niversal Fluctuation Formulae
for one-cut B-ensembles
with a combinatorial touch













Non-crossing pairings
of two circles

3 0 10 O 39 0
0O 8 0 30 0 112
12 0 45 0 168 O
0 36 0 144 0 560

45 0 180 0 700 O
30 0 144 0 600 O 2400

3o 0 168 0 700 O 2800 O
0 112 0 560 O 2400 O 9800

No pairings are possible if 'k’ and I’
have different parity



® Formula for these numbers?
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® Formula for these numbers’
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A CENSUS OF SLICINGS

W.T. TUTTE

k—1\ /¢ —1

L

) if Kk =¢ mod 2

if K #4 mod 2,




® Formula for these numbers?

T:Table[If[(EvenQ[k] && EvenQ[1]) || (0ddQ[k] && 0ddQ[1]),

2k1l

k+1
T // MatrixForm

Out31 )/ MatrixForm

1 3 0 10 0 35 0

0 0 8 0 30 0 112

3 12 0 45 0 168 0

0 0 36 0 144 0 560
10 45 0 180 0 700 0
0 30 0 144 O 600 0 2400
35 0 168 0 700 0 2800 0
0 112 0 560 0 2400 0 9800

260 (K —1\ /(¢ —1

K+
0

Binomial[k -1, Floor[k/2]] Binomial[l -1, Floor[l1/2]], 0], {k, 1, 8}, (1,1, 8}];

I =" mod 2

if Kk #4 mod 2,




® Connection to random matrices?

z;; ~ Nc(0,1) for i < 7 and zy ~ Ng(0,1)

GUE



® Connection to random matrices?




® Connection to random matrices?




3 0 10 O 35 0
0O &8 0 30 0 112
12 0 45 0 168 O
0 36 0 144 0 560

0 45 0 180 0 700 O
0 30 0 144 0 600 O 2400

3o 0 168 0O 700 O 2800 O
0 112 0 560 O 2400 O 9800

(1/2)a? ", = #1{Non-crossing pairings of two circles with x points on the 1st circle

and ¢ points on the 2nd circle such that the two circles are connected }.

Q= lim ,BNQCOV(GN,Q,GNg)

N — 00




® Communities interested in this?

Combinatorics

Free Probability
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® Communities interested in this?

Real Second-Order Freeness and the Asymptotic Real
Second-Order Freeness of Several Real Matrix Models

Catherine Emily Iska Redelmeier

satisfy this definition. Second-order freeness then has the role for fluctua-
tions that first-order freeness has for moments. In particular, if random
matrices A and B are asymptotically second-order free, the asymptotic fluc-
tuations of A+ B and AB can be calculated from the asymptotic moments
and fluctuations of A and B.

Asymptotic second-order freeness as defined in [18| is not generally sat-
isfied by real ensembles of random matrices. If random matrices Ax ny and
By n,k,l=1,...,pareelements of the algebra generated by a model studied
in this paper, then the relation satisfied instead is

lim cov (Tr (foll,N e zzip,N) , 1T (él,N e Bp,N))

N—o00
p—1 p Pl P
— o A ° > . 1 A ) OT )
— kz_%zl;[l A}l_r)noolE (tr (Az,NBk—z,N)) + ;)izo 1\1’1—r>noo]E (tr (Az,NBk-H,N))




® General problem

N
1 1
APy 5({Me}) = 5——e AT 3 R NN E VO TTa),

ZN .3

L i=1

Can be interpreted as the joint
probability density of eigenvalues of

a B-ensemble of random matrices



® General setting

N
1 1
APy s({Me}) = 5——e flm 3 R MMV E VO T an,

ZN .3

4 i=1

“Inverse “External
Temperature” potential”




We further assume a “one-cut” property:
the external potential is such that the
spectral density in the large-N limit is

supported on a single interval
of the real line
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Gaussian

Wishart

0



lim N*Cov(Xn.., Xne) = =g

N — 00




Generating function of the covariances of
any one-cut B-ensemble

UNIVERSAL!
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Global spectrum fluctuations for the B -Hermite and B -Laguerre ensembles via matrix
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Claim 3.15.2: For any fixed integers k and I,

9.

lim Covin; ,(n), 5, (n)) = /3(31:11],(1’.[. y) + Sum,(i.j, ¥)),

where

i+~

: Lo Y cy o (iV(i)
Sum,(i,j,¥) = 2, (= 1)#*'y/*i4 .q — > YP LY 2 r.\'( ) ( ) '
pr i+ jegel ('+_1—l ) res=j /NS
|

\ j=1 -

|'(+j)

r !

s%)

(i +J )
-~ (=1)

. g \ ¢ J o fo ¢ o N . \ 7 o ll:l.:
Sums(i,j,y) = 2, (= 1)yt ., . Z  S— : L “_"”-’_")( ) ( I :
i+j oy (%P1 i r/ \s)
g={ 1=q ( ) r+s=J

j f O=pr=;-|
=5

Ve = lim BN2Cov (W ., Wi,e) = 4(1 + ¢)** X (

N — o

“i‘-l'i‘-"'
D<g<ft
p=q mod 2




9 4 (c+c?) 6 (c + 3¢® + ¢%)
4(c+ c?) 4 (2¢ + 5¢* + 2¢°) 12 (¢ + 5¢° + 5¢” + ¢*)
6 (c+3c®+¢) 12(c+5c +5c¢® +¢*) 6 (3c+24c? +46¢* + 24¢* + 3¢°)

lim N?*Cov (Wi ks Whye) =

1
N — o0 ' .B

g=1 +J Jj=q+l
| =r=i

e e - (:+J )»ﬁ/ RUADS

j=1

s

i+
i+j=2 ( )M}—Z 5" j +\2/.\2
Sumy(i,j,y) = 2 (= 1)7y*e > -( : : 2 (i-r)(j—s)(:_) (i) '

¢=0 i+j g ('+}-l) res=j

j J 0=r=i-|
Oss<;~1

W 2 , . " - ve NPT pg
Q¢ = 1illl BN~“Cov (” N.rxs 4 N .i ) = -l(l -+ (')" L

N—=oc g 1 +c pP+q\p,
|i!l‘;h'

D<g<t
p=q mod 2
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The matrix Cy; for k.l > 1 can now be defined by

()
O | 1
('A'.l e / —[((.)‘,.1);‘.(')',-]),,, -+ (.)_,/])1\-(.)“]'),,,)(_1 —

4 1+ 20

-

— (02 piOypm + OyprOxpm ) (22y)|do.




15 7 105 7

128 64 1024

9 35 135
64 206 1024

TS 75 472
512 512 32768

75 1225 1225
512 8192 8192

105 4725 1225 19845
- 1024 1024 32768 8192 131072 -

QO | = QO | ===

L _1
1\}5an Cov (Jn,k, INe) = 3

—
o)

-
~N N
Qo

X
=




e : Wishart

O Jacobi

K

FIG. 2: Limiting correlations r, ¢ = o, ¢/ /o« ¢ of the moments for the Wishart ensemble Wy with ¢ 1 and the Jacobi ensemble g »
with 31 = 72 = (). The densities of states pyw and py are supported on [a, b = [0, 4] and |a, b] = [0, 1], respectively. According 1o Remark 111,
the correlation coetlicients r,. ¢ are the same for these ensembles, Here we show a comparison of our prediction (50) with numerical simulations.




® More general setting

2 linear statistics,A and B (differentiable)

A= ZZN=1 a(A;) B = Zi\;1 b(A;)

on eigenvalues of random matrices distributed as

such that the spectral density has support



Problem

Behaviour of Covariance
of A and B for N>>|




Solution

for (A_, A\;) = (—00,0)
ktanh (k) otherwise

fj—;; dﬂ?elkwf(m) for (A_,)\_*_) — (—oo,oo)
f _Jr;o dz e'*® f (T, (e*)) otherwise

... depends only on the of the support of the
spectral density



Usually, interest is for a single linear statistics...

® Politzer (1989).

® Basor and Tracy (1993).

® Chen and Manning (1994).

® Costin and Lebowitz (1995).

® Baker and Forrester (1997).

® Pastur and Shcherbina (1997).
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1. Dyson-Mehta (DM) [1]

Var(A) = — /oo dk k|a(k)|> + O(N~Y)

B Jy
a(k) = / dz e*a(x)
—00 2. Beenakker (B1) [2]

1

Var(A) = o)

/ h dk ktanh(7k)|F(k)|2 + O(N 1)

)

3. Beenakker (B2) [3]

W a
Var(A) = —Pr// dAdp O (A, p) Q) d a(p) +O(N1)

pm

0.0 = | =3

A— pduy




Goals

® Generalize these formulae to the
covariance case (2 linear statistics)
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Ingredients:

(i) Conformal change of variables

1) Definition of covariance in terms of
2-point kernel




e_IBE(A)

Z

e—,B[_ Zq‘,<j In [A; =X [+N 2, V()‘z')] —

Let us consider the conformal map

_ar;+b

* cr; +d
with ad — bc # 0. Then

. 1 sie
Pa(z) = ¢ PE=) 21)

() = — ) loglzi —x;| + N Y V(zi) + O(N)

1<J 1




= | dz—e "E@ A(T(2)) B(T(@))—(4) (B)

(random measure)

(single support)

(PN( )N (")) + (pn (z)) (PN (2))
I&(a: 2') = lim N*Ky(z,2)

N —00

Cov(A, B) = —N? / / dzdz' Ky (z,2')a(T (z))b(T ()

5 //0 dedz'K(z, 2" )a(T(z))b(T (")) + O(1/N)




We can choose a,b,c,d in a convenient way...

4 A

The support 0 in the large-N limit is moved to (0,0)

Cov(A, B) = —N? / / dzdz'Kn (z,2")a(T (x))b(T'(z"))

What is the kernel in this case!



iii) Functional derivative identity...

[Beenakker
1993]

5 (pne) _ 0 ~
e = 57 | @ @Ps@

_ 5 1/dpr(x)e —BE(a)

—/dmp o—BE@) OE@) |
oV (z')

LB // dzda” iy (z)e—PE@+EE ))‘SE(-’B ')
SV (z)

= —BN? [Z /dpr(:c)pN(:v) —PE(=) _

(%/dmﬁN(m)e_BE(“’)> (%/dwﬁN(l")e_ﬁE(m)N +O(N) .




\

.. + electrostatic equation

for 6 = (0, 4+00) support

/ dyp(y)In|z —y| =V (z), >0
0

p(x) = /0 N dy ®(z,y)V (y)

[Beenakker

1993]
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Summary of the main steps

Covariance: double integral over finite-N kernel

Conformal transformation maps the original support
to (0,00) [unless it was (-00,00)]

Limit of the finite-N kernel is upon
smoothing (it depends only on the edge points of the
support of average density)

Inserting the smoothed kernel for a support (0,00)
inside the double integral gives the result (after simple
algebra in Fourier space)



Cov(A,B) » —

f(k) =

~ {f_*;" dvetef(z)  for (A~ Ay) = (~00,00)

f j:oo dz e'*® f (T'\. (e*)) otherwise

. Invariant under the exchange A —B
* |t can be zero (decorrelation to leading order)



Recovering classical variance
formulas (1)

1. Dyson-Mehta (DM) [1]
1
Br?

a(k) = /_oo dz e*®a(z)

Var(A) =

/oo dk k|a(k)|* + O(N~1)
0

Recovered when A=B for a matrix model whose
spectral density has support over the full real axis
[example: Cauchy ensemble]



Recovering classical variance
formulas (1)

2. Beenakker (B1) [2]

1

V&I‘(A) — W

/00 dk ktanh(7k)|F(k)|2 + O(N 1)
0

)

Recovered when A=B for a matrix model whose
spectral density has support over [0, 1]
[example: Jacobi ensemble]



Recovering classical variance
formulas (Il

3. Beenakker (B2) [3]

At
Var WPI’ ﬂ d)\dﬂ, @

(b — A ) (A — p)

O =\ X0 — )

Recovered when A=B for a matrix model whose
spectral density has finite support



Conclusions

Covariance formula for 2 (differentiable) linear
statistics: it depends only on the edge points of
the support of the average density

Applicable to “Coulomb-gas” ensembles whose
level density is supported on a single interval

Conformal transformation maps the support to
(0,00)

Smoothed 2-point kernel for (0,0) is known and
completely universal




Outlook

® Extensions to multi-cut ensembles?
® ...to non-invariant ensembles?

® ...to non-Hermitian ensembles!?

...to biorthogonal ensembles!?

i s p i ‘:“' . .-'.:' ) -y by L,, -
" i ® & A
> —raRe s L P Ll s Y >

- i g Sl
= <A P P : e A - s L B 5 W B A 2 »
s el ol R S RN s S et A b el L IO S ESTE W e S S A L A A N e




