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The Spectrum and Equivariant Spectrum : quantization and semiclassical analysis
i n smooth to symplectic

What's next =&~

@ The Spectrum and Equivariant Spectrum
@ Background: quantization and semiclassical analysis
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The Spectrum and Equivariant Spectrum d semiclassical analysis
h to symplectic

Quantization

Quantization | Classical ~~ Quantum

@ People would like to get a correspondence
symplectic manifold ~~ Hilbert space
(some) smooth functions ~~ (some) self-adjoint operators

@ In literature there are many different mathematical theories
towards quantization, e.g. Weyl quantization, geometric
quantization, Toeplitz quantization, deformation quantization
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The Spectrum and Equivariant Spectrum ntization and semiclassical analysis
m smooth to symplectic

Quantization

Quantization | Classical ~~ Quantum

@ People would like to get a correspondence
symplectic manifold ~~ Hilbert space
(some) smooth functions ~~ (some) self-adjoint operators

@ In literature there are many different mathematical theories
towards quantization, e.g. Weyl quantization, geometric
quantization, Toeplitz quantization, deformation quantization

’Semi—classical analysis‘ Quantum ~ classical

The guiding principle is

The Bohr Correspondence Principle

classical system = small h limit of quantum system
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The Spectrum and Equivariant Spectrum d semiclassical analysis
h to symplectic

Weyl Quantization

’Weyl Quantization ‘ for the model M = T*R" and H = L%(R")
xj ~ Q; = multiplication by x;

; . h 0
&~ Pj = i Ox;

Heisenberg canonical commutative relation:
[P, Qc] = 14,
Js Xk i Yk

There is a general rule to quantize more complicated functions, and
thus get a correspondence symbols ~~ pseudodifferential operators
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The Spectrum and Equivariant Spectrum Background: quantization and semiclassical analysis
Lie g n: From smooth to symplectic
The ariant spectrum

Weyl Quantization

’Weyl Quantization ‘ for the model M = T*R" and H = L%(R")
xj ~ Q; = multiplication by x;

. . h 0
&~ Pp= i Ox;

Heisenberg canonical commutative relation:
[P, Qc] = 14,
Js Xk i Yk

There is a general rule to quantize more complicated functions, and
thus get a correspondence symbols ~~ pseudodifferential operators

the energy function ~~ the Schrodinger operator:
H(x,€) = |€2 + V(x) ~ H = —F2A + V(x)
Note: Make sense for Riemannian manifolds: T*X ~ L2(X)
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The Spectrum and Equivariant Spectrum Background quantlzatlon and semiclassical analysis
From smooth to symplectic
ectrum

The Spectrum

Let X be a Riemannian manifold

(quantum) P : C*(X) — C*°(X) a semi-classical PsDO
(classical) p € C*°(T*X) the symbol of P

e assumptions: P is self-adjoint, elliptic
e assumptions: p > 0, — oo if X is non-compact
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The Spectrum and Equivariant Spectrum quantlzatlon and semiclassical analysis
ie : From smooth to symplectic
spectrum

The Spectrum

Let X be a Riemannian manifold

(quantum) P : C*(X) — C*°(X) a semi-classical PsDO
(classical) p € C*°(T*X) the symbol of P

e assumptions: P is self-adjoint, elliptic
e assumptions: p > 0, — oo if X is non-compact

The quantum dada are the eigenvalues of P, i.e.
the A's such that Py = Ay for some ¢ # 0. They are quantum
energies. They form a real and discrete sequence

A1(h) < Xo(h) < - A(R) < -0 = 00
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The Spectrum and Equivariant Spectrum ntization and semiclassical analysis
m smooth to symplectic

The main problem

’The main problem ‘ that we are interested in is

The Inverse Spectral Problem

Find the relation between the symbol function p € C>°(T*X) and
the asymptotic behavior of the spectrum \i(h)'’s.
In particular: Can we determine p?
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The Spectrum and Equivariant Spectrum ization and semiclassical analysis
om smooth to symplectic

trum

The main problem

’The main problem ‘ that we are interested in is

The Inverse Spectral Problem

Find the relation between the symbol function p € C>°(T*X) and
the asymptotic behavior of the spectrum \i(h)'’s.
In particular: Can we determine p?

’An Illuminating Example: Counting Energies‘
Let N(c) = #{i | Ai(h) < c}. Then according to the Weyl law,

N(e) "=° e Vol(p(x, €) < c)

Note: The left hand side count the quantum energies below c,
while the right hand side “count” the classical energies below c.

Zuogin Wang (USTC) Inverse Spectral Results on Toric Manifolds



The Spectrum and Equivariant Spectrum le S a
From smooth c
The equivariant spectrum

What's next =&~

@ The Spectrum and Equivariant Spectrum

@ Lie group action: From smooth to symplectic
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The Spectrum and Equivariant Spectrum o
Lie group action: From smooth to symplectic
The equivariant spectrum

From Smooth to Symplectic

’ Smooth theory‘

@ X a smooth manifold
e G a compact Lie group
e 7: G — Diff(X) a smooth action of G on X
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The Spectrum and Equivariant Spectrum ind: quantization and semi ical analysis
ie group action: From smooth to symplectic
e equivariant spectrum

From Smooth to Symplectic

’ Smooth theory‘

@ X a smooth manifold
e G a compact Lie group
e 7: G — Diff(X) a smooth action of G on X

Ay

Symplectic theory‘

@ M = T*X a symplectic manifold

@ Hamiltonian G-action on M

g (ng) = (g 'X7£O dTgfl) S T;XX

whose moment map ® : M — g* is given by

(®(x,€), v) = &(vm(x))
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The Spectrum and Equivariant Spectrum B nd: quantization and semicl
Lie group action: From smooth to symplectic
The equivarian ectrum

General Reduction Theory

’ Symplectic Reduction ‘

Theor

For any coadjoint orbit O of G, G acts smoothly on ®~1(0) c M,
and under suitable assumptions, ®~1(0)/G admits a quotient
symplectic structure.

(Marsden-Weinstein Theory)
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The Spectrum and Equivariant Spectrum antization and semiclassical analysis
ion: From smooth to symplectic
1ant spectrum

General Reduction Theory

’ Symplectic Reduction ‘

Theorem (Marsden-Weinstein Theory)

For any coadjoint orbit O of G, G acts smoothly on ®~1(0) c M,
and under suitable assumptions, ®~1(0)/G admits a quotient
symplectic structure.

Notion: T : Cartan subgroup of G ~~ induced T-action
th C t: positive Weyl chamber
Assumption:

e a= 0Nty is a regular value of 1

then
My = 07 (a)/T = ¢~ 10)/G
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The Spectrum and Equivariant Spectrum 3 nd: quantization and semicl
Lie group actio rom smooth to symplectic
The equivarian ctrum

Reduction of Cotangent Bundle

Consider the open subset
Xo={xeX|t=0}C X

where the induced T-action is locally free.

a € t* is a regular value <— ¢}1(a) C T*Xo
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The Spectrum and Equivariant Spectrum ind: quantization and semic ical analysis
ie group action: From smooth to symplectic
The equivariant spectrum

Reduction of Cotangent Bundle

Consider the open subset
Xo={xeX|t=0}C X

where the induced T-action is locally free.

a € t* is a regular value <— ¢}1(a) C T*Xo

For simplicity assume T acts on Xy freely. Let B = Xo/T.

(T"X)a=T"B

(with a slightly different symplectic form)
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The Spectrum and Equivariant Spectrum ind: quantization and semic ical analysis
ie group action: From smooth to symplectic
The equivariant spectrum

Reduction of Cotangent Bundle

Consider the open subset
Xo={xeX|t=0}C X

where the induced T-action is locally free.

a € t* is a regular value <— ¢}1(a) C T*Xo

For simplicity assume T acts on Xy freely. Let B = Xo/T.

(T"X)a=T"B
(with a slightly different symplectic form)

By choosing a connection, one can identify g with the
vertical tangent space of Xy at each x
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The Spectrum and Equivariant Spectrum nd: quantization and s
p on: From smooth
The equivariant spectrum

What's next =&~

@ The Spectrum and Equivariant Spectrum

@ The equivariant spectrum
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The Spectrum and Equivariant Spectrum
f p action: From
The equivariant spectrum

Isometric Lie Group Action

’ General setting‘

@ X = a Riemannian manifold
@ G = a compact Lie group acting smoothly on X
e P: C®(X)— C>®(X) a G-equivariant PsDO
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The Spectrum and Equivariant Spectrum ind: quantization and
ction: From smooth t

Isometric Lie Group Action

’ General setting‘

@ X = a Riemannian manifold
@ G = a compact Lie group acting smoothly on X
e P: C®(X)— C>®(X) a G-equivariant PsDO

The induced linear G-action on L2(X)
(a- F)(x) = f(a~'x),
commutes with P.
= For each eigenvalue \ of P, the eigenspace
Ex={p € LX(X)| Pp = My}

admits an induced linear action of G, i.e. each E, is a finitely
dimensional representation of G.
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The Spectrum and Equivariant Spectrum

The equivariant spectrum

Decomposition of Representations

’ Irreducible representation‘ Each E) can be decomposed into a
direct sum of irreducible representations of G:

Ex= @ n\V,,
VaeG
where G is the set of all irreducible representations of G
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The Spectrum and Equivariant Spectrum ind: quantization and
ction: From smooth t

Decomposition of Representations

’ Irreducible representation‘ Each E) can be decomposed into a
direct sum of irreducible representations of G:

E)\ = @ "f as
VaeG
where G is the set of all irreducible representations of G

Isotypical representation ‘ For each V,, € G, we put all those
subspaces that are isomorphic to V,, together:

LE(M) =~ @, n§ Va

Example: If G = T" is the standard torus, then

L2(M) = {f € [2((M) | exp(v)-f = e *MF}.
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The Spectrum and Equivariant Spectrum 3. ound: quantizatic
oup action: From s
ariant spectrum

The Equivariant Spectrum

’ New decomposition and new operators‘ So we get
o L2(M) = &L2(M)
o P, = P\Lg(/w) D12 (M) — L2(M)

For each V, € G, we thus get the equivariant spectrum

Spec(Pa) : Au(h), -+, Ai(R), Aa(h), -+ Aa(h), -+

«
I7>\1

(e

n>\2
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The Spectrum and Equivariant Spectrum ind: quantization and
ction: From smooth t

The Equivariant Spectrum

’ New decomposition and new operators‘ So we get
o L2(M) = &L2(M)
o P, = P\Lg(/w) D12 (M) — L2(M)

For each V, € G, we thus get the equivariant spectrum

Spec(Pa) : Au(h), -+, Ai(R), Aa(h), -+ Aa(h), -+

(e

«
I7>\1 HA2

’The inverse e-spectral problem‘

The Inverse Spectral Problem

Can we recover p from the equivariant spectrum of P? What
information of p can we get?
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inger spectrum for Rie
Inverse Spectral Results for Schrodinger operators

What's next =&~

e Inverse Spectral Results for Schrodinger operators
@ The Schrodinger spectrum for Riemannian m anifolds
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The Schradinger spectrum for Riemannian m anifolds
Inverse Spectral Results for Schrodinger operators mptotic equivariant spectral inva
In tral results

The Laplace-Beltrami Operator

’ The Laplace-Beltrami operator ‘

e (X, g) = a Riemannian manifold without boundary

e Ag = the Laplace-Beltrami operator

Ag=— 20 glg’9)).
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pectrum for Riemannian m anifolds
Inverse Spectral Results for Schrodinger operators / nt spectral invariants
| al results

The Laplace-Beltrami Operator

’ The Laplace-Beltrami operator ‘

e (X, g) = a Riemannian manifold without boundary

e Ag = the Laplace-Beltrami operator

20 glg’9)).

Ag is a second order differential operator, elliptic and
self-adjoint, and its symbol is

o(Dg) = €.

[It is a function defined on the cotangent bundle.]
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The Schradinger spectrum for Riemannian m anifolds
Inverse Spectral Results for Schrodinger operators mptotic equivariant spectral inva
tral results

The Schrodinger Operators

’The semi-classical Schrodinger operator‘

@ 7 the semi-classical parameter (the Planck’s constant)
e V € C*®(X): the potential function

@ The Schrodinger operator

H=nAg+ V.
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Inverse Spectral Results for Schrodinger operators £ iant spectral invariants
esults

The Schrodinger Operators

’The semi-classical Schrodinger operator‘

@ 7 the semi-classical parameter (the Planck’s constant)
e V € C*®(X): the potential function

@ The Schrodinger operator
H=nAg+ V.

H is a zeroth order semiclassical differential operator, elliptic
and self-adjoint, and its semiclassical symbol is

H(x, &) = ||€]> + V(X) (classical energy).

[It is a function on the cotangent bundle T*X]
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The Schradinger spectrum for Riemannian m anifolds
Inverse Spectral Results for Schrodinger operators mptotic equivariant spectral inva
tral results

The spectral problem

The spectrum | We are interested the eigenvalues of H:

(R2Dg + V(x))p = Ap.

The eigenvalue \'s are real and depends on h. [They are
“energies” of quantum states.]
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odinger spectrum for Riemannian m anifolds
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The spectral problem

The spectrum | We are interested the eigenvalues of H:

(R2Dg + V(x))p = Ap.

The eigenvalue \'s are real and depends on h. [They are
“energies” of quantum states.]

’ Discreteness of the spectrum ‘
Assume one of the following conditions:

@ X is compact, or
e V(x) — 400 as x — oo if X is not compact.

then one has a discrete sequence of eigenvalues:

Spec(R2Ag + V) = {A1(h) < Aa(h) < - — oo}
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The Schradinger spectrum for Riemannian m anifolds
Inverse Spectral Results for Schrodinger operators A c ant spectral invariants
sults

The inverse spectral problem

’The inverse spectral problem‘

The Inverse Spectral Problem

Can we determine V/(x) from Spec(h?Ag + V)7 What can we say
about the map

AV RO Vs {(A(h), Aa(B), - Me(R), -+ )7
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The inverse spectral problem

’The inverse spectral problem‘

The Inverse Spectral Problem

Can we determine V/(x) from Spec(h?Ag + V)7 What can we say
about the map

AV RO Vs {(A(h), Aa(B), - Me(R), -+ )7

’ Not much is known‘

@ Weyl's asymptotic
@ Gutzwiller trace formula

@ (Under suitable assumptions, without semiclassical parameter
h) isospectral compactness, spectral rigidity etc
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pectrum for Riemannian m anifolds
Inverse Spectral Results for Schrodinger operators £ iant spectral invariants
esults

The case of R”

’Some known results (no Lie group action) ‘ for X =R™

@ For n = 1: one can spectrally determine even potentials

e [Datchev-Hezari-Ventura 11] One can spectrally determine
potentials of the form V/(x) = R(|x|), where R is increasing

e |[Guillemin-Uribe-W 12| One can spectrally determine
potentials of the form V(x) = x2 + h2W, where W = R(|x|).

e |[Guillemin-Uribe-W 12| For n = 2, one can spectrally
determine potentials of the form V(x) = x? + h?W, where W
is analytic and of the form ax? + bx3 + Wy + We + - - - .
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Inverse Spectral Results for Schrodinger operators

The case of R”

’Some known results (no Lie group action) ‘ for X =R™

@ For n = 1: one can spectrally determine even potentials

e [Datchev-Hezari-Ventura 11] One can spectrally determine
potentials of the form V/(x) = R(|x|), where R is increasing

e |[Guillemin-Uribe-W 12| One can spectrally determine
potentials of the form V(x) = x2 + h2W, where W = R(|x|).

e |[Guillemin-Uribe-W 12| For n = 2, one can spectrally
determine potentials of the form V(x) = x? + h?W, where W
is analytic and of the form ax? + bx3 + Wy + We + - - - .

Extra structure in the spectrum.
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The Schrodinger spectrum for Riemannian m anifolds
Inverse Spectral Results for Schrodinger operators Asymptotic equivariant spectral invariants
Inve -spectral results

What's next =&~

© Inverse Spectral Results for Schrodinger operators

@ Asymptotic equivariant spectral invariants
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Equivariant spectrum

e (X, g) Riemannian manifold
e G a compact Lie group acting on (X, g) isometrically
o V € C>®(M)is G-invariant
o V(x) = o0 as x — oo if X is non-compact
~» The G-equivariant spectrum of H = WA, + V
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Equivariant spectrum

e (X, g) Riemannian manifold

e G a compact Lie group acting on (X, g) isometrically

o V € C>®(M)is G-invariant

o V(x) = o0 as x — oo if X is non-compact

~» The G-equivariant spectrum of H = WA, + V
’ New phenomena ‘
The equivariant eigenvalues share many properties from the
ordinary eigenvalues, but there are also some new phenomena. e.g.

Theorem (Abreu-Freitas)

There is no Hersch type theorem for A"V

Remark: related results were proved recently [Legendre-Sena-Dias,
Hall-Murphy]
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Inverse Spectral Results for Schrodinger operators pectral invariants
se e-s IT‘

Some Known Results

’ Known results for equivariant spectrum (with V = 0) ‘

e [Brining-Heintze, Donnelley| Equivariant heat trace
asymptotic, equivariant Weyl's asymptotic

@ [Guillemin-Uribe| Equivariant wave trace formula

@ [Dryden-Guillemin-Sena-Dias| The equivariant spectrum of a
generic toric orbifold (with toric Kdhler metric) determine the
toric orbifold

@ [Dryden-Macedo-Sena-Dias| The equivariant spectrum of a
Slinvariant metric on S? determines the metric if g is a
single well
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Equivariant Spectral Measure

’Semiclassical parameter‘ For simplicity let G be a torus. Then
o€ G = ka € G. Consider 1 of the form h = (N € N). Denote
the spectrum of 1, : L2(X)a/n = L2(X)ayn by

)\]_(Oé./ h) < )\z(a,h) < )\3(0&,77,) <.
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Equivariant Spectral Measure

’Semiclassical parameter‘ For simplicity let G be a torus. Then
o€ G = ka € G. Consider 1 of the form h = (N € N). Denote
the spectrum of 1, : L2(X)a/n = L2(X)ayn by

)\1(0&./ h) < )\z(a,h) < )\3(0&,77,) <.

’ Equivariant spectral measure‘

pan(f) = trace F(Hl2(x), ) = 2 F(Ni(a, ), F e G°(R)

Question: What is the asymptotic behavior of y, 5 as h — 07 Do
we get interesting spectral invariants?
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The Schrodi spectrum for Riemannian m anifolds
Asympt ariant spectral invariants

Inverse Spectral Results for Schrodinger operators
Invers results

Asymptotics of the Equivariant Spectral Measure

Theorem
As h — 0, the measure i, admits an asymptotic expansion

foi ~ (2mR) =AM B N0 hiv; 4,

where v o 's are measures on R supported on the image [cq, +00)
of the reduced Hamiltonian

Ha(y,n) = (n,mE(y) + (o, a)x(x) + V(x).
In particular, the equivariant spectrum determines ¢, = min«g H,

e For G = {1}, see Guillemin-W 2012
@ For G = T, see Dryden-Guillemin-Sena Dias, 2014

@ For general G and P, see Guillemin-Sternberg
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What's next =&~

© Inverse Spectral Results for Schrodinger operators

@ Inverse e-spectral results
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Inverse e-spectral results

Lagrangian Submanifolds

@ Uy,U> be open subsets of R”
@ v: T*U; — T*Up a symplectomorphism
@ A; a Lagrangian submanifold of T*f;
= N, = y(A;) is a Lagrangian submanifold of T*

= T ={(xy,=&0)|(y,n) =v(x,£)} is a Lagrangian
submanifold of T*(U; x Us)
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Inverse Spectral Results for Schrodinger operators

Lagrangian Submanifolds

@ Uy,U> be open subsets of R”
@ v: T*U; — T*Up a symplectomorphism
@ A; a Lagrangian submanifold of T*f;
= N, = y(A;) is a Lagrangian submanifold of T*

= T ={(xy,=&0)|(y,n) =v(x,£)} is a Lagrangian
submanifold of T*(U; x Us)

@ These Lagrangians are horizontal associated to
F e C®(U), G e C®(U) and W € C=®(Uy x Up)
o ie. (x,&) €N &= etc.
e For all y, the function x — F(x)+ W(x, y) has a unique
critical point which is a global minimum.
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Generalized Legendre Transform

Theorem (Guillmin-W 16)

Under these assumptions,

G(y) = min(F(x) + W(x,y))

X

Note:

@ The classical Legendre transform inversion formula is a special
case of this theorem with W(x,y) = —x-y.

o If we know W (thus ), then from G (i.e. Az) one can
determine F (via A1 = v~ 1(A2)).
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Generalized Legendre Transform

Theorem (Guillmin-W 16)

Under these assumptions,

G(y) = min(F(x) + W(x,y))

X

Note:

@ The classical Legendre transform inversion formula is a special
case of this theorem with W(x,y) = —x-y.

o If we know W (thus ), then from G (i.e. Az) one can
determine F (via A1 = v~ 1(A2)).

’Simple consequences‘

@ Inverse result for C": generalize Dryden-Guillemin-Sena Dias

@ Get inverse results on CP! x --- x CPL.
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Inverse e-spectral results

Case of Symplectic Toric Manifolds

’ Guillemin potential ‘ Now suppose X is a symplectic toric manifold.
Then B = Xo/ T is the Delzant polytope, which is of the form

)= Hyj+10>0, 1<i<d.
Moreover,

Theorem (Guillemin)

. . . . .1 d (dl,-)2
The induced Riemannian metric on B is 5 7, )
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Inverse e- results

Case of Symplectic Toric Manifolds

’ Guillemin potential ‘ Now suppose X is a symplectic toric manifold.
Then B = Xo/ T is the Delzant polytope, which is of the form

(y) =S By +10>0, 1<i<d.
Moreover,
Theorem (Guillemin)

. . . . .1 d (dl,-)2
The induced Riemannian metric on B is 5 7, )

Inverse results

Apply the generalized Legendre transform to

W(X7.y) :Z ;/( ZZ Ikyk+/0

~~ global/local inverse spectral results on general toric varieties.
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Inverse Spectral Results for Schrodinger operators Asymptotic ec
Inverse e-spectral results

Inverse Results on CP”

Consider the inverse problem for H = h2A + V on CP". Since V
is T"-invariant, it defines a function V on P. Assume
(1) V is strictly convex in P

(2) ¥ <O0onyr+- +yn=3.
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Inverse Results on CP”

Consider the inverse problem for H = h2A + V on CP". Since V
is T"-invariant, it defines a function V on P. Assume
(1) V is strictly convex in P

(2) ¥ <O0onyr+- +yn=3.

Theorem (Guillemin-W 16)

Under these assumptions, one can determine V on the region R
Riy1 >0, ,ya>0,3<1-3y <1l

from the semi-classical equivariant spectrum of A.
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Inverse Results on CP”

Consider the inverse problem for H = h2A + V on CP". Since V
is T"-invariant, it defines a function V on P. Assume
(1) V is strictly convex in P

o = V(y)+ W(x,y) admits a unique minimum
(2) G <Oonyr+--+y,=3.
e = The minimum is in R

Theorem (Guillemin-W 16)

Under these assumptions, one can determine V on the region R
Riy1 >0, ,ya>0,3<1-3y <1l

from the semi-classical equivariant spectrum of A.
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Non-abelian Case

’ Multiplicity-free spaces‘ We say (X,w) is multiplicity free if for

each a, the reduced spaces ®7'(a)/T's is a point.
@ These spaces are non-abelian versions of toric manifolds.

e e.g. generic SU(n+ 1)-coadjoint orbits as U(n)-manifolds
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Non-abelian Case

’ Multiplicity-free spaces‘ We say (X,w) is multiplicity free if for

each a, the reduced spaces ®7'(a)/T's is a point.
@ These spaces are non-abelian versions of toric manifolds.

@ e.g. generic SU(n + 1)-coadjoint orbits as U(n)-manifolds

Spectral results‘ In this case we can still do (with modifications):

@ Decomposition into irreducibles
@ Spectral measure asymptotics
@ Generalized Legendre transform

and thus (on going project) should get various inverse results.
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What's next =&~

© Inverse Spectral Results for Toeplitz Operators
@ The Berezin-Toeplitz quantization
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The Berezin-Toeplitz quantization

’Symplectic ~ HiIbert‘

o Classical phase space: (M,w) = a compact Kahler manifold
e Quantization condition: w is integral

e (L,V,h) a holomorphic Hermitian line bundle over M
o curv(V) = —27miw.

@ Quantum phase space: H = HO(M, L)
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The Berezin-Toeplitz quantization

’Symplectic ~ HiIbert‘

o Classical phase space: (M,w) = a compact Kahler manifold
e Quantization condition: w is integral
e (L,V,h) a holomorphic Hermitian line bundle over M

o curv(V) = —27miw.

@ Quantum phase space: H = HO(M, L)

’ Functions ~~ Operators: ‘

o m:L2(M,L) — H°(M, L) the orthogonal projection
@ f e C®(M) ~ T¢r:H—H,s+— n(fs)
Problem: The space H is not large enough!
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Semi-classical parameter

’ Introducing semi-classical parameter‘

@ The semi-classical parameter i = 1/N, where N € N is large
@ The quantum phase space Hy = HO(M, L®N)
@ The orthogonal projection my : L2(M, L®N) — HO(M, L®N)
o The Toeplitz operator T}V cHyn — Hy, s — wn(fs)

The Berezin-Toeplitz quantization:
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Semi-classical parameter

’ Introducing semi-classical parameter‘

@ The semi-classical parameter i = 1/N, where N € N is large
@ The quantum phase space Hy = HO(M, L®N)
@ The orthogonal projection my : L2(M, L®N) — HO(M, L®N)
o The Toeplitz operator T}V cHyn — Hy, s — wn(fs)

The Berezin-Toeplitz quantization:

’Semi—classical behavior\ As N — oo, one has
o [TH] = e and  Tx(TY) = N7 fy, Fior + O(N")
o [NI[TY, TV~ T} | = O(1/N)
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What's next =&~

© Inverse Spectral Results for Toeplitz Operators

@ General theory of Toeplitz operators
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The Szego projector

’ The Hardy space ‘:

e 2=a strictly pseudoconvex domain in a complex manifold
o ie. (320:0;p) >0, where p is a defining function of Q

e X = 0 the boundary (Denote the inclusion j : 9Q — Q)
o It is a contact manifold with contact form a = j*Im(dp)

o X ={(x,&) | xe X,{=rax,r>0)} (a symplectic cone)
o It is the characteristic variety of the C-R operator 9

@ The Hardy space

H?(X)=L2-closure of f|x, where f is holomorphic in Q
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The Szego projector

’ The Hardy space ‘:

e 2=a strictly pseudoconvex domain in a complex manifold
o ie. (320:0;p) >0, where p is a defining function of Q

e X = 0 the boundary (Denote the inclusion j : 9Q — Q)
o It is a contact manifold with contact form a = j*Im(dp)

o X ={(x,&) | xe X,{=rax,r>0)} (a symplectic cone)
o It is the characteristic variety of the C-R operator 9

@ The Hardy space

H?(X)=L2-closure of f|x, where f is holomorphic in Q

’The Szegd projector‘
@ The Szegd proj. = the orth. proj. : [%(X) — H?(X)

Zuogin Wang (USTC) Inverse Spectral Results on Toric Manifolds



Toeplitz quan
ry of Toeplitz
Inverse Spectral Results for Toeplitz Operators Inverse ctral results for Toeplitz operators

Toeplitz operators a la Boutet de Monvel-Guillemin

’The generalized Toeplitz operator‘

Toeplitz operator (Boutet de Monvel-Guillemin)

A Toeplitz operator is an operator of the form
Q = NP,

where P is a classical pseudo-differential operator of order d on X
(which can be chosen to commute with )
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Toeplitz operators a la Boutet de Monvel-Guillemin

’The generalized Toeplitz operator‘

Toeplitz operator (Boutet de Monvel-Guillemin)

A Toeplitz operator is an operator of the form
Q = NP,

where P is a classical pseudo-differential operator of order d on X
(which can be chosen to commute with )

’The classical Toeplitz operator‘
o Q=the unit disk in C
o H?(X) =span{e” | i € Nxo}.
o T = Tr = NM¢I, where M= "multiplication by "
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Relation to Berezin-Toeplitz quantization

’Dual circle bundle‘
e (L, h) the quantum line bundle of (M, w)
@ L* the dual line bundle of L
@ D the unit disk bundle in L*

o (Grauert): D is strictly pseudoconvex

@ ~~ Can study Toeplitz operators on X = 9D.
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Relation to Berezin-Toeplitz quantization

’Dual circle bundle‘
e (L, h) the quantum line bundle of (M, w)
@ L* the dual line bundle of L
@ D the unit disk bundle in L*

o (Grauert): D is strictly pseudoconvex

@ ~~ Can study Toeplitz operators on X = 9D.

There is a canonical S-action on X, which preserves H2(X) and
thus gives us a decomposition H2(X) = @, Hn, where

Hy = {f € H*(X) | f(e? - x) = eMf(x)}

Fact: Hy =~ HO(M, L®N)
~ H2(X) ~ @y HO(M, LENY and Tr «» (TN)
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Symbol calculus for Toeplitz operators

eplitz operator @
The symbol of @ is the restriction
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Symbol calculus for Toeplitz operators

Symbol of Toeplitz operator @ = PI1
The symbol of @ is the restriction

o(Q) = a(P)ls

: The symbol is independent of the choices of P, and
satisfies all nice properties that a symbol should have, e.g .

o o([Qr, Q]) = {o(Qr),0(R2)}

o If Q is of order k and o(Q) =0, then Q is of order k — 1.
and as like PsDO's, spectral behavior of Q is closely related to its
symbol (assuming P is self-adjoint, elliptic, with positive leading
symbol p so that one has discrete spectrum)
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What's next =&~

© Inverse Spectral Results for Toeplitz Operators

@ Inverse e-spectral results for Toeplitz operators
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Semi-classical theory via torus action

’ Decomposition via torus action‘

@ Suppose X admits a T™-action which commutes with 1
@ « an element of the weight lattice of T™, consider
HZ(X) = L3(X) N H*(X)
Let Py, be the restriction of P on Hz_ (X).

Want: to study the asymptotic of the spectral measure
associated to the Toeplitz operators 1Py, [1.
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Semi-classical theory via torus action

’ Decomposition via torus action‘

@ Suppose X admits a T™-action which commutes with 1
@ « an element of the weight lattice of T™, consider
HZ(X) = L3(X) N H*(X)
Let Py, be the restriction of P on Hz_ (X).

Want: to study the asymptotic of the spectral measure
associated to the Toeplitz operators 1Py, [1.

: The T™-action induces a Hamiltonian T™-action on X.
@ Denote the moment map by ¢ : ¥ — t*.

@ Assumption: « is a regular value of ¢, and T acts freely on
¢~ () ~» symplectic quotient ¥, = ¢~ 1(a)/T™.

Zuogin Wang (USTC) Inverse Spectral Results on Toric Manifolds



oeplitz quantization
Genera of Toeplitz operators
Inverse Spectral Results for Toeplitz Operators - ral results for Toeplitz operators

Spectral measure asymptotics for Toeplitz operators

Theorem (Guillemin-Uribe-W 17)

The spectral measure of [Py, admits an asymptotic expansion
(2mh) =" 32720 Haill!

as h=1/N — 0, where r = 3dim ©, and
Hao(F) = J5. pifdo,

o being the symplectic volume form on ¥, and p, the ‘“reduced”
semi-classical symbol of P, i.e. the map p, : X, — R is defined by

TF*pa = p|¢)*1(o¢)7
where T is the projection of ¢~ (a) onto ¥,.
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Application to toric case

’Toric varieties as symplectic quotients ‘:
Any toric variety is the reduction of C™ by a subtorus G C T™:

M=C"),G (with K = T™/G-action)
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Application to toric case

’Toric varieties as symplectic quotients ‘:
Any toric variety is the reduction of C™ by a subtorus G C T™:
M=C"),G (with K = T™/G-action)

Fact: Let G, C G be the Lie subgroup with g, = ann(a) Cg. Then

o T*S?m1/G, = T*Y with Y = §?™71/G,.

o Let H?(Y) be the G,-invariant elements in H2(S2™~1). Then

the S = G/G,-action on Y induces
H(Y) = &nH(Y)n
o H?(Y)n: “quantization” of (M, Nw)

Theorem (Guillemin-Uribe-W 17)

Let P: C*(Y) — C*(Y) a K-invariant zeroth order
pseudodifferential operator. Then the symbol of @ = MPI1 is
e-spectrally determined.
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Thank you for your time!

Zuogin Wang (US
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