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Abstract

Inequalities are ubiquitous in Mathematics (and in real life). For example, in
optimization theory (particularly in linear programming) inequalities are used to de-
scribed constraints. In analysis inequalities are frequently used to derive a priori
estimates, to control the errors and to obtain the order of convergence, just to name
a few. Of particular importance inequalities are Cauchy-Schwarz inequality, Jensen’s
inequality for convex functions and Fenchel’s inequalities for duality. These inequal-
ities are simple and flexible to be applicable in various settings such as in linear
algebra, convex analysis and probability theory.

The aim of this mini-course is to introduce to undergraduate students these in-
equalities together with useful techniques and some applications. In the first section,
through a variety of selected problems, students will be familiar with many techniques
frequently used. The second section discusses their applications in matrix inequali-
ties/analysis, estimating integrals and relative entropy. No advanced mathematics is
required.

This course is taught for Warwick’s team for International Mathematics Com-
petition for University Students, 24th IMC 2017. The competition is planned for
students completing their first, second, third or fourth year of university education.
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1 Fundamental inequalities: Cauchy-Schwarz inequal-
ity, Jensen’s inequality for convex functions and
Fenchel’s dual inequality

In this section, we review three basic inequalities that are Cauchy-Schwarz inequality,
Jensen’s inequality for convex functions and Fenchel’s inequality for duality. For simplicity
of presentation, we only consider simplest underlying spaces such as R™ or a finite set. These
inequalities, however, can be stated in much more complex situations. Many techniques
for proving inequalities are presented via selected examples and exercises in Section [I.5]

1.1 Cauchy-Schwarz inequality

Let u, v be two vectors of an inner product space (over R, for simplicity ). The Cauchy-
Schwarz inequality states that
[(u, v)| < [[ulf[[v]].

Proof. If v = 0, the inequality is obvious true. Let v # 0. For any A € R, we have
0 < J[u+ Av[]® = [Jul]* + 2\ {u, v) + X?||v|>.
Consider this as a quadratic function of A. Therefore we have
(u, v)* < [lul*Iv]%,

which implies the Cauchy-Schwarz inequality. O]

1.2 Convex functions

Definition 1.1 (Convex function). Let X C R" be a convex set.
e A function f: X — R is call convez if for all z1,29 € X and ¢ € [0, 1]
flter+ (1= t)a2) < tf(21) + (1= 1) f(2).
e A function f: X — R is call strictly conver if for all 21,2 € X and t € (0,1)
fltry + (1= t)xy) < tf (1) + (1= 1) f(22).
Example 1.1. Examples of convex functions:

e affine functions: f(x) =a-xz + b, for a,b € R",

e cxponential functions: f(z) = e* for any a € R,



)

n 1
e Buclidean-norm: f(x) = ||z| = (Z :1:‘2> .

i=1

Verifying convexity of a differentiable function Note that in Definition [I.1] the
function f does not require to be differentiable. The following criteria can be used to verify
the convexity of f when it is differentiable.

(1) If f: X — R is differentiable, then it is convex if and only if

f@)> fly) +Vf(y) - -(x—y) foral z,yeX.

(2) If f: X — R is twice differentiable, then it is convex if and only if its Hessian V2 f(x)
is semi-positive definite for all x € X.

Some important properties of convex functions
Lemma 1.2. Below are some important properties of convexr functions.

(1) If f and g are convex functions, then so are m(xr) = max{f(x),g(x)} and s(x) =
f(@) +g(z).

(2) If f and g are convex functions and g is non-decreasing, then h(z) = g(f(x)) is convez.

Proof. These properties can be directly proved by verifying the definition. O

1.3 Jensen’s inequality

Theorem 1.3 (Jensen’s inequality). Let f be a convex function, 0 < o; < 1;i=1,...,n

such that Y a; = 1. Then for all xq,...,x,, we have
i=1

f(zn: Oéﬂi) < z”: ;i f (). (1)

Proof. We prove by induction. The cases n = 1,2 are obvious. Suppose that the statement
is true forn =1,..., K — 1. Suppose that a1, ..., ax are non-negative numbers such that
S @, = 1. We need to prove that

f(i%%) < Z[{:az‘f(%)-



Since Zfil a; = 1, at least one of the coefficients «; must be strictly positive. Assume
that ay > 0. Then by the conducting assumptions, we obtain
)

f(iozz@) = (alxl +(1— ) i

1-—
K
<oy f(rr) + 1_O‘1f<zl—041 >

=2

K
where we have used the fact that » %4 = 1. O
i=2

Remark 1.4 (Jensen’s inequality- probabilistic form). Jensen’s inequality can also
be stated using probabilistic form. Let (€2, A, 1) be a probability space. If g is a real-valued
function that is u— integrable and if f is a convex function on the real line, then

f(/diu) S/Qfogdﬂ-

O
Example 1.2 (Examples of Jensen’s inequality).
1) For all real numbers z, ..., x,, it holds
n 9 n
(You) <n3e?
i=1 i=1
Proof. Since f(x) = x? is convex, we have
I~ )2
which is the desired statement. [

2) Arithmetic-Geometric (AM-GM) Inequality. Let (z;)i1<i<, and (\;)1<i<n be real

number satisfying
520, A20, Y A=1
i=1



Then, with the convention 0° = 1,

=1 i=1

In particular, taking \y = ... =\, = % yields

n
g T, > n R r. .. Ty,
i=1

Proof. By taking the logarithmic both sides, is equivalent to

i Ailn(z;) <lIn (i )wc,)
i=1 i=1

This is exactly Jensen’s inequality applying to the convex function f(z) = —In(z). O

1.4 Convex conjugate and Fenchel’s inequality

The convex conjugate of a function f: RY — Ris, f* : R — R, defined by

f(y) =sup{z-y— f(y)}

xER4

Fenchel’s inequality: for x,y € R?, we have

flx)+ f*(y) >z-y.

Example 1.3. Examples of Fenchel’s inequality

|| ly|

1) f(z) ==, then f*(y) = sup{z -y — |z|*} = 72 Fenchel’s inequality reads
z€eR4

1
sl + 1) =2y,

2) f(x) = %|x|p where p > 1. Then f*(y) = sup{z -y — %]a:|p} = %|y|q where %%—é =1
rERd
Fenchel’s inequality becomes: for z,y € R and p, g > 1 such that }—17 + % =1, we have

1 1
—[xP + =ly|? >z y.
p q



1.5 Some techniques to prove inequalities

In practises, three inequalities introduced in previous sections often do not appear in
standard forms. It is crucial to recognize them. In this section, through exercises we will
learn some techniques to prove inequalities.

Exercise 1. Let a;,b; € R,b; > 0 for ¢ = 1,...,n. Prove that
. 2
" (She)
i—1 bi — Z?:l b
Proof. By the Cauchy-Scharz inequality we have

(Xe) = (2 50 < (S5 (Xw)

i=1

0
Exercise 2 (Problem 6, IMC 2015). Prove that
> o <
“~ /n(n+1) '
Proof. By the AM-GM Inequality we have
2ln+1)—1=n+(n+1) >2y/nn+1),
which implies that
2(n+1)—2y/n(n+1) > 1.
Dividing both sides by y/n(n + 1) yields
1 - 2( 1 1 )
vn(n+1) vnoon+1/
Hence by summing up over n we obtain
- 1 =/ 1 1
= <2> (=~ ) =2
;\/ﬁ(wrl) ; vnoooVn+1
O

Exercise 3. Let A, B, C be three angles of a triangle. Prove that

V3

sinA+sinB+sinC < 37.



Proof. Consider the function f(z) = sinz. Since f”(x) = —sin*(x) < 0, f is concave.
Therefore,
smA+smB+smC’< ) <A+B+C’) B RVE]
<sin(——— ) =sin—- = —.
3 3 3 2
O]
Exercise 4 (Problem 3, IMC 2016). Let n be a positive integer and aq, ..., a,;by,...,b,
be real number such that a; +0; > 0 for : = 1,...,n. Prove that
n n n 2
o 20 S (5h)
Z 1Y b [ S =1 znzl =1 ) (3)
= G >-(ai +b)

=1

Proof. We notice the similar form of both sides of . For A, B € R we have

AB - B? B 2 B2 n
A+ B A+ B

Applying for A = a;, B =10;, we get

n

"L a;b; — b? -
LHS =3 =2 3™ (b - )
; a; + bz ; a; + b Z Z CLZ
Similarly now applying for A = Z?:l ai, B=>""b;, we obtain

> iy bi
RHS = Zb (”aﬁ)b

Therefore is equivalent to

2

( D et bi) 2 "p?

A I
Z?:l a; +b2 - =1 a; + bl

By Cauchy-Schwarz inequality we have

n

(ZZ:;I%)Q B (émb—ﬁMY = (Zamtb) (ZG’H’Z)’

which implies as desired. O]

Exercise 5 (Problem 1, IMC 2010). Let 0 < a < b. Prove that

2

b
/ (22 +1)e ™ de>e ™ —e
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Proof. By the AM-GM Inequality 22 +1 > 2z > 0 for any 0 < a < x < b, we have

b

b b b
/ (22 + e ™ dz > / 2we ™ dr =e | = / (22 +1)e ™ dx.

a

]

Exercise 6 (Problem 6, IMC 2001). Let n be an integer and let f,(x) = sinz - sin(2z) -
...sin(2"x). Prove that

ful2)] < %Ifn(ﬂ/?))l-

Proof. Let g(z) = |sinz| - |sin(22)['/2. We have

2 2
|g(x)|:|sinx|-|sin(2x)|1/2:%<</|sinx|-|sinx|-|sin$|-|\/§cosx|>
< V2 3sin’z + 3cos?x (\/5)2 (x/3)
-— =(—) =g(n/3).

<35 . 5 g

Note we have use the AM-GM inequality that

3sin? x4+ 3 cos? x = sin’ z +sin® z +sin? z + (V3 cos )2 > 4</| sin || sin z|| sin z||v/3 cos z|.
Therefore, let K = %[1 - (—1/2)"], we have

|fu(z)| = |sinz| - |sin(2z)|...|sin(2"x)]

= (Isinallsin2e)]/2) - (Isin(2a)]|sin(42)]/?) v (1 sin(42)]sin(82)[ 2)3/4><

K 1-K/2
X ... X (| sin(2" 'z|| sin(2”x)|1/2) <| sin(2"x)|)

= gle) - g(20)" g2 ) (|sin(2'x)]) e
< g(n/3)g(x) - g(2m/3)"/* ... g(2" 7 /3)"
= | fu(m/3)|/|sin(2" 7 /3)' /2]

() <

This is the desired inequality. ]
Exercise 7 (IMO 1995). Let a, b, ¢ be positive real numbers such that abc = 1. Prove that

1 1 1 3
>

Fb1o Pleta) Fath -2
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Proof. Let x = é,y = %,z = % Then z,y, z are positive real numbers and xyz = 1. We

have
1 1 x?

3 - :
a?(b+c) z%(i+%> y+z

Similarly
1 oy 1 2
Blc+a) z+z ASla+b) z+y
By Cauchy-Scharz inequality (see also Exercise 1) and the Arithmetic-Geometric Inequality
we have

x? N 1> N 22 >(m+y+z)2_x+y+z>3w3/xyz_§
y+z z+z xt+y  2x+y+z) 2 - 2 2

]

Exercise 8 (Problem 1, The 26th Annual Vojtech Jarnik International Competition 2016).
Let a, b, ¢ be positive real number such that a + b+ ¢ = 1. Prove that

Gra)Gra) o)z

Proof. By the AM-GM inequality we have

1 n 1 B 1 . 1 n 1 n 1 >4 1
a be a 3bc 3bc 3bc T Vab33
and ] bt 1
a c
— = > >
27 ( 3 ) 2 abe, e, abc 27
Therefore,

()G o) G ) = () () ()
a bC b ca C (lb - \4/ab3c3 \yba3c3 Y ca3b3
:%264><27:1728.
abc
Exercise 9. Let z,y € R,y > 0. Prove that
e +y(lny—1)>x-y.

Proof. Let f(x) = e®. Then for y > 0, we have f*(y) =sup{z -y —e"} = y(lny — 1). By
z€eR
Fenchel’s inequality we have f(z)+ f*(y) = e* + y(Iny — 1) > x - y as desired. ]
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Exercise 10 (IMO 2001). Let a, b, ¢ be positive real numbers. Prove that

a n b n c > 1
Va2 +8bc Vb2 +8ca V2 + 8ab

Proof. Since the expression on the LHS does not change when we replace (a,b,c) by
(ka, kb, kc) for arbitrary k € R, we can assume that a + b+ ¢ = 1. Since = +— \/LE is
convex for x > 0, applying Jensen’s inequality we obtain

a b c 1
+ + >
Va?+8bc Vb2 +8ca V@ +8ab  \/a(a? + 8bc) + b(b? + 8ca) + c(c* + 8ab)
1
VB L+ A3+ 2dabe’

(6)

Next we show that

a®+b°+c*+24abe < 1 = (a+b+c)® = a® +b° + +3(a’b+a’c+b*c+b%a+cPa+c?b) +6abe,
(7)

which is equivalent to show that

(a®b+ a*c + b*c + b*a + c*a + ¢*b) > 6abe.

This is indeed true because of the AM-GM inequality

(aQb +a’c+ b%c+ b2a + a + CQb) > 6V a2b - a2c - b2a - b2c - a - c2b = 6abc.

The desired inequality follows from @ and . ]
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