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Random Jacobi matrices

e Random Jacobi matrix

ai b
y bi a b {a;}N, : real random variables,
- . AN—1 . a0 .
{b; j—1 : Positive random variables.

bny-1 an

e Empirical distributions Ly
L
N= 25/\1’ <{)\1, ..., An}: (distint) eigenvalues of J).
j=1
e Asymptotic behaviour of Ly as N — 00, i.e., Ly — 2fiso, OF

(Ly, ) = Zf()\ (s, f)  (f: bounded continuous function).
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Gaussian beta ensembles

e Gaussian beta ensembles.

N(0>2) X(N*l),B
H(,B) — i X(N—l),B N(072) X(N—Q)ﬁ
Y VBN

X, N2
e Joint probability density function of the eigenvalues
N
(Ao dw) o< [T 1IN = 17 exp(—¥ D> AN,
i<j j=1

e Semi-circle law. s = sc(x) = V4 — x?/(27), |x| < 2,

1 < 2 4 — X2
N JZ_; F(N) = /2 f(X)TdX almost surely.
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Empirical distributions

Example

e Gaussian beta ensembles (GSE). uo = sc: semi-circle law;

e Wishart beta ensembles (WSE). poo = mp: Marchenko-Pastur law.

e Fluctuations of eigenvalues around the limit:
e GQE. (Johansson 98), for a ‘nice’ function f,

5 (o)~ 50.1) % N0, )

j=1
e WSE. (Dumitriu & Edelman 2006), for polynomial p,

N

> (P) = (mp,p)) 4 N(0,32).

j=1
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Spectral measures

e suy: spectral measure of (J, ep) if

(i, x5) = (e, e1) = J¥(1,1),k=0,1,....

N
o Ly = Z qj2<5>\j. 1-1 correspondence with Jacobi matrix.
j=1

Main resutls: Law of large numbers and central limit theorem.

o GAE.
LLN. {(un,f) — (sc,f), (f: bounded continuous function);
CLT. VN({n, p) — El{un, p)]) % N(0,02), (p: polynomial).
« WSE.

LLN. {(un,f) — (mp,f), (f: bounded continuous function);
CLT. VN({un,p) — E[{1un, p)]) < ./\/(0,?7\,2,)7 (p: polynomial).
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Spectral measures of Jacobi matrices

e Given a Jacobi matrix J, finite or infinite

a1 b1
J=|bh a b , ai€R b >0.

e There is a measure p on R, called spectral measure of (J, e1), s.t.

(1, x5y = (J¥er, e1) = J5(1,1),k = 0,1, ...

e Uniqueness is equivalent to the essential seft-adjointness of J on
/2(N).
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Jacobi matrices

p: nontrivial prob. meas. on R s.t. [ |x|Xdu(x) < 00,k =0,1,....
e {1,x,x2,...} are independent in L?(R, ).

o Define {Pp(x)}5 0as{

® Pp = Pn/HPn||L2-

Theorem

(') Xpn(X) = bn+1pn+1(x) + an+1pn(X) + bnpn— 1( )7 n=0,1,.

| _ (PnxPy )
where b,11 = H‘P +1‘|l Bl = W, P_;=0.

Pn(x) = x" + lower order,
P,Lxl, j=0,...,n—1.

(ii) Multiplication by x in the orthonormal set {p;} has the matrix

ar by

v
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Jacobi matrices

e 4 trivial prob. meas.,i.e.,
N .
= Z CIJZCS,\-, {\j} : distinct,
=1 J quzl,qj>0.

o {x/}]": independent in L%(R, ). Define Po,..., Py 1.
Pn = Pn/|Pnll;

ar b

b1 a» b2
J=

b, , a

N
. {)\j}j’\’zlz the eigenvalues of J, {Vj}jN:13 the corresponding normalized
eigenvectors. Then

o= Z|Vj )26, —quﬁ
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Jacobi matrix of semicircle distribution

e Semicircle distribution sc with density

sc(x) ! V4 — x2,

" 2r
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Gaussian orthogonal ensemble

GOE(N)

e Invariant under orthogonal conjugation,i.e.,

HG,(VI)Ht g G,(Vl), H : (deterministic) orthogonal matrix.

e Joint distribution of the eigenvalues:

(A1 dw) o [T IA = Ajl exp(—

i<j
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Gaussian unitary ensemble

GUE(N)
N(0,1) w %
=] * N@,1) ... HATAED

: ; N

e Invariant under unitary conjugation,i.e.,
d C : .
UG,(V2) U= G,(Vz), U : (deterministic) unitary matrix.
e Joint distribution of the eigenvalues:

(Ao Aw) o JTIA = AjlP exp(— ZV

i<j
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Gaussian beta ensembles

GBE (8 > 0)
[ ] B -
ALy An) H|)\,- = Aj|6exp(—ZZAJ?).
i<j Jj=1
e 5 =1, GOE.
e =2, GUE.

e 3 =4, GSE (Gaussian symplectic ensemble).
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GOE, Jacobi/tridiagonal matrix model (Dumitriu & Edelman 2002)

. a1 ~ N(0,2),
6P = (%), 1~ WD NO.D)
BLG{,.

e H: (N —1) x (N — 1) orthogonal matrix (depending only on x) s.t.
Hx = (||x]|20. ..0)" = ||x||2e1.

1 0 al Xt 1 0 o al ||X”2€{
0 H)\x B)\0 H!)  \|[x|2es HBH!

al HX||2 0 ... 0
[Ix]]2
41 0
1
g GI(\F)I
0
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GOE, Jacobi/tridiagonal matrix model (Dumitriu & Edelman 2002)

® a NN(0,2).

2 2 1/2 T .
o lIxll2 = (N(o, 12+ .-+ N(0,1) ) ~ Xy_i: chi distribution.
N—-1
[}
N(©0,2) Xy, O 0
1) 1%tstep Xn_1
Gy ; c
: N—1
0
N(©0,2)  xu_

finally X N(0,2) Xy,
x,  N(0,2)
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GOE, Jacobi/tridiagonal matrix model (Dumitriu & Edelman 2002)

e FH: (random) orthogonal matrix s.t.

(o Ao 42)

N(0,2) Xy,

_ e | X N2 x
_ g S

x, N(0,2)

e The eigenvalues of G,(Vl) are the same as those of J,(Vl).

(G,(Vl))k (1,1) = (J,(Vl)>k(1,1).
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GgE, Jacobi/tridiagonal matrix model (Dumitriu & Edelman 2002)

N(0,2) X(N—1)8
A H(’B) 1 Xw-1ys N(0:2) X(n_zs
N VBN . .

x5 N(©2)
e The eigenvalues of H,(VB) have (scaled) GSE distribution,i.e.,

N

(Ao aw) o [T 1IN = 17 exp(—¥ DA,

i<j Jj=1

* (g1,...,qn) is distributed as (xg, ..., x3) normalized to unit length,
independent of (A1,..., An).
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Empirical distributions: semi circle law & CLT (Johansson '98)

e Empirical distributions
IR Z 0y, (Atye.oy M) ¢ (scaled) GBE.

e f: R — R: bounded continuous function,

1 N

(LS\,ﬁ),f) =5 f(\j) = (sc,f) as. as N — oo.
j=1

e f: ‘nice’ function

N
ST(F) — (se, £)) S N (0, 23),
Jj=1

where a2 is a quadratic functional of f.
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Spectral measures of GSE

e Empirical distributions

19 .= Z 0y

e Spectral measures

(ﬁ) Z

° E[qj] = % (g1,---,qn) independent of (Aq,..., An).
Consequently, Ly = iy, namely,

N
E[(un, )] = > E[q7IE[F( ]—Z E[f(\)] = E[(Ln, F)].
j=1
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Semicircle law and CLT (Dette & Nagel (2012), D. 2015-)

Theorem

(i) The spectral measures .y converges weakly to the semicircle
distribution, almost surely, i.e.,

(un, ) — (sc,f) a.s. as N — oo.
(i) For any polynomial p of positive degree,
\/mv((;w Py — E[]) 45 N(0,02) as N — oo
) 9y P )

where 0[2, > 0 (does not depend on 3).

e Recall that for a ‘nice’ function f,

<L$\,B),f> 2% (sc,f) as N — oo.
N ((Lg\,ﬂ), f) — (sc, f)) i>/\/’(O,a,%) as N — oo.
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Related results: spectral measures of Wigner matrices

o {&Yiiid. E[¢11] = 0; E[|¢11|%] < 00,k =2,3,....

o {&ticj: iiid. E[é12] = 0,E[(3,)] = 1; E[|€11]%] < 00, k = 3,4,....

e Xpy: symmetric matrix

11 &2 &3
1 *x & €3
XN =

¥ x £33
* * *

called a (real) Wigner matrix.

e vy: spectral measure, i.e., (vy,x*) = Xf(1,1).

e vy converges weakly to the semicircle law.
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Central limit theorems

(i) k=1, (vy,x) = Xn(1,1) Therefore

_
-
VN ({ww, x) — E[(v, %)]) = €1 — €01,
In general, the limit distribution is not Gaussian.
(i) k=2, (un,x®) = X3(1,1) = SN, Le2.. We consider
VN ((vn, x*) — E[(vw, x%)])
_ ¢t — El€d] n VN-T1( -1+ -1+ +Ev—1)
VN VN N-1
5 N(0, E[(¢%, — 1))

The limit distribution is Gaussian!!
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Spectral measures of Wigner matrices

Theorem (Pizzo et al. (J. Stat. Phys. 2012), D. (Osaka J. Math. 2016))
Let SNJ( = \/N (<VN,Xk> = E[]) .

SN,k i) cY + Zg,

where ¢ is a constant, Y ~ &11,Zx ~ N(0,a2) and Y and Zj are
independent.

(il) k=2,4,...,
SN,k i> Zk ~ N(O, ai)
(iii) Multidimensional version. There are jointly Gaussian random variables

{Zx} independent of Y ~ &11 such that

d
{5N7k}kK:1 — (Y, 2,3+ 23,24, ..).
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Chi distribution

What is x,,n > 07

e n=12,...,
1/2
(MO +- -+ N(O12) " ~ x,.
e For n >0,
pdf—ix”*le*x2 x>0
4F = F , .
[}

X, = V2r <'27,1>1/2,

where '(k, ) denotes the gamma distribution.
e As n — oo,

xn— V% (O, ).
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Decomposition of GSE matrix

1 Xv-1ps N(02) X(n_2)s

Xg N(0,2)
3 s 1 N(0,2) N(0,3)
N (1 0 1 >+ N(0,3) N(0,2) N(0,3)

VBN

This implies the semi-circle law and the CLT for (up, p) with polynomial p.
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Spectral measures of GSE

e Variance formula:

Var[{un, F)]

= BN T2 Var[(Lp, f)]

_l’_

773 (Eltun. £ — Eln, ).
e Consequently
NBVar[(uy, £)] = (sc, f2) — (sc, f)?,
provided that Var[(Ly, )] = o(N).
Theorem (D. 2016)
For a ‘nice’ function f,

%(w ) — El{un, £)]) SN (0, 02),

where 02 = (sc, f?) — (sc, f)°.
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O Wishart beta ensembles
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Jacobi matrices for WSE

e meN,n>m-—1,

XBn

B, — XB(m—-1) XB.(nfl)

XB  XB(n—m+1)

e Eigenvalues of Wy, (a = fpn/2,p=1+ (m—1)/2),

m _ 1 m
ALy Am) o AP 1:[1 A2 7P exp <—2 ;A,) :

® (g1,...,qm) is distributed as (xg,. .., xg) normalized to unit length,
independent of (A1,...,Am).
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Decomposition of Wishart beta ensemble matrices

e m,n— oo,m/n— € (0,1), ¢ ~ X(n—jt1) di ~ XB(m—j)
C12 C1d1
— 1 cdr C22 -+ d12 crdo

" Bn

2 2
Cm—1dm—1 Gy 5P dm—l

1 ﬁ 1 2¢1 ﬁ51+81
= vV7iItr VY + VAG+di 2(&+Ad) e+ ,
< ... ’ . ’ -) /Bn ... ... '.-

o G, d;: iid. ~N(0, ).
G~ VB G, 4~ VBT +d,
¢ = Bn+2ypBng, d? = Bny+2v/Bn/Ad;,
¢jdj = Bny/y + v/ Bn(\/7G + dj).

e For more details, see arXiv:1601.01146
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Thank you very much for your attention!
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