega }T$
	 Infos on $sigma (VK)$
from $sigma (V)$ and $sigma (K)$ 
	$�igcup _{	au in 
ho (
ed V)}B_{	au
}(mbox {scriptsize dist}(	au , sigma (
ed V)))cap B_{�lue g
	au }(�lue g mbox { scriptsize dist}(	au , sigma (
ed V)))subset

ho (
ed V �lue K) $ 
	Subset of $
ho (
ed V �lue K)$
	 Example: $T_{
ed omega }={mathbb D}_{
ed omega }T$ with $Tleftrightarrow C_0=�egin {pmatrix} �lue {cos (eta )}
& �lue {-sin (xi )sin (eta )} cr �lue {sin (eta )} & �lue
{sin (xi )cos (eta )} end {pmatrix} $
	 Feschbach-Schur Method hspace {.5cm}$T_{
ed omega }={mathbb D}_{
ed omega }V(P_1+�lue {g}P_2)$,
$�lue {0<g<1}$
	 About Eigenvalues of $T_{
ed omega }=V_{
ed omega }(P_1+gP_2)$

	 Case $g=0$ $Leftrightarrow $ $T_{
ed omega }={mathbb D}_{
ed omega }VP_1$ 

