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Theorem. Let X be a Banach space with X* separable, G C X an
open convex set and 7: G — R a continuous convex function.
Then f is Fréchet differentiable -almost everywhere in G.



Let X be a Banach space. I'(X) is the space of all continuous
mappings 7: [0, 1] — X which have continuous partial
derivatives Dyy. The topology on I'(X) is generated by the
countable family of pseudonorms

Moo and [|Dk[loc, &k = 1.



Let X be a Banach space. I'(X) is the space of all continuous
mappings 7: [0, 1] — X which have continuous partial
derivatives Dyy. The topology on I'(X) is generated by the
countable family of pseudonorms

Moo and [|Dk[loc, &k = 1.

The space [,(X) := C*([0,1]", X) is equipped with the norm

£l = max{[[flloo, |F'lloc }-



Definition. A Borel set A C X is called I-null if
LYt e0,1]N [ y(t) e Al =0

for residually many v € I'(X).
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If AC X is a G,5 set which is I,-null for infinitely many n € N,
then A is [-null.



Facts.

If AC X is a G,5 set which is I,-null for infinitely many n € N,
then A is [-null.

If Ais an F, set which is '-null, then A is [',-null for all n € N,
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Definition. Let A C X be a subset of the Banach space X. We say
that A is P-small at the point a if the following property holds:
For every finite dimensional subspace V C X there are sequences
(Yk)ken and (rk)ken of points of X and positive reals, respectively,
such that

(i) e \(0;
(ii) |lyx — a|| = o(rk), k — o0, and
(iii) for every k,

B(yk, ) N (yk + V)N A=0.
The closed set A is called an P%-set if there is a subset Ay C X

which is a countable union of d.c.-hypersurfaces and such that A
is P-small at all points of A\ Ay.



Theorem. Let X be a Banach space with X* separable, G C X an
open convex set and 7: G — R a continuous convex function.
Then the set of points where f is not Fréchet differentiable is a
countable union of P%-sets. Consequently, f is Fréchet
differentiable -almost everywhere in G.
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Definition. Let A C X be a subset of the Banach space X, let
a€ Aand X €[0,1). We say that A is Py-small at the point a if
the following property holds:
For every finite dimensional subspace V' C X there are sequences
(vk)ken and (rg)ken of points of X and positive reals, respectively,
such that

(1) e \(O;

(ii) [lykx — a|| = o(rk), k — oo, and

(iii) for every k,
L%ﬂm(B(yk, rk)ﬂ(yk+ V)ﬂA) <A\ %m(B(yk, rk)ﬂ(yk—l— V)),

where m=dimV > 1.

The closed set A is called an PL-set, A € [0, 1), if there is a Borel
subset Ap C X which is I'-null and A is Py-small at all points of
A\ Ap.



Criterion.
Let AC X be a P/(—set, A €[0,1), in a separable Banach space X.
Then Ais -null.



A function f: X — R is quasiconvex if
f(rx+ (1 —7)y) < max{f(x), f(y)}

for every x,y € X and 7 € [0, 1].
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Proposition. Let A C X be a closed convex subset of a separable
Banach space X. Then the boundary JA of the set A is Py /p-small
at all of its points. Consequently, A is -null. In particular, a
closed convex nowhere dense subset of X is [-null.



A function f: X — R is quasiconvex if
f(rx + (1 —1)y) < max{f(x), f(y)}
for every x,y € X and 7 € [0, 1].
Equivalently, the sets {x € X | f(x) < r} are convex for all r € R.

Proposition. Let A C X be a closed convex subset of a separable
Banach space X. Then the boundary JA of the set A is Py /p-small
at all of its points. Consequently, A is -null. In particular, a
closed convex nowhere dense subset of X is [-null.

Theorem. Let f: X — R be a continuous quasiconvex function
on a separable Banach space X. Then f is Hadamard differentiable
M-a.e.



The End



