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Introduction

Few information

Results

(1) It is well-known that the (separable) Banach space C[0;1] is
isometrically universal for the class of all separable Banach
space, there is no available proof of the corresponding fact for
p-Banach spaces with p < 1. We presented the construction,
uniqueness, and universality of the p-Guraril space, an
analogue of the Guraril space for the class of p-Banach spaces,
where 0 < p < 1 is fixed.
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Introduction

Few information

Results

(2) The problem of existence of a universal Banach space with a
finite-dimensional decomposition was investigated by
Petczyriski and Kadec. We presented an isometric version of
the known result on the existence of a complementably
universal Banach space with a FDD.
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Introduction

Few information

Results

(2) The problem of existence of a universal Banach space with a
finite-dimensional decomposition was investigated by
Petczyriski and Kadec. We presented an isometric version of
the known result on the existence of a complementably
universal Banach space with a FDD.

(3) We showed that the GurariT space has a norm one linear
operator which is isometrically universal for the class of all
nonexpansive operators between separable Banach spaces, in
the sense that its restrictions to closed subspaces cover, up to
isometry, the whole class of all nonexpansive operators
between separable Banach spaces.
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Introduction

Few information

Definitions

(1) Let X, Y be Banach spaces, € € (0,1). A linear operator
f: X — Y is an e-isometry if

(=) - Il < G < (X +e) - [Ix]]

holds for every x € X. Analogously we can define e-isometry
for nonexpansive operators.
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(1) Let X, Y be Banach spaces, € € (0,1). A linear operator
f: X — Y is an e-isometry if

(=) - Il < G < (X +e) - [Ix]]

holds for every x € X. Analogously we can define e-isometry
for nonexpansive operators.

(2) Let p € (0,1]. A p-normed (respectively, p-Banach) space is a
quasinormed (respectively, quasi-Banach) space whose
quasinorm is a p-norm, that is, it satisfies the inequality
X+ y I[P < [Ix]1P + llyllP-
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Few information

Definitions

(1) Let X, Y be Banach spaces, € € (0,1). A linear operator
f: X — Y is an e-isometry if

(=) - Il < G < (X +e) - [Ix]]

holds for every x € X. Analogously we can define e-isometry
for nonexpansive operators.

(2) Let p € (0,1]. A p-normed (respectively, p-Banach) space is a
quasinormed (respectively, quasi-Banach) space whose
quasinorm is a p-norm, that is, it satisfies the inequality
X+ y I[P < [Ix]1P + llyllP-

(3) Aoki and Rolewicz showed that every quasinorm is equivalent
to a p-norm for some p € (0, 1] in the sense that they induce
the same topology.
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Introduction

Few information

Definitions

(4) A separable Banach space G is called a Gurarir space if for an
arbitrary ¢ € (0, 1), arbitrary finite-dimensional Banach spaces
X C Y and an arbitrary isometric embedding f : X — G,
there is a linear extension f : Y — G of f satisfying

(L—e) - [Ixll < IFGI < (L +e) - fIxl

forall x e Y.
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Introduction

Few information

Definitions

(4) A separable Banach space G is called a Gurarii space if for an
arbitrary ¢ € (0, 1), arbitrary finite-dimensional Banach spaces
X C Y and an arbitrary isometric embedding f : X — G,
there is a linear extension f : Y — G of f satisfying

(L—e) - [Ixll < IFGI < (L +e) - fIxl

forall x e Y.

(5) A monotone FDD in a Banach space E is determined by an
increasing chain {Ep}ne., of finite-dimensional subspaces of E
such that each E, is 1-complemented in E, 1 and |, ., En is
dense in E.
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Categorical property

Amalgamation

Amalgamation

Amalgamation Lemma

Let f : Z — X, g: Z — Y be nonexpansive linear operators
between Banach spaces and let W(f,g) = (X &1 Y)/A(f, g),
A(f, g) is the closure of the linear space

{(f(z),—g(2)) e X®1Y :z€ Z}. Then the diagram

!

& .ow

fl

N——><

— - X
f

is commutative and it is a pushout in the category of Banach
spaces with nonexpansive operators.

v
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Categorical property

Amalgamation

Amalgamation

Amalgamation Lemma

Let f: Z— X, g: Z— Y be nonexpansive linear operators
between Banach spaces and let W(f,g) = (X @1 Y)/A(f, g),
A(f, g) is the closure of the linear space
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Categorical property

Amalgamation

Lemma (Correcting e-isometry), Kubis, Solecki

Fix e € (0,1), and let f : X — Y be a linear operator between
Banach spaces, satisfying

(L =a)lixllx < [IFClly < (1 +&)lixlix

forevery x e X. Letip : X =2 XD Y, jo: Y - XDY be the
canonical embeddings and consider the space X D(f.e) Y, that is,
X @ Y endowed with the norm

1663 lire = inf{lullx + [VIly +ellwllx s x = utw, y =
v—f(w), uuwe X,ve Y}

Then both iy and jp are isometric embeddings and

oo f —ip| <e.
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Categorical property

Amalgamation

We again fix € € (0,1) and we fix a linear operator f : X — Y
between Banach spaces such that

(X =e) - lIxlF < WFCII < il

for every x € X. Consider the following category £7. The objects of
8% are pairs (i, ) of nonexpansive linear operators i : X — Z,
Jj 1 Y — Z between Banach spaces, satisfying

li—jof|| <e.

N
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Categorical property

Amalgamation

Given A = (i,j) and B = (i',j') in 8, where the common range of
i,jis Z and the common range of i/, is Z/, an arrow from A to B
is defined to be a nonexpansive linear operator T : Z — Z'
satisfying Toi=1/"and Toj =/’

Z

>
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Categorical property

Amalgamation

Suppose that f is a surjective operator, then there exist norm-one
projections P, Q from X @) Y on X and Y, respectively.

XY XeY
3P 3IQ
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Constructions Defining the category

In our construction we consider rational spaces, therefore to get
Banach space (p-Banach space) we take completion of every
obtained sequence. We use properties of a Fraissé sequence
(generic). A sequence U in  is a Fraissé sequence, if it satisfies the
following condition:

(A) Given n € w and an §-arrow f : U, — Y, then exist m > n
and an §-arrow g : Y — U, such that g o f is the bonding
arrow from U, to U,,.

The following theorem is crucial:

Theorem (Kubis)

Every countable category has a Fraissé sequence.
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Theorems
Universality

Theorem (Universality of FDD)

Let X be a Banach space with a monotone FDD. Then there exists
an isometric embedding e : X — PP such that e[X] is
1-complemented in P.
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Theorems
Universality

Theorem (Universality of the operator)

Given a nonexpansive linear operator T : X — Y between separable
Banach spaces, there exist isometric embeddings i : X — G,
j:Y > Gsuchthat Uoi= o T.

c-Y.-G

X—Y
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Theorem (Universality of the operator)
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|
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Theorems
Universality

Theorem (Universality of the operator)

Given a nonexpansive linear operator T : X — Y between separable
Banach spaces, there exist isometric embeddings i : X — G,
j:Y —>Gsuchthat Uoi=joT.

—G

Y
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Theorems

Universality

Theorem (Universality)

Every separable p-Banach space can be isometrically embedded
into p-Gurarii space.
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