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where               
denotes  the  point  at  in:inity.  
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A  speci:ic  example  :  E1080k1
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Mordell-­‐Weil  group  of  E  over
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r  =  rank  of  E


r  is  :inite

























sage:  P+R

(97/4  ,  -­‐953/8)

sage:  P+P+R

(541/961  ,  -­‐36359/29791)

sage:  P+P+P+R

(-­‐14426/11025  ,  2505707/1157625)

sage:  P+P+P+P+R

(1474561/674041  ,  1454330989/553387661)

sage:  P+P+P+P+P+R

(89285857/14531344  ,  -­‐815124641617/55393483328)
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height  of  points  given  by  2  generators  :  nP  +  mQ
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positive  de:inite  quadratic  form


  real  vector  space  
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Mordell-­‐Weil  group

:initely  generated  abelian  group


Arithmetic  Invariants  




Example  :  E2478g3
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Up  to  appropriate  scaling  


as  complex  Lie  groups
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What  happens  locally  ?
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Hasse’s  estimate  :
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L-­‐Series  of  E  :


converges  for  




Theorem  (Wiles):    L(E,s)  extends  to  an  analytic  continuation  
function  on  all  of  
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  0.0524757070525734	
  

  =  1




Example  :  E2478g3


  =  1




Example  :  E2478g3


  =  1


Coincidence  ?




Birch  and  Swinnerton-­‐Dyer  
Conjecture  1  :    


Millennium  Prize  Problem,  Clay  Mathematics  Institute
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Local  global  principle  
for  Elliptic  Curve  ?
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More  complicated


Shafarevich-­‐Tate  Group  of  E  denoted    
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Conjecture  1  :    


Shafarevich-­‐Tate  Group  of  E  denoted    




Shafarevich-­‐Tate  group  


C1	
   C2	
   C3	
  

No	
  ra%onal	
  points	
  but	
  points	
  everywhere	
  locally	
  



Shafarevich-­‐Tate  group  


conjectured  to  be  :inite


if  so,  its  order  is  a  
square


carries  information  about  the  failure  of  
the  local  global  principle  for  E


its  order  is  an  invariant  for  E
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Thank  you  for  your  attention



