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Chapter I. . 

§1. Differentials and derivations . 
• 

. . . 

All rings are commutative, associative, with identity and 
-

all modules are unitary unless stated otherwise. R denotes 

the category of rings. Also all diagrams are understood to be 

commutative. 

Let A be a ring and let C = A\R be the category of 

A-algebras. An object of C is a ring B together with a map 

iB: A � B of rings, and a map f: B - B' in C is a map of 

rings such that 

algebras so the 

fiB = iB'• • C is a category _:>! 
_

__ ����r�al. 
general theory of [HA,§5,p.5.14] applies to - --· 

' 

- •..i. 

---- oOW .... ,�--··-
- O O oO • ' •·-• 

-- �· 

define cohomology groups for an object B of C with values 

in a "B. module, 11 where "B-module" in the general theory means 

an abelian group object in C/B . We show in this section that 

-- ··--· - - - ·-·-·· · · ··· · 
.. __ ..,, _ - ·----- . - - --- -

we calculate the abelianization fu�ctor on �B in terms of I 
..,.... -- --- --- . .... 

-
- . 

- .. - . 
. .  - .. - - - - - ··-- · - . -... - ..... 

differentials. 
-· -· 

Let B 

. . 

denote a fixed A-algebra and let 
' . 

C/B 
• ( ' !

· be the cate-

gory of A-algebras over B . Here 11 pver11 is used as in ca te- · 

·
. 

-
. 

' 

. 
• 

• 

gory theory, so that an object of C/B is an A-algebra X to;;_-· 

gether with a map uX: X 
- B of A-algebras. If M is a B- -· 

module, let 
---· . -

BeM be the A-algebra over 
----- - - -

B with 
--

·
-



--
-- ----- - - - -- -- - - --· ·-- - · · 

! 
' 

I 
I 

(b$m) (b' �m' ) 

iBeM(a) 
�$M(bem) 
-· 

-�-- - ' - - .. 

-
-

-
-

-
-

bb'e (bm'+b'm ) 
iB ( a ) 

b 
. ..... - .. -· ,.,_ -

' 

' 
' . 

If 6: Y .... B eM i s  a map in C/ B , then By = UyY 

D: Y .... M satisfies 

Diy (a ) = 0 

D (yy' ) = uy (y )Dy' + uy (Y' )Dy . 
' 

. . . 

1.2 

whe re 

In o the r words D i s  an A-derivation of Y with value s in M 

c onsidered as -module via • Convers ely given such a 

D we obtain a B and the re fore 

(1.1) 
----------- ---

HomC/B(Y, B�M) ... Der (Y/A,M ) 
L---- .. -- , .  - ·  - .... --- --� ... ··--------_. 

Thi s is an i s omorphism o f  func tors of Y . As Der (Y/A , M) is 
.. .. .  -

an abelian group under add ition we s e e  that BeM i s  an abelian 

group obj e c t  of 
-- _ .. · -- - -

- -
- .. ···-

Recall that 

- .. · --�---

C/B . 1 / H '\ r \) : \\ • t c- ··� ' 
. . ' 

• • 
-

an H-object in a ca tegory 

•• �- - . ' . - . . . .  -- ...• 

i s  an object endowed 

wi th an operation having a two-sided identity. An H - obje c t of 

C/ B is therefore an objec.t X together with map s 

such that 

e:: B 

p.: XxX 
B 

" -A 

. -+X 

I 
I 

I 



( 1. 2 ) 
.. -

IJ.O ( tux, idx) = !1.0 ( idx, -rux) = idx 

For the abelian group object BEaM one calculates that 

E (b) = b$0 
( 1 .  3 )  

!.l (b em,b Earn' ) = b$ (m+m! ) 

1. 3 

Proposition 1. 4: Any H-object of 
� .., - - ---�- .. ··---· -

C/B is isomorphic to 
- - ....... ...-.. ------ - # -- • . .. . - ·-·-··--- --· . . 

BeaM with multiplication ( 1 .  3 )  for some B- module M . In 
-- -

. 

. . . -
-

particular any H-object is an abelian group object. 
----· -

----- ---- - ---------�---··-· - - - . . . . - - - . 

· Proof: Given an H-object X , let· M = Ker(uX: X - B) 

considered as a B module via tx: B - X . If x,y E M , then 

by ( 1 .2 ) 

IJ.(x,O) = X IJ.(O,y) = y 

so as is a homomorphism 

xy = 1-L(x,O)IJ.(O,y) = 1-L( (x,O) (O,y)) = IJ.( ,0 = 0 

Thus M has the zero multiplication. It follows easily that 

the map B�M - X given by b$m - txb+m is an isomorphism 

in C/B . Abbreviating +- 0 . -

v e:. we have 

1-l( tb+m, eb+m') =- �J-{e:o, £b) + J:L(m,O) -+ 1-l:(O,m') 
. 

= tb '+ n! + m'f 

which shows that the multiPlication on is the same as . 
( 1 .  3 )  on BeM. Q. E.D: 

-



.. 
1.4 

. 
Let C B ) ab be the category of abelian group obj e c ts in 

C/B and let be the abe lian category of B modules . From 

1. 4 we obtain 

Proposition 1. 5 ;  There is an equivalence of cate gories 
------------ ------------ ------�---

Ba;M < M 
r···- - -- - -- ........ - --

- . ·-· - · - - - -·-·· -

X • > Ker ux 

is an abe lian cat�����· 
- -

If Y is an A-algebra , let DY/A be the Y module of 

A-differentials of Y . The re is a canonical A-derivation 

d: Y- DY/A such that 

HomM (DY/A'N)  ·:; De r (Y/A, N )  
.;;.;;y 

9 .... Sod 

for any Y module N . From 1. 1 we have 

( 1 .  6 )  

HomC/B (Y , B$M) , Der (Y/A,M) 

Thus 

Proposition 1 . 7 : With respect to the e quivalences of cate

gories of 1 . 5 we have 
--- -

•• . ------·-· .. ----, ··- . 
' 
• (.£/B ) ab 

' 

� • rJ . . 
• . 

----

< y 
- -

ab < C/B > i 
-

-... 
' " 

) I ..-/ 



1.5 

whe re i is the natural faithful func tor and ab is the . . 
abelianization func tor, the left adjoint of 

• 

� . 

From now on we will identify (g/B )
ab and 

e quiv alence of Prop . 1. 5. 1.  7 shO\'TS tha.t 

identified with the abelianiza tion func tor on Q/B . 

by the 

i s  



§2 . Homolo and cohomolo 

The qth cohomology group of the A-algebra B with values 

in the abelian group object BeM of C/B [HA, II,p . 5.14 ] will 

be denoted Dq (B/A, M) a.nd called simply the qth cohomology 

group of the A-algebra B with values in the B module M . 

According to Theorem 5 ( loc . cit . ) this may be defined in two 
0 different but equivalent ways- -as sheaf cohomology from a 

Both definitions for Dq (B/A, M)  will be given in this section. 

The for.mer will be used in globalizing the definition to pre-
• 

schemes and the latter leads to a notion of homology for the 

A-algebra B . 

2 . 1 .  Let T 

lying category is 

be the Grothendieck topology [G T] whose under

C/B and where a covering of Y is a family 
-

consisting of a single map Z � Y which is set-theoretically 
--- - _...,. ___ · -· ------------� .. --

• • 
------ ... -

- . 
- --- ---- -� 

surjective. Repre sentable functors are sheaves for T hence 
-- -- · - - -- -

- .. 

by 1 . 1 Y 1-t Der (Y/A, M) is a sheaf of B modules on T . 'lhe 

firs t definition for the cohomolo of B with values in M 

is 
- . - -. . - - - - - - - · - - -
(2-:2) 

- . 

. 

- - - -- -

- - - . -

_;_ _______ _ -·- .  - -- - - ---

D:(B/ A,M) .... H� (B,Der (  · /A,M) ) 
. ---

.;,;..... ________ ._.; ==------------

:We Wlll-.gfve_the other definition for Dq in 2.14. It is firs t 
- --· -- · . -

neee-s·$a·.ry"Z,o.st_at.e-some -facts about simplicial obj ects . -



2 . 2 
. 

. ... 2 .  3. · . If' X . is a simplicial object in an abelian cate gory, 

its homology in djmension q , denoted defined to be 

the homology in dimension q of the chain complex constructed 

from X with differential d 

theorem this is the same as 

By the nonnalization 

where NX is  the nonnalized 

subcomplex of X . Hence when X is a sjmplicial abe lian group 

H (X) is the qth homotopy group of X in the sense  of Moore . q 

2 .4 . If f: X • Y and i :  U - V are maps in a category, 
. .  

we say that f has the right lifting property 
0 

(RLP) with respect 

to i and that i has the left lifting.property (L�P ) with 
2 2 

respect to f if given any commutative square of solid arrows 

• 

U ----.> X 

i 
/ 

, / / 

/ 
, / 

,. / / 

?1 

f 

v----> Y 

I 

-

a dotted  arrow exists such that the whole diagram is commutative . 

�t ll(n) be the " standard n simplex" simplicial set and let 
• 

in : tl(n ) - tl(n ) be the inclusion of its n-1 skeleton . The 
• 

following proposition characterizes those maps of s implicial 

abelian groups which are in the sense of [HA]. 

Proposition 2 . 5 :  The following assertions are equivalent 
_____ _..,;;;__� -·· - ---� ... ,._ .... ... _ __ ,... - - - ·  . - - _ ______ .. 

for·�. �aE f :  X - Y of simplicial abelian groups . 
a .,. 

- - . - .. .. 



• 

2.3 

. . 

f is surjective (in each dimension ) and 14 ( f ) :  H* (X) 

ii As a map of simplicial sets f has the RLP with re-
• 

spect  to in: 6(n ) � 6(n) for all n > 0 • 

iii As a map of simplicial sets f has the RLP with re-
• 

soect to any injective (in each dimension)  map of simplicial sets . 
� 

---:.-- ., ----·=-------

This results from [HA] , II , §3, Prop . 2. 

(2. 6).  A map of simplicial rings is said to be a trivial 

fibration if as a map of simplicial abelian groups it satisfies 

the equivalent conditions of 2 .5 .  A map of simplicial rings is 

called a cofibration if it  has the LLP with respect to all triv

ial fibrations of simplicial rings. Cofibrations may be described 

in the following alternative way. Call a map i :  R � S of sim-

plicial rings free if there are subsets q > 0 such 

that 

tone map and 

with generators 

• 

whenever 11: [ p] is a surj ective mono-

is a free . Rq algebra (polynomial ring ) 

Then Theorem 6.1 of [ ] implies : 

Proposition 2.7: Any free map of simplicial rings is a co-
a a 

fib ration. 
. ' . . 

• • 

The p roof of Proposition.  3; ·§1(;�{HA-li' :'H�;-�:-y±-eld-s 

Proposition 2.8: 

. - . . 

Any map c_ �f· ,··o:r.:·�f)mpliciar rings-may be 
----

- - ' - •' . ,. - ' - ·· " -..... · -

. . 
: - - . - . --factored f = pi  where i is fre_e�ancL_::�:o, .;.is --a�trivial fibration . 

. ·
· ···-

. . · --:-·. �-· 
-·

�

��-
-

-

---

• 

• 
• 

I "'\;Corollary 
• 

2.9: 

• 

. . . . - -' . . . . 
- --

- - - - -

. ' .  -· 

- - --- ·---�
---- . ·.-· .... 

- - "----·- -�-- · .. 

-- -- -

' . - .. · ·- ' . ' .. - . .  

cofibration if and only if there is· a. fre-e 'ln-ap·- ·j :�"!f��- -T .. and-·. 
--------------------�-------- --�---------



2 . 4 

maps u :  T - S , v :  S .... T of simplicial rings under  R such 

that uv = ids . 
. -

Proof : The sufficiency is clear. If i is a cofibration 

let i = uj be a factorization as in 2 . 8. Then v is obtained 

as the dotted arrow in 

j 
R -

�
--.> T 

I 
' 

i u 

' 

v 
-S ----> S 

2 . 10 .  If K is a simplicial set and Y is  a si mplicial 

ring, then the function complex has a natural structure as 

a simplicial ring. Let I = .6(1 )  and let - Y e = 0, 1 

( resp. a: Y .... ) be the map induced by the inclusion of the 

eth vertex .6 (0 )  .... .6(1 ) (resp . the unique map .6(1 )  - .6(0 ) ) . 
-

If f X::::y ' g: are two maps of simplicial rings then a (simplicial: 

homotopy from f to g may be identified with a map of sirnpli-

cail rings 

cr: y - yi 
h :  X .... 

is of course the 11Constant" homotopy from idy 

Proposition 2 . 11: Let i :  R .... S be a cofibration and 

to 

-

f: X .... Y a trivial fibration of simplicial rings . Let h; R - XI 

and k: S - be homotopies such that ki = f1h , and let 

e03e1: s =X be  maps with eei = jeh 

!hen there is a homotopy H :  S .... XI . -

and f9 = - e 
with Hi = h 

-

jek _e = 0, 1 . 

, f� = k , and 



2.5 

J. H = e e = 0.,1 • 

e e 
• 

Proof: Consider the square 

• 

R __ _;.::h;.__ __ .> xi 
/1 

. . 

v • 

I X . X 
yr. 

. 

where XI 
= X X X • The map is  seen to be a trivial 

fibration using 2 . 5 ( iii ) .,  he�ce the dotted arrow exists and gives 
• 

the desired homotopy. Q.E.D. 

2 . 12 .  Let u :  R- S be  a map of simplicial rings . By a 

cofibrant factorization of u we mean a factorization R � T E S 

of u where i is  a. cofibration and p is a trivial fibration. 
' 
' 

If R ... T'- S is  another cofibrant factorization of u , then by 

the definition of cofibration the re are maps �: T ... T' and 

v: T' ... T in the category R\sR/S • By 2 . 11 w� and �� are 

homotopic to idT' and idT respectively in this category.  

Therefore a cofibrant factorization of a map is unique up to sim.:. - - - �  - -
• 

• 

. -

plicial homotopy under  the source and over the target of the map.' 
- --

2 . 13 . If X is  an object  of a category we let eX deriofe·-�' 

the "constant" simplicial object  with (eX) q = X, w* = idx for -

all q, � . 
--

2 . 14 .  Let A, B, M, and C be as in §1 . A simplicial 



2.6 

A-algebra over B _(i.e. silnplicial object or C/B) P is the 
• 

same as a factorization cA - P cB of the map cA - cB . We 

shall call P a ro ective A-al bra resolution of B if this 
-

. -

factorization is a cofibrant factorization. By 2.8 projective :....:..::...-----·---- ------ -. . . .. 

A-algebra resolutions of B exist. Choose one P and let 
--- ._. ./ . 

�B/A be the simplicial B modu2e "":--::-· "":" :"""\ . 
DP/A�J!3 1 obtained by applyin� 

. 

the dimension-wise to P • 
-----------------· 

The s�-��-ci�=
·-

�o!Jlo��P.�. �Y;Pe ?f ,P)B/A is ind endent of the 

c:_�_oic� ... o.f.. P �.� 2.12. 
_ The ����z.-;tying c}la:?-zl ?.?mple;x: of_. �B/ A 

is called the co t c lex of the A-�lgebra B and is unique 
-

�P to c�a�n ��mo�op¥ eg�iv�����--of the choic� of P . The follow

ing groups are then well-defined: 

(2 .15) I 
• 

-
-

(2 .16) 

We call these the qth homology and cohomology groups of the 
• 

A-algebra B with values i� M . When M = B we write simply 

and Dq{B/A ) . 

' 
o tion 2.1 : · The definitions 2 . 2  and 2.16 are consistent. 

so 

' ' . . - ' - - --· ----- -- --

. ' 

. 
. 

• ··· - � - --- - - -- ·- . - _ 
. . . . . -

-
. - -- -

-

·- - -: '':"' :.. . ·-. .. 

. -
. . 

-
-. . 

. . . ' ' . -· 

- . ' : - - . , •  

• 

. . . 
- . . . . 

. -
' 

.
. ... 

. . 
. 

- �---·· --- · ..;.. .-·:.;. o: _ _  -;:... · . . �--·· · - - --·--
.

· . , 

L 
the re"sult ,£ciin OW$�· f.rom I HA] ' II' §5' 

- - - - - - '  ' . . 
' . - - . - ' 

• 

- - - -
·- - ··- . . .  -_..:;. -

. . . - .:: . .. - -- . .. . .
. - ' - - ----- - - - -- -

. - -
. - . .. - - ' 

. � ._ . . . t>.o. ' .. . l-• . 

-· -

th. 5. Al tex·natively it � 
--�follows· froli1.,·a :-gen€fral·'-theorerii· of Verdier (SGA, 1963-64, Expose 5, 

. 
. . 

• 

.. App�nd.ix):-.6:fi��\.:bne�:_ri6tes; ·that a· T-hypercovering 
- - . ' 

. . . 
. - - -.. . . . . ,. "·, � - - . _;_ -.� 

- - -- -- - ·· .  
--- _, ---· •• ••. 

. . - c-- - -

of B is the 



T-hypercoverings of B . 
-- ----�� . .  -- -

. 2. 7 



§3 . Elementary properties 

In this sec tion we establish properties of the homology and 
-

----
-
--

-

� 

- --
. . . -

- . . . 
-- ------. --·------· -

cohomology groups which are elementary in the s ense that they do 
--

-
- - - � --�- . . . . . . --------·-··· - - - - - · . . .. 

-.
. 

. 

not use special properties of commu ta t���---!_!ngs_ .S.!ld 
=

---------- . .. . - - - - - ------- --� ----· -� .. 

- - -
·-

. 
-- - -

hence are 
-- - · - - - . 

true without essential modification for all kinds of universal 
-

- · · - -· ------- - ---� · - ---- -----
___ ... ___ -· 

-

algebras . 
__ ,.. _____ --- -

• 

Proposition 3 . 1 :  If B is a free A-algebra, then ,!J)B/A '"·' 

and hence 

D0(B/A, M) = Der (B/A, M) 

D0(B/A,M )  = DB/A�M 

Proof : The identity map cB � cB makes cB a free simpli

cial A-algebra resolution of B , hence �B/A '"" cDB/A and the 

proposition follows . 

3 . 2 .  In analogy with· 2 . 6  we say that a simplicial module 

X ove r a simplicial ring R is free if there are subsets 

C c X such that (i) �*C c C q q q p 
jective monotone map and (ii) Xq 

if Tj: [p}- [q] is a sur-
-· • -- - . - - - ->- - - - - --- - - . -- . 

. 

- - --- - -- -- - -
. . . . 

. .. 

is a '

·f-ree � R -� module with -
_
--

- - - -::
-

_ --� - ��.,;;:::;__-..;..,. -·:-�-.- �--- a --.,--.: __ ____ : _ _  :._.-_ - - -_ - - - -- -- --- . ... . . - - -- - · . 
. . -

.

. 

. , _
. __ - - . - - -- -- . 

-
. - - --. . . - . -- -

base X will be called proj e ct.ive if it ?-:s. a dj_r�ct. sum-
-. . . 

- ---

' 
. - - . . 

. - ---- ··- -· 
-

. 
- . 

' 
mand of a free simplicial R . module .

-
. . 

If P is a free A-algebra resolutieri-ef--�:B- .\vith :generators 
. ' . - ·· . ; 

. ........ - -· . ... . - -- - - - -- .. . ·- . -�--- . 
. 

.· . . -.-�-:- -�-
-
-_

-. :.:-..··'":·_�---·---,··::·-.: __
_ 
---: __ �-:--·--: - -··- - - - -

c c p q q as in 2.  6, then (dx®l l X .E c -l c 1) -�I' c® <B,- ��iE; §�- §�-tof ..... 
_ _ q . . P- AP . . . _. q ·. q -

·
. 

. . 

generators as in 3.2. Hence - -- . - . 
Dp I A ®-pB c is a --f'.r-€e simplic ia'-1. ' - 13· - . 

. . - . 



3. 2 . 
• 

• 

Jnodule. If Q is a projective A-a lgebra resolution, then by 

2.9 Q is a retract of a free one P and so DQ/A®QB is a 

proj ec tive simplic ial B module . In particular as a chain 

plex DQ/A®QB is projective in each dimension. Thus 

Proposition 3. _3: !DB/A is a proj ective simplicial B 

module. 

Corollary: If 0 � M' � M � � 0 is an exact sequence 
• 

of B modules then there are long exact sequences . 

( 3 . 4 ) 

0 • D
0 (B/A,M' ) - D

0 (B/A,M) • D
0 (B/A,M11) • D1 (B/A,M') � . . .  

(3. 5 )  

• • • -· 0 

-

Corollary: There are universal coefficient spectral sequenc1 
• 

(3.6) 

(3 . 7) 

E2 = 

pq 

Epq-
2 -

--> 

==> l)P+q{B/A,M) 

_Proposition 3 .  8: D0 (B/A, M) = Der (B/A,M) 

D0
(B/A,M ) = D{B/A)®sM 

.. - .. Proof: As 

it is right exact. 
- . . 

. .  - - --� 
·-· -

is a left adjoint functor by 1.6, 

Hence D0
(B/A) = DB/A and the proposition 

follows from 3. 6 and 3. 7. 

- - - . . . 
Remark 3 . 9 :  The spectral  sequence 3.7 shows that M � 

. . -- - - - - - - -
• 

Dq (B/A, M) is the qth derived functor of M w Der(B/A,M) if 
-

- - -- . -- - • 

-

. . 



and only if. 

3. 3 

q > 0 • · . This can fail · to be so  

tative ring 
� -- .. -- · ·· - - - - --· • • 

cohomology i s  quite distinct fxont group, Lie algebra, and associa 
:P-· 7 - -----··-·-·· · - · -· --· 

tive algebra cohomology. 

3.10. By an extension of the A-algebra B by M we mean 

an exact sequence 

(3.11) 
i u 0 ·• M- X - B  ... 0 

where u is a map of A algebras such that (Ker u )2 = 0 and 

where i induces an isomorphism of B modules M � Ker u , 

Ker u being endowed with 

x E X , y E Ker u . Let 
-

the � B module structure u (x)y = x • y 

Exalc omm (B/A,M ) be the set of isomor-
• 

phism classes of extensions of the A-algebra B by M • 
---

�reposition 3.12: There is a canonical bijection 

• 

. -" d\,_ "'"'- ..... ---- ·- - "', I .. ._ ... _ ..... ___ _ _  • ' • • • · ·• -- .... -·•-• 

-- • • • __ .,___ _ .. . ____ w-------· -----, 
l 

' 
' D (B/A,M) .... Ex (B/A,M ) t • 

--------------·-�·- ) 

Proor: Given a free A-algebra resolution P of B and an 

extension 3.11, choose a map e: P0 -X of A algebras over 

B • Then is a noxma li zed 1-cocycle of 

Der(P/A,M) whose cohomology cl as s is independent of the choice 
or e . This gives a map 

. -

which 

one may show is independent of the choice of P . Conversely --''· 

given an A-derivation D :  P1 - M let 

-



3.4 

the cokex·nel being in the category_ of A modules� and let _ . 

p: p0$M � X be the canonical projec tion. Then X is a quotien t 

A-algebra of P0$M and if D is a cocycle of Der(P/A,M) we 

obtain an extension 3.11 with u(p(yEem ) ) = ey � i(m) = p(Oem) • 

It is straightforward to verify that this procedure gives an in

verse to � • Q.E.D. 

Remark 3.13: It is also possible to prove 3 . 12 using the 

interpreta tion of the sheaf cohomology in tex111S of ".torsors." 
- ·

----
By [ ] one also gets a general interpre ta tion of D2 this way� 

however for rings the methods of the second chapter seem better 

for handling the higher cohomology • 

• 

Corollary 3.14: is an 

ideal in A • Th _ _ e_n_ D0(B/A) = 0 

Proof: D0( B/A) = 0 by 3.8. From 3.7 and 3.12 we have 

..... Exalcomm(B/A�M) • 

Let X E_Exalcomm(B/A_,I/12) be the isomorphism class of the ex-

- - . . . . . . - . 
- B - 0 • By functorality X defines 

. . -- - . -. ' ' - - -. ----- ;· -� -· --- .,. .. ::·:.:..-· �--- -- - _--'-�-� .. . _. .. _ . __ . . . _ -· - . - - - -- -· 2 . - . .
. --- � - --

. - a natura�-tf��E:9_zn1at:fon 4: HomB (I/I ,M) - Exalc 
__ _ , ... , . - -- . . .. ·-,· - - . -_,-,;_--_-_- ---_ --·-- -�"�- � . .· -----· . - _- -_ - .. . . 

_ _ __ , .· .·-· .... --.· ---·:; . . ,,, . -··· --· 

-

- Conyen�e-J:y�-":'give!f;:!fi'i'"-extensioii 3.11 _, choose a 9: A -X with 
- - . ... , 

•
. ' --�·--·'- - ·-·-··c· · .  - · . .,.�. . , 

, , . . 
-' : . ·- ,-- "" --- - -. - - - · - - �-·· ' ' . .. · .·• 

_ - - . . . . . 
-·- --------·· -·· ·-- --

- ue ::::_· �iB- _;�
-

t}1,e�:.,re_sy�i._Gtion of. e 
. --- -_ . - - -- - • ' ' . ' ·- c .. • --:..:_-

_:.;:_;_· ...;._ ; ·::... .  •..• -- - - •

• ·2·------
- - -

. or .
·

. B �. modules··, 'I/I � - -..... M- . . This 
·· ·•• -- �-...;...:..·:.--.---=- --· ·· .. - ,-. .. .. , , ,_, -- ---- - -

-- --··· · ·  -· - · ··· ··· ·-· - - -- --- - - . 

-- - - co. -- ' ----:--..: . , .:.; .--:-.• ,. , '";' ••• • .  - ---=-.,.,..-, ---= -- - - - - - - ' ' • ' • -

- - - .- .. . 

define a.n .,inverse to � _, hence 
• ·• . ·  •• ·-- _ _ co···· •· . ••• c ·· . ·:·. � .. - .:.-:·"· ··.. - - -. . . - -- --- ___ ; :........: --....:�.:-- -- -- · •.• ::...7 . . ••• --·--- :.-:-::: . - - ---- --- -- ' . --·. " " ' - --- .... --· ····--··· .... ··-- . 2 -

.

. . -

_an� so.� _ _  �:l (B(' �)� '-� �I/I .. � .
. 

Q.E. D. ' . ... . . ' ' .. -.. .. -

• 

• 

to I gives rise a homomorphism 

procedure is easily seen to 



§4. Further properties 
' 

In this sec tion we establish properties of the cohomology 

theory which are peculiar to commutati. ve rings , since they de

pend on the fac t that direct sum in the category of A-algebras 

is given by tensor product .  We begin by recalling facts about 

simplicial modules which are proved in (HA] , II, §6 . 

4 .  L Let R be a simplicial ring and le t MR be the abe

lian category of simplicial R modules . The homotopy category 
.. 

Ho (MR) is obtained from MR by formally adjoining the inverses  

of the weak equivalences  (maps which induce isomorphism� on ho-
• 

mology) . Ho (MR) is equivalent to the category whos e  obj e cts 

are the projective simplicial R modules ( 3 . 2) with homotopy 

classes of maps for morphisms . When R = cA , Ho (�) is equi

valent to the full subcategory of the derived category of A 

modules consisting of the chain complexes. ' 

4 . 2 .  If X,Y are two simplicial R modules ,  let  R Tori (X,Y) 

be the simplicial R module obtained by applying the tri-functor 
• 

Tori ( · , · ) dimension-wis e .  Let L 
X®RY denote the derived tensor 

-

product of X and Y .  
L 

X®RY is isomorphic in to P�Q ,  

where P and Q are proj ective resolutions of X and Y res -

pectively. There is a spectral  sequence ([HA] , II, §6 ,  th . 6 )  

(4. 3) 2 R L E = H ( Tor (X, Y)) === > H + (X�Y) pq p q p q -.K 

one of whose edge 

the canonical map 

homomorphisms is  the map on homology induced by 
L 

X�Y '"' P�Q ... X®RY . Consequently we have 



• 
• 

• 

If 
. R . 

0 
. . 

for 

4.2 

q > 0 , then 

4.4. Let u: R � S be a map of simplicial rings. Define 

fDs;R to be the projective simplicial S module DP/R®PS wherE 

R- p- S is a cofibrant factorization of u (2.). As an ob
jec't of Ro(M8) it is independent up to isomorphism of the 

choice of the factorization. If X is a simplicial S module 

we define 

(4. 5) 

where the last isomorphism is from 4 . 3 .  It is clear that this 

definition specializes to 2. 15 in the case where u is the map 

cA � cB and X = eM . Moreover the obvious generalization of 
-

3.5 holds and 3.6 genera.lizes by ( [HA], II, Th. 6(c)) to a 

spectral sequence 

(4. 6 )  

where • 

Proposition: Suppose u: R - R_1- _and . v: R - S are maps 
a - - ·-- -. -- - - - · - .  - . of 

� -

. 

.. . . - --- - - - - . . .

.

-

- - . 

-

-

-

- - ' 
. .. - - If 

----__ - __ - __ . .  -- - . 
-· . S 1 = S�R 1 , then there are canoni_cal :�L·s_cmq:r:phi.sms �n _ Ho (M8 1 ) 

. • - _____ -: ,.-___ :�:·:;���- -�-�_,.;;-;;._;.:-. __ ·_ -:- .: �- =::-.;,._- -=-�: ·· �.;o:::: '=.;_-;·--_�----:_ . -- · - - -

(4 .  7) 

(4 . 8) 

Proof: 

-- ·-- - . . . .. . 
--

: -:::
. -- -

. - ·

-
.. - ---- __ ,.____ - . . -- -- - -- --- - - - -· · -- -- · ' - -- - - --- --�s/R®RH 1 , .,  I·"s 1/R�--- : . - . -- -

- � 

---
--

First observe 

-

-- ---- ---- · . -- - . - --. . . - - - - - . --- - --

-
- - - - --

-

. 

-

. 

. 
. 

-
�

-

-

-

-

-
-

--- . �--··--..:--��-:-=.-�-..:-.-----_-:·-: .-.·.-:.· - ---·· 
' 

- �-
-

-
-

-

-

-- - --- - - - - - -- -

. - - -
- -- =" -·· 

• ' 
� - -�- -

. __ 
-- . - - -- - -- --- -that if R.--�--pe---rs--a cofibration-(resp. . - . -- .--- -- -- ·------ - - -- · - -. .  ---···· ··· " ' . -- - - --. I free map) of simplicial rings , then . _p · . is Gt.:.P.rojective - ·--� - ·-- ·- · -

. 

(resp. 
--. 

• 
. 

I 
I 

j 
' 

' 
' 

' 
• 
• 

I 
' 

I 
• 

! 
• 

' 

' 
• 
• 

• 

. 
' 
• 

• 

' 
' 

• � 
• 

' 

' 
' 

' 
' 

' . ' 

' 
• 

• 

• 

' . 
I 
' 

• 
• 

' 

' 
• 

� 
• 

' 
• 
' 

' 
• 
• 

• 



4.3 

f ree ) R module .  U sing 2.9, one reduces to the case w here P 

iS f ree, w hence if c* is an R-algebra basis f or p as in 2.6, -
then the monomials in the elements of C* f orm an R module 

ba sis f or P as  in 3.2. 

N ow let R - P - S be a cof ibrant f actori zat ion of R - S . 
As p - S is a w eak equivalence of 

L ® R is a functor on 

R modules ,  s o  i s  -

Ho{MR) . By h ypothesis , the 

ra ct that P is a proj ective R module by the abov e remarks , and 

4 .3, this  map is  isom orp hic to the map P�R' - S' . Hence this  

l ast  map is a w eak equivalence; as it is clearly surj ec tive it is  

a trivial f ibration . A s  cobase ex tension preserv es cof ibrations , 

it f ollow· s  that R' - P� R' - S '  is  a. cof ibrant f actorization 

o f  R' - S' and hence setting P' = P� R' 

wh ich proves 4 .  7. · To prove 4. 8, l et R - Q - R' be  a cof ibrant 

factori zation of R - R' . By the sam e argu ment as above w e  
-

fi nd tha t R - P�Q - S' is a cof ibrant factorization of R - S' 
and so 

Tr1 e resulti ng isomo rphisms i n  Ho �S, ) are canonical since they 
I 



are independent of the choices of P,Q by 2.11. Q. E .D .  

• 

4.4 

corollary 4 . 9: Let B and be A-algebras and let N be 

a B®AC module . 

isomorphisms 

If A 
c 

0 for q > 0 � then there are 

Dq( B®AC/ C, N) = Dq(B/A, N) 

Dq(B®AC/ A, N) = Dq(B/A, N) ffi Dq( C/ A,M) 

and similarly for homology . 
. . 

4 .10. If 0 ... X' ... X ... X" ... 0 is an exact sequence in � 1 
then in Ho (MR) there is a cofibration sequence ([HA]1 II, §6) 

(4 .11) 
' 

' 

X' ... X ... X11 � zx I 

where denotes the suspension functor on Ho (MR) . When R = cB 

und we identif� Ho(MR) with the subcategory of the derived cate

cory of B modules consisting of chain complexes, then the sus

pension functor shifts a complex to the left and the sequence 4.11 

1� the distinguished triangle associated to the exact sequence. -

Theorem: Let R � S � T be maps of 

there is a canonical cofibration sequence 

(4 .12) 

. 

Proof : · Form a diagram 

. -

• 

s implicial rings� · .· Then -

. . 

. ·-

• 

. ' 
-

. ·, - ' 
. . 

. .. . . -··· . . - ---
- - - - - --- - - · ·  



4.5 

Q 

i2 

(4 . 13 ) p q 
'\/ 

p il 
S®pQ r 

u v v 
R > S · '> T - -

by choosing cofibrant factorizations u = pi and vp = qj � and 
. 

then filling in the rest of the diagram in the obvious way. 

As j is a cofibration Q is a projective 
L L by 4.3 the map i2 is isomorphic to P®pidQ : P®pQ 

P module, hence 
L 

• S®pQ � which 

is a weak equivalence since p is • As i2 and q are weak 

equivalences so is r ; r is also surjective since q is and 
· therefore r is a trivial fibration of simplicial S-algebras. 

As j is a cofibration so is i1 ; therefore v = ri1 is a 

.cofibrant factorization. 

c J. 

Suppose for the moment that 4.13 is a diagram of rings where 

is a free P-algebra. If N is a T module, then there is an 

.. (·xact sequence 
• 

• 

-t"<here j 

0 - Der {Q/P,N ) 

is onto because 

an R-algebra map from 
' 
• 

j* 
- Der (Q/R,N ) • Der(P/R,N) - 0 

Q is a free P-algebra and hence there 

Q to P which is left inverse to j . •• • 
. . ... .. .. <6.1 
' this sequence is functorial in N it comes from an exact 
• 
• 

rsequence of T · modules 

-



' 

' 

I 

4 .6 
• 

(4 .14) 

ThiS last sequence is seen to be functorial in the diagram of 
. 

r�ngs 4.13, hence applying .this functorial exact sequence 
• 

dimension-wise to 4.13 now considered as a diagram of simplicial 

rings we obtain an exact sequence 4.14 of simplicial T modules. 

No'\'l using that S®pQ is a projective S-algebra resolution 

of T , that Q is a projective R-algebra resolution of T and 

that P is a projective R-algebra resolution of S , we see that 

the cofibration sequence in Ho (MT ) associated to 4.14 is the 
-

desired cofibration sequence 4.12 • 
• 

It remains to show this cofibration sequence is independent 

of the choice of the diagram 4. 13 . Suppose given a diagram of 

simplicial rings 

(4 .15) 

R ---.> S ---> T 

� � � 
R' ------> S' ------> T' 

o.nd suppose given a diagram (4 .13) 1 similar to 4.13 but with 
• 

. . . 

primes. By lifting su6cessiyei: Vin. the .diagrams 

( 4 .16) 

. --- . -
- - . · - - · ··· . . .. . --- - .. _ -_ - -- . .  . · : - . . -

. - - ' 
. . 

• . . - -
', --.-.· - '' .-,-- - • 

R ----. --.> -��.E.� . . . . 

- ) Q I 
_,""'I 

; 
/ � / "' 

/ ; / . 
. . -

·-

-- - . -..... ?\ 'l ,_ 
- / . . . 

/ . . . 

. . 

. . 

. . -

- . -- . .. ' .. ' .... 

. . 

p -------.) s I 
- - - -·- · ·· 

. . . 
• 

• • . . -- . 
. . . 

-

- - - --- - - -

··· · '-- -- - - · / . . .... - - ---
·- - -- � -

/ 

/ 

• 

. - . . I -:_Vic_;·::._"," o- - . . . . . ...... 'f/ 
./ . 

,,Q > T' 
. . - . 

· ----· ---- --______ ___ . --- ' --· - . - -



4.7 

we ob tai n a map f rom 4.13 to (4 .13) i, hence a ma p from the exact 

sequ enc e  4.14 to the corresponding exa ct sequen ce (4.14)', and 

finallY a map of cofib ra tion sequences . The resultin g map i s  

ind ependent of the choices of the lif tings in 4. 16 because by 

:· . 11 tw o lif tings in the f irs t square are j oin ed by a homotopy 

�hich may then be extended to a homotopy betw een the lif ting s  

:!.n th e second squar e . It f ollow s  tha t the m ap of ex act sequences 

4.14 to (4.14)' is  uni que up to h omotopy and hence the map of 

cof ibration sequenc es is w ell-def ined . Q.E.D. 

Specializing to const ant sim pl icial rings , w e  have 

Corollary 4.17: If A - B - C a re maps of rin gs, then there 
a a : 

1� a canonical exact triangle in the derived ca tegory of C 

mod ules 

• •  :wnc e if N • � s  a 

JJJB/A �C 
----

> JIJcjA 
' ' 

' ' ' 

,P)C/B 

C modul e , there are canoni cal exact sequences 

• • • 



§5. Sqme applications .. 
' 

• -' - - . . . 

. 
-

. " 

• 

In this section we extend to all q certain vanishing 

re�ults for Dq (B/A,M) which were proved in ( ] for q = 1 and 

in ( ] for q = 1,2 . We shall state these results only for 
. 

u1e cotangent complex �B/A leaving the translation for the 

ru.-1ctors to the reader. 

Proposition.5. 1: If S is a multiplicative system in A , 

then l.D 1 
,,. 0 . 

- s- A/A · 
Proof: (after Andre ( ]1 2 0 . L) Let C � s-1A . As 

• 

C®AC � C we "have an isomorphism ¥JcjA®AC '""' ItDcjA of proJective 

timplicial C modules. As C is flat over A the foz·mer com

plex by 4.7 is isomorphic to 

Corollary 5.2.: Suppose T is a multiplica-tive system in 

B an� that S is a multiplicative system in A which is 

carried into T by the homomorphism A � B . Then 

• 

Proof: 

and using 5.1 we have 

Proposition 5. 3 :  
' 

Of finite 

Suppose that A 

. -

and . A �<�(-:-1A � T-lB . _. - .· . " ;: · .. - . . . " 

. 

- ,_. 

. . . 

- ' ·- " . ' --- - -.. - - - - - ' 

. · .. 

- . -·-
. . 

• 

.. ' .  � - - - --· ' -is noetherian ·'n'r!:a·-�J:;·•-'-'fs 
-__ ___..........._.._;.. · ..;;.· ,;;..;;· '""--• --�-·�-·--:;;;.:;·· -··:�.--� �- - --_, . 

, - _ . ,. 
� - -

. . . 
. - " 

-· -- . ·- .. ... - -- -- · - - ·- .. . . -
- -- -

- . . 

A algebra. Then : 



-

5.2 

i - --
is etale over A <==> 

- --- - · - ----- - - --
-
I JB is smooth over A <==> fDB/ A 

.. , cDB/ A is a pro-
• - . --

�1e:ti:_�e B 
-----

-- --- - .  · · ·· · - -

module . 1 --- . - - . 

. - · - - .. . - _ _  .. _ ... ____ _ ____ -- - - -- - - - -- --

Proof:  (==> ) Suppose B etale over A ,  i.e . B is flat 

over A and 6: Spec B - Spec B®AB is an open immersion. Let 

f' be a prjme idea l of B and let q = 6(£) so  that (B®AB)q ... 
-

F • p 
Then there is an isomorphism of proj ective • 

• modules  • 
-

- - . 

• 

'l1ms 

, . • 

-. LD 

'" .. 0 

by 4 . 9 since B 
flat over A . 

by 5.2 

• �s 

0 and as p i s  an arbitrary 

prime ideal of B , we have #DB/A .... 0 . 

Now suppose B smooth over A . As H0(�B/A) .... DB/A ( 3 .8) 

there is a. canoni cal map of projec tive simplicial B modules-

f.DB/ A - cDB/ A • 
To prove this is  an isomorphism we reduc-e --by 

- -

localizing on B to the c ase where A - B may be facto-red�-.·--

A - P - B where 

- - -- ---

-
-

· 

- --· -- ------ . __ _. ___ -
- -

P is  a polynomial ring over A a.?'ld 
- -

- -- - - -
-

-

- -
- .

. - . . -- - --1s etale . Then by 4 .17, the etale case of 5. 3 ,  and 3.1 ive.hav:ec 

• 

- L 

• 

- -

- - . . 



• 

• 

> �B/A 

s 

v VJ 
- . Va. 

n'l1ich proves th e as sertio n. 

5.3 

• 

• 

(<==) Th e spectra l  sequence 3.7 degenerates yielding 

Dl(B/A,M ) = 0 for all B modules M . By 3.12 all A-a lg ebra 
• 

ext ensions of B by an ideal of square zero split h ence B l.S 

• 

smooth· over A 
--·· --

th en B is etale over A . Q.E.D. 

If also = 0 , 

W e  now \'l i sh to give a reasona bly 11 geometric11 examp le wh ere 

n1 (B/A ) 1- 0 · .  Th e ·follow ing results from 4 . 17 and 3 . 14. 

Prop osition 5.4: Suppose th at A ... P ... B is a fac to riz ation 

of A ... B wh ere P is a polynomial ring over A and P ... B is 

surj ective w ith kernel I . Th en 

��d th ere is an exact sequence 
• • 

�nd sim1a� assertio ns h old for c ohomology . 

! q > 2 j 
·r- - ·  ---

. fie ld a nd tha t R 
• 

Th en R is an integr al doma in finitely 

' 



' 

5. 4  

.. cnerated over · k • We show that n1 (R/k) � 0 • R = P/I where 
t-

*' -: -

XY{ -XZ 

( 
) - X(Yz-X3 ) + Z(Z2-X2Y) 

The element u � 

is  in I but not in I2 . In 

�:-rect if m= (X,Y,Z) , 

h�ve the exact sequence 

... o 

·�· as asserted . It may be worth remarking that I 

!deal in P such that I2 is  not primary; in fac t 

'"here .. I (2) is the I primary component of I2 . 

is  a prime 

Imo = I/I(2 ) 



chapter II. The fundamental spectral sequence 
• 

In order to calculate D*(B/A,M) one is reduced by 4 . 17 

t.o the case where B = A/I , I an ideal in A . In this case 

there is a spectral sequence which relates these groups to 
-

Tor! (B,M) , which is more eas ily computable. In this chapter 

w�� derive this spectral sequence and give some of its applications . 



§6 .  Cons truc tion of the spe ctral sequence · 

we retain the notations of the prec edinG chapter except that 

· rings will not be commutative,  but skew-commutative with :· r rtal.n 

�c spe c t to a canonical grading . 

Let P be a free simplicial A�algebra resolution of B . 

Q - P® B is a simplicial augmented B- algebra . If J � ':lie n  - A 

t:c r P®AB _. B is the augmentation ideal ,  then 

2 Q :::.:> J ::> J :::> . .  • 

1 r. 0 filtration of Q by s imp licia-l ideals .  By means of the 

z;huffle operation ® ( [HA] , II," p . 6 . 6 , (6 ) ) , Q with dif-

� c rential becomes a ske\'1-comm.utative differential 

c-·. rz:tded ring and 6 . 1 is  a filtration of Q by differential graded 

i deals . Consequently we obtain a spectral  sequence of algeb r�s 

whe re 

dr . ' . Er 
p-r, q+r- 1 , 

und ignoring for the moment questions of convergence , �ose 

: : t :�: tment is J4 (Q ) , . Tor! (B,B ) . As P is  free over A ,  Q 
• 

· �- .f ree over B hence there i s  an is omorphism of graded simpli-

,. i a l  algebras 

. 

-

>.-: ,� re the left side is the symmetric algebra functor over B 

applied dimension-wise to the si.'i1plicial B module J/J2 . 
• '\PP lying 5. 4 dimension-wise to the map s cA - P - cB we obtain 

• 



' 

• 
• 

. � ) 

. 

isomorphisms 
- ' ' 

-

of simplicial 
. . 
B modules 

6 . 2 

we now turn to the convergence of this spectral sequence . 

Lemma 6 . 5 :  Suppose that Q is a projective augmented sim

; : : : i a l B algebra with augmentation idea l J . If H0 (J ) = 0 , 

f t � (� ... , 
- . . - -

. . 

for k < n . 

A more general form of this lemma will be proved in 8 . 8. An 
r. : tcrnative proof of 6 . 5  in outline is as follows. The arguments· 

. � ( ] ,  §4 are very general and show tha t it is sufficient to 

- . 
• 

iJv, ( 1  )/M (1 ) is the simplicial B module whose normalization is 
• 

' -
• �. : he complex with B in dimension 1 and 0 elsewhere. In this 

; · fl � e  one may apply known results on the connectivity of the sym-

7 · · � ri c  algebra functor [ ] , in particular the following which will 

' l · ·  p roved in 7 .  32 . 

Lemma : Suppose that X is a flat simplicial B module with 

! ( ;-:) :.: 
. · , 0 . . · Then .. . . . . 

- .. . -

- --· . . 

. --
. . 

. 

- ' ·c :ti -
-(sBx )  == o . . a . n 

- . 

---

-. . 

· -
_-,- - . . - - - -

· -..:._ . .  -. .. 
. . _ _. __ :;· . ...._ .:...- : - .  -��;:---;."!"'"'" -

· -
- � .. .:_.-..;_ . . :.;..--:-=·:!"".;."":'·- ·::·,.:-- .  ' ·· . 

' �-

• 

q < n 

! _ ,.. • •  � 

-_. .,. . . the re · ·i s a:.: '!?;raded .algebra isomorphism 

• • 
!-_'\. . • • - � � ,....,_ 

. . � . -

-

• 

. . • 

- - - _-_ - -- - . - ---
- --

. 

- - -- -- · . - .  ·-· · •··
· --- -· .. . ·o·

· 
. • , 

. · - - - -· · · · ·· ' - -
· • 

• 

• 

on B modules. 
•• 



6 . 3 
In virtue of the augmenta t ion, H0 (J ) = 0 is - equivalen t to 

� ( Q )  � B , whi ch when 
• •  "I 

means B®AB � B • In thi £  C 8 !H'  
�-

. h �  spe ctral s equence 6. 2 cons truc ted from the 
� ·  . .... 

.. :: r: Q - c onverges by 5 .  5 ,  that is , 
q p q  

.... ... reove r  if p or q < 0 by 6. 5. 
. - . 

�f therefore have 

J adic filt ra tl on 
r > p+q and 

Combining 6 . 2 -6 . 4 

Theo rem 6. 8 :  If B®AB � B , then there is a firs t quad ran t  

•. :: nc : tra l  s e quen ce 
• 

A 
==> To rp+q 

(B , B )  

,, f b igra d ed algeb ra s ,  skew- commutative for the total degree . 

Pi cture of s pec tra l  se quence : 

• 

I I I 
•• 

' 

- -- - - --

�D 1 

Dl D2 D3 
• 

-. -

B 0 0 
I 

p 



-

. 

Edge homomorphisms 
---------- -� 

\ . . 9 )  
-+ D (B/A ) n n > o 

\ . 10 ) 
A - Torn (B , B )  

Low dimens ional isomorphisms 

' · . 11 ) 
A .... Tor1 (B, B ) 

5 term exact  sequence 
------------�-- -

( . 12 ) 

j Tor3 (.a , B )  - D2 (B/A ) -+ 0 
-
----------

-----·-
· 

- - - - ··· · .. - -

-- -..- --- ------ - --·--- - - -- � ·- - ---- -----

6 . 10 is  the unique graded B-algeb Tn morphi sm extending the 
; ·· , >morphism 6 .  11 . 

\ 
• 

Hhen B = A/I whe re I is  an ideal in A the hypothesis  o:-
. .  - � -

, _ 
· .:-. holds and in this case we may avail ourselves of the isono r-

• . . , "'m 
. . .... ..... J .. 

. 13 ) 

• 

\ 

. . 
. - - . · .  . . .  - ·-

- · . . . 

I . . . A-- - - . .. . - · 2 D1 (B/A ) .-:. Tor l (B, B_)-- ,� -I/ I _ - . 
- - �-- -- _ .,..,.=,;::=.:.. · :.:-:· .• -_ -,_ - . .....::-- - - - -- - - - - - - ._ - - - - ---

. 
. . . -

- - �  . . 

. 
.. . . - - . - . - - - -· - . . . 

rerrri te the edge .. ,... . _ .... - .. 
- - - - �: -

.

- - . . 
' homomornh� sm o;o :tO ln . the form 

... - - . ....,.,.. - - -

- . -- _- -- .. --·- ::.·.  --=-�'- ·· ---�:-·-- -�-- -
·

. - _-_-:.:_._ - ... - _;_'_-,;; -_ - :;;;.,-_,,  ---. 
-

-- - . - -. 

. 1 4  ) 

• • - - t f"� 

_Proposition 

decomposable - -- . -

. 
- - . . . . . -

- . - -- - - . . . ----- - - - ··· .. - . 
- . 

- - -- - - . . . -
B - ; 2  · ·- A , - · _ · · · 

1\ ( I; I ) - TQr _("fl,�B-) . - _ -n - n • - - n- . 'c_, . . . .. --- ' 

. -- . :...:_ � -
- :......-..

... - --- - .- . . - --
-- - -

. - . -- . .  - -- · - -- . 
. ; . .  � - - -

- - -- . -- ·· ·- -- . - · -.. . 

. - . . - . 
. - · - . . .. . 

A - . 
--el ements of· . .  Tor*{BiB) : .

. :. ' 
·-_�- - - - - · - - -



proof ; For n > 0 If 

6.5 

a: E Tor p 

. 
• > c is represented by 

by y E J , then 

and q > 0 is  rep re-
j 

q . 
is  represented by 

.. { x!Y ) , where � =  Q®Q � Q is  the multiplication.  But 

-

• - .. " C  of a · !3 
. .. . . . t 

, hence the 

is zero .  Q. E. D . 

If M is a B module then as Jq and J/J2 
are proj ective 

:: : �.p l icial B modules 

� :: o filtered simplicial module over the filtered simplicial ring 

-.. wi th 

• • 
• 

• • 

gr 

Theorem 6 . 16 �  If B®AB "' B  , then there is  a spectral sequence 

A 
==> Tor (B M)  p+q , -

i s  a spectral sequence of module s  over the spec tra l  sequence 

I t  is easy to verify that this spectral  sequence has the 

� : l nv:ing properties : 

e dge homomo rphisms : 

. n > 0 



. 
low-dimensional isomo hi sms : 

D (B/A, M) ::;: 0 
0 

D1 (B/A,M ) == 

� - te rm  exact s e  uenc e : 

- . .  ·' t he t 
- ..... • J 

,... � ;- t •  homomorphism . 

6 . 6  

is annihilated by the 

Rema rk 6 . 17 :  The condition B®AB ":;.:; B is nece s sary as is 
• 

: . ' ; l \·:n  by the example 5.5 where B is flat  ove r  A and n1 (B/A ) f 0 .  

Rema rk 6 . 18 :  The spe ctral sequences 6 . 8  and 6 . 16 are functor

' : n 1  1n the triple A,B,M since the only choice made in their con

. � - � . :-uc tion was the free A-algebra resolution P of B which is  

;. r r..: n to be unique and functorial in A, B using 2 . 11 . 
• 

' 



§7 . Homology of the syu1p1etric al��bra 
0 

In orde r to use the spectral sequence 6 . 8  it is necessary 
·-

- . _-''\ 
"" ""'" 

have results relating the homology of the symmetric algebra of 

• eimplicial module with the homology of the module . In this 

a a t.lar r long sec tion we collect  the results that 1-1e need . They 
• 

tnc lude a conne ctivity assertion (7 . 3 ) ,  calculation of the first 
• 

r • .  · : n  .. vnnishing homology groups (7 . 27 ), and a calculation in the 

c o r. c whe re the ground ring is of characteris tic zero {7 . 4 3 ) . The 

r. yr.�e t ric algebra functor is clos ely connec ted with Eilenberg

K� c Lsne spaces in topology and at  the end of this sec tion we 

p·,t tl ine thi s connec tion.  

1 . 1. Let F be a functor defined on the category of ring

�odule s (B, M) consisting of a ring B and a B module M 
-�- . 

n.nd having values in 
CD hove in mind are the 

an abelian category A . The functors we 
(ll 

s:yn•metric algebra S , the exterior algebra . . 

1\ ,.-� �the divided power algebra r as well as any of tensor pro-
-· -----=-.. __ __.::.-..-

du :· ts built up from homogeneous components of these functors . .  
· - ·- ' . 
I �  R is a simplicial ring and X is  a simplicial R module,  

n� ._, .. r, applying . F dimension-wise to X we obtain a simplicial 
. 
. . 

• 

. . 

::'; " · .' e c t  l'' (R, X) . For the mos t  part R will be fixed and we 

_

_ 
.._ _

_ 

... . . . . 
-

-
--

-
·

· · -

-- - . . - '-
. 

-- . . �- .. . . . -

� �  - ' � ;.:;;,l . w_�i.te simply F (X ) when there is no poss ibility of con-
- - - - . . . .

. .. ·-· · - --- . ' . ·. . 
-

-
. 

. . --

-.. - -- . ------- - '=::,:: - : =-- : . . ' , - - - - ·· · -:-""·�-'". ·-- �- --�--='"- - - ' ' 

- ' -- .. 
_ 
. . , � 

' 
. . --� �-. � .. ·n · _ :- - -

. -�- - - �- . 
. . . - . -

. 
. 

. . .. 

:�"- c '  -
_lhe left-derived . . - - . . · ; . . . 

- - · .  - �-
- -· · ·  --

- -· . ·--:- . -
- -· -

functor LF of F is  defined - by --
_,_ . o 'f' - • ""  • -• • • - - • •• • •• · • • • 

_ ; 1 ·?- ·:. _ \or�:�!.'�- _ P � X - is a proj ec tive resolution --. ..: ·- ·· -· - ---· -· . - 6f X • -- -- _o •.• - - -� --- - . -

IF (X) = 
-

'lbe 
. 

.:� · :�-� �?.�� _j;ype 
__ of. the . simplicial obj ect 

. - -·- -'··:.----:--.----
..:;.__

___. _!F (X ) is  independent 
, . __ r -

·_ · 

_ 
t!}-e cho·i ce of · . p 

. --� 

· · · -· - - - ·--
• 

. - . - - . : . . - · � - ·  

·

-
-

• • --· •• - •  -• .,- ·-- o'. - • 

- · ·- . - -· 

-

and LF --
is a functor from Ho �R} to 



7 . �  
7T0sA whose obj ects are the same as 

Y clas ses of maps for morphi sms . The map ,.. ��top 
• • •  

p - X giver: 
. , ·-

-� 1 se to a na tu ral t ransfonaation kF (X )  � F (X )  • 

• 

7 . 2 . A map f :  X ... Y of s implicial obj ec ts in an abel iau. 

i t  an i somorphism for q < k . X is  said to be k-connec tcd 1 r  
= 0 for q < k • 

• 
-

- ·  

osi tion 

LF ( f )  . 

Proof :  We may as sume X and Y are free simplicial n 

r.-. odules and drop the 1:r • By " at taching cells " to X we wil l  
-

now cons truct a free map X ... X '  which is an isomo rphism 1n 
• 

d imensions < k + 1 such for q > k . I f  :: 
- t� a simplicial s e t ,  let RK be the free s i mplicial R modu l r  

. r.enerated by K {K 1-t RK is left adjoin t  to the forgetful 

· � un ctor MR - s  ( se ts ) ) .  

:-: ,.:ne ra te Hk+l (X ) as an 

' t  E Nk+l (X ) 

•- l ex of X . 

for 

Le t  

Le t  be elements wh l c-L 
H0 (X ) module and choos e  a rep re sc� � �� · � ·.

Here N (X )  is the normali zed cha in c ;r· 

- x 
.. 

be the unique simpli c 1 D J 

f 
. 0 and 0 r r. r 

xi or J = • 

: ' 1 ,  . . . , k+2 . Define X ... X ( l )  by a co-· cartesian diag:ru:-

• 

eiM (k+2 ) ---> eiM (k+2 ) 

':; 
x ------> x <1 > 



is an isomorphism in dimension 

·� -

{ • J 
< k + 1 . 

Cokernel of both horizontal maps of this s quare are �, c • • •  
• 

• � (k+2 )/R6 (k+2 ) whose  homology is a free H*R module on 
• I 

.. 

c-·.cnera tors of 

l (see [HA] ,  

dimension k + 2 corresponding to the elemen t r;  t· !' 

II, p . 6 . 11, as sertion A) . The long exact s e qu c n  r 

• • • 

r,y cons truction is surj e ctive hence 

... • • • 

k+l -

i c  t h·,; � 

• Repr n •  
ing this cons truc tion we obtain free maps x (n ) .... x (n+l ) whh h  
n rc isomorphisms in dimension < k + n t. 1 such that H (X (n·• l ) )  -

• 

c; for k < q < k + n + 1 • Then g :  X ... X '  = 1 :· 
n 

n free map with = 0 for q > k which is an isomorph ! :: r  

1 n  dimensions < k • 

' 

Form a co- cartes ian diagram 

(7 . 4 ) 

' ' ' 

:f X _ ___;;;....__>. y 

g g '  

'X...!..,l' __ . ..:;.f. __ ,_ . ...... -> y_t 

9 :-.d note tha t g ' is an i s omo rphi sm in dimension < k + 1 ' 
� ( .. ..  n e e • g � s  . .  

- - -
Cons tructing a map . Y' ... "Y' wnl:ch is an isomorphism in 

rl ! 
� •.:nension . < 
t' lacing Y '  

' ' 

' ' . .. ' - . ' 

k + · 1 . and-:lias - -H - (Yn·y ·": --=-(j ' - for- -
-q > k , and rc ·  

. ' 0 . .  ' - · - · . 

by 
--

. 
'

. 
' 

. :J, 

' ' -
� 

y." we .

-ob'tain a_ diagram. (7 . 4 ) '
whe re the ve r :. i_c- :; � 

- ' 

. .. .... . ·---� ··- --- -·- .,_� - . · ' --. . -- . . .. 



. . . 
• 7 .. · ""  

.. !�s are f re e  and isomorphisms in dimensions < k + 1 8n<1 
-· . 

�: (X I ) = H (Y' ) = 0 
. . ... q 

for q > k • 

'i 

. ··\' 5 • i . .. 

If 

f ' 

i s  a. k-equivalence, then as g, g '  a re so is f '  

is a weak equivalence,  hence a homotopy equivalence 

X I  . ' nee 
•• • 

and Y' . � are J. ree . Thus F (g ) ,F (f ' ) , F (g ' ) are k 

1 F (.eoJ. ) (': ,,�iva ences so is . Q. E . D. 
• 

corollary 7 . 5 :  If X is k-connected so is 1F (X ) . 
; a -

• 

7 . 6 .  For simp licial objects in an abelian category A the 

t : :.h homology functor H0 : sA _. A is left adjoint to the func tor 

· .  A ... sA • This also holds for more general categories ,  such 

:;.� categories of universal algebras having an underlying abelian 

�roup law, and in particular for the category of rin -mod 

Hence given a simplicial ring and module (R, X) , the canonical 
. 
' 

�djunction map (R, X ) - (cH0R, cH0X) gives rise to a map F (R, X ) 

• 

·F (H R,H X ) 0 0 

r i ·r ) • • • ' 

• 

and hence to a canonical map 

• 

•· , . shall say that F is right exact if this map is always an 
• • 

• 

; :: :;::-.orphism. F = S, 1\ , and r are all right exact because they 

: '!" •.: lef t adjoint functors . For example if F = S we have 

• 

= HomM 
(X, cA ) = 

-.R 

= Ho� R-alg
{H0 

{S · ) ,A )  • 

0 

, cA) 



7 . 8 .  If (B, M) is  a ring-module let 

. ,. F is right exact clearly 
l .  

• 

• •  osition 7 .  : There is a spectral sequence = · - ·===- · -

. 

wh !.ch when F is right exac t has the edge homomorphism 

(":" . 10 )  

7 . 5 

;:hi ch is the map on homology induced by the canonical map I,rF (X) .... -

-

r (x )  . 

Proof : This spe ctral sequence is sirrdlar to the Kunne th 

:-,p<: (' t ra l  sequence th . 6 (b ) of [HA] , II and i s  constructed in pretty 

�:·.Jch the same way. We construct an exact  sequence in � 

("i • 11 ) 
• 

� :/ recursion., letting v 
.tl. ( 0 ) = X , 

, and = Ker 

.... X - 0 

. -

• 

. 

p(q) .... x (q) be�� a. free . res ol�-
. . . 

• -·· - - -
- - �- - --

q .,... . .. . . . -- - . . - . .. . . . . . \. ·'-:!. ' . . . -
_
c-

c - • 

·

_. i . . 
-

-
-

. 

· - - . . . �--
- - -. .. . . -- . . . . 

-- ' . 

the simplicial obje ct  in MR 
_

_ o�t�*n�d •by�:.aJ?P2�J�2-i1/.?, , >  

• - • - _____ -;..._=:· .._:;:,......-.<- .��::--'->- - - --:·,oo.-:· • ..._.;_. ��,:=--·--'"--;-:_ �-- -- -
- - - -•• . - - . - -· . . - - -. ... , i - -

. . - ·  - . 

..... . _, 4nverse of the nonnalization fun c to r  to the · compTex- P( ·d) 
U L §3 ) .  

:) .... � t 
. ,... arget 

Then 

. . -. 

Q (k )  = 
$T}P ( t11 )

-

-- . -

. 

I'ltns over  all surj ective monotone maps wi th source � [ k] 

[ tT}]  . From this we s ee that (i ) - . . · - - - - - - - - -. -- - · - -· Q (k) · · i s· ·  a fre e  · · 



. 

:::;)du l e  and (ii ) the inc lusion 
• 

. -

7 .6 

coming from 

. ,
- � �� ·..1 c map : [ k) � [ 0] , is a ho�otopy equivalence . Indeed �Y 

- . . .. . 

-
-

--� . • t:-u c  t i on = 0 for k > 0 hence is contractible . 

- . . 1 
> • • 

. . .... 
. . . ' 

• r"' , �  ' -

t he two as sociated spectral sequences having the homology of 

d i a gona l  simplicial abelian group Knn for common abutment 

{ ) Satz . 2 . 15 or [ ] ) . Using the prope rty ( ii ) we have 

J I r . -

• I v '· l- \,.. -
-

-

; 1· nl l p hence 

0 j p > 0 
-
-

p = 0 

. ·n �u :-: the spectral sequence wi th this as E2 degenerates shm·ring 
: . . . 

-'-' .:. ·- � the map is a weak equivalence .  Fo r fixed 

} , the exactnes s  of 7 . 11 together wi th property (i ) imply that 

\.. - ) ' . n 
• �s a free s implicial Rm module resolution of X , -hence m 

- - - - -
--

Hh ( K .  ) = ( L F ) ( R , X ) and q m q m m 

{ (L  F ) (R, X ) } ==> Hp+ (6K ) q . q  

-

thi s spec tra l  sequence wi th the '\'leak equivalence 
- -- - - - -- - - -
. --- -. > · - - • ) -- -T - -- � -- .. '::.(- ._ 

. ·. • . I -

.:---:.�-- --
-
-- - -

-

- � · - - -
--

-
-
-

- -
-

- -- -.- -. •-'- . - --- - -

": -,:,-- . .  -�
----

-
--

-- ·.;.·· -... - - - -' · -
· 

l. ... remains to 
- o.· . -

-- - -

- 6K we obtain the desired spectral sequence 
-

no te that the edge homomorphi sm Hn (6K ) -

-·- - -� :� r . __ - _I� �induced - by the map which when 
-� 

- . -
"' �  -- .

- -.- --- - -- --. ' ; : . C" rl d  �-- _ - - _ _ _ )- -..-1w L 
. . 

-- � ,-_- _, .  - - - -

-· ·--- - . --

. -

give s the map 



7 . 7 

� , alte rna tive ly the natural map 
. � �F (R, X ) - F (R, X ) . 

-

This prove s  
• • 

' 

� . �.;- as sertion about the edge homomorphi sm s o  comp le te s  the p roof 

' 

' 
• 

• � 
' 
• 

Q. E .D . 

Corol la ry 7 . 12 :  If F is  right exact  and 
" 

• , , f'  q > 0 , then • • 
J,.F(R,X ) - F (R, X )  
-

i s  a weak equivalence . 
• •  ' 

• 

Proposi tion 7 . 13 :  Suppose tha t filtered induc tive limits  in 

�t �.e target abelian c ategory A of F ·· a.re exact and that F 
' 
' 

fr .:::::nute s wi th fi ltered inductive limit s .  Then if Mi , i E I 
' .. 
'! :. e. filte red inductive sys tem of B modules 

-··----· - -� 

• 

Proof : Let C (M ) be the cotriple resolution of M with 

:respect  to the free B-module- -underlying set  pair of adj oint 
' 

��ctors . As both func tors commute with filtered inductive limit s  
r � p�.::; C(M . ) ,.,. C (lim M. ) hence lim L F (B,M-l ) = H (lim F (B, C (M. ) ) }  
f � � q ..... q � 

J< � �nce filtered inductive limits are exac t in A ) = 

• 
• 
' 

• 
' 

L F (B, lim M. ) . q � 

• 

Q.E. D. 

·: � Corollary 7 . 14 ;  If M is a flat B module satisfies  the 
• 

' 

h:;otheses of 7 .  13, then 
' 
' 

• 

. Proof : This is clearly true if 
' 

M 

for q > 0 . � 
is a free B module , 

�·'.:::c:e for any flat module s ince it  is  a filtered induc tive limi t 
• 
' 

• 

F �  free modules by a theorem of Lazard .  
' 

• 
I 
' 
' 

• ' � 
-

' 
• 
• 
• 

' ' 
• 

7 . 15 .  
l �  
· · 

each X q 

A s implicial module X over R will be called flat 

is  a flat Rq module . Combining 7 .  12 and 7 .  14 we 



• 

7 . 8  

ob tain 

Corollary 7 . 16 :  Suppo se F is right exa ct and satisfie� 

t11e hypothes e s  of 7 . 13 .  Then if X i s  a flat R module the 

canonical homomorphi sm ;r,.F (R, X) - F (R, X )  
- - is a weak equivalence .  

7 . 17 . Recall tha t the symmetri c  and divided power algebras 

of a B module M are commu ta.tive graded algeb ras 

B S M = 

and the exterior algebra is a graded algebra 

which is skew- commutative wi th respect to the grading. Conse

quently if X is a. s imp licial module over a simp licial ring R 1 

the bigraded algeb ras 

q > O , n > O  

are ske\t.r- commutative for the degree: q, q and n+q re sp ectively . 

7 . 18 .  Le t 

on MR given by 

. . 

s o  that there is 

• 

(7 . 19)  

. - . -

-

-

- - - . . . 
_ __ _ _ , . ,  _ _ _ _ _ __ _ __ -

c .  and . . i: . be-· th� cqne and suspensi on 
-

� -

- · --·-:- - =- - - - -.. . 
. 

. 
- -- - . . . 

. 
. . .  

- -- - - . . .. . . - ' - - - -· -- - � - ;..• . - - -- . . . 

--
-· :.· ..

, _ ., _. --�� ·· :.:.- --
.

. ::... ·'"- � .. -- -- - � - - .. . . - ·-. 

-
. . -

� -
-

- - -. . . . - - ··· -- .
-

-

. .
. 

. . 
. . -

. - - . 
--

. - -
-

- . 

. 
. - . 

. . ' -
. - ' 

' _ _ . - .. . .. - - - -
·

-
- -

- - -
.

.. . .  - · · - - : · 
. ·.- .

• 

· ... 
-... 

_ 

• ' - , c .·. ·· • . ·  - • - - . · ·  • . 

--

-
--

-

-

- - -
- -

- -
-

-
-

-

- - .. - . . 
. ,• � - ' 

•, 

-
' -

. cx- �: �·i®":'£f
.
zr{tJfxi��-;z[o} · · 

- -. /� ' -• - - -·- ' -- .. - ' . 
- · 

' .. ,_ .. 
-

- -- . - - -
-

-- - . . . . , . . .. ...... . 
. . 

. -
.. . ' -

. . ' ' - . ; . . 
• 

. 
• 

. . . ' . . - - - . 
·�-· 

. -
. - ·· . . - . - - · - - -�; - -

- ·-

�X �·· xi./._::::,� (::JJ:!X-��.-7;./\.<. lJ - -- ·  . :£,. - ' . . 
._, •. : 

. 
. •.:£ .· · · ·  :. 

. .· - ·  - . . . . 
,

- . · :: "· -
- -- · · · -

-. -- ...- -- -- - ·..:.-·--"···.;.. : .. - ·.-:..: 
- . . .. . . - '  -- - - - -

- - - - - -

.

- -

. . 

. 

- ' - - - -- -
- - · - - · - .

. - -.
-

-
- . 

. - . ··--- - - - · · - - - - -

. ·- . 
-- -· - - - - . - -

-

-

-

- - - -

. . . - --· 
. . - -_ . - -·- - . 

a canoni_cal . . e�a.c.t . .  sequen ce ""- - · • -

- '

• 

- ---- - -· -
. . 

-

-

. .  

- - - -- -- ·  

. - - - - - --

-
- - ·

-
-· 

- - -· - -

. 
• 

. 
• • 

- . 
-- - - - -

-

- -

- ·  -
·

-

-

- - - - - -- -- - - -- ·· ·· · ·· 
- - · · · · 

. . . 

o - - x - . ex · - 2:x ... o .· _ ·  ·. . . 

- - - ' . - - - - . 

• 

. . 
. . . . -

-

-

· _ _ _ __ _ _ _ ; ___ _ __ , ._- . . . 
-

. - · · . . -

-
- . 

. 

- -

-

- - ·

·

. 

-
• 

func tors 
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. 

which splits in each dimension. induces the suspension functor 

(again denoted by Z )  on Ho � ) ( [HA] , II , p . 6 . 5 ) , and as ex 

i s  contractible 7 . 19 gives ri se to the suspension isomorphi sm 

(7 . 20 ) 

Proposition 7 ._21 : There are canonical bigraded algebra iso-
• 2 

morphisms 

(7 . 22 ) q,n > 0 

(7 . 23 ) 

which reduce to the suspension isomorphism 7. 20 when n = 1 .  

Moreover 

(7 .  24 ) = 0 o < q < n 

(7 . 25 )  H (LARzX) = 0 q = n O < q < n . 

Before proving this we deduce some corollaries . Recall tha t 

S ,  /\ ,  and r are left  adjoint functors , hence right exact (7 . 7- )  

and there are canoni cal isomorphisms of graded algebras 

{7 . 26 ) 

. . H R 

H R 

H R 

Corollary 7 . 27 :  If H0X = 0 ,  then 

0 < q < n 

' 
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and there are canonical graded algeb ra isomorphisms 

H R 

(7 . 29 )  

Proof : As H0X = 0 1 X is isomorphic in Ho {��) to �y 

ror some Y by [HA] , II , §6 , prop . l . The corollary follows f rom 

the proposition using 7 . 26 and the suspension i somorphism 

H1X P'J H0Y . • 

' 

In a  simi lar way one may prove 

Corollary 7 .  30 
z a a 

. q < 2n 

and there is  a canoni cal grad ed algebra isomorphism 
• 

H R  
(7 . 31) 

7 . 32 .  6 . 6  and 6 . 7  now follow from 7 . 27 and 7 . 28 ,  us ing 7 . 16 

to drop the L .  
-

-

. . - . - -. . - . . - - . . - .. -

- - - -� - 
. .  

- - - . 

. . - - - ---- - . .  '. . 
. . . . 

-�--
- -. _ _ _ -

- - �-- - . . -_ - - - . ' 
-

- - .-
--- - - - - --- -

- - - -
.-

- � -�- -- � - - - - - -_ . __ - - - -�--- --·- - - -� - - -.. . 
- - . ---- -

-- . --

Remark 7 . 33 :  7 . 28 is  the unique algebra map whi ch extend s .
· 

- - -- . , o. 

the canonical isomorphism for n = 1 . 

suitable shuffle formula it  is  pos sible 

-·- - ' - -- . . -
. . . . - - - - . -- . - - - . . - . _. -- - -

- ___ 
·- · __ 

- -:- �_,_�-- .::....:�- - -=�.,.- � -;- _,·::-;. _ . -
- . - _ - __ -

-- --- - -- - �  ·-- - - .-,·- .:... -: ·- . - -- - --

Si.lnilarly b;Y:. �inean-5 o;f a _ -· .. . 
. - - - - -- -

. . . . 

to de -fine a iv.ided :__powe r - -
- . - -- - . .  - � - · ·. ·- --· 

- ··- . ·-·- . -. - . - . - .  - - _-- -: _:·. ·- - � · - - - - - . · ·  - ·- -·. - - · - ·  -- - --- - - - -- - . -

Operations on the right sides of 7 . 2 9  and 7 · 31 and . then ,.:the se ini:t..P � 
- -- - . · - . -- - - - - - __ - ·  - -_ - ·--· - - . -

- --. 

. . . . . - - - - -

are the unique homomorphisms of divided powe r algeb ra s - extending 
. - - - - - - - - - . . - - -- - -·- - ·--· -- - - - ---

· · - - -

the canonical isomorphism for n = 1 . - -

. . 

. . - . -. - .. - - - · - - -- - · - - - · · ·- · · · -
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7 . 34 .  Proof of the proposition : If M is a B module 
22 

1et d be the Kos zul diffe rential on the bigraded algeb ra 

M®SnM q,n  > 0 where ®, 1\. ,  and S are taken over B • d 

is the unique endomorphism of this bigra.ded algeb ra which is  a 

skew-derivation with respect to the exterior degree q and is  

such that d (m®l ) = l®m , d ( l®m ) = 0 • If M is a flat B 

rr.odule, then 

rr . 35 > d ... SM ... 0 ... . . .  

is a flat differential graded skew-commuta tive algebra which is 

a resolution of B considered as an SM algebra vi a the aug

mentation SM - B • In effec t  one reduces  by Lazard to the case 

where M is a finitely generated free B module , then to M = B 
• 

by the Kunneth fo1mula., in whi ch case the fact that 7 . 35 is a 

resolution is clear. • 

If 
• 

0 .... M' ! M � M" ... 0 

I � ::  an exact  sequence of flat B modules ,  we may define a differ-
• 

;.:; tia l 
.
. _ .  d . - on the bigraded algebra 

- ' ' · . . . . 
• • ' . . - -

. . . . . 

;.; _ _ �:c: he- a_ ·.:skew:... derivation wi th 
. .  . 

respect to the exterior degree 
. . 

- . • · · · ·  · c  - - - - . - -
- - - . 

. . 

- - " ' . 

:�3:2:�-t� ·Fl•ot.:� .a (m �-®1 ) = l®im ' , d ( 1®11 ) = o • Then 
. . . 

--
" · · · · . · ·  - - . 

-· .. 
-- _ , . -

--- 1 .. . . . ? r. \ 
� cc : . -· • .-J � J- -· . : . 

- - . - -- . 

. . 

��� - -· 
�=-___ --�-- .. - - .. -

. . ' --
-

-
_-. .  ·· :.' - - . -... · ._.: . . . - - - · - · - · · -. - . .  

. - ' ' ' 
- - - - �- .... - - -- - - - .. • 

• • • • 

it  

q 

" ·. ":.; .. ,�-· . ha:t··· difr"e ren ti al graded skew-commutative algeb ra which is . -

-
. . 

- -- ,- - . - . . - -- - -- . . �-: · ' -r-ec·o 1 Uti'on 
· ol · • ·

- SM" considered as an SN algebra via Sj : SM ... 
- - - - - . . -

. : .oro \ ' '  --- --.-...U .. --- . . . - . - . . 

· · ·-- •·· In effect we 
- - -- -- - - - - - -

- · --
.

- - . 

- - - -· -. ·--, =-- "-· . - ·· -- · .. · - - ----

. . . .. - -- . . . 

may assume · M" free by Lazard in which case  
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M ..... M' � M" so 7 .  36 is the tensor product (1\. M '  ®SM' )®SM" , which 

bY Kunneth has homology SM1 1  in dimension 0 • 

To prove the proposition we may as sume that X is a free 

simplicial R module and drop the L • 
-
-

App lying the sequence 

7 . 36 . dimension-'\'rise to the exact sequence 7 .  19 we obtain exact 

sequences 

.... 0 

of R modules . Using the fact that ex is contractible we obtain 

canonical isomorphisms 

(7 . 38 ) 

To sllow these 
-

algebras , let 

) .. ., H (/\ Rx) q-n n 

, . 0 " 

' 

q > n 

q < n 

isomorphisms constitute an isomorphism of graded 
R R 

K (n ) = 1\ qX � S q X be considered a graded pq  P q q n-p q 

double comp lex, whos e horizontal differential is  the d in 7 .  3'7 

and whose verti cal diffe rential comes from the sjmplicial s tructure . 
. . 

i s  a bigraded ring for which the total differential 

is a de rivation and hence the two spectral sequences of the double 

complex Kpq are algeb ra spectral sequences . But as 7 .  37 is  

exact and ex is  contrac tible both spec tral sequenc e collapse  

Yielding algebra isomorphisms 

) - . 

Vz 

Whose composition is nothing but 7 . 38 .  Thus 7 . 38 i s  an algeb ra 
• 
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isomorphism and we have proved half of the proposition . 
• 

The proof of the other half is s lmi lar where the sequence 

�h is replaced  by 7 . JV 

(7 .  39 ) 1\M ... 0 . • .  

where d is the unique endomorphism of rM1 ® AM which is a 

skelr-derivation for the exterior degree and is  such that 

d ( 'Y lc ( m' ) ®1 ) = 'Y k _1 ( m 1 ) ®j m 1 , d ( l®n) = 0 • Q. E.  D .  

Corollary 7 . 40 : . If X is  k-connected and n > 0 , then 

k > 1 
• 

Rx is (n-l)+k connected k > 1 

is k connected k > 0 . 

Proof : The last assertion follows from 7.3, and the firs t two 

may be deduced from the last  s etting X = �Y and using the pro-

position.  

. - . Remark 7 . 4 1 : The connectivity a s sertions 7 . 4 0 are the best  - · -
.. � -- . . - - - - - -. . . 

. 

-- . 
�-

- -- -. -- - - - - � , _ - - ._,_ � - . . 

possible in 

simplicial 

S i tion one 

general. - IrF .Jh§.racc teri s tic - �ze ro ( L  e .  when R is a 

r..: x . n . are 

Q 
- - - - - ., - -• -. .. - ' . . . - - . . ---- - - - · -. - - -- -- - -- - - · algebra_) , _  t_hen< T :_ .. 

·> s  _ _ ·p�:g9� -�tera ting 
' . - . : . .. - __ __ _ -_ ::·· _ __:,_.__,_-: . . ---:-c�:-�: � ·- >- -�-�-- .,. ___ _ _ -_ _  - _.,-.-,.: _ ·· -· ._· 

. - ' 
- -- . 

. . . . 
.

. . 
. - -

' - : . - . . --· - - - - . . - - __ _ _  , . . - ---- - · -find s that; i f  . X 'Ts .'" k-l connec ted , then 

nk-1  
. . 

. 

. - - - . 

-
. . . -

. 
. - -- - - - - - · . .  . -� . . -· . - -- · . -- --- ---.. - .. . . - -- - - . c onn e c t ed . c - : : ::. : - .. - - ··-- ·· - · · 
. . -

-- . . - .. - . - - . . . - - - - - -- - - - - -- . " - : - ·:- - -- · . - - - - - 
�- . - - - - . . - - - - - -- - -- . - - -

·..:.-·.c . •. -;. -.· .. - -.·.; - - ·  - - �- ' -- - - - - - - · ----- - - - - - --
-

- - - - - ---' -- - ·-· - - - - - - -. - - - -..; _ _  , --.
-� - - - - -- - _---:;·.,---- -�- -�- - --- - - - . -. 

·-
- - - - -· · - - -

. . . 
- - - - -.

. , - -

the propo-

an d  

7 . 42 . 

the symmetric 

In characteri sti c z �ro the homological 
- - - - - - - · ' - ---'-- --·· · -

properties  of 
- - . .  ---=-- - - ---- . · -- - - - - --

· - - - - -- - --- -- -------- - - -----: -
-

-
. --

-- . algebra a re simpler . be cau se ·_ · -s 
.· . _ .... . - - - -·· ·· · · · - · ·-- · ·· . . n 

. 

· - - -- - · ·  . . 
- - - - - - - - -

· i s  a canonical 
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u 

tative ) symmetric algebra funl' tnr, that 1s , the left adjoint 
of the forgetful functor from skew� l' tativ� graded U-algebras 
to graded U-modules .  Then 

Proposition 7 . 43 : Suppos e  th� t  R is a simplicial ring o� 

X is a flat simpli
cial R-module such that HX is a t'J h t HR module . Then there 
is a canonical · isomorphism of bi-gl·� cled HR algebras 

n > 0 

Proof : Let 

modules and let 

ring-modules . 

T = EaT n 
- . · -T =  

be the t�t1sor algebra functor on z·ing
be the te11 nor algebl'a functor on graded 

The symmetric group );n on n letters acts on - . v .. 

_ T .. .  in the obvious n . wa.y and on . . Tn - ·w J th the sk.ew-co���tative sign 
rule, and the shu��le map equivariant map o� 
chain c lexes 

(7 . 44 ) . .  

As X is R-flat and 
· HX is HR :t' l t1 t  the Kunneth spectral se

quences show that 7 . 53 gives rise  

. In general the larges t  

(resp . 
• 

T ) · is n 

7 • . ' 

(resp . 
. 

Sn ) and h1 charac U.:risti c zero the 

• 
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1 symmetrization operator n !  allows us to canonically iden-

- . v ,  

tify this quotient as a direct summand of Tn As 

homology conl.'nutes wi th direc t sums we obtain isomorphisms 

and i t  is easily seen that these isomorphisms are compatible wi th 

the algebra structure s .  Q. E. D .  

Remark 7 . 45 :  This proposition enables one to compute H (SRX ) 
in tex·ms of when R is ck and k is a field of charac · ·  

teristic zero .  There is a more complicated foxmula if k is of 

characteristic p which we now briefly des cribe .  This formula 

is based on the Dold-Thom theorem which in i ts simplicial form 

as serts that if X is a reduced simplicial set then 

\ 
(7 . 46 )  

i s  a weak homotopy equivalence of s implicial sets , whe re SP�X 

( resp .  2Z X ) is the free abelian monoid ( resp .  group ) generated 

by X with the basepoint put equal to the identity. Applying 
-- · - -. . . .  - - _-

,_ . .  - - - - . .  - · · · - ·  
. . . 

- · · - -- - -- · ·
.

· · ·  

the B module functor to both sides of 7 .  46 we · ·abtain:· ,a_h -i�().., - · •-

morphism 

(7 . 47)  

- - - - . - - - . - . - ' -
·

- - . � --...,.�- -- �::.:·
. ·:_ - - -=· ;_ _ _  -· -�- - - - - -

·
- · - - - -

. . 
· -

_
-_ --:..._-

-
- - - -

- - .
- · - -

. -

where BX = BX/B* . and where the right side . .. deno.teR�.th� �:.h;;'n;;Ib-Si _. .: 
of the generalize Eilenberg-MacLane spa ce 

• 
• 

J.n B • In particular if X =  L\ (n )/6 (n ) , 

. .. . . 

- . 

. .. 

then 

----- - - - -

' - . ·-· 

- --- - - ' - - - - - ·- - · · ----- --
- . .. .. . . ' ' . 

. . 

- . - - . 

- - - - - - . ' ---- - - - - ---- - - - -- - - ·  · - - - - -- - · ·  ·· · - -

. 
. . 

• 
. . - - -- -- . . 

• 

. . 

· · · - - -- ------- ' · · · - - · · · · - - - - - - · · ·  



(7 . 48 ) H (SBK (B,n ) ) .... � (K(  IZ ,  n ) , B )  

7 . 16 

where K(B,n )  is the simplicial B module whose no11nalization 

is the complex with B located in dimens ion n and zero else

where . Now Cartan [ ) has given a fotmula for the right side of 

7 . 48 when B = �IP� which may be used by the Kunneth theorem 

to calculate H ( sBx ) when B is any field . 

7 . 49 .  Finally we want to point out tha t the convergence 
• 

theorem 8 . 8  can be used to give a proof of the Dold-Thom theorem 

(7 . 46 ) .  As this is a map of connec ted H-spaces it suffices to 

prove that 7 . 46 induces a map on homology ([ ] ,  1959-60 , p . l6-08 ) 
that is , that. Z?. (B'P00X )  - � (ZZX) i s  a weak equivalence . Filter

ing both sides by powers of tt1e 0.\l.Pmentation ideal we obtain a 
map of spectral sequences with the same EJ. tei'n1. but t;he: 

• 

augmentation ideals of both rings are regular so  8 . 8 implies 

these spectral sequences converge and hence the map is a weak 

equivalence .  



. 
§8 . Regular ideals and the conver�ence theorem 

• 

Let I be arl ideal in a ring A and let B = A/I . Let 

P be a flat diffe rential graded or simplicial A-algebra resolution · 

-
of B . Filtering P by InP n > 

quence of algebras whose E1 term 

0 we obtain a spectral se -

(8 . 1 ) 

is a bigraded B-algebra anti-commutative for the homology degree 

q and whose  first differential . 

(8 . 2 )  

is  a derivation of thi s algebra . It is clear that this differen-

tial bigraded B-algebra structure on A · I ) Tor* (B., gr*A is independent 

of the choice of the resolution P • 

For q = l., n L 0 the differential d yields isomorphisms 

Which extend natu:r:;.lly to a canonical homomorphism of differential 

bigraded B-algebra!: 

(8 . 3 )  

. -

llhe re ®, 1\ , S  ar� over  B and where the left side of 8 .  3 is 

endowed l'Tith the Y..' .. szul differential (7 . 34 ) .  

Definition 8 .  � . I 
.regu.lar) if I/I2 is a 
i f  the canonical n&p 

is said to be quasi- regula r ( resp .  
0 

flat ( resp .  proj ective ) B module and 



8 . , 
• •  

q > 0 

is an isomorphism. 

F.xample : Suppose M is a flat B module , A = SM , anli 

I = S+M • Then we may take P to be the Koszul complex anll 

we find that I is quasi-regular and regular iff M is projel' -

tive . 

Proposition 8 . 5 : If I is quasi-regular, then 

is an isomorphism. In particular 

Proof : To simplify notation let N = I/I2 and 

e = 

T ( · ) =q 

.. n 

We shall prove by induction on m , the following 

assertions 

A : s N .... Ik/rk+l for k < m m k 
. . 

B : m is the 0 map for k < m , q > o . 

Note N is - -

. . . . _ _ ...
. .  , .. . · . . . . q . q . - - - - · - -

' 

. - - - . . -

q . ·  . . . · -
. 
. . . . . . . . . . . q, 

- - . . .  ' - - -_"""':. . :
. 

- · - - _ _ � -- · .  
-- · - · . · ·  

- ·. . . 

mo.rph.; sm f o r  • - k---� <-- -� �-=' ;- ..;.:;:./.:..;. . ·_ :� :�_:.,., , ,;.._ ... ;;.,... _-: 
· 

·-- :.•- · 
· -.. . - , J,.U, o· · •· - , ,. • • -

-
·. 

' • 
, 

' 

- - - - -- �  _ __ ___ , . __ -------.---- - -- · ---;.. · - - _ - - - . .  
. 

. 
-

-· 
, . . . . . . . - ··_ : · , . . . , • -· · · ···- · 

-·· 

· · -.. 

A , B are triv.ial · · · · · · 
0 0 - - - · · _ _. _ _ _ . - ..--: __: -:::-� ·.-: , � .  - -

-- · '  - - - - - ·· - . ' 

. .. .. 
- ·  .-- - -- - . .  - :· -- -· · -- - -- . - -- . - ·· . - - -

. .  . ' •  
. 

Am, Bm ==> Bm+l.� -���-- ���:Ee-,·=��e_�.:�bound?-rY operator for the 
- -

- - - . · - --- - -
- ·-

. . ' ' '  - - -- · ·  - - - - -- -- . . . . - · · - -
-- ' '  - --· ·-- , _ _ _ __ ___ _  - --.- -- ··- ·  ·- - · - - . -- - ·· . - - -- - - -- - -- - . .... . . . . · - - -

long exact sequence a- sso citrted to 

(8 . 6 )  

. . . ·- . · ,  . � · ·· . 
:• · - ·· . . - --- · - -- . . 

' . ' 
. ' 

. . ' ' ' . . ' -
' . 

- . -- - · - -- -- - _ _  -:._ _ _ _ ___ :.__:_..:.�- - ---: ---..:_· . . -- -�------ -- · · · -·· · ·  - - -- -- · · ·· . 

. . 
. 

' - - - - ' ' . ' 
• . . · · . . . 

•,-
. .... . . , .. ,... .. .  · - . . - . -

• • • • • • 

• 

• 



• 

8 . 3 
and c-onsl.a e r  the d iagram 

-

T - (A/Im- l ) q+2 
' 

• 

T ( Im-2 /Irn- l ) __ 

d
_> T (tn-1/tJl) d > T ( tn/tJl+l ) q+2 q+l 

---

q 
/i\ 

( 8 .  7) e q+2 , m-2 e 
q+l, m- 1 e q m 

-

d 
---> 

d 
---> 

I I 

I 

The bottom row i s  exac t  s ince N i s  flat (see 7 . 35 ) .  Am implies 

tha t the e maps are i s omorphisms , henc e  the mi ddle row i s  exac t .  

By Bm ( im ) *  is surj e c tive . Suppose x E Im{T (A/Im+l ) 
.... 

q+l 

• 

' 

.. m Tq+l (A/I ) }  , that is (om+l ) *  X = 0 
• 

If X = ( im ) *y , then 

y = 0 , and as dy = 0 s o  y = d z  • Then x 
• 

X 

p roved Bm+l 
. 

.... i s  0 , and we have 

Am-l" Bm ==> Am • 

By Bm , ( i
m- l

) * and 

j e ctive . But ( om+l ) * : 

Consider the diagram above with q = 0 . 
• • 

� s  m -

t-Thich p rove s  the middle row of the diagram is exac t and the 

right hand d is surj e c tive . As the s ame is true for the 

bot tom row and as 
• 

e2 ,m_2 and 

we s ee e 0 , m is an i somorphi sm 

• 

e l, m - l  are isomorphisms by 

and hence have proved A . - m 
• 

• 
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' 

Thus Am is  true f or all m and 8 . 5  i s  proved . Moreover 

a s  the di agram 8 . 7  is  f unc torial in the pair A, I w e  obtain f rom 

the proof of 8 . 5  the follow ing. 

Proposition B : r :  If I is  quasi-regular the re are exact 

s equences 

• • • ... 0 
• 

whe re N = I/I2 , q > 0 w hi ch are f unctorial in the pair (A, I )  . 

Conve�gence theorem 8 . q .  Le t R be a simplicial ring and 

·J b e  a s implicial ideal in R such tha t H0 (J ) = 0 • If 

-

• 

is quasi- regular in Rq f or e a ch f or 

k < n . 

Proof : We use induc tion on n ,_ the case n = 1 being a 

hypothesis . Consider the exact and spectral sequences 
' 

(8 .  9 )  

(8 . 10 )  

(8 . 11 )  

(8 . 12 ) 

R (R/ n) n n+l 0 - Tor1 J, J ... J®RJ ... J ... 0 

E2 H R n - . L n · = Tor * (H*J H J ) - - ==> · H  · · ,-( J60- J ) . P q P , * 
. 
. . q . 

. 
. 

. 

.
:·.- . . •p+q -.H. . . . . . 

� ' - .
.. . · · - - --· - . . .  .. . .. . . . .. .. _ _  . , .  ,, . 

. .
.
. - - � --- - . . - -· - - · · -- - - . 

- - - - - �· . --- -· · -- · . _ · . . . . . . 

-

-
�

,....., 
· · · ·- - - � - - . . . . · - - - · - �- -

.
-· .

. . 
- - -- - - � �- ·  - -- - --

- -· - . - . .. 
' . - - . . - -

. . . . --- ---
� . . 

. - . 
" 

- . - -- ' -- -- - - -- ' . '
. 

- . .  . 
-

. ' . -
- · - ·  

.. . - - - - · .. 
-- - .. . . . 

-

· - - -- · . _ __ : _ - - .• .
. _, 

_ _ • '  -- - .
. - -

q+l n-2 q n-1 - - · _ -<::: ·-; : . .  :� ·:: -- , .>" �  . , . · ·  · -

- . - - -
- . . -- -

- - - - -
- --

. --- -
. . ' - - · . . 

• 

. . 
. -

- . . - - - - -- - - - -- -
- - - - -- ·  ' - - ' - - - - --

-. ·- - -, - .,.: .. - - - - - · · ·  -- . . . - -
"!here 8 .  10 and 8 . 11 a re Kunneth spectrfil' _ .:$eqi.<:ence:S· £HAL II � th. 6 

. 
. . . . . . ' . . · - . 

· · - · -· · - · · · · · ·· · - - - -. . 
. - . -- - - - - - - - .. - . ...: - - .-.- - - - - ----- - · •-- ,.. .. . . -- _--- · ·- - - ·  - --- - - -.. . . .. .  - - - - -- - ·  

Find w he re 8 . 12 follow s  f'rom - -a . 7 , " the --7\.-, S ,®�� oeing - ·av·er  - R/J cu�d 

N 

As 
. . --

- - · - . � - - .  -- -·- - ·  · - ·· - ·  . . . . .  . . . . ' - . . .. - . 

N .i s  a quotien-t- of J- : -'-.we-- have- . ,H ·:tiiJ - -= - 0  �-- hence  
-- . . . . . . 0 . . . .. . . - · - · - - - ·· · - -

- . ., - - -· ··· · ·- . _ _ , _ ___ __ _ ·- --- - -

is flat over £-SkN n SkN by 7 .  16 un� . s� ':·· §kN _is 



8 . 5  
• 

(k- 1)- connected by 7 . 5. Similarly 1 \,N is {k-1 ) - connected. 

Again by flatnes s of N · /\ N®S N == q k 

· -

(q+k- 1) -connected by the Kunneth spectral sequence analogous to 

8 . 11 .  From 8 . 12 one therefore finds that 

if q > 1 
- -

-

q- if q > 2 

is  ( q+n-2 ) -connected . Hence E2 
= 0 pq for q > 0 � p < q+n in 

8 . 10 .  By induction hypothesi s  � is (n-1 ) -connected so by 8 . 11 

i s  n- connected. Thus 8 . 10 shows that J®RJn i s  n- connected; 

whence by 8 . 9 and the fact that is (n+l) -connected� 

1-1e see that Jn+l is  n- connected which completes the induction . 

Q. E. D .  

For noetherian rings there is a close relation between regL�-
• 

• 

lar i deals and ideals generated by regular sequences . 

. 

Proposition 8 . 13 :  If A is noetherian the following con-

ditions are equivalent : 
. 

I i s  regular 

I is quasi- regular 

I/I2 is  a projective B module and 
A Tor2 (B � B )  is s urj ective. 

iv I/I2 is a projective B module and S (I/!2) � gr1A . 

For each maximal ideal p · in A containing I ,  the 

ideal IAP in Ap is generated by a regular sequence.  



8 . 6  

Proof : (i ) <��> (ii ) I/I2 is  a finitely presented B 

module , hence it is flat iff projec tive iff locally free . 

As Tor ' s , I\ , S , gr are all compatible with localization we 
• �ay suppose that A is a local noetherian ring and that I l. S  

contained in the maximal ideal of A . ( i )  ==> ( iii ) is obvious . 

(v ) ==> ( i ) . Let .t:> - { � -"' } .J.. - .1.. l , 
• • •  

, J.n be a regular sequence generat-

ing I . Then the Kos zul complex K(f; A ) is  a free differential 

graded algebra resolution of B over A . Hence 

and 

• 
• 

Thus I is  regular. 

( iii ) =�> (v ) . Let f = {f1, . . .  , fn } be  a minimal sys tem 

of generators for I . The Kos zul complex K(f ;A )  i s  a free 

differential graded algebra over A with an augmentation to 

A/I � B , hence there is  a canonical homomorphis� of graded B 

algebras 

. . . 

This homomorphism is an edge homomorphism in the spectral sequent;� 

--> - - H ( f · B ) - -p+q , . 

'Whose five term exact sequence is  
-

92 A 
�> Tor2 (B ,B )  � H1 (f;A)®AB � H1 (f ; B ) 

. . 

- -

. . 

-. . - . 
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8 .7 

and the fact tha t e is an algebra 

which i s  surjective by hypothesis . Hence · u1 (t�A)®AB = 

so by Nakyama is a regular 
• 

sequence ( [  J� IV1 prop . 3 ) . 

( iv ) <==> (v ) . See EGA1 0 IV1 15 . 1. 11 .  



§9 .  Some applications of the spectral sequence . 

In this section we give applications of the rundamental 

spectral sequence 6 . 8  of the vanishing or mod-C theory type .  

-1  . 9. 1.  If B = S A , then B®AB = B so the spectral sequence 

6 .  8 may be  applied . By 7 . 5 ,  for p < n ==> 

E2 = 0 for p < n , q > 1 , and hence as ==> pq 
Dn+l (B/A ) = 0 . Thus by induction we find that D* (B/A ) = 0 

which gives an alternative proof of 5 . 1. 

Proposition 9. 2 : If A is  noetherian and B is a 
a : 

• is a finitely zation of • 

generated B module for each q . Consequently if M is a 
-

finit generated B module, so  are D (B/A,M) 
--------------- q and 

Proof : The second s tatement follows from the first by means 

of the speetral sequences 3 . 6 ,  3 .7  and the fact that B is 
• 

noetherian. The first statement reduces by 5 . 2  to the cas e  where 
. 

B is a finite type A algebra . Choosing a polynomial ring P 

over A wi th finitely many generatorz. mappirlg onto B we are 
. -

-
· - -· - - · • 

. . . 

. 

. 
-

. •

' . - · · · ·.: -_ · . . . _ - - , . -.-. _ . . .  , ··.• • ' -then reduced by 4 . 17 to the case  where_ . A ' i:i  ' P · �c� : fu .\vhi ch case 
·--· •

. -

- ---- - - ·  -=- , . . ...:: _.,_
_ 

-- - - - -- -- ..  -- -
" . . - . -.. _- - - - -�- -- �-- -

- --- . . - - '· .. . . --_ ' . -- . . .  - - - - -
. 

' -
' 

. .  -

- . 
-- . . - . . --·· ' -- .. - ' -B = A/I and we can apply the spectral · se_ciuen_�:e,� · . . ,-;The . . abu tment . 

. . . . . . - -- . ... - - ---- - -.. --· . -
- . -- - -

-� __ ,__ . ·· .· - - - - - - . - --. - -- - - - ---- - - -- -.::-- ""'.-- � · �-- -· , · ....... . . . .  -. .. - -··· ·;;..... .. · 

------= --
- . - ':--·-·· •"'·�--...,--- - -:.�. _ ,  • . !. s a finitely generated . B module. :in ..,.ea·¢h··.rl;im�"P_si dn, . hence work-

. . ' . - ' . - . -• 

• -- - - -. . .. _ - _ . . . .. . . ing modulo the clas s of finitely generated :B���-.mudul·e.s: ·in the 
- - - -- . . . --- - -

-
-

. spectral s equence , 

generated for k < n 

But if a comple� X 

. 

-> • . -- - - --· - -. -- . · . . ;_.:--=: .:--:- �--��·.::·,_,, . . _ ___ , , , _.:._ . . _ -:-- .. .... 
- -- · ·- - -

- - _ , ._ - - -- ·-· · - . 
. . . • 

- . ·-

-

of projec tive -· B · ·· modules , such- CiS • 
-

. . . - ---· -- . -
. . .. £DB/A ' 

has finitely generated homology in dimensions� < � :n� -�- ·"ft- · is  homo topy 
• 

• 

. . . 



9. 2 

equivalent to a complex F of free B modules which is  fini te 

type  in dimensions < n . In effec t cons tru c t  induc tively a 

by attaching q-dimensional generators 

to F ( q- l )  to obtain a (q-1 ) -equivalence F ( q-l) ' � X which is 
• 

surjective on Hq ; then add ( q+l ) -dimensional generators to 

F ( q-l ) ' to ob tain a q-e quiva lence F ( q ) � X . If F ( q- l )  and 

is noetheriani hence setting F = lim F (n ) we obtain a weak 

finite ly generated . As X is projective F � X is a homotopy 

equivalence . This shows that up to simplicial homotopy we may 

replace 

finitely generated in dimensions < n . 

H (S N- 1F )  is finitely generated for p q 
9. 2 is comp le te . Q. E .D .  

Hence 

P < n and the proof of 

- -• •  

Rema rk 9 . 3 :  For a different proof of 9 . 2 see [ ] ,  prop . l7 . 2  . 
• 

That proof yield s the stronge r re sult tha t  when B is a finite 

type A - a lgeb ra and A is noetherian , there i s  a free simplicial 

. A-algebra resolution P of B with only finitely many generators 
- . . . - -. in each dimension . 

- - - -
- .. . . . . -. 

. 
Theorem 9 . 4 : 

- - - -

• 

Suppose tha t 

A is noetherian, B is a localizat ion of a finite t e A -,ale;�bra , 
2 22 

and M i s a (not ne cessa rily fini tely generated ) B module . 
. q - .. If .u - E · D (B/A, M) 

._ -

p :  B' B of A-algeb ras ) whe re 

there is a surj ective map 

B '  is a locali zation of a f inite 



9� 3 

type A-algeb ra and the kernel of p i s  nilpo tent , 5�c� 
----

Proof : Choos e  an A-a lgebra P and a surj e c tion P - B 

where P i s  a locali zation of a f initely gene ra ted polynomial 

ring over 

We are going to show that for n suffi ciently la rge we may take 

B '  = P . Firs t note tha t 
n 

. 
for q > 0 by 4 . 17 and 5 . 3, hence we may as sume tha t P = A . 

S e c ondly 

' 

and hence the re i s  an inve rs e sys tem of spectra l  s e quenc es 

( 9 . 5 ) 

9. 6 .  We shall say that an invers e  sys tem 

• • • - �+1 - M -n • • • 

of obj e c t s  in an ab e lian ca tegory wi th indexing s e t . tbe ,� irrte:ge·rS" 

> 0 i s  a s t ric t -es senti ally- ze ro inverse sys tem i f  the re i s - an 
-

inte ger N such tha t  �b - � i s  
. 

0 for n > m+N . I t  i s  
c lear tha t  the s tri c t -e s s entially- zero invers e s ys tems fon1 a 

thick subca tegory and are prese rv ed by additive functors . 
... 

Henc e  
- . - --



9 . 4  
in virtue of the spectral sequence 9 . 5 ,  theorem 9 . 4  wi ll follow 

from 

'Iheorem 9.  7 :  Suppose A 

A/In+l , and ideal in 
. 

A , A = n 
inverse sys tem H (#1)A /A®A B )  

q n n 

is a noetherian ring, I 

B = A  0 • Then for each 

is an 

q the 

is s trict-essentially- zero .  

In virtue of the inverse sys tem of spectral sequences  

--> - -

which results from 6 . 16 , it suffices to prove the following two 

lemmas . 

Lemma 9 . 8 :  If .  Xn is an inverse system in Ho (� ) such 

that is strict-essentially- zero for k < r , then 

is s trict-essentially- zero for k < r and q > 0 . 

Lemma 9 .  9 :  If M is a finitely generated A module , then 

the inverse sys tem is  essentially zero for q > 0 • 

Proof of 9 . 8 :  By a step-by-step cons truc tion we may repre -

sent the inverse sys tem 
-

. _ _ _ , ,  _ _ , . _. _  . . . __ . . - - · - - -. . -- . ·- . . . 

. 

. - . .. . . . 
in by an invers e  sys tem 

. __ . in MR-- of
. · free _

· s impli cia l 
- --- .. .. -.·:: - -- ·- -- - - �

- -
-- � - - - - - - -

-
- -- . - - - - -- --

R modules which we denote again by 
- - -�--- - ---- -- - � -- -

-
- - -· . -

. -- _--:..;.- - - . .• X • • • Le't - - X · · _-_. X ( £ ,  0 ) n · - ·- - - n · · n 
. · - _ - - �- :-'·-·. :.: -_ -� _:_· : c .. � -

-
- · -• . 

-:_: . . .  _ . -

_·· . -· q ' en.  ,_ . . . - q n 
--- - -

· · -
-

. .  - - --

·-

. 

- -
- - -- . 

- - - -• • - -- •• • • ____ ·-. _; - - - - • 0  • • • . - - . .. . - -- - - - - - - -

be the Pos tnikov quotient of with 

-

-- � � · z- e· r· o · - ·• - ·· .r- or - n  > m+N .J.. i::> -- . J. . - . - ' q < r . We show by induction on .£ that 
• - - - -- .. . · - -- -- � -- - .  - - - --- - _ --: � --

- ·- ·  -- -
-- --:--_: _, - -- - ' 

-

. 

. . 

. .. 
-

. . - - - - -

· - - - - - - ·· 

is  homotopic to zero if n > m + .£N , 

.£ = 0 and if true fqr £ - 1 , then 



consider the diagram 

' 

3 � "'  , 0 if n>m ' +( £-l)N 
, 

k "'  v 
xm '  ( £, £ )  

---

> 1 ( £, 0 ) ---). , ( £-1, 0 )  

' 

0 if m ' >m+N • 

v . .  
Xm ( £, £ ) --> Xm ( ..e, o ) --.> 

9. �� . . 

where the rows are fibration sequences in Ho QM ) and where 

�(.e, ..e) ha.s only the homology group H.e (X) in dimension 

. . . 

and hence has the property that maps of £ - 1 connected com� 

plexes to it are detel'nlined by the map on homology. The diag�am 
completes the induction. 

for q > 0 

• 

' 

Thus the composite LS X .... LS = q n = q 
and n > m+rN is zero in Ho ( ) • 

... 

1\s 

the latter map is,an r-equivalence by 7.3, the former induces thtJ 
. 

zero map on homology. Q. E. D  • 

. 
Proof of 9 .  9 : · · By dimension-shifting we may assume that q = 1, 

in which case choosing an exact sequence 

with F a free finitely gene rated A module we have 

• 

• 

. A 
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By Artin-Rees there is an integer N l'li th 
A A ( n > m+N , hence Tor1 (An_, M) - Tbr1 Am, M) is zero for n > m+N • 

Q. E . D .  

Corolla 
n -;- h-.;._t_ r • '4-- f.-

9 . 10 : Suppose A noetherian, B is a finite 

�ype_ A-algebra and M is a B module. Let Tn be the 

Grothendieck topology on the category of finite type A-algebras 

over B in which the covering families are single maps X - Y 
- -

which are surj ective and have nilpotent ketnel.  Then 
- -

Dq (B/A,M) .... Hi (B, Der ( · /A, M)) 
-:n 

Proof : With the notations of 2 . 1  there is an obvious map of 
' 

topologies f :  T • Tn which gives rise  -to a Leray spectral se

quence 

' 

where Rqf* (Der ( · /A,M)) is the sheaf on Tn as so ciated to the 

presheaf X -:_  Hi(X,Der ( · /A, M)) = Dq (X/A,M) . Theorem 9 . 7  thus 

shows this sheaf is zero for q > 0 , hence the spectral sequence 

degenerates and the coroJ.,lary -_follows . •. 
_ 

Rema·rk 9.  11 : 

- · - - � . . -
' 

- - ' 

- --- � --

�--

·- - - -- - -
-

--

' ' 

. - . -
- - --

- . --

- - - . 
' 

' 

-- ' . . 

In gene raJ" --:for � �cf�� ·1 - -any element 
----- . . 

" 
' " 

- -- - - - - -
· · - ·- - - - - --- - · · · · - · - · 0 - - . . 

-- - . -. - - - --- - - . , __ .. - . .  - - · - - . . -
-- -- - . 

may be killed by a nilpot.en.t- : extens-i:ml-, , -X- • ·'B- -- i namely take X 
- - . - - . - - - - -

' • - . • - ·-· - - ' .  -- --- -- o· • - - - - · -- • , --
· - - - - · · - · - - ·  -�:.:.- ---

-· - - . . - · ·  . - . 
'' 

to be the extens ion o f  B .. 'Qy 1·1 · corresp ondinG to u by 3 .  12 . 
. - - - . 

-
-

-
-

- - - -
- -

- -
- -

-- -- - - - - - - - - --

- -- - -- - -- -- - -- - - . 

If the Dq (B/A, · )  are d e rivetl run:c�ch's o_r ·n° (B/A , · )  , then 
. - . . . 

- · - · · · ·- -_,;_ -· .•• �. -:... -.c. -;- -.-.: - - ,  • . . · ;;. " - -- · ----.- - - . 
- - - . - - - · - - - - - - · -- - -- - - . -

-· - · - · - .  . -
-

-----= - _ , ---,-_- · - - · - . . ----: - -- ·  -, - -

dimension shifting- would pel'mi t one · to ·conclude the same for 

(and this is  the 
' 

-- - -- - · . ' . · - - . .. - - - -
· - - - - �  . 

_ ____ _ -___ _ __ ___ ::__ _ _  ..,:. __ _ _ _ ___ _ _  _-_-_ ___ ___ -� ---· ·- -·· - - - - - - - - -

case·  f o i� group and . Li� alsel:)ra cohomology). 
. . -- - -. 

. . - - ·· - -- - - - -- -- - -- - - - · - -

. . -- . . . 

q > 1 

But 



9 . 7  for q = 2 is generally false . For examp le supp o s e  I =  

fA c A and M is an inj ec tive B module c ontaining n2 (B/A ) . 
Let u be the element c orrespond-

ing to the inclusion . As the map 

in all nilpotent extens ions of B as an A-algeb ra , to b e  able to 

kill u by a nilpotent extens ion means that 

is ze ro for n large . · However as I i s  princip al the 5 te rm 

exac t se quence 6 . 12 shows that this map is isomo rphic t o  

• 

whi ch after s ome calculation i s  s een to be is omo rphic t o  

Af n Ann f
n+l 

f Ann r+1 
Af n Ann f 

0 , 

1-1hi ch is zero if and only if Ann r+l = Ann f
n+2 

. Bu t i t  1s 

easy to p roduce examples of e lements f in non-noe th e rian rings 

for whi ch the inc re as ing s e quence Ann f
n 

does not s t ab i li z e .  

-



. 
§10 . Loc al complete inte rs ections 

In this sec tion we s tudy when the cotangent com?lax �.DB/A 
i s  of proj ective dimens ion < 1 . In the noetherian case we show 

. 

this is  equivalent to B being a local complete inters ection 

over A • When A is  a local noetherian ring wi th residue field 
-

I I � _____.�,·�' --�------------------· 

l\. we show that A _is regula� ( resp.  e. complete intersection ) 

if and only if n2 (k/A ) ( resp . n3 (k/A) )  is zero .  These results 
fir.... ot-.t. 

are not entirely new ( compare [ ! ] and [ ] ) , but they are rathe r I 
' 

• 

0 

10 . 1 . If M i s  a B module we let K(M, q)  q > 0 be the 

simplicial B module whose no1·malization is the chain complex 
• 

M( q] with M in djmension q and zero elsewhe re . For any 
. 

( q- 1 ) -connec ted simplicial B module X we have 

• 
' 

hence if B = A/I the re i s  a canonical map 

(10 . 2 )  

i'lhich is  a 1-equivalence .  

. 

• • 0 - - ·· - - .: · 
•• 

- -· -·· _: • •  -
-

·--o-__ ; - - - ., _ ___ - -- - · · - -- - - - -Theorem 10 . 3 :  The follol'Jing as sertions a re e iva lent - "1'/hen 

B = A/I : 

iii 

I is quas i- regHla r 
. . 

- -- -- . . 
. 

. -
. 

. . . --· 
for all B modules · M and- -·q_ >-:- 2 · . 

B module and 
.. ·

. . 

. 
T i 2 .

. . · . .  

· . . 

. . 

. . - . - - -·- - - -
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Proof : ( ii )  and ( iii )  are equivalent by the \miversal co

efficient spectral sequence 3 .  

( iii )  <==> ( i ) . K (I/I2 # 1 )  is homotopy equivnlent to 

L ( c (I/I2 ) )  # hence by 7 . 22 

0 p > 0 
'"' 

p = 0 

As I/I2 is flat both _!,' s may be dropped by 7 . l{ • . Therefore 
-

assum1 ng 10 . 2  is an n-equivalence n > 1 , we obta:1 n from 7 .  3 

the formula. 

-
-

-
-

0 p+q < n # p > 0 

p = 0 

If ( iii ) holds # then we may take n = � , so II- ., . 0 pq for p > 0 

and the fundamental spectral s equence degenerates showing that 
the edge homomorphism 

and hence I is quasi-regular.  If I is quasi-re�lar and 

10 . 2 is an n-equivalence, then a.s the edge homomorphism is  an . 

· · isomqrphism the only possible non-zero differential issuing from 

�- n, . . · __ __ . . n n, l o ,n  n, l n+l . - - - . 
� Q- :)uid -,sq 10� 2 is an (n+l ) -equivalence .  Thus induc 1.1on yields · - - - -- . 

-

. ' . . -. 
• 

·c .
•

. ) .. .1. .1. J. • - . 
- - - - - - · · ·· -- ·, - --

- . 

Q. E. D .  

. . -- -- -- - --· · . ' ' - -

• • 

.. . 

. . 

I is regular 
-· 

-· 

. ---- -· -
ii Dq (B/A, M)  

= 
0 

--
for all B modules q > 2 • 

-
-



10 . 3  

Corollary 10 . 5 : If A is noetherian and B = A/I , the 
0 ... 

following are equivalent : 

ii D2 (B/A, M) - 0 for all finitely generated B - module::. -

ii ' D2 (B/A, M) 0 n " 
-
-

I/I2 is  a projective 
. . 

II n I I  - II 

B - module and D2 (B/A) = 0 • 
• 

Proof : ( ii )  ( ii ) ' and (iii ) are equivalent by the universal 
• • 

coefficient spectral sequences . ( i )  ==> ( ii )  is clear from 10 . 3 

while (iii ) ==> ( i )  follows fro� 8 . 13 {iii )  and the 5 ter.m exact 
. 

sequence 6 . 12 . 

10 . 6 .  

• 

• • 

A is  noetherian and B is a finite type 

A-algebra . Choose a surjection of A-algebras P - B where p 

is a polynomial ring over A of finite type and I be the ker-

nel of this map . B is  said to be a local c 
i 

lete 
I 

over A if I is regular. By 5 . 4  we have 

for q > 0 hence by 10 . 3  this condition on B is independent 
. 

of P and \'Te obtain the following. 
• 

A-algebra of finite type. The follo\'rl.ng as sertions are e 

B is a local complete intersection over A 

- - . -

= 0 for all B modules M and 

q > 2 .  -

M 
II 

• 

. ·-



{ iii ) D2 (B/A#M) = 0 

{ iii ) ' D2 (B/A, M)  = 0 

for all finitely generated 

II " II 
• 

• 

(iv )  �B/A has projective dimension < 1 

II 

10 .4 

B modules  
II II 

Here a chain complex X of B modules i s  said to be of pro

jective dimens ion < r if it is isomorphic in the derived cate

gory to a chain complex of proj ective B module s which is zero 

in dimens ion > r ,  or e quivalently Hq{HomB {X,M) } = 0 for all 

B modules M • 

Corollary 1Q . 8 :  If A is a local noetherian ring with resi

due class field k , the following are e quivalent : 

{i ) . 
A is regular 

{ii ) I = 0 for q > 2 • 
• 

(iii ) D2 (k/A) = 0 

A local ring is re gula r if and only if its maximal ideal m 

is generated by regular s e quenc e, 1. e .  iff m is regular, so 

this follows from 10 . 5  . 

. . 

.. 

10 . 9. ·
· ·

· If ::: .A · i s  . . a · local noetherian 
. �  ' - - ·. - - ' - - - .  - ring, with re sidu e field 
.

. -- - . -- ---·------· ·--- ----------------

. . 
-

__ 
-
_
--

_ · ·: -- "-- · · ·-.... _
· A· ·· - -_ - . - · - - _ - -· -

• 

k " then ·by ·e-olten"'� �A' - _==-- P/I> .  -where p is a complete regular local - · -- - · -- -.. . ----- . . . - . 
. 

• • 

. .. . .. , __ _ __ _ _ . ... . .. . . . . .. - . . 

. ring 
. .. .  :-A.: :�J.�,s-c;8���<i;J�9.-L13��-·-a:�c.omplete _i.nte rsection ·if I i s  a 

- - ·  ,""" � - - - - :· - - ----·-"· - - - ··-:.
.
· .. . . . . --· . - ---- --- .. . . . --- - · .. . -

regular ideal. .-By the change of rings exact sequence 
· · -· .-· - -- ·· · · . . . - /\ -- - --- - -- ·-- -- - -�-.:.- _ _ _  .

. _ _ _ __ _ _ _ ---- · - - . - - ' . . . 

to · P • A • - k> . (4<n�t-and- fl-a-t bas e extens ion (4 . 9 )  
. . - . . . . . 

- -- · -·· · · · · · · · · . _ · · · · · ·. · ···· · · · · · · · . . . . . ... - . -. . . . . -. . . . . . . . . . . . - .
. . . . . · - · ·· · · ·-- ···· ·· ·· ·· · · · · ··· ·- ·· · · · · - . . . . -· - . 

. . -
· ·- · •· • ·  · - - ·-·-·- ._._ ···· - ···-�..: . .  ..c.o.--o--o :--·· · . ·-.· .-· ••• · -�- . . • •  _ . . . -· _ • .  • - - /\ - · · · · ·. . 1.\ . . - .. D (AIP;k) -. D (k/P ) - D (k/A)  I • • •  - . .  . . . ·· ... - . ··- q -- ,_ - ·'-· . .  � .. .. - - .c ... . _ . .:q . . 

, __ - . •-. : ·- --· __ q . . . .. 

. 

. . • .. . . . . . . . I .S  
. 
-· . 

• 

associated 
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we f ind that 

(10 . 10 )  

(10 . 11 )  0 

" 
D (k/A ) .... D 1 (A/P, k ) 

q q-
q > 3 

- 0 

whe re a i s  induced by the inc lusion I c m • Now as � i s  

local noe the rian, the p ro j e c tive dimens ion of is the 

large s t  q for which • Thu s from 

10 . 10 and 10 . 5  we find • 

. 
Corol 10 . 12 :  If A is a local noe therian ring wi th re s i -

- ,� 7 

due fie ld k , then the following c onditions are equivalent : 
• -------- ----------------

i A i s  a complete inte rs e c tion j 
ii 

iii 

D (k/A ) = 0 
. q 

n3 (k/A) = 0 

for all q > 3 
• 

' 

Remark 10 . 13 :  One may always arrange tha t the dimension of 

P i s  minimal such that P/I = � . Thi s i s  equiva lent to -

a in 10 . 11 is ze ro , and so we ob tain 
• 

an inte rpre ta tion o f  d imkD1 (k/A ) as the minimal numb er of 

gene ra��rs
.

for A and dimkD2 (k/A ) as the minimal number of 

re la tions . We l'lill gene ralize thi s in the following chap ter. 

Remark 10 . 14 :  Suppose A noe theri�� and B fini te type 

ove r  A • Then 10 . 7  and 5 . 3 charac teri ze when �B/A has pro

j ec tive d imens ion 0 or 1 . In the next chapter we will give 

evidenc e  for th e following c onj e c tu re . 
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0 
Conjecture _10 . 15 ;  B is a local complete intersection over 

A i�f B is finite Tor dimension over A and �B/A has finite 

p rojective dimension. 

The implication ==> is c lear. One reduces to the case where 

B = A/I , whence if I is generated by r elements , Tor dim of 

A/I over A • �s < r by means of the Koszul complex. For the 

conve rse,  the hypothesis that B be of finite Tor d imension 

over A is necessary, as may be seen from the example of a local 

noetherian ring A whi ch is a complete intersection but vrhich 

is not regular; then the proj ective dimension of �k/A is two . 

(Incidentally in all examples where IJ>B/A has finite projective 

dimension known to the author the projec tive dimension is < 2 
is 

and one might conjecture this/always true . ) By the argument used 
. . 

to prove 10 . 12  the conjecture 10 . 15 implies the following • 

• 

Conjecture 10 . 16 :  If A is a local noetherian ring with 

residue field k and for q sufficient large, 

then A is a complete intersection .  



§11 . Local rings in cha rac�eristic zero 
' . 

A denotes a local noe therian ring with residue clas s field 

k . The fundamental spectral  sequence when B = k is 

( 11 . 1 )  

and it has an edge homomorphism 

A 
==> Tor (k  k)  p+q , 

annihila tes the decompos able elements of Tor� (k, k ) . 

which 

(6 . 15 ) .  

the diffe rentials in the spec tral sequence 11. 1 are zero,  henc e 

is isomO!':Q�i;c to the indecomposable space of 
- 0 7 

A Tor* (k, lc)  . 
' 

Proof : By a result of As smus [ ] A Tor* (k, k )  is a c ommuta tive 

Hopf algeb ra, hence by a theorem of Borel ( see [ ] )  

is isomorphic to a tensor p roduct of an exterio r algebra v:-ith 

odd dimensional genera to1·s and a polynomial ring wi th even dimen
· A  sional gene rators . In othe r word s ,  if H* c Tor* (k, k )  is  a 

complementa ry sub_�.P�_'=-e __ to tttE? �eco�_p_os��J.:..e_ ��.e:��!!-��-'- then 
-- -- -- - · - - · - - - - - · · · -

, , • 

- . .. . 81-l* 
A Tor* (k, k )  whe re s is the skew- commuta tive symme tric algebra 

func tor · (7 . 42 ) .  By 7 . 4 3 Abbreviating 

and Dn (k/A ) by Tn and Dn respectively we show by induction 

on n that  the composi tion w q T � D q q is an i somorphism for 

q < n and surj ec tive fo r q = n . For n = 1 this is c lear 

s ince all three are • As surninb the asse rtion is  true for 

n i t  follows that  all diffe rentials is suing 

zero for is  generated by 
-

algeb ra and as the differentials are deriva tions , we have that 
-- · 

-- ------- ---------
-- -- ----·-

----� ---

-
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all differentials issuing from 

E00 = -£2 00 for p < n , so 

are zero for p < n . Hence 

pq 

gr T = n 
n-1 
-$ 

p=O 

As W "' ··  D for q < n , we have 
� 

q q 
for 

dim T = n dim 

n-2 
< l: 

p=O 

p < n-2 • But 

gr T = n 

dim q 
-
·

·

-

, , 

S D -

which shows that Boo 
p , n-p = 0 for o < p < n-2 and dim W = di m  I n 

The latter equality shm.;s that the surjective map W _. D n n is an 
. 

isomorphism. The former equality shows that all differentials 

issuing from En, l are zero,  and hence the edge homomorphism 
\ 

Tn+l � Dn+l is surjective . But we know that the edge homomor-

phism kills decomposable elements , hence Wn+l � Dn+l is sur-

jective and the induction is complete . Q. E.D .  
~ 

11 . 3 .  If the chara cteristic of k is p > 0 , then the · - . 

above arguments work in dimensions < 2p • 

for q < p because the proof of 

. . . · · . - -- - - �  - �  . . 

7 . 4 3  used only the· com� 
. . .. - -. . .. ' -

• 
--- - ' - -- -----. . 

- . . 
plete reducibility of the representa tion of the 

' - - . - --- · :::....
- - ·  -symmetrl:c'< ·group :·: 

zq which holds in characteristic p if 

theorem in characteri3tic p shows that 

q < p • 

. . . 

Also Borel ' :s _ - - ' ' - . 

Tor� (k, k ) _ is C?, t�n�o�-
.. . . . � - · .  - - . · 

product of monogenic algebras k[x]/ (xm) 
a and degree x ·  are odd and m = p 1 1  < a 

- ·- . . 

- •
. 

' ---- ·--- . 

• 

where m = 2 if. p .- . . · -
·· - · · · · · · - - - - -

. . -
< oo othen'lise • .  . . - . 

' . ' . -.. 
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(Actually only m = p can occur when the degree of x is even 
. . . 

because Tor* is the homology of simplicial k-algebraJ  hence 

admits a canonical system of divided power ope rations for elements 

> 2 ,  so  that x2 
= 0 for all X of odd degree > 1 of degree 

and xP = 0 for all X of even degree > 2 . )  Thus 

in dimensions < 2p . Therefore we have the following • 

• 

Theorem 11 . 4 : If the characteristic of k is p > 0 J then 

is isomorphic to the indecomposable quotient space of 

if q < 2p • 

Remark • 
• This is false for q = 2p if A is not regular 

since the kernel of the map Tor2P ... D2p will contain the p-th 

divided powers of elements of Tor2 and these  are not decompos

able elements of Tor2P • 

11 . 6 . For the rest  of this s ection we suppose t�� k is of 
--

characteris tic zero .  The dual of the Hopf algebra Tor! (k, k)  

may be shown to be Ext� (k, k )  with the Yoneda product . Ext* 
- - - - - - - - · 

. . 
- . -

cocommuta tive hence by a theorem of 1-iilnor and Moore [ ] it is 
. - - -" · " · · · ·- - --- - � -

-
- ·  .. . .. 

- · · - - - - - -
- - - -- - - . - . . 

- . . . -· .· 

· 

'· the <tfr.ri� rs a l · enve loping algebra of its ( skew- )Lie algebra of 
- . . - . .  - - . - -

. 
-· ' 

. - · - ·  :· - , -:-c:":;;/E!-<:.... '  r�_:!,.-:. . . - "'- - - - _. t:  • .  - - - �  • • -· 
.. . -

• '  - . -
. : __ :. - - . . -

· 

primitiv:e · e-;i�ents-. Under duality the primitive 
- - · · · . .  --- ' . . . . . - . . .. . . - - · -- -- ---- � . 

-
. --- . "''• - . . -- - . - - · . . . .  

--- - - - - -
- -- -

--- - -
. - ·  - - -- ----· . - . - . . . -. - - -;,Jf .. - -

-
-

.,. . ..,., ... -- --:-.:.:-'!"'ri-:_ ' -, ;::,�-�� : =_� , . . . ·. - - ..... . . .  - - -

� c Ej.;f_ . �coriesi:>onos to the indecomposable quotient -- • - .-• ' •• - -.Jo • :..:· • �-- ' _-__ , • --·
�

· • 
•• 

• 

- • • 
• 

•• -

. . . . 
- . -

· - -. - . - · - ·. , _  

.fl.s > =-D�.{-k/-A-} -i_s- the dual of 
· - · . - · - . - -- - -' · . .  . -. . 

. - . . -
. - - - � - - - - - -- . . . · -

--
· ·

- -

-·· -

- ·- · - - -- - --:-�-- . :- . - -
- - . · �- .• • • • • --• · - .·. - - � · · ' • ·· · · · ·>- o • -·· · •. - · • • ·  · -· · ·· • •  - • 

- - · · - . --· · · · . - · · · - - . -
· · · -· · - · - · - - · 

. . . - . - - -
• 

\'le have 

subspace of 

space of 

-

-

is 

_ __,__. -... •:_ :. - -·.·- . . . - '' : -
. 

·•
. 
-- · - . -

_ _ 
· 

_. · "'- -
· -- .. . -- Theorem ·ri:7 ;- I:f lc is of characte D* (k/A) 

. ..  . . 
. .  _ - · •  . .. -_ . .  

· · - . . . .  - ,  . . - -. .. .  - -
- · · - ·  - - ·  

- . 
. . . . 

. 

the subspace of pr1mitive elements 

• in _ EXt� (k� k)_- - . �  In particular D* {k/A) has a natural ( skew- ) Lie . . li. · . -� - - - -·- ·- ; -. . . -_ . __ , _- · - - . 

- - ' - . 

. . . -

- .. 

. - ·-- . . 

. .. .. . 
. -
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• 

algebra structure and there is a canonical Hopf algebra isomer-
---------- --- · - - - - · -- -·- · 

-· - - · 

phism 
·- ---· 

· · - -

'Hhere U denotes the universal enveloping algebra . . Moreover 

there is a canonical algebra isomorphism 

S{D* (k/ A) } .... Tor� (k, k )  . 

The last  assertion follows from the Poincare-Birkhoff-Witt  

theorem in characteristic 0 , which when _g is a Lie . algebra. 

gives a canonical coalgebra i somorphism exp : �f (g) -. U (g) and 

hence a canonical algebra isomorphism t( exp ) : U ) 1 -. 8 (g) 1 .... 

s(g' ) . 

• 

s tructure is -�-�er�fore equivalen� to th
_
e �_alcul�t�on 

_
of Ext]t (:t�, k ) 

- - . 

with its Hopf algebra structure . If we assume A is complete , 

which doesn 1 t change any of the groups involved,  then by Cohen 

A has a field of representatives, so '\'le may view A as a k

algebra and use a continuous fonn of the cobar cons truction to 

calculate Ext* as follows . 

Let m = mA be the maximal ideal of A . As A is complete 

it is a linearly compact vector space over  k with topological 

dual 

.. . 

m 1 = l!m Homk (m/mn_, k )  . 
n 

The topological dual of the complex m[ 1]  , l'lhich is m • l.n 
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dimension 1 and zero elsewhere is m '  [ --1 ]  • Let d be the 

degree -1 derivation of the tensor algebra T (m ' [ - 1] ) such that 
---------

__ -::::.___ · · ·-

d :  m ' [ -1 ] � m ' [ - l] ®m1 [ -l ]  i s  the transpose of the multiplication 
. . 

·--
� - - - - - - - - -- --- - ---- - - - . -- - - - . - - - - � - -

map m�m � m .  The associativi ty of multiplication implies 
. 

d2 = 0 , and the commutativity implies that d is  a coderivation ' 

of T(m ' [ - 1] ) 
• 

when this is endowed with the Hopf algebra struc-

ture in whi ch m '  [ -1] is primitive . Thus T(m ' [ -1 ] ) together 
--

. .  - - .. -
- -·----·--

with d is a differential graded Hopf algebra .  Its space of 

primitive elements is the differential graded Lie algebra. L (m ' [ -1] : 

together with the induced diffe rential, where L is the free 

( skew- ) Lie algeb ra functor on graded vector spaces . 

We recall the s tandard convention Hq (K)  = H K - q for any 

complex K . • 

Propos ition 11 . 9 :  There is a canonical Hopf algebra isomer-
• 

phism 
----- ------------· . - ----

- · · · ·  - ·� - · - �·-· - · ·  - ----------

and hence a canonical Lie algebra isomorphism 
• 

D* (k/A ) �-- H* {L (m' [ - l ] , d ) } 
.. - -

- - · - - - . - · - - - - - - - -- . . - --- . -

. . . 
. . - -

. - --- - -· -

-- - . - . . -

Proof :  The second fonnu1a {glJ-gvrs�:.t_r�m _ _ :the _  fi rs t using 11. 7 
- - . . - -- . . -- --- - . . . 

-.· - _- - - ' . -- . . -- - . -

anC. the fact that in charac teris tic �=·e ro ; � the. .Jirimi tive element 
- - - - - - - - - -

- - - ----· - -
-

- - - - - . . 
· - . -- ... . :�;;• _ ....;:......:_. :. ·._,. _-::.---:-"!"=-..· . _-, _ _, _,_.:'::.. _ - --- o�·.'!"_icO:� ·- =,�--- ,·�-' : .. _ _  o · ::_ _ _  -.-: . 

. 

and homology functors for differenti-a J, _graded Hopf a lgeb ra s com-
- - .. 

-.-. - . - . . -
. . 

. . 
-- - · ·· - -mute ( see [ ] ) . The firs t s ta t ement�-s presumab:ly well lmown 

. - -· . . .. . . 
---- . - . ·- - ·-··.· · . . 

- � · - ·- ... - . . .  ··- ·- -- --. . · · · - - - · ·  . --

( compare pd ] 1958-5 9, p . l5 -0 9 for th�,� ;�se , .qf:�--gJ:'aded · a lgeb ra s ) so 
- ·- . . . 

. _ -- . ·- - . -· . . . . . . . 

we shall present only an outline of its jus tification . · Le t 1� ' . . . . . .  -· - - - -- - . - ·  .. .  �- --- · - - - -· ··-· · - ···- - •· • ·- -· - - ·  
-

. 

. . 

be the continuous k-dual of A and . make - A' R>T(m 1 [ -l] ) into 
. 
. . 

. . . . - . . 

. ,.= - · -.--- · . -. · -. .c.- . 
. .. . . . . . . . . . . 
- ···-

- -



a differential graded right T(m '  [ -1] ) module by defining 
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d : A '  � A ' ®m [ -1 ]  to be dual to the multiplication A�m - A .  

r · = A ' ®T(m' ( -1] ) is  a resolution of k J since it is the cobar 

construction of the coalgebra A '  . Moreover A '  is an inj ec

tive A module J in fact� it is an inj ective hull of k � so one 

sees that r · is an injective resolution of k as an A module J 
whence there is  canonical k module isomorphism 

H* {HomA {kJ I . ) }  = H* (T (m ' ( -l] ) J d )  . 

To see this isomorphism is compatible with products we recall 

that the Yondeda product of 

denoted J is the compos_i tion vou when u 

and v are thought of as de ree p and q maps from k to k 

�n the deriv�d �ategory D (A)  . If we represent u and v by 

mapS U: k(p] -+ I"  J v: k( q] -+ I "  then to calculate Vo U we 
. 

must choose a map � in the diagram 

whence vo u 

situation at 

we may take 

k 

v 
k 

v 

0 � I0 - • • •  - Iq -

k 
\ 

• • \ 
u 

• • •  

• • • 

- rP - • • • 

• • • 

p • • is  represented by �o u :  k[p+q] - I . In the 
-- . -. . -

hand v - ("A )  = "Av(l )  where v (l )  E T{m ' [ � 1] ) q so  

cp to be cp (a )  = a · v(l)  � where we use the right 



module s truc ture of I T(m ' [ -1 ] ) 
0 

• Then 

11 . 7 · 
(cpou) ( 1 )  = u( l ) ·\,..(1 ) ,  

i . e .  the Yoneda produc t u · v E Extp+q corresponds to the p ro -
, 

duct of u and v in the algebra H* ( T(m ' [ -l] ) , d )  . 
--- -- - - - . . - . · ' ·-- -- - -·-----

Finally we must show the isomorphi sm is compatible with the 

coalgebra s tructure on Ext* , which we re call comes via duality 

from the algebra s tructure on Tor* . The tensor p roduc t of the 

natural coalgebra s tructures on A 1 and T(m ' [ -1] ) is a coalgebra 

s tructure on r ·  for which d is a coderivation ( see [ ] for 

details ) . · · In the special case  where A is  finite dimensional 

over k , it  follows that the dual of I. is a free differential .; 

grad ed algebra resolution of k ( in fa.ct its the bar resolution 

B (A ) ) , hence Tor* is algebra-isomorphic t o  � (k®A (I "  ) 1 ) and 

* < 
. * Ext* is coalgebra-isomorphic to H Hom A (k,  I ) ) = H (T (m 1 [ · · 1] ) , d )  . 

. 

The general case then follows from the special case by setting 

letting n � � • Q. E. D .  
, 

The map A �  D* (�1A) is  a contravariant functor from the 

category of local noethe rian rings wi th residue field k to the 

category of ( skew-graded ) Lie algebras ove r  k which trans :Lorm s  

direct produc ts into direct sums in vi rtue of 

Kunneth- type f011nula : 

-- . . . . - - - - - -- . 

• 

- --- . -

the fol-lowing 
. ·-

- - -

-
- -

. . . ... -- - - - - - - � - - - -
,.---,

• - - -
·

.; -- ,;-_ _ _;: -�- . 
- - - - - - -

- - - - - . - -

Theorem 11 . 10 : If A and B are local noetheri an<rin:p;·s ---

with residue field k { of char.  0 ) ,  then the 

phism of Lie algebras 

D* (k/ A )  v D* (k/B ) ':..:; D* (1:/ AxkB )  

- . -. -

. . 
. . -- -

-- -
·
· - · 

canoni cal homo1:mr.;.. - · - - -- --- -- - - · --

- - -- . .  
- - -- - · 

- - ·- - -- � -- -- ·  
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is an i s omorphi sm, whe re v deno tes d i re c t  sum in the ca tegory of 

Li e algebra s . 

Proo f � If R and S are two non- c ornmuta�ive augmented 

k-algeb ra s , then th8 ir dire c t  sum L� thi s category is given by the 
fo rmula 

( 1 1 .  11 ) 

where a runs over all wo rds in the free monoid gene rated by two 

letters a and b , l'rhe re 

( 11 . 12 ) = R® • • •  ®R® S® • • • ®S® • • •  

.__.....,.__,) \ .rr-_ .. ) 
p q 

and where R and S d enote the augmentation ideals of R and 

S respec tive ly. If R and S are diffe rential graded a lgeb ra s  
' 

• 

and RvS is endowed wi th the d ifferential which i s  the unique 

de rivation of RVS coinciding on R .... ( RvS ) 
a and s .. · (Rvs )

b 

with the differen tials o� R and S respective ly, then the 

de c omposi tion 11 . 11 i s  c ompatib le wi th the ci ffe rentia ls and shows 

the. t 

H ( R VS ) .. -· H ( R )  v H ( S ) • 

.. - --. 
If C = Ax1-:B , then me = mAffimB and the re is an is omo rphism · of di'ffer.-:. 
ential graded algebra s 



. - ll. 9 
• 

and so an isomorphism of homo logy algebras , which by 11 . 9  gives 

isomorphisms 
• 

Ext� ( l;:, k ) vExt; (k,li: )  .. , Ext� (k, k) 

• 

U {D* (k/A ) VD* (k/B ) ) .... U (D* (k/C ) ) . 

Taking primitive elements , the theorem follows . 

Remark 11 . 13 : If we consider the category of local noetherian 
• 

k algebras with residue field k which are essentially of 
A 

( re sp . C = A®kB )  

finite 

type (resp . complete ) , then C = (A®kB}m 
• �s 

the direct  sum in this category and we have the following fol'mula 

D* {k/C ) ":.: D* (k/A )  X D* (k/B ) 

' 

which follows easily from 4. 9 and the compatibility of D* with 

flat bas e  change (4 . 9 ) . 

Remark 11 . 14 . It is possible to l\l'ri te do\tm a fo11nula analogous 

to 11 . 11 and 11 . 12 for the direct SUL1 of skew Li e a lgeb ras . For 
• 

. -
-- . · - . _

- . 
_ _ - - - - -the foimula see any account of the Hil ton- ·Hilnor the_��em in 

algebraic topology. 

F.xamples : 11 . 15. Suppose 
' . 

• 

. 
. -

• 

. . 

. ' . ·--
-- · -- - ·  

' -' - . - --"-... -- · -- · : ·  _ _ ___ _ . _. ,  . .
.

. ,....�_...,.. .. . - -- - _ . - ' . . . -- - · · - . 
. � ' 

-

. A = kEB.1:1 ''!here· ·m"':"' :=· ·  Q ._ ... Then the 

cobar construction has zero differentials so- : ·Ext�·(x ;�k ) = . T (m ' 1 · -l ) ) 
-

·
-

. . -. :Ji,.:... ;_ •, . - � - . -- - -- - - - - - - -- - - - · - . .  - - . . . .
. - . .

. _ , . .  _ _ _ -
-- - -- - - - . ' . - - - - - - - - · · . 

and · n* (k/ A )  = L(m 1 [ -l] ) . If dim m� = 1-:- - cmd·- - �x� --- is _" a _'b a_si_"s fo;r ·.· - . 

m '  , then • 1 2 .oc 
. 

. 

all other Dq = 0 • If dim m = 2 and · · 
x, y · i s  a b a s'is .fo r - m '  1 

- . 

• 

• • 

-
. 

-
-� -- - - ·· ·- . · 

.
. -

·- --- - . 

. - --- - -- -
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then n1 = kx@ky ' D2 = kx2ek[x, y] �ky2 I n3 = k[x, [x,y] ] �k[y, [x, y] ] 

etc . 

11 . 16 .  Suppose C is the complete local ring at the inter

section of a p plane and a q plane meeting transversally. 

. Then C = AxkB where A and B are pol'rer series rings in p and 

• 

q variables . n1 (k/A ) = 

is a basis for 

then D* (k/C ) 

so  if  

is a basis for 

is the quotient of the free skew Lie 
' 

alg�bra generated by the degree 1 elements x1, . . . , xp , y1,  • • • 
, yq 

. by the ideal generated by the relations 

= 0 


