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A  curve  given  by  an  equation  of  
the  form  :



  




where               denotes  the  point  at  in:inity.  
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is  the  set  :    
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A  speci:ic  example  :  E1080k1
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Points	  on	  a	  curve	  :	  Torsion	  Points	  

T  has  order  2














Points	  on	  a	  curve	  :	  Group	  Structure	  

:initely  generated  abelian  group  
with  identity  

Mordell-‐Weil  group  of  E  over

denoted  



Points	  on	  a	  curve	  :	  Group	  Structure	  

r  =  rank  of  E

r  is  :inite














sage:  P+R
(97/4  ,  -‐953/8)
sage:  P+P+R
(541/961  ,  -‐36359/29791)
sage:  P+P+P+R
(-‐14426/11025  ,  2505707/1157625)
sage:  P+P+P+P+R
(1474561/674041  ,  1454330989/553387661)
sage:  P+P+P+P+P+R
(89285857/14531344  ,  -‐815124641617/55393483328)


Points	  on	  a	  curve	  :	  Group	  Structure	  



1	  
-‐2	  
13/9	  
97/4	  
541/961	  
-‐14426/11025	  
1474561/674041	  
89285857/14531344	  
-‐302582687/8290648809	  
-‐534970997642/1270419782641	  
1579333165209181/393146054623921	  
792028838279095201/276884829830340900	  
-‐581568593115008433779/674999396075596741081	  
418766370946835830953838/1425649711854942207996961	  
16342269988899031758101826913/1501948102609454161614611409	  
67478433985016267629457016779137/38620137867199676849029627008064	  
-‐951970848941211536796213516184666079/554480712999800799184253533315880881	  
11674095627067036379387449997833409020174/14690498492510096125357590987678365664225	  
1617840962402842361059558894031899989972691981/16409382749182062824693500161422090210184121	  
52623240059132873423030522064968343284690516944417/43643568419743588982566672842399490851505075594084	  
-‐10337897268963445482495959907423248137859970977589121187/4913926622576435575040721307165339723211630353326217809	  
1611598348347469387523862123996405446490060151685154497368918/1332488041429916261429335346410148586058384355349177438776881	  
1510359085566510509804795486590234511030332005949918103373335657761/15853424239120074250726562271324619128293890910581149503626248841	  

Growth  of  x-‐coordinate  of  nP  as  
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Growth  of  x-‐coordinate  of  nP  as  

  measure  the  growth
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height  of  points  given  by  2  generators  :  nP  +  mQ



Points	  on	  a	  curve	  :	  Height	  func%on	  

positive  de:inite  quadratic  form

  real  vector  space  



Points	  on	  a	  curve	  :	  Regulator	  

structure  of  Euclidean  Space  to

number  of  points    up  to  a  certain  height
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Mordell-‐Weil  group
:initely  generated  abelian  group

Arithmetic  Invariants  



Example  :  E2478g3

	  	  9.9051782343077795324557391664963729405700	  
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Over   What  happens  over                          
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Lattice



Weierstrass  p-‐function
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Lattice



Weierstrass  p-‐function
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Up  to  appropriate  scaling  

as  complex  Lie  groups
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  period  of  E



Example  :  E2478g3

	  	  9.9051782343077795324557391664963729405700	  
	  

	  0.0524757070525734	  
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What  happens  locally  ?
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Hasse’s  estimate  :
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Collect  local  data  

L-‐Series  of  E  :

converges  for  
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L-‐Series  of  E  :

converges  for  


Theorem  (Wiles):    L(E,s)  extends  to  an  analytic  continuation  
function  on  all  of  
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                                        ?
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	  	  9.9051782343077795324557391664963729405700	  
	  

	  0.0524757070525734	  

  =  1
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Example  :  E2478g3

  =  1

Coincidence  ?



Birch  and  Swinnerton-‐Dyer  
Conjecture  1  :    

Millennium  Prize  Problem,  Clay  Mathematics  Institute
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Local  behavior Existence  of  rational  
points
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Local  behavior Existence  of  rational  
points

Local  global  principle  
for  Elliptic  Curve  ?
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Conjecture  1  :    

Local  global  principle  
for  Elliptic  Curve  ?

More  complicated

Shafarevich-‐Tate  Group  of  E  denoted    



Birch  and  Swinnerton-‐Dyer  
Conjecture  1  :    

Shafarevich-‐Tate  Group  of  E  denoted    



Shafarevich-‐Tate  group  

C1	   C2	   C3	  

No	  ra%onal	  points	  but	  points	  everywhere	  locally	  



Shafarevich-‐Tate  group  

conjectured  to  be  :inite

if  so,  its  order  is  a  
square

carries  information  about  the  failure  of  
the  local  global  principle  for  E

its  order  is  an  invariant  for  E



Example  :  E2478g3

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  =	  9.9051782343077795324557391664963729405700

	  	  	  	  	  	  	  	  	  	  	  	  =	  0.0524757070525734	  

  =  1

  =  4



What  if  ?

=  ?
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=  ?
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Birch  and  Swinnerton-‐Dyer  
Conjecture  2  :    

=  

=  4.000000000000000000



=
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=  

=  4.000000000000000000



=
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 linked  to  behavior  over  
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=
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Thank  you  for  your  attention


