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Elliptic curves over Q

A curve given by an equation of
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E:y'’=x"+ax+b abeQ
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Elliptic curves over QQ

E(Q) istheset:

{(x,)eQ’:y" =x"+ax+ b U{O}

where (D denotes the point at infinity.
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Elliptic curves over Q

A specific example : E1080k1

y>=x"=3x+3

11111




Points on a curve

y*=x"=3x+3
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Points on a curve

y>=x"=3x+3
O




Points on a curve : Torsion Points

T/x\/

'2\;/ 1 2 3 4 5
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y*=x"=3x+3

T+T=0

T has order 2




Points on a curve : Group Structure

{(x,1)eQ’:y’ =x"+ax+ b U{O}
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P =(x1.y1)

7
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= (x2, y2) ,
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finitely generated abelian group
with identity ()

Mordell-Weil group of E over Q

denoted [ (Q)




Points on a curve : Group Structure

EQ)=FE XxZ'

ors

r =rank of E

r is finite




Points on a curve : Group Structure

P(1,-1)

Q(_zal) I

P+Q(13 35) fQ/'\
927 ~—

sage: P+R

(97/4 ,-953/8)

sage: P+P+R

(541/961,-36359/29791)
sage: P+P+P+R

(-14426/11025,2505707/1157625)
sage: P+P+P+P+R

(1474561/674041,1454330989/553387661)
sage: P+P+P+P+P+R
(89285857/14531344 ,-815124641617/55393483328)



Points on a curve : Height function

: Growth of x-coordinate of nPas 7 — o0
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Points on a curve : Height function

] Growth of x-coordinate of nPas 7 — o0
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Points on a curve : Height function

height of points given by 2 generators : nP -

Table 1: Height(aP+bQ)

" 0 1 2 3 4 5 6 7
-10 | 32.7 320 322 335 356 388 428 479
9125 259 263 27.6 209 331 373 425
-8 [ 209 205 21.0 224 248 282 325 378
-7 | 16.0 157 163 17.8 204 238 283 33.6
-6 | 11.8 115 123 140 166 20.2 24.7 30.2
-5 | 817 8.06 891 10.7 135 17.2 21.8 274
-4 | 523 524 620 812 11.0 148 196 253
-3 | 294 307 415 6.18 9.17 131 18.0 238
-2 | 131 155 275 490 800 121 17.1 23.0
-1 [ 0327 0.687 2.00 427 748 11.7 168 229
0 | 0.000 0.477 191 429 762 119 172 233
1 10327 0921 247 497 842 128 182 245
2 1.31 202 368 630 988 144 199 26.3
3 | 294 397 555 828 120 166 222 288
4 | 523 618 808 109 14.7 195 252 319
5 | 817 923 11.2 142 182 230 28.8 356
6 11.8 13.0 151 18.2 222 272 33.1 40.1
7 16.0 173 196 228 269 321 381 451
8 1209 223 247 28.0 323 375 43.7 5038
9 | 265 280 30.5 339 383 437 50.0 57.2
100 327 344 369 405 450 505 56.9 64.2




Points on a curve : Height function

h EQ)/E _—[0,00)

Table 1: Height(aP+bQ)

x| 0 1 29 3 4 5 6 71

10 327 320 322 335 356 388 428 479

pOSlth@ deflnlte quadrath form 9| 265 9259 263 276 209 331 373 425
8 | 209 205 21.0 224 248 282 325 378

7 | 160 157 163 178 204 238 283 336

6 | 118 115 123 140 166 202 247 302

5 | 817 806 891 107 135 172 218 274

4| 523 524 620 812 11.0 148 1906 253

3| 204 307 415 618 917 131 180 238

2| 131 155 275 490 800 121 171 23.0

210327 0687 200 427 748 117 168 229

0 | 0000 0477 191 429 762 119 172 233

1 0327 0921 247 4907 842 128 182 245

2 | 131 202 368 630 988 144 199 26.3

E ®R 3 | 204 377 555 828 120 166 222 9288
real vector space (Q) D s 1 i o
5 | 817 923 112 142 182 230 288 356

6 | 11.8 130 151 182 222 27.2 33.1 40.1

7 | 160 173 196 228 269 321 381 45.1

8 | 200 223 247 280 323 375 437 50.8

9| 265 280 305 339 383 437 500 57.2

10 | 327 344 369 405 450 505 569 642




Points on a curve : Regulator

h EQ)/E__—[0,)

<P,O> =h(P+Q)—h(P)—hQ)

structure of Euclidean Space to E(Q)® R

Reg(£(Q))

number of points up to a certain height

Table 1: Height(aP+bQ)

* 0 1 2 3 4 5 6 7
=10 | 32.7 320 322 335 356 388 428 479
-9 | 265 259 263 276 299 331 373 425
-8 | 209 205 21.0 224 248 282 325 378
-7 | 16.0 15.7 16.3 17.8 204 238 283 336
-6 | 11.8 11,5 123 140 16.6 20.2 24.7 30.2
-5 | 817 806 891 10.7 135 17.2 21.8 274
-4 | 523 524 6.20 812 11.0 148 19.6 25.3
-3 | 294  3.07 415 6.18 917 131 180 238
-2 | 1.31 155 275 490 800 121 171 23.0
-1 0327 0.687 2.00 427 748 11.7 168 229
0 | 0.000 0477 191 429 762 119 172 233
1 0327 0921 247 497 842 128 182 245
2 131 202 368 630 988 144 199 26.3
3 294 377 555 828 12.0 16.6 222 288
4 523 6.18 8.08 109 14.7 195 252 319
5 817 9.23 11.2 142 182 23.0 288 35.6
6 11.8  13.0 151 182 222 272 33.1 40.1
7 16.0 173 196 228 269 321 381 451
8 209 223 247 28.0 323 375 43.7 50.8
9 26.5  28.0 30.5 339 383 437 50.0 57.2
10 | 32.7 344 369 405 450 505 569 64.2




Elliptic curves over Q

// Mordell-Weil group
/ finitely generated abelian group
/A r
\ \ fors

Arithmetic Invariants

E P  Re(EQ)




Example : E2478g3

y® =x"—88791220251x—10183642628382666

r=1 P(31511,5361297)

Reg(E(Q)) 9.9051782343077795324557391664963729405700




Elliptic curves over C

Over R What happens over C

10}
5k
K;/ 1 2 3 4 5
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Elliptic curves over C

3A




Elliptic curves over C




Elliptic curves over C




Elliptic curves over C




Elliptic curves over C




Elliptic curves over C




Elliptic curves over C




Elliptic curves over C




Elliptic curves over C

Lattice A



Elliptic curvesover C | | L7 L7

Lattice A

Weierstrass p-function

p(z, A)——+2( ———)

weA G)) 0




L. S
Elliptic curves over C

Weierstrass p-function

1

n(z, A)——+2(

weA a)) 0,

7)

p(z+w)=p(z),VzeC,wme A




Elliptic curves over C

Up to appropriate scaling

AcC

C/A=E(C)

as complex Lie groups




Elliptic curves over C

C/ A

SA




Elliptic curves over C |

C/ A

R



Elliptic curves over C

C/A=E(C)

z (p(z,A), p'(z,))

@ period of E a)




Example : E2478g3

y® =x"—88791220251x—10183642628382666

r=1 P(31511,5361297)

| Etors |= 2

Reg(E(Q)) 9.9051782343077795324557391664963729405700

) 0.0524757070525734




Elliptic curves over C

Over R What happens over C
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What happens locally ?




Elliptic curves mod p

Fix a prime p

a,beZ/ pZ

E(Z| pZ)y={P(x,y)|(x,y)e(Z/ pZ)}




Elliptic curves mod p

Fix a prime p

~/

E :y2=x3+&'x+l;
1E(Z ] pZ)

Hasse’s estimate :

\p+1—ﬁE(Z/pZ)\S2\5




Elliptic curves mod p

Fix a prime p

{E(Z | pZ.)

ap:p

1-8E(Z ] pZ)




Elliptic curves mod p

Collect local data

[.-Series of E :

LEs)= ] a--=

p prime p




Elliptic curves mod p

Collect local data

[.-Series of E :

a |
LEs)= [] 0-—5+—=7)"
p prime p p
a,1<2p
3

converges for R(s) > 5




Elliptic curves mod p

[.-Series of E :

L
LEs)=|] @ .=p2§._1>‘

a
P
S
p prime p

converges for NR(s)> %

Theorem (Wiles): L(E,s) extends to an analytic continuation
function on all of




Elliptic curves mod p

[.-Series of E :

a |
LEs)= |] « i=p2§._1>1

p prime p

L(E,))=0 ?




Elliptic curves mod p

[.-Series of E :

a 1
LEs)= ] @ i=p2s_l>‘

p prime p

L(E,))=07

ord _L(E,s)=k LY (E,1)#0




Example : E2478g3

y° =x"—88791220251x —10183642628382666

L(E.1)=0

L'(E,1)=3.63846861928943




Example : E2478g3

y*=x"—88791220251x —10183642628382666

r=1 | P(31511,5361297)
E_ =2
Reg(E(Q)) 9.9051782343077795324557391664963729405700
Q) 0.0524757070525734

ord _L(E,s) =




Example : E2478g3

[
[E—

ord _L(E,s) =1




Example : E2478g3

[
[E—

Coincidence ?

ord _L(E,s) =1




Birch and Swinnerton-Dyer
Conjecture 1:

ord | L(E,s)=rank(E(Q))

Millennium Prize Problem, Clay Mathematics Institute




Birch and Swinnerton-Dyer
Conjecture 1:

ord _ L(E,s)=rank(E(Q))

L.ocal behavior

Existence of rational
points




Birch and Swinnerton-Dyer
Conjecture 1:

ord _ L(E,s)=rank(E(Q))

Existence of rational

Local behavior .
points

Local global principle
for Elliptic Curve ?




Birch and Swinnerton-Dyer
Conjecture 1:

ord _ L(E,s)=rank(E(Q))

Local global principle
for Elliptic Curve ?

More complicated

Shafarevich-Tate Group of E denoted 11 (E )




Birch and Swinnerton-Dyer
Conjecture 1:

Shafarevich-Tate Group of E denoted I1I( £

When we have to study a number field or an elliptic curve defined over @,
some groups may appear w ich make the explicit col iputations more compli-
cated and which are, in a w vy, not very “welcome”. T 1ese groups are the class
groups of number fields ar 1 the Tate-Shafarevich ¢ roups of elliptic curves.
A direct study of their general behavior is a very difficult problem. In [3],
Cohen and Lenstra explained how to obtain precise conjectures for this pur-

3 Heuristics on Tate-Shafarevich groups of el-
liptic curves

As with class groups we are annoyed by Tate-Shafarevich groups of elliptic
curves. r.[“hll.\f, we use tne analogy aescrinea I tne rrst Secr1on ana sKevemn e
work in [6] which shows how the Cohen-Lenstra philosophy can be adapted to
our case. To do this, we take into account the particular structure of Tate-
Shafarevich groups, i.e., the structure of groups of type S.




Shafarevich-Tate group H_[(E )

-

Cl C2 C3

i

No rational points but points everywhere locally



Shafarevich-Tate group ].H(E )

carries information about the failure of
the local global principle for E

conjectured to be finite

if so, its order is a
square

its order is an invariant for E ‘ 111 ( E ) |




Example : E2478g3

¥’ =x’ —88791220251x - 10183642628382666

r = 1 |E10)‘S |= 2

m(E)| = 4
Reg(E(Q))=9.9051782343077795324557391664963729405700
(1) =0.0524757070525734
0rds=1L(E’S) =1

L'(E,1)=3.63846861928943



LY(E,)) |E

What if ?

tors

r

() Reg(£(Q))




What if ?

(k)(E 1) tors 7
¥ @ Reg(E(Q) |

3.63846861928943% (2)’

1x0.0524757070525734 x9.905178234307779532




Birch and Swinnerton-Dyer
Conjecture 2 :

L(E,)) |E,,[
Fo®  Reg(EQ)

= |I(E)

3.63846861928943 % (2)?
1% 0.0524757070525734 % 9.905178234307779532

= 4.000000000000000000




Birch and Swinnerton-Dyer
Conjecture 2 :

L(E,)) |E,,[
Fo®  Re(EQ) C

= |I(E)

3.63846861928943% (2%)

1x0.0524757070525734%9.905178234307779532 %7

= 4.000000000000000000




Birch and Swinnerton-Dyer
Conjecture 2 :

LY(E) |E,, [
B~ |Li(E)|
Vo<, Reg(E(Q))

Cp linked to behavior over Q D




Birch and Swinnerton-Dyer
Conjecture 1 & 2 :

ord _ L(E,s)=rank( E(Q))

LN |E T
oS~ |II(E)
V'l oc, Reg(E(Q))




Birch and Swinnerton-Dyer
Conjecture 1 & 2 :

ON THE CONJECTURES OF BIRCH AND SWINNERTON-DYER

§ 2. The evidence

The numerical evidence for the conjectures is very impressive. Most of it
is contained in [4 ], where Birch and Swinnerton-Dyer discuss the case K =Q,
and A an elliptic curve of the form y2 = x°- Dx. In that case, as Weil [22]
has shown, the function L*(s) = Lﬁ(s) is, essentially, a Hecke L-series
associated with the Gaussian field Q(i) of complex multiplications of A, and
Birch and Swinnerton-Dyer were able to find a finite expression for L5(1). This
expression is a sum of A2 terms, where A is the product of the odd primes
dividinge D . each term involving a cuartic residue svmbol and a division value
of a Weierstrass ﬁP-function associated with A . Their electronic computer
could compute L5(1) for all D's corresponding to a given A (D is fourth-

power free) in about A?/ZO seconds. It computed the quantity




Birch and Swinnerton-Dyer
Conjecture 1 & 2 :

Thank you for your attention




