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Properties of smoothness

Let (X,]| - ||) be real a Banach space. The space X, or its norm

Il ||, is said to be:

o Gateaux smooth (G) if for each x € Sx there is f, € X* (the
derivative of || - || at x) such that

|lx+th| -1
lim — =
t—0 t

fi(h) forall he X.
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Let (X,]| - ||) be real a Banach space. The space X, or its norm
Il ||, is said to be:
o Gateaux smooth (G) if for each x € Sx there is f, € X* (the
derivative of || - || at x) such that
h|| —1
fim XEI=L oy forall he x.
t—0 t
@ Fréchet smooth (F) if || - || is Gateaux smooth and, for all
X € Sx,
th|| — 1
lim sup{ Ix+eal =1 fx(h)‘ : he BX} =0.
t—0 t
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The space X, or its norm || - || is said to be:

o Uniformly Gateaux smooth (UG) if || - || is Gateaux smooth,
and for all h € Sy,

Ix+thl| -1
t

lim sup{ fx(h)': X€5x}—0.
t—0
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The space X, or its norm || - || is said to be:

o Uniformly Gateaux smooth (UG) if || - || is Gateaux smooth,
and for all h € Sy,

lim sup{ Ix+el =1 fx(h)' D x € SX} = 0.
t—0 t
@ Uniformly Fréchet smooth (UF) if || - || is Gateaux smooth, and
th|| — 1
lim sup{ Ix+eaf =1 fx(h)‘ . (x, h) € Sx X SX} =0.
t—0 t

oUF=F=G & UF=UG=G
@ If u is a probability measure and p > 1, then LP(u) is UF.
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o (Amir & Lindenstrauss, 1968) If X is WCG, then X admits an
equivalent G smooth norm.

Sebastian Lajara



o (Amir & Lindenstrauss, 1968) If X is WCG, then X admits an
equivalent G smooth norm.

o (Godefroy, Troyanski, Whitfield & Zizler, 1983) If X* is WCG,
then X admits an equivalent F norm.

Sebastian Lajara



o (Amir & Lindenstrauss, 1968) If X is WCG, then X admits an
equivalent G smooth norm.

o (Godefroy, Troyanski, Whitfield & Zizler, 1983) If X* is WCG,
then X admits an equivalent F norm.

o (Enflo, 1972) X has an equivalent UF smooth norm iff X is
superreflexive.

Sebastian Lajara



o (Amir & Lindenstrauss, 1968) If X is WCG, then X admits an
equivalent G smooth norm.

o (Godefroy, Troyanski, Whitfield & Zizler, 1983) If X* is WCG,
then X admits an equivalent F norm.

o (Enflo, 1972) X has an equivalent UF smooth norm iff X is
superreflexive.

o (Fabian, Godefroy & Zizler, 2001) X admits an equivalent UG
smooth norm iff X is a subspace of a Hilbert-generated space.

Sebastian Lajara



Theorem
o (Amir & Lindenstrauss, 1968) If X is WCG, then X admits an
equivalent G smooth norm.
o (Godefroy, Troyanski, Whitfield & Zizler, 1983) If X* is WCG,
then X admits an equivalent F norm.
o (Enflo, 1972) X has an equivalent UF smooth norm iff X is
superreflexive.

o (Fabian, Godefroy & Zizler, 2001) X admits an equivalent UG
smooth norm iff X is a subspace of a Hilbert-generated space.

A Banach space Y is Hilbert-generated if there exist a Hilbert H
space and an operator T : H — Y such that T(H) =Y.

Proposition

If 1 is a probability measure, then L?(u) generates L1(u).
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o (Amir & Lindenstrauss, 1968) If X is WCG, then X admits an
equivalent G smooth norm.

o (Godefroy, Troyanski, Whitfield & Zizler, 1983) If X* is WCG,
then X admits an equivalent F norm.

o (Enflo, 1972) X has an equivalent UF smooth norm iff X is
superreflexive.

o (Fabian, Godefroy & Zizler, 2001) X admits an equivalent UG
smooth norm iff X is a subspace of a Hilbert-generated space.

A Banach space Y is Hilbert-generated if there exist a Hilbert H
space and an operator T : H — Y such that T(H) =Y.

Proposition

If 1 is a probability measure, then L?(u) generates L*(p). Thus,
the space L(p1) is UG smooth renormable. However, in general
L'(1x) admits no equivalent F smooth norm.
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The space LP of a vector measure

Definition

Let (€2, X, i) be a probability space and m : ¥ — X be a countably
additive vector measure. A pu-measurable function f: Q — R is
called integrable with respect to m if:
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The space LP of a vector measure

Definition
Let (€2, X, i) be a probability space and m : ¥ — X be a countably
additive vector measure. A pu-measurable function f: Q — R is
called integrable with respect to m if:
(i) for each x* € X*, f is integrable with respect to the scalar
measure (m, x*) := x* o m, and
(i) for each A € X there exists a vector [, fdm € X such that

/ fd(m, x*) = </ fdm,x*>, for all x* e X*.
A A
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LP(m) :={f : Q — R : |f|Pis integrable with respect to m}.
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LP(m) :={f : Q — R : |f|Pis integrable with respect to m}.

1/p
£l p(m) = sup (/ﬂlf\”d\(m,x*ﬂ) x* € Bxs p.
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LP(m) :={f : Q — R : |f|Pis integrable with respect to m}.

1/p
£l p(m) = sup (/Qlf\pd\(m,x*H) x* € Bxs p.

If X is a Banach lattice and m is positive, then for every f € LP(m)
we have

1/p

1Fllrim = H [ irpam
Q
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o (Kutzarova & Troyanski, 1985): If 1 < p < oo, then LP(m)
has an equivalent UG smooth norm.
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o (Kutzarova & Troyanski, 1985): If 1 < p < oo, then LP(m)
has an equivalent UG smooth norm.

o (Ferrando & Rodriguez, 2008): If p > 1, then LP(m)* is WCG.
Thus, LP(m) admits an F smooth norm.

Remark

| A

The natural norm of LP(m) is not necessarily Gateaux smooth.

Let Q ={1,2}, ¥ =P(Q) and m: ¥ — £3° be the (positive)
vector measure defined by the formulae

m({1}) = (1,0) and m({2}) = (0,1).

If 1 < p < oo, then (LP(m), || - ||o(m)) is isomoetric to £5°.
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Gateaux and Fréchet smoothness of LP(m)

Problem
Find conditions to ensure that || - || zp(m) is smooth (p > 1).

Theorem (Agud, Calabuig, Lajara, Sanchez, 2015)

If p > 1 and the norm of X is Gateaux (Fréchet) smooth, then so is
the norm || - || tp(m) on LP(m).
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Gateaux and Fréchet smoothness of LP(m)

Problem
Find conditions to ensure that || - || zp(m) is smooth (p > 1).

Theorem (Agud, Calabuig, Lajara, Sanchez, 2015)

If p > 1 and the norm of X is Gateaux (Fréchet) smooth, then so is
the norm || - || p(m) on LP(m). Moreover, for each f € S;p(p and
each h € LP(m) we have

HENGOE /Q sign(F)| 17" hd(m, 7).

where x; stands for the (unique) norm-one functional in X* such

that
<x;,/ yf|Pdm> —1
Q
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Sketch of the proof

If p > 1 then the mapping ¢ : LP(m) — X defined by the formula

o(F) = /Q #[P dm

satisfies the following properties:
(i) ¢ is Gateaux differentiable on LP(m) and for all £, h € LP(m):

& (F)(h) = p /Q sign(F)|FP~hdm.
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Sketch of the proof

If p > 1 then the mapping ¢ : LP(m) — X defined by the formula

f) :/ |f|P dm
Q

satisfies the following properties:
(i) ¢ is Gateaux differentiable on LP(m) and for all £, h € LP(m):

& (F)(h) = p /Q sign(F)|FP~hdm.

ii) For every R > 0 there exists a constant C, g > 0 such that
P,

I/ (F)(h) — @)W < CorllF — &l 1 All o)

whenever f, g € RBjp(m) and h € LP(m).




Uniform smoothness of LP(m)

Theorem (Agud, Calabuig, Lajara, Sanchez, 2015)

If p> 1 and X is uniformly Gateaux (uniformly Fréchet) smooth,
then so is the norm || - || 1p(m) on LP(m).
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Uniform smoothness of LP(m)

Theorem (Agud, Calabuig, Lajara, Sanchez, 2015)

If p> 1 and X is uniformly Gateaux (uniformly Fréchet) smooth,
then so is the norm || - || 1p(m) on LP(m).

If p> 1 and X is super-reflexive, then so is the space LP(m).

If p > 1 and X is simultaneously Fréchet and uniformly Gateaux
smooth, then so is the space LP(m).
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Sketch of the proof

Lemma

Assume that X is smooth, and let 1 < p < co. Let us write, for
each f, h € LP(m) with f # 0 and each t # 0,

_ M+ thllio(m) = [ llem)

A(f, 1) t

- oy (FYCR).
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Sketch of the proof

Lemma

Assume that X is smooth, and let 1 < p < co. Let us write, for
each f, h € LP(m) with f # 0 and each t # 0,

_ M+ thllio(m) = [ llem)

A(f, 1) t

1 Voo (F)CB).
Then, there exist constants D,, D;, > 0 such that

|A(f, h, t)| < Dpmax {|t|P~1, |t]}

+ oy | LD O _ (o)), /1))

whenever f, h € S;p(my and 0 < [t] < 1/2.
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