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Non-crossing pairings 
of two circles 

No pairings are possible if ‘k’ and ‘l’ 
have different parity
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• General problem

Can be interpreted as the joint 
probability density of eigenvalues of 
a β-ensemble of random matrices 



• General setting

“Inverse 
Temperature”

“External 
potential”



We further assume a “one-cut” property: 
the external potential is such that the 
spectral density in the large-N limit is 

supported on a single interval 
of the real line

Examples: 
β-Gaussian
β-Wishart
β-Jacobi
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Our main result: 

Generating function of the covariances of 
any one-cut β-ensemble
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2 linear statistics, A and B (differentiable)

on eigenvalues of random matrices distributed as

such that the spectral density has single support

• More general setting



Problem

Behaviour of Covariance 
of A and B for N>>1

Constant value (dependent on β)...
dependence on potential V ?



Solution

where

... depends only on the edges of the support of the 
spectral density



Usually, interest is for a single linear statistics...

•Politzer (1989). 

•Basor and Tracy (1993). 

•Chen and Manning (1994). 

•Costin and Lebowitz (1995). 

•Baker and Forrester (1997). 

•Pastur and Shcherbina (1997). 

•Johansson (1998). 

•Soshnikov (2000). 

•Wieand (2002). 

•Pastur (2006). 

•Lytova and Pastur (2009). 

•+ ................ 







• Generalize these formulae to the 
covariance case (2 linear statistics)

• Clarify when and where the classical 
variance formulae should/can be used

Goals



Ingredients:

(i) Conformal change of variables

ii) Definition of covariance in terms of 
2-point kernel

iii) Functional derivative identity + 
electrostatic equation

iv) Universality of the smoothed kernel on (0,∞)



(i)



(ii)



The support σ in the large-N limit is moved to (0,∞)

What is the kernel in this case?



iii) Functional derivative identity...

[Beenakker 
1993]



... + electrostatic equation

[Beenakker 
1993]

support
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• Covariance: double integral over finite-N kernel

• Conformal transformation maps the original support 
to (0,∞) [unless it was (-∞,∞)]

• Limit of the finite-N kernel is universal upon 
smoothing (it depends only on the edge points of the 
support of average density)

• Inserting the smoothed kernel for a support (0,∞) 
inside the double integral gives the result (after simple 
algebra in Fourier space)

Summary of the main steps



• Invariant under the exchange A      B
• It can be zero (decorrelation to leading order)



Recovering classical variance 
formulas (1)

Recovered when A=B for a matrix model whose 
spectral density has support over the full real axis

[example: Cauchy ensemble]



Recovering classical variance 
formulas (1I)

Recovered when A=B for a matrix model whose 
spectral density has support over [0,1]

[example: Jacobi ensemble]



Recovering classical variance 
formulas (III)

Recovered when A=B for a matrix model whose 
spectral density has finite support



• Covariance formula for 2 (differentiable) linear 
statistics: it depends only on the edge points of 
the support of the average density

• Applicable to “Coulomb-gas” ensembles whose 
level density is supported on a single interval

• Conformal transformation maps the support to 
(0,∞)

• Smoothed 2-point kernel for (0,∞) is known and 
completely universal

Conclusions



• Extensions to multi-cut ensembles?

• ...to non-invariant ensembles?

• ...to non-Hermitian ensembles?

• ...to biorthogonal ensembles?

• Non-differentiable linear statistics

• Central Limit Theorem for joint linear 
statistics?

Outlook


