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a  b  s  t  r  a  c  t

Despite  the  advantages  of  the  moment  based  methods  in solving  multivariate  population  balances  mod-
els, these  methods  still suffer  with  the  so-called  multivariate  moment  inversion  problem.  Although
univariate  moment  inversion  is  achieved  without  major  problems  this  is  not  true  for  multivariate  cases,
for  which  there  is no  well  established  methodology.  This  work  presents  a comparative  analysis  of  the
existing  methods  regarding  their  accuracy  and  robustness.  A  new  moment  inversion  method  based  on  the
independent  component  analysis  was  proposed  and  analyzed.  Improvements  in  accuracy  and  robustness
eywords:
opulation balance
umerical analysis
ptimization
athematical modeling
ultivariate moment inversion

ndependent component analysis

were  achieved  by combination  of different  moment  inversion  methods.
© 2013 Elsevier Ltd. All rights reserved.
. Introduction

The simulation of polydisperse multiphase flows depends on
he development of robust and accurate methods to solve the pop-
lation balance equation (PBE) coupled to a computational fluid
ynamics simulation (PB-CFD) (Ramkrishna, 2000; Silva & Lage,
011; Zucca, Marchisio, Vanni, & Barresi, 2007).

There are several different numerical approaches for solving
he PBE, for example, Monte Carlo stochastic methods (Irizarry,
008; Krallis, Meimaroglou, & Kiparissides, 2008; Meimaroglou

 Kiparissides, 2007), weighted residuals methods (WRM)
Hulburt & Akiyama, 1969; Ramkrishna, 1971; Subramanianand

 Ramkrishna, 1971), methods of classes (MoC) (Hill & Ng, 1996;
umar & Ramkrishna, 1996; Lister, Smit, & Hounslow, 1995) and
oment based methods (MoM)  (Hulburt & Katz, 1964; Marchisio

 Fox, 2005; McGraw, 1997). Also, it is not difficult to find stud-

es comparing some of the existing methods (Attarakih, Bart, &
aqir, 2006; Lemanowicz & Gierczycki, 2010; Silva, Rodrigues,
itre, & Lage, 2010), but in fact, there is still no robust method to
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accurately solve the PBE including all possible phenomena that can
be modeled in it.

Because of the complexity involved to solve the multivariate
PBE, most of published works consider only approximate univariate
models. However, this approximation is not adequate for all prob-
lems. There are cases where it is necessary to take into account
more than one variable in order to have a good description of
the particulate system behavior (Ramkrishna, 2000). The number
of variables needed depends on the application. Usually, particle
volume, surface area, temperature, concentration of different com-
ponents, among others, could be necessary to model the dynamics
of the particulate system.

Due to their easy of application, reasonable accuracy and moder-
ate computational cost, the moment based methods are preferable
to couple the PBE solution with CFD codes for polydisperse mul-
tiphase flow simulations. The moment based methods solve for
a selected set of lower order moments of the particle distribu-
tion function. These methods depend on the solution of the finite
moment inversion problem, that is, the ability of determining a
Gauss–Christoffel quadrature rule from this set of lower order
moments that can accurately evaluate them. For example, the
QMoM (McGraw, 1997) applies the inversion to evolve the moment
equations, the DQMoM (Marchisio & Fox, 2005) may  use it to gen-

erate its initial condition and the DuQMoGeM (Favero & Lage, 2012;
Lage, 2011) needs it for the PB-CFD coupling.

For univariate problems, moment inversion can be successfully
performed by the modified Chebyshev algorithm (Gautschi, 1994)

dx.doi.org/10.1016/j.compchemeng.2013.08.006
http://www.sciencedirect.com/science/journal/00981354
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Nomenclature

D eigenvalue diagonal matrix
e unit vector
f distribution function
Fobj objective function
G moment generating function
g Gaussian distribution
H Hotelling transformation matrix
h problem dimensionality
I mutual information
J negentropy
K cumulant tensor
K cumulant of a multivariate distribution
M mixture matrix
S separation matrix
Q a possible joint diagonalization matrix
R matrix that optimize the contrast function
s total order of a multivariate moment
T moment tensor
T moment of a multivariate distribution
W whitening matrix
x vector of variables in the original coordinate frame
x̃ vector of zero mean variables
y vector of variables in the transformed coordinate

frame

Greek letters
ı  Dirac delta function
� error
� cumulant of a univariate distribution
� eigenvalue
� mean vector
� moment
�̃ centered moment
ω quadrature weight
� contrast function
� cumulant generating function
� covariance matrix
	 differential entropy

Abbreviations
BSS blind source separation
CLT Central Limit Theorem
CQMoM Conditional Quadrature Method of Moments
CuBICA Cumulant Based ICA
DPCM Direct Product Cartesian Method
DQMoM Direct Quadrature Method of Moments
DuQMoGeM Dual-Quadrature Method of Generalized

Moments
ICA Independent Component Analysis
JADE Joint Approximate Diagonalization of Eigen-

matrices
KLT discrete Karhunen–Loève transform
MoC  Method of Classes
TPM Tensor Product Method
MoM  Method of Moments
PBE Population Balance Equation
PCA Principal Component Analysis
PDA Product-Difference Algorithm
PDF Probability Density Function
POD Proper Orthogonal Decomposition

QMoM Quadrature Method of Moments
SHIBBS SHIfted Blocks for Blind Separation
SVD Singular Value Decomposition
WRM  Weighted Residuals Method
ical Engineering 60 (2014) 41– 56

or the product-difference algorithm (PDA) (Gordon, 1968). These
procedures are direct and accurate, consisting basically on the solu-
tion of an eigenvalue problem. John and Thein (2012) compared
these methods, recommending the modified Chebyshev algorithm
due to its better robustness. For multivariate problems, these algo-
rithms are no longer directly applicable and there is no direct
approach to solve the finite multivariate moment inversion prob-
lem, which is still an open problem.

Wright, McGraw, and Rosner (2001) made the first attempt to
extend the QMoM to a bivariate case. They used 3 and 12-point
quadratures and performed the bivariate moment inversion using
either an adapted univariate technique or direct optimization.

Later, Yoon and McGraw (2004a, 2004b) presented the mathe-
matical and statistical foundation for the multivariate extension of
the QMoM using the principal component analysis (PCA), creating
the so-called PCA-QMoM.

Fox (2006) solved the same problem proposed by Wright et al.
(2001), but he used DQMoM instead of QMoM.  Fox (2006) bypassed
the moment inversion problem defining the initial values for
weights and abscissas with only one weight having non zero value.
The abscissa values for the quadrature points with zero weight
were generated in an arbitrary way. This procedure does not need
moment inversion, but he reported problems related to stiffness at
the beginning of the simulation until the values of abscissas and
weights become compatible to the set of moments that are used in
their determination.

Later, Fox (2009b) proposed a complex brute-force procedure
to determine optimal multivariate moment sets, that is, sets of
moments for which the matrix in the DQMoM linear system of
equations does not become singular. This procedure considers
Gaussian-like distributions and the author himself pointed out that
further investigation is necessary for non-Gaussian distributions.
For an h-dimensional problem, this procedure derived optimal mul-
tivariate moment sets for nh-point quadratures with h = 1 −3 and
n = 1 −3.

Fox (2008) developed a quadrature-based third-order moment
method for dilute gas-particle flows in two and three dimensions.
The proposed method, called by the author as the tensor product
method (TPM), is similar to that developed by Yoon and McGraw
(2004a, 2004b) using the principal component analysis (PCA) for
2h-point quadratures. Afterwards, for three-dimensional problems,
Fox (2009a) extended the method to arbitrary higher-order quadra-
tures with n3 points, with n = 3 and 4.

Cheng and Fox (2010) proposed the conditional method of
moments to multivariate moment inversion and used this together
with QMoM to simulate a nano-precipitation process. This same
method was also used in a more recent work by Yuan and Fox (2011)
to solve the kinetic equations for the velocity distribution function.

From the above, it is clear that a comparative evaluation of the
existing methods for multivariate moment inversion is needed,
which is the first aim of the present work. Our second goal is to
introduce a method based on the independent component analy-
sis, ICA (Comon, 1994). The methods cited above as well as their
combinations were analyzed in terms of accuracy and robustness.

2. Multivariate moment inversion problem

Consider a generic multivariate distribution, f(x), where x = [x1,
x2, . . .,  xh]T is the h-dimensional vector of internal variables. The
moments of this distribution give important statistical information,
for example, the mean, the variance, the skewness and the kurtosis.
The standard multivariate moment is defined as:
�k = �k1,k2,...,kh
= 〈xk1

1 xk2
2 . . .xkh

h 〉 =
∫ ∫

· · ·
∫ ( h∏

i=1

xki
i

)
f (x) dx

(1)
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here �k is a generic multivariate moment and k = [k1, k2, . . .,  kh]T

s a vector whose i component represents the order of the moment
elative to the xi variable. The total order of the moment is given by

 =
∑

iki.
The total number of moments up to the total order O is given by

(O)
mom =

O∑
s=0

(
h + s − 1

s

)
(2)

For a bivariate problem (h = 2), this reduces to N(O)
mom = (O +

)(O + 2)/2.
The moment inversion problem consists of determining an N-

oint Gauss–Christoffel quadrature from a finite set of f moments.
his quadrature can be interpreted as a discretization of the f dis-
ribution, which is given by its abscissas xj and weights ωj, j = 1, . . .,
.

The order of the quadrature is defined as the maximum value of
he total order s for which the f moments are calculated exactly for
ll possible combinations of ki, i = 1, . . .,  h. Considering an N-point
uadrature rule, these moments are exactly calculated by:

k1,k2,...,kh
=

N∑
j=1

xk1
1j

xk2
2j

· · ·xkh
hj

ωj (3)

It should be noted that a quadrature rule in the h-dimensional
pace has N(h + 1) values that have to be determined. From Eq. (2),
t is clear that it is not always possible to choose N for a given O in
rder that N(O)

mom = N(h + 1).

. Existing methods for multivariate moment inversion

The methods for multivariate moment inversion are briefly
resented in the following. Most of them apply one of the exist-

ng algorithms (Gautschi, 2004; Gordon, 1968; Press, Teukolsky,
etterling, & Flannery, 1992) for univariate moment inversion in a
ne variable at a time.

.1. Direct optimization

In principle, the multidimensional quadrature can be calculated
y solving Eq. (3) for the abscissas and weights using N(h + 1) mul-
ivariate moments. However, due to the strong non-linearity of the
ystem of equations, it is usually better to obtain such a solution
y optimizing a convenient objective function that includes the
ifferences between the actual multivariate moments and their
pproximation given by Eq. (3).

The multivariate moment inversion using optimization was
rst reported by Wright et al. (2001) for a bivariate population
alance problem. They used a conjugate-gradient minimization
lgorithm and reported that large computational times and good
nitial guesses were required.

Details of optimization algorithms can be found in the literature
Miller, 1999; Pierre, 1987; Weise, 2009). The relevance point here
s the definition of the objective function. For the sake of simplicity,
onsider a bivariate case and an N-point quadrature with abscissas,

1i

and x2i
, and weights ωi. Then, the objective function to be mini-

ized can be defined using the relative errors in the moments that,
or a moment set up to the total order O, is given by:

obj =
O∑

k=0

O−k∑
l=0

∣∣∣ �kl

�kl

∣∣∣ , �kl =
N∑

i=1

xk
1i

xl
2i

ωi − �kl (4)
ical Engineering 60 (2014) 41– 56 43

When the number of parameters is equal to the number of
moments in Fobj, the optimization might obtain the solution of the
non-linear system of equations given by Eq. (3).

3.2. Direct Cartesian Product Method (DCPM)

The use of pure moments in population balance problems has
already been reported in some works (Buffo, Vanni, & Marchisio,
2012; Marchisio, 2009). This method assumes that all variables are
independent, which allows the following factorization of the PDF:

f (x) = f (x1, x2, . . .,  xh) = f1(x1)f2(x2)· · ·fh(xh) (5)

where fi(xi) are the marginal PDFs, defined by:

fi(xi) =
∫

x

f (x) dx (6)

where x is the x vector without variable xi. Therefore, the mixed
moments can be written as the product of pure moments in each
variable:

�k1,k2,...,kh
= �k1,0,...,0�0,k2,...,0· · ·�0,0,...,kh

(7)

and the set of multivariate moments up to the total order O has
just (Oh + 1) degrees of freedom. Thus, an h-dimensional quadrature
can be determined by the Cartesian product of h unidimensional
quadratures obtained from a univariate moment inversion method
using the first 2Ni moments for the xi variable, as shown in
Appendix A.

However, if the variables are not independent, the multidimen-
sional quadrature is only first order accurate, being this a strong
drawback of this method.

3.3. Principal component analysis, PCA

The principal component analysis (PCA) was first proposed by
Pearson (1901) as a helpful tool for multidimensional data analy-
sis. It is also known in literature as the discrete Karhunen–Loève
transform (KLT), the Hotelling transform and proper orthogonal
decomposition (POD) (Liang et al., 2002). The application of the PCA
to multivariate population balance problems was first proposed by
Yoon and McGraw (2004a).

The PCA diagonalizes the covariance matrix to find a rotated
orthogonal coordinate frame in which the new variables are uncor-
related, whose first direction has the largest variance, the second
orthogonal direction has the second largest variance and so on. This
is the so-called principal coordinate frame and its orthogonal axes
are known as the principal components or principal directions.

The rotated covariant matrix provides three moments in each
principal direction that can be used to generate a one-dimensional
2-point quadrature with equal weights. However, any complete
set of moments can be transformed to the principal coordinate
frame, as shown in Appendix B. Therefore, the DCPM can then be
applied using just the pure moments in the principal directions.
Then, the abscissas are transformed back to the original coordi-
nate frame. Since the transformed variables are uncorrelated, the
PCA quadrature rules are second-order accurate (Yoon & McGraw,
2004a). When higher order moments are used in the multidimen-
sional quadrature determination, they are correctly calculated by
the quadrature only if the distribution is factorable in the principal
coordinate frame, that is, the transformed variables are indepen-
dent (Yoon & McGraw, 2004a).
Therefore, the PCA basically applies the DCPM using uncor-
related variables. However, variable uncorrelatedness does not
guarantee variable independence, which is required by DCPM to
achieve the (2Ni − 1)-order accuracy in each xi direction.
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.4. The tensor product method, TPM

This method was developed by Fox (2008, 2009a) and it is simi-
ar to the PCA. Basically, new coordinate variables are determined in

hich the covariant matrix is diagonal, which implied that the new
ariables are uncorrelated. Then, a set of moments are transformed
o the new coordinate frame and a univariate moment inversion

ethod is applied to determine the abscissas. The multivariate
bscissas are constructed from the univariate ones by a Cartesian
roduct as in the DCPM, what was called by the author as a ‘tensor
roduct’. The quadrature abscissas are then transformed back to
he original coordinates.

There exist two main differences between the TPM and PCA.
irst, PCA solves an eigenvalue problem to find the transformation
atrix that diagonalizes the covariant matrix, whereas the TPM

ses the Cholesky decomposition, which also makes the covariance
atrix unitary in the new coordinate system.
The second difference is that the quadrature weights are cal-

ulated by solving a linear system of equations for a multivariate
oment set. Fox (2008) developed the method for 2h quadrature

oints. For h = 2, the system is naturally closed by the fact that the
ew variables are uncorrelated. For h = 3, the uncorrelatedness of
he new variables is not enough to close the system and a mixed
hird-order moment has to be used. For three-dimensional prob-
ems, Fox (2009a) gave the moment sets for the 27 and 64-point
uadratures. Nonetheless, it is still possible to generate negative
eights depending on the complexity of the distribution function.

As pointed out by the author, an advantage of using the Cholesky
ecomposition method is that the transformation matrix varies
moothly with the components of the covariance matrix. On the
ther hand, it has the disadvantage of depending on the ordering of
he variables in the covariance matrix. Therefore, the method gives

 different result for each of the possible permutations of the coor-
inates. The TPM reproduces all the moments used to determine
he quadrature weights.

.5. The conditional quadrature method of moments, CQMoM

The conditional quadrature method of moments was proposed
y Cheng and Fox (2010) and recently used by Yuan and Fox (2011).
his method begins with the representation of the multivariate
istribution function as the product of its marginal distribution
nd conditional distributions. For the sake of simplicity, consider

 bivariate distribution written as:

 (x1, x2) = f (x1)f (x2|x1) (8)

here f(x1) is the marginal distribution of the variable x1 and
(x2|x1) is the conditional distribution of x2 for a given value of x1.
onditional moments can be defined from the conditional distri-
ution function (Yuan & Fox, 2011):

xl
2|x1〉 ≡

∫
xl

2f (x2|x1) dx2 (9)

The order in which the distribution variables are numbered is
ot established by CQMoM. Therefore, any of the possible permu-
ations of the variables can be used. If one decides that a direction
eeds more discretization points that the others, than the corre-
ponding distribution variable should be x1.

The CQMoM applied a univariate moment inversion method
o the moments of the marginal distribution. The resulting one-
imensional quadrature is used to express a set of mixed moments
n terms of the moments of the conditional distribution. These
xpressions form a linear system of equations that can be solved for
he conditional moments, which are then used together with a uni-
ariate moment inversion method to obtain the one-dimensional
ical Engineering 60 (2014) 41– 56

quadrature in the other direction. Details are given in Appendix
C, which shows that the CQMoM does not use a symmetric set of
moments. This method also reproduces all the moments used in
determining the multivariate quadrature.

A drawback of this method is the possibility of obtaining a set of
non-realizable conditional moments. This was  reported by Yuan
and Fox (2011), who pointed out that a partial solution to this
problem is to use all the possible permutations of the distribution
variables in the search of a realizable moment set. If this does not
solve the problem, they recommended the reduction of the number
of quadrature points.

4. The independent component analysis, ICA

The independent component analysis (ICA) is a statistical based
method used to transform a vector of random variables, measures
or signals to a coordinate frame in which the independence of
the variables is maximized. Its definition was presented by Comon
(1994), who described the method using the information theory
(Shannon, 1948, 1964). Considering its formulation, the ICA can also
be seen as a variant of the projection pursuit (Friedman & Tukey,
1974; Jones & Sibson, 1987). A classical example of the application
of the ICA is the blind source separation (BSS) problem (Haykin,
1994).

The ICA can be considered an extension of the PCA. As mentioned
before, the PCA finds a coordinate frame in which the variables
are uncorrelated, which does not imply that the variables are
independent. The ICA uses high order statistics to maximize the
independence of the transformed variables and, unlike the PCA, it
is not restricted to search for coordinates obtained by orthogonal
transformations. A more rigorous definition of the ICA can be found
in Hyvärinen and Oja (2000) and Hyvärinen, Karhunen, and Oja
(2001).

As commented in Section 3.2, variables xi, i = 1, . . .,  h, are inde-
pendent if and only if the joint PDF is represented by the product
of its h marginal PDFs. This allows the DCPM to determine a
highly accurate h-multidimensional quadrature by finding h uni-
dimensional quadratures. Therefore, as the ICA searches for new
independent variables, it seems more suitable for multivariate
moment inversion than the PCA.

In this work, we considered only the linear ICA, which assumes
that a vector of observable variables, x, are formed by a linear
combination of unknown independent components, y, given by a
mixture matrix, M,  also unknown. Without loss of generality, it can
be assumed that the variables have zero mean, x̃ = x − �. The lin-
ear mixture model is written as x̃ = My and, therefore, y = Sx̃ where
S = M−1 is the separation matrix. The goal of linear ICA is to find the
separation matrix S that makes the components of the vector y as
independent as possible.

Therefore, the ICA needs a measure of variable independence
which is related to the nongaussianity of the distribution, that is,
how a given distribution differs from the Gaussian distribution.
This is supported by a classical result in probability theory known
as the Central Limit Theorem, which states that the linear com-
bination of two independent random variables has a distribution
that is closer to a Gaussian distribution than any of the two  orig-
inal random variables (Hyvärinen & Oja, 2000). Several methods
for measuring variable independence were proposed in the litera-
ture (Haykin, 1994; Hyvärinen et al., 2001). A review of all possible
methods is not in the scope of this work, but a brief description of
the underlying theory and main results is presented in Appendix D.
4.1. Contrast functions

Comon (1994) defined that a contrast function, 
,  must be
a maximum for the linear transformation that generates the



 Chem

i
i
f
b
a
m
b
(

(
b




a
o




n
b
G




o
o
d

t
c

K

v

y

4

o
i
t

(
(
s
C

t
b

�

J.L. Favero et al. / Computers and

ndependent components y = S(x − �), that is 
(fy) ≥ 
(fx). Besides,
t must be invariant to variable permutation and scaling. There-
ore, in order to make the solution unique, the variables should
e ordered accordingly to the characteristic values of their covari-
nce matrix and then scaled to generate a unitary covariance
atrix. This is accomplished by the whitening transformation,

 = W(x − �), that does not change the value of the contrast function
see Appendix D).

Due to the properties of the mutual information, I(fx), Comon
1994) showed that a convenient contrast function can be defined
y:

(fx) = −I(fz), z = Qb (10)

nd the maximization process consists of determining the correct
rthogonal transformation, Q. Using Eq. (D.19), we  can write:

(fx) =
h∑

i=1

J(fzi
) − J(fx) (11)

It should be noted that J(fx) is a constant and, therefore, it does
ot affect the maximization of the contrast function. As J(fzi

) can
e approximated by an expansion around the correspond standard
aussian distribution (Comon, 1994):

(fx) ≈ 1
48

h∑
i=1

(4K2
ziii

+ K2
ziiii

+ 7K4
ziii

− 6K2
ziii

Kziiii
) − J(fx). (12)

This contrast function can be maximized if the diagonal terms
f the third and forth order cumulants are maximized by the
rthogonal transformation. However, different ICA methods have
ifferent contrast functions.

It should be noted that 
 is a function of Q because of the
ransformation of the cumulants. For instance, for the 4th-order
umulant, the transformation is:

zmnop =
h∑

i,j,k,l=1

QmiQnjQokQplKbijkl
(13)

At the point of maximum of 
,  Q = R and z = y. Thus, the final
ariable transformation is:

 = RW(x − �) (14)

.2. ICA methods

Most of the works found in the literature apply the ICA directly
n the data set instead of using the data statistics. For the moment
nversion problem only the ICA algorithms that can be applied to
he statistics are important and were considered.

The most used ICA algorithms based on statistics are the JADE
Joint Approximate Diagonalization of Eigen-matrices), the SHIBBS

SHIfted Blocks for Blind Separation), which is a simplified ver-
ion of JADE (Cardoso, 1999; Cardoso & Souloumiac, 1993), and the
uBICA (Cumulant Based ICA) (Blaschke & Wiskott, 2004).

The JADE uses the Cardoso and Souloumiac (1993) contrast func-
ion to find the independent components. This contrast function is
ased on the fourth order cumulants and is defined as:

JADE(Q) =
h∑

i,k,l=1

K2
ziikl

(15)
ical Engineering 60 (2014) 41– 56 45

The CuBICA considers both the third and fourth order statistics in
its contrast function, which is given by (Blaschke & Wiskott, 2004):

�CuBICA(Q) = 1
3!

h∑
i=1

K2
ziii

+ 1
4!

h∑
i=1

K2
ziiii

(16)

It is clear that it uses the first two terms of Eq. (12). More details
about the JADE and CuBICA algorithms can be found in the works of
Cardoso and Souloumiac (1993) and Blaschke and Wiskott (2004),
respectively.

4.3. Application of ICA to multidimensional quadrature
calculation

The ICA application to the derivation of a multidimensional
quadrature is similar to the procedure for the PCA. First, the
moments are calculated and whitened. Then, the ICA is applied to
determine the orthogonal transformation R, which is used to trans-
form all moment tensors up to a given order to the transformed
coordinates, y. Then, the DCPM is applied. Finally, the abscissas are
transformed back to the original coordinate frame, by the inverse
transformation:

x = W−1RT y + � (17)

There is no guarantee that the linear ICA model correctly fits the
multidimensional data structure in order to find variables that are
really independent. Thus, the ICA just provides a method to min-
imize the dependence among the variables, being, in this way, a
more robust and elaborated statistical method compared with the
PCA. The drawback of the ICA is to assume a linear model. How-
ever, the ICA has been receiving much attention, mainly in the
electrical engineering research field, and non-linear versions of ICA,
already have been reported (Almeida, 2000; Hyvärinen & Pajunen,
1999; Jutten & Karhunen, 2004; Schölkopf, Smola, & Müller, 1996).
Basically, the idea behind this new version of ICA is to use a non-
linear transformation between the y and x variables instead of
y = S(x − �).

5. Numerical procedure

All the methods presented above can be applied for the inver-
sion of a multivariate moment set, but for the sake of simplicity,
only bivariate cases were analyzed. The procedure consisted of the
following steps:

1 A normalized bivariate PDF in variables x1 and x2 was chosen.
2 The necessary set of bivariate moments were calculated in MAPLE

v.12 (Maplesoft Inc., 2008).
3 The bivariate quadrature points were obtained using one of the

previously described methods.
4 The obtained quadrature points were used to reconstruct the

moments up to fifth order and the errors were calculated.

The methods for multivariate moment inversion were mainly
implemented in C. The ORTHOPOL package (Gautschi, 1994) was
used for the univariate moment inversion. The SVD routine, which
was used to find the Hotelling transformation, and the routine
that applies the Cholesky decomposition were both obtained from
Press et al. (1992). The solution of the linear system of equations
was carried out by a Gaussian elimination routine from Pinto and

Lage (2001). The application of the method JADE was carried out
using a slightly adapted version of the code provided by Cardoso
(2011) and the CuBICA algorithm from Blaschke and Wiskott (2004)
was implemented in C. The tolerance used in the Jacobi rotation
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Table 1
Distributions used to evaluate the methods for multivariate moment inversion.

g(x1, x2)

exp[−(2.5
√

2(x1 − x2))
2 − (0.5

√
2(x1 + x2) − 5)

2
] (20)

exp[−  exp(−x1 + 5) − exp(−x2 + 5) + x1 + y2 − 10] (21)
2  exp[−(2x1 − 4)2 − (x2 − 6)2] + 2 exp[−(x1 − 3)2 − (x2 − 4)2] + exp[−(x1 − 4)2 − (x2 − 7)4] (22)
2  exp[−|x1 + x2 − 10| − |2x2 − 9|] + exp[−(6x1 − 4x2 − 60)2 − (x2 − 8)2] (23)
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accurately reconstruct moments up to 3rd order. For the 3 × 2 and
2 × 3-point quadratures, the moments of 4th and 5th orders were
reasonably well reconstructed. On the other hand, the 3 × 3-point
quadratures are 5th order accurate. The quadrature points obtained

Table 2
Cumulative relative errors log(�O) in the recovered moments of the rotated Gaussian
distribution (Eq. (20)) up to a given order, O, using PCA, ICA, TPM and CQMoM.

Method log �1 log �2 log �3 log �4 log �5 CPU (�s)

DPCM(2×2) −15.99 −2.11 −1.76 −1.53 −1.35 0.8
PCA(2×2) −15.55 −15.51 −14.09 −3.38 −2.74 2.3
ICA(2×2) −15.71 −15.73 −14.10 −3.39 −2.74 11.0
CQMoMx2 |x1

(2×2)
Unrealizable conditional moment set –

CQMoMx1 |x2
(2×2)

Unrealizable conditional moment set –

DPCMx1,x2
(3×2)

−15.60 −2.11 −1.76 −1.53 −1.35 1.4
DPCMx1,x2

(2×3)
−15.49 −2.11 −1.76 −1.53 −1.35 1.3

PCAy1,y2
(3×2)

−15.55 −15.56 −14.09 −6.18 −5.69 6.9
PCAy1,y2

(2×3)
−16.14 −16.29 −14.10 −3.38 −2.74 7.4

ICAy1,y2
(3×2)

−15.78 −15.58 −14.10 −3.39 −2.74 11.2
ICAy1,y2

(2×3)
−15.35 −15.41 −14.10 −6.18 −5.70 11.1

CQMoMx2 |x1
(3×2)

−16.01 −15.73 −15.76 −5.36 −4.75 2.8
CQMoMx1 |x2

(3×2)
−16.01 −15.73 −15.76 −5.36 −4.75 2.9

DPCM(3×3) −15.31 −2.11 −1.76 −1.53 −1.35 1.8
PCA(3×3) −15.68 −15.80 −14.10 −13.84 −13.66 7.9
ICA(3×3) −15.22 −15.25 −14.10 −13.84 −13.67 12.1
exp[−(x1 − 3)2 − (x2 − 3)2] + exp[−(x1 − 3)2 − (x2 − 5)2] + 1
2

exp[−(x1 − 7)2 − (x2

exp[−(x1 − 6)2 − (3x2 − 7)4] + exp[−(3x1 − 9)2 − (x2 − 6)4] 

lgorithm for the jointly diagonalization of the cumulant tensor
eeded by JADE or CuBICA was 10−14.

The NLopt open-source library of Johnson (2012) was used for
he non-linear global optimization. Among the several possible
hoices, the controlled random search (CRS) with local mutation
Kaelo & Ali, 2006) followed by the BOBYQA (Powell, 2009) for solu-
ion refinement was shown to be the best optimization method.
he CRS algorithm starts with a random population of points, and
andomly evolve these points by heuristic rules. An initial guess
an enter as an additional point in the population. For all cases
he global optimization was carried out using a population with
50 × (3N  + 1) points, where N is total number of quadrature points.
he relative and absolute tolerance applied for both the variables
nd the objective function were set to 10−15, which is close to the
achine precision. The maximum number of evaluations was set

o 5 × 108. The search domains were chosen to be 0 ≤ x ≤ 10 for the
bscissas and 0 ≤ � ≤ 1 for the weights.

All computations were performed in standard double precision
sing GNU GCC 4.6.3 in a Linux Intel i7-2600K platform. The CPU
imes for the optimization were obtained in a single run and those
or the DCPM, PCA, TPM, ICA and CQMoM were obtained by aver-
ging the CPU times of 105 sequential runs. These CPU times do not
ake into account the calculation of the moments of the PDF.

. Results and discussion

Table 1 shows the bivariate distribution functions, g(x1, x2), used
n this work. The distribution functions were normalized by:

 (x1, x2) = g(x1, x2)∫ ∞
0

∫ ∞
0

g(x1, x2) dx1 dx2
(18)

The bivariate moments of f(x1, x2) were those used in the
oment inversion methods. Fig. 1 shows these distribution func-

ions.
The results were organized in three sections. First, the results

or DCPM, PCA, ICA and CQMoM are compared for the quadratures
ith 2 × 2, 3 × 2, 2 × 3 and 3 × 3 points. The TPM was applied just for

he 3 × 3-point quadrature because it is equivalent to the PCA for
he 2 × 2-point quadrature. Both CQMoM and TPM were applied for
he two possible permutation of variables. Then, in an attempt to
mprove the previous results, the results of combining the PCA and
CA methods with CQMoM are presented. In this case, the moments

ere first transformed to the PCA or ICA variables and the CQMoM
as then applied in this new coordinate frame. Finally, the results
sing optimization are presented.

The cumulative mean quadratic error of the reconstructed
oments was calculated by:

�O =

√√√√ 1
Nmom

O∑O−k∑(
�kl − �rec

kl

�kl

)2

(19)
k=0 l=0

here � is the moment value and �rec is the reconstructed moment
btained by the bidimensional quadrature rule, O is the total order
f the mixed moment and Nmom is the total number of moments up
] + 1
2

exp[−(x1 − 7)2 − (x2 − 7)2] (24)

(25)

to the order O. It should be pointed out that if the CQMoM and TPM
do not fail, they give multidimensional quadratures that reproduce
exactly all moments that were used for their determination.

6.1. Comparison of the DCPM, PCA, ICA, TPM and CQMoM

The DCPM, PCA, ICA, TPM and CQMoM were applied to all distri-
bution functions presented in Table 1. Both JADE and CuBICA were
used for ICA, but the results obtained with the latter were a little
better and, therefore, only CuBICA results are presented.

6.1.1. Rotated Gaussian distribution
The unimodal rotated Gaussian distribution is shown in Fig. 1(a)

and it is given by Eq. (20) in Table 1. This function was cho-
sen because of the existing correlation between the variables. The
resulting base-10 logarithm of the cumulative errors for each one
of the methods are shown in Table 2. It can be seen that the DCPM
did not provide good results because it does not consider the exist-
ing correlation between the variables. Increasing the number of
quadrature points did not improve its results. This is a serious draw-
back of this method and this shows that it is necessary to consider
the mixed-moment information.

On the other hand, the PCA and ICA obtained good results
because both methods rotate the coordinate frame to obtain a
new one where the variables are uncorrelated. These two  meth-
ods obtained 2 × 2, 3 × 2 and 2 × 3-point quadratures that could
TPMx2 |x1
(3×3)

−16.01 −16.05 −16.01 −12.66 −12.16 8.3
TPMx1 |x2

(3×3)
−16.01 −16.05 −16.01 −12.66 −12.16 8.3

CQMoMx2 |x1
(3×3)

Unrealizable conditional moment set –
CQMoMx1 |x2

(3×3)
Unrealizable conditional moment set –
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ig. 1. Probability density functions: (a) rotated Gaussian distribution (Eq. (20)), (b) G
odes  (Eq. (22)), (d) bimodal distribution with leptokurtic and mesokurtic modes (E

eparated platykurtic and mesokurtic modes (Eq. (25)).

y the PCA and ICA are almost equal. The results for the TPM with
oth variables permutations were quite similar to those obtained
sing the PCA or ICA.

The CQMoM presented problems with nonrealizable conditional
oment sets for the cases with equal number of quadrature points

or both variables. For the cases with N1 /= N2, the CQMoM results
ere similar to those obtained by the PCA or ICA. Both variables
ermutations gave similar results in CQMoM.
Regarding the CPU times, the computational effort of the con-
idered methods increased in the following order: CQMoM, PCA,
PM and ICA. This behavior was also observed for all distributions
nalyzed in this work. The higher CPU time of the ICA compared
l distribution (Eq. (21)), (c) multimodal distribution with platykurtic and mesokurtic
)), (e) multimodal Gaussian distribution (Eq. (24)) and (f) bimodal distribution with

with the PCA may  be attributed to the necessity of additional pre-
processing steps and the time to perform the CuBICA algorithm.

6.1.2. Gumbel distribution
The distribution function shown in Fig. 1(b) is known in the lit-

erature as the Gumbel distribution and it is given by Eq. (21) in
Table 1. Differently from the Gaussian distribution, the high order
statistics are important to its characterization. The resulting cumu-

lative errors for each one of the methods are shown in Table 3.
As can be seen from this table, the DCPM gives good results for
this case, demonstrating that the original coordinate frame does
not have to be transformed. The PCA results are not good for the
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Table 3
Cumulative relative errors log(�O) in the recovered moments of the Gumbel distri-
bution (Eq. (21)) up to a given order, O, using PCA, ICA, TPM and CQMoM.

Method log �1 log �2 log �3 log �4 log �5 CPU (�s)

DPCM(2×2) −15.44 −14.70 −14.57 −2.64 −2.01 0.8
PCA(2×2) −∞ −16.33 −2.37 −1.85 −1.50 2.3
ICA(2×2) −15.63 −15.64 −14.71 −2.64 −2.01 11.1
CQMoMx2 |x1

(2×2)
−16.04 −16.10 −14.78 −2.64 −2.01 1.9

CQMoMx1 |x2
(2×2)

−16.04 −16.10 −14.78 −2.64 −2.01 1.7

DPCMx1,x2
(3×2)

−15.55 −14.66 −14.51 −2.79 −2.16 1.3
DPCMx1,x2

(2×3)
−15.54 −14.67 −14.52 −2.79 −2.16 1.2

PCAy1,y2
(3×2)

−15.95 −15.92 −2.37 −1.86 −1.53 6.8
PCAy1,y2

(2×3)
−15.19 −15.20 −2.37 −1.87 −1.52 7.1

ICAy1,y2
(3×2)

−15.89 −15.65 −14.70 −2.79 −2.16 11.1
ICAy1,y2

(2×3)
−15.80 −15.76 −14.70 −2.79 −2.16 11.4

CQMoMx2 |x1
(3×2)

−15.42 −15.49 −15.50 −2.79 −2.16 2.9
CQMoMx1 |x2

(3×2)
−15.42 −15.49 −15.50 −2.79 −2.16 2.7

DPCM(3×3) −14.99 −14.60 −14.46 −14.45 −14.43 1.6
PCA(3×3) −15.19 −15.18 −2.37 −1.88 −1.55 7.4
ICA(3×3) −16.04 −16.10 −14.69 −14.10 −13.89 12.1
TPMx2 |x1

(3×3)
−15.89 −15.66 −15.63 −14.79 −13.86 7.9

TPMx1 |x2
(3×3)

−15.89 −15.66 −15.63 −14.79 −13.86 7.9
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Table 4
Cumulative relative errors log(�O) in the recovered moments of the three-modal
distribution (Eq. (22)) up to a given order, O, using PCA, ICA, TPM and CQMoM.

Method log �1 log �2 log �3 log �4 log �5 CPU (�s)

DPCM(2×2) −15.38 −2.18 −1.76 −1.47 −1.26 1.0
PCA(2×2) −15.56 −15.55 −2.37 −1.85 −1.52 2.4
ICA(2×2) −15.33 −15.35 −2.77 −2.35 −2.04 11.3
CQMoMx2 |x1

(2×2)
−15.60 −15.63 −2.56 −2.09 −1.74 1.9

CQMoMx1 |x2
(2×2)

−16.01 −15.60 −2.72 −2.25 −1.88 1.9

DPCMx1,x2
(3×2)

−15.15 −2.18 −1.76 −1.47 −1.27 1.3
DPCMx1,x2

(2×3)
−16.07 −2.18 −1.76 −1.47 −1.27 1.3

PCAy1,y2
(3×2)

−∞ −16.31 −2.37 −1.85 −1.53 6.9
PCAy1,y2

(2×3)
−16.19 −16.34 −2.37 −1.87 −1.56 6.9

ICAy1,y2
(3×2)

−15.74 −15.71 −2.77 −2.34 −2.01 11.5
ICAy1,y2

(2×3)
−15.27 −15.26 −2.77 −2.30 −1.99 11.5

CQMoMx2 |x1
(3×2)

−15.51 −15.58 −15.61 −3.10 −2.55 2.8
CQMoMx1 |x2

(3×2)
−15.56 −15.53 −15.55 −2.77 −2.21 2.7

DPCM(3×3) −15.38 −2.18 −1.76 −1.48 −1.27 1.6
PCA(3×3) −15.67 −15.71 −2.37 −1.88 −1.57 7.2
ICA(3×3) −15.54 −15.51 −2.77 −2.29 −1.97 12.2
TPMx2 |x1

(3×3)
−15.97 −15.82 −15.68 −3.66 −3.14 8.0

TPMx1 |x2
(3×3)

−15.97 −15.98 −15.90 −3.70 −3.13 7.9

Besides, it can also be seen that the directions found by the ICA
are nonorthogonal. The TPM 3 × 3-point quadrature could not be
obtained as the linear system solution gave negative weights for
both variable permutations.

Table 5
Cumulative relative errors log(�O) in the recovered moments of the bimodal Gaus-
sian/Laplace distribution (Eq. (23)) up to a given order, O,  using PCA, ICA, TPM and
CQMoM.

Method log �1 log �2 log �3 log �4 log �5 CPU (�s)

DPCM(2×2) −16.02 −1.91 −1.53 −1.26 −1.05 0.9
PCA(2×2) −15.72 −15.70 −2.13 −1.64 −1.33 2.3
ICA(2×2) −15.91 −15.75 −2.63 −2.10 −1.70 11.2
CQMoMx2 |x1

(2×2)
−15.54 −15.59 −3.26 −2.37 −1.86 1.7

CQMoMx1 |x2
(2×2)

Unrealizable conditional moment set –

DPCMx1,x2
(3×2)

−15.48 −1.91 −1.53 −1.26 −1.04 1.3
DPCMx1,x2

(2×3)
−15.85 −1.91 −1.53 −1.26 −1.04 1.2

PCAy1,y2
(3×2)

−15.80 −15.86 −2.13 −1.66 −1.36 6.9
PCAy1,y2

(2×3)
−15.58 −15.62 −2.13 −1.65 −1.34 6.9

ICAy1,y2
(3×2)

−15.98 −15.85 −2.63 −2.10 −1.71 11.5
ICAy1,y2

(2×3)
−15.32 −15.21 −2.63 −2.29 −1.99 11.5

CQMoMx2 |x1
(3×2)

Unrealizable conditional moment set –
CQMoMx1 |x2

(3×2)
−15.72 −15.81 −15.55 −2.58 −2.01 2.7

DPCM(3×3) −15.42 −1.91 −1.53 −1.26 −1.04 1.6
PCA(3×3) −15.51 −15.46 −2.13 −1.66 −1.36 7.3
ICA(3×3) −15.48 −15.49 −2.63 −2.28 −2.04 12.1

x |x
CQMoMx2 |x1
(3×3)

−15.69 −15.38 −15.37 −14.90 −14.03 3.9
CQMoMx1 |x2

(3×3)
−15.69 −15.38 −15.37 −14.90 −14.03 3.8

oments higher than 2nd order, which can be explained by the
act that the principal coordinate frame found by PCA is 45◦ rotated
n relation to the original coordinate frame. Although in this new
otated frame the variables are uncorrelated, there are variable
ependence effects in the high order moments, explaining the bad
esults obtained by the PCA.

The ICA did not rotate the original coordinate frame, achieving
rd and 5th-order accuracy for the 2 × 2 and 3 × 3-point quadra-
ures, respectively. In order words, these quadrature accurately
econstructed all moments that were used in their determination.
he accuracy of the 2 × 3 and 3 × 2-point quadratures were not
mproved over that of the 2 × 2-point quadrature. This example
hows that the ICA can, in some cases, give better results than the
CA. Also, it shows that when there is no need for transforming the
oordinate frame, the ICA does a much better job than the PCA.

The results for the CQMoM are very similar to those for the ICA
or all quadratures, with the quadrature points obtained by both

ethods being almost identical. The results for the TPM are also
imilar to those achieved using the ICA.

.1.3. Three-modal distribution
The three-modal distribution given by Eq. (22) in Table 1 is

hown in Fig. 1(c) and presents platykurtic and mesokurtic modes.
he resulting cumulative errors are presented in Table 4. For this
istribution the DCPM only reproduces accurately the zero and first
rder moments. The PCA, ICA and CQMoM gave 2 × 2-point quadra-
ures that reproduce well all the moments up to second order. An
ncrease in the number of quadrature points did not improve the
esults obtained by the ICA and PCA. For this case, the directions
ound by the ICA are nonorthogonal showing its additional flexibil-
ty and explaining why its results are somewhat better than those
f PCA.

On the other hand, the 3 × 3-point quadrature obtained by the
PM achieved 3rd-order accuracy, being better than those obtained
ith PCA and ICA. In this case, the solution of the linear system

f equations to determinate the quadrature weights increased the
uadrature order.
The CQMoM results are even better, achieving 3rd-order accu-
acy even for the 6-point quadratures. The 3 × 3-point quadrature
btained by the CQMOM shows only a modest improvement in the
eproduction of the higher order moments. This example shows
CQMoMx2 |x1
(3×3)

−15.17 −15.28 −15.37 −3.77 −3.30 3.8
CQMoMx1 |x2

(3×3)
−15.84 −15.95 −15.79 −3.78 −3.25 4.1

that CQMoM obtains good results for the cases where there is no
problem of unrealizable conditional moment sets.

6.1.4. Bimodal distribution – Gaussian/Laplace modes
This distribution function have two modes corresponding to

mesokurtic and leptokurtic ones as given in Eq. (23) in Table 1
and shown in Fig. 1(d). Table 5 presents the cumulative moment
errors. It is clear that the DCPM generates poor results for this
case. The PCA and ICA produced 2 × 2-point quadratures that are
2nd-order accurate. Nevertheless, the directions found by the ICA,
Fig. 2(b), are quite different from those found by the PCA, Fig. 2(a).
TPM 2 1
(3×3)

Negative weights –
TPMx1 |x2

(3×3)
Negative weights –

CQMoMx2 |x1
(3×3)

Unrealizable conditional moment set –
CQMoMx1 |x2

(3×3)
−16.02 −15.86 −15.77 −4.02 −3.43 4.0
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sets for both variable permutations. This is an example that shows
that CQMoM can fail completely.

Table 6
Cumulative relative errors log(�O) in the recovered moments of the multi-modal
Gaussian distribution (Eq. (24)) up to a given order, O, using PCA, ICA, TPM and
CQMoM.

Method log �1 log �2 log �3 log �4 log �5 CPU (�s)

DPCM(2×2) −∞ −1.48 −1.16 −0.96 −0.82 0.9
PCA(2×2) −15.96 −16.00 −2.63 −2.19 −1.86 2.4
ICA(2×2) −15.69 −15.59 −3.78 −2.55 −2.03 11.2
CQMoMx2 |x1

(2×2)
−15.76 −15.65 −3.13 −2.45 −1.99 1.8

CQMoMx1 |x2
(2×2)

−15.79 −15.72 −2.72 −2.13 −1.72 1.8

DPCMx1,x2
(3×2)

−15.54 −1.48 −1.16 −0.96 −0.83 1.2
DPCMx1,x2

(2×3)
−15.25 −1.48 −1.16 −0.96 −0.83 1.2

PCAy1,y2
(3×2)

−15.38 −15.38 −2.63 −2.31 −2.15 7.0
PCAy1,y2

(2×3)
−15.96 −16.00 −2.63 −2.18 −1.86 7.0

ICAy1,y2
(3×2)

−15.42 −15.35 −3.78 −2.57 −2.05 11.2
ICAy1,y2

(2×3)
−15.24 −15.29 −3.78 −3.07 −2.62 11.3

CQMoMx2 |x1
(3×2)

−15.57 −15.57 −15.54 −3.06 −2.56 2.6
CQMoMx1 |x2

(3×2)
−15.28 −15.41 −15.48 −2.79 −2.28 2.6

DPCM(3×3) −15.16 −1.48 −1.16 −0.96 −0.83 1.5
PCA(3×3) −15.32 −15.37 −2.63 −2.30 −2.13 7.3
ICA(3×3) −15.28 −15.22 −3.78 −3.53 −3.39 12.3
ig. 2. Quadrature abscissas for the bimodal Gaussian/Laplace distribution (Eq. 23
CA-Optimization for the moments up to 3rd order and 4 quadrature points and PC

The CQMoM presented unrealizable conditional moment sets
or some variable permutations. However, when this did not hap-
en, the 6 and 9-point quadratures achieved 3rd-order accuracy.
he quadrature points obtained by CQMoM are shown in Fig. 2(c).

.1.5. Multimodal Gaussian distribution
Eq. (24) in Table 1 gives the multimodal Gaussian distribution

hown in Fig. 1(e). The cumulative moment errors are shown in
able 6. The DCPM led to quadratures that are only first-order
ccurate and the PCA and ICA generate quadratures that are only
nd-order accurate, but the ICA �3 values are about an order of
agnitude smaller than the corresponding PCA values. The effect of

ncreasing the number of quadrature points is negligible for the PCA
nd ICA. On the other hand, the TPM obtained a 3rd-order accurate
uadrature for both variable permutations.

The CQMoM produced 4 and 6-point quadratures that are 2nd
nd 3rd-order accurate for this distribution. However, it was not
ossible to obtain a 3 × 3-point quadrature with the CQMoM due to
he occurrence of unrealizable conditional moment sets. Fig. 3(a),
b) and (c) shows the abscissas obtained using the PCA, ICA and
QMoM, respectively. It can be seen that the ICA found nonorthog-
nal independent directions.

.1.6. Bimodal distribution with separated modes
Fig. 1(f) shows the bimodal distribution with totally separated

latykurtic and mesokurtic modes that is given by Eq. (25) in
able 1. The cumulative errors are presented in Table 7. Again,
he DCPM led to quadratures that are only first-order accurate and
he PCA and ICA give quadratures that are only 2nd-order accu-

ate. Fig. 4(a) and (b) shows the values of the abscissas using PCA
nd ICA, respectively. It can be seen than most of the new quadra-
ure points in the 6 and 9-quadrature rules are located in regions
here the distribution has very low values, which might explain
g (a) PCA, (b) ICA, (c) CQMoM, (d) PCA-CQMoM, (e) ICA-CQMoM methods, and (f)
oM-Optimization for the moments up to 4th order and 6 quadrature points.

this behavior. The TPM could not obtain a 3 × 3-point quadrature
because negative weights were obtained in the system solution.

The CQMoM could not obtain any quadrature rule for this distri-
bution due to the occurrence of unrealizable conditional moment
TPMx2 |x1
(3×3)

−15.77 −15.79 −15.71 −2.63 −2.06 8.0
TPMx1 |x2

(3×3)
−15.93 −15.78 −15.73 −3.10 −2.56 7.9

CQMoMx2 |x1
(3×3)

Unrealizable conditional moment set –
CQMoMx1 |x2

(3×3)
Unrealizable conditional moment set –
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.2. Results for PCA-CQMoM and ICA-CQMoM

The results in the previous section show that CQMoM and TPM
re superior to those obtained by PCA and ICA if the former methods
re able to obtain the multivariate quadrature.

Since both PCA and ICA generate transformed variables that
re more independent, they can be used in combination with
he CQMoM, which works perfectly if the distribution variables

re actually independent, to increase its robustness. These com-
ined methods are called PCA-CQMoM and ICA-CQMoM. First,
he PCA or ICA transformation are obtained and used to trans-
orm the moments to the PCA or ICA coordinate frame. Then, the

able 7
umulative relative errors log(�O) in the recovered moments of the bimodal distri-
ution with separated modes (Eq. (25)) up to a given order, O, using PCA, ICA, TPM
nd CQMoM.

Method log �1 log �2 log �3 log �4 log �5 CPU (�s)

DPCM(2×2) −15.91 −1.15 −0.79 −0.52 −0.30 0.9
PCA(2×2) −15.75 −15.90 −2.40 −1.99 −1.72 2.4
ICA(2×2) −15.77 −15.81 −2.33 −1.97 −1.73 11.1
CQMoMx2 |x1

(2×2)
unrealizable conditional moment set –

CQMoMx1 |x2
(2×2)

unrealizable conditional moment set –

DPCMx1,x2
(3×2)

−15.44 −1.15 −0.79 −0.52 −0.30 1.2
DPCMx1,x2

(2×3)
−15.35 −1.15 −0.79 −0.52 −0.30 1.1

PCAy1,y2
(3×2)

−15.15 −15.16 −2.40 −1.99 −1.73 6.9
PCAy1,y2

(2×3)
−15.27 −15.24 −2.40 −1.99 −1.72 6.9

ICAy1,y2
(3×2)

−15.75 −15.83 −2.33 −1.97 −1.73 11.3
ICAy1,y2

(2×3)
−∞ −16.16 −2.33 −1.97 −1.73 11.4

CQMoMx2 |x1
(3×2)

Unrealizable conditional moment set –
CQMoMx1 |x2

(3×2)
Unrealizable conditional moment set –

DPCM(3×3) −15.07 −1.15 −0.79 −0.52 −0.30 1.5
PCA(3×3) −14.95 −14.96 −2.40 −1.99 −1.73 7.3
ICA(3×3) −15.54 −15.52 −2.33 −1.97 −1.73 12.3
TPMx2 |x1

(3×3)
Negative weights –

TPMx1 |x2
(3×3)

Negative weights –
CQMoMx2 |x1

(3×3)
Unrealizable conditional moment set –

CQMoMx1 |x2
(3×3)

Unrealizable conditional moment set –
CA, (b) ICA, (c) CQMoM, (d) PCA-CQMoM, (e) ICA-CQMoM and (f) PCA-Optimization
.

CQMoM uses these moments to get the quadrature points, which
are transformed back to the original coordinate frame using the
same procedure that was described previously for the PCA and ICA
methods. The aim of this analysis is to verify if the CQMoM prob-
lems of unrealizable conditional moment set could be solved or
mitigated.

Since all moments of a given order are necessary to transform
any moment of this order, only the 4 and 6-point quadratures can
be generated by the combined methods using the moments up to
fifth order. Therefore, in order to evaluate the combined meth-
ods, only these quadrature rules were determined for the last three
distributions given in Table 1.

6.2.1. Bimodal distribution – Gaussian/Laplace modes
Table 8 presents the cumulative errors in the moments corre-

sponding to the distribution illustrated in Fig. 1(d). As it can be
seen, the transformation of the moments to the PCA or ICA coordi-
nate frame solved the problem of unrealizable conditional moment

set found previously by the CQMoM on the original coordinate
frame (Section 6.1.4 and Table 5). Similarly to those cases where the
CQMoM was successfully applied, the 2 × 2 and 3 × 2-point quadra-
tures reconstructed accurately all moments up to second and third

Table 8
Cumulative relative errors log(�O) in the recovered moments of the Gaus-
sian/Laplace distribution (Eq. (23)) up to a given order, O, using PCA-CQMoM and
ICA-CQMoM.

Method log �1 log �2 log �3 log �4 log �5 CPU (�s)

PCA-CQMoMy2 |y1
(2×2)

−15.80 −15.81 −2.27 −1.75 −1.41 3.9
PCA-CQMoMy1 |y2

(2×2)
−15.42 −15.36 −2.40 −1.88 −1.56 3.9

ICA-CQMoMy2 |y1
(2×2)

−16.02 −15.85 −3.49 −2.39 −1.85 8.4
ICA-CQMoMy1 |y2

(2×2)
−15.81 −15.79 −2.67 −2.11 −1.70 8.3

PCA-CQMoMy2 |y1
(3×2)

−15.98 −16.03 −15.49 −3.29 −2.81 8.1
PCA-CQMoMy1 |y2

(3×2)
−15.28 −15.29 −15.31 −2.84 −2.40 7.9

ICA-CQMoMy2 |y1
(3×2)

−15.42 −15.43 −15.42 −2.44 −1.89 14.1
ICA-CQMoMy1 |y2

(3×2)
−15.36 −15.40 −15.41 −2.94 −2.32 14.2
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rder, respectively. Therefore, the robustness of the CQMoM was
mproved without loss of accuracy. Moreover, the results obtained
y the PCA-CQMoM or ICA-CQMoM for the 2 × 2-point quadrature
re very close to those obtained by the PCA and ICA alone.
Fig. 2(d) and (e) illustrates the values of the abscissas obtained
sing PCA-CQMoM and ICA-CQMoM, respectively. It is clear that,
nlike the pure PCA and ICA results, the abscissas are not placed in
arallel to the PCA or ICA coordinate frame.
 using (a) PCA, (b) ICA, (c) PCA-CQMoM, (d) ICA-CQMoM, (e) PCA-Optimization for
 for the moments up to 4th order and 6 quadrature points and PCA-Optimization

6.2.2. Multi-modal Gaussian distribution
This distribution is given by Eq. (24) and represented in Fig. 1(e).

As it was  shown in Section 6.1.5, the CQMoM had no problems with
non realizable moment set in calculating the 2 × 2 and 3 × 2-point

quadrature rules. This function is used here to show that the com-
bined PCA-CQMoM and ICA-CQMoM give similar results to those
of the CQMoM when there is no problem of non realizable moment
set. The cumulative moment errors are presented in Table 9. The
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Table 9
Cumulative relative errors log(�O) in the recovered moments of the multi-modal
Gaussian distribution (Eq. (24)) up to a given order, O, using PCA-CQMoM and ICA-
CQMoM.

Method log �1 log �2 log �3 log �4 log �5 CPU (�s)

PCA-CQMoMy2 |y1
(2×2)

−∞ −16.04 −2.63 −2.19 −1.87 4.0
PCA-CQMoMy1 |y2

(2×2)
−15.90 −15.89 −3.61 −2.54 −2.02 4.0

ICA-CQMoMy2 |y1
(2×2)

−15.79 −15.83 −5.65 −2.57 −2.04 8.4
ICA-CQMoMy1 |y2

(2×2)
−15.69 −15.52 −3.79 −2.54 −2.02 8.4

PCA-CQMoMy2 |y1
(3×2)

−15.69 −15.67 −15.59 −2.74 −2.22 7.8
PCA-CQMoMy1 |y2

(3×2)
−15.26 −15.27 −15.27 −2.57 −2.03 7.9

ICA-CQMoMy2 |y1
(3×2)

−15.90 −15.90 −15.66 −2.58 −2.05 14.2
ICA-CQMoMy1 |y2

(3×2)
−15.38 −15.33 −15.32 −3.11 −2.60 14.2

Table 10
Cumulative relative errors log(�O) in the recovered moments of the bimodal distri-
bution with separated modes (Eq. (25)) up to a given order, O, using PCA-CQMoM
and ICA-CQMoM.

Method log �1 log �2 log �3 log �4 log �5 CPU (�s)

PCA-CQMoMy2 |y1
(2×2)

−15.68 −15.63 −2.41 −1.99 −1.73 4.0
PCA-CQMoMy1 |y2

(2×2)
−15.91 −15.89 −3.15 −2.65 −2.33 4.0

ICA-CQMoMy2 |y1
(2×2)

−15.86 −15.89 −2.41 −2.06 −1.82 8.3
ICA-CQMoMy1 |y2

(2×2)
−16.19 −16.08 −2.96 −2.49 −2.19 8.2

PCA-CQMoMy2 |y1
(3×2)

Unrealizable conditional moment set –
PCA-CQMoMy1 |y2

(3×2)
−15.41 −15.42 −15.35 −3.18 −2.86 7.9
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ICA-CQMoMy2 |y1
(3×2)

Unrealizable conditional moment set –
ICA-CQMoMy1 |y2

(3×2)
−15.58 −15.65 −15.69 −3.19 −2.85 14.2

bscissas obtained by the PCA-CQMoM and ICA-CQMoM are shown
n Fig. 3(d) and (e), respectively. Comparing the results shown in
ables 6 and 9, it is clear that the quadrature rules obtained by
he CQMoM and by any of the combined methods have similar
ccuracy.

.2.3. Bimodal distribution with separated modes
Table 10 presents the cumulative moment errors corresponding

o the distribution given by Eq. (25) and illustrated in Fig. 1(f). Using
he original coordinate frame the CQMoM was not able to deter-

ine any quadrature rule, as pointed out in Section 6.1.6. Using the
CA or ICA transformed moments, the CQMoM could calculate the

 × 2-point quadrature rules, which have 2nd-order accuracy. The
 × 2-point quadrature rule could be successfully calculated only
or one of the variable permutations for both the PCA-CQMoM and
CA-CQMoM, being 3rd-order accurate. This confirms that these
ombined methods are more robust than the CQMoM.

The abscissas obtained by the PCA-CQMoM and ICA-CQMoM are
hown in Fig. 4(c) and (d), respectively, where it is clear that, differ-

ntly of those results shown in Fig. 4(a) and (b), all abscissas are on
egions where the distribution values are far from zero. The abscis-
as obtained by both combined methods are very similar for this
ase.

able 11
umulative relative errors log(�O) in the recovered moments of the Gaussian/Laplace dist
rd  and 4th orders.

Method log �1 log �2

PCA-Opt3
(2×2)

−14.49 −14.52 

PCA-Opt3
(3×2)

−15.56 −15.50 

PCA-Opt3
(3×3)

−6.53 −6.67 

PCA-Opt4
(2×2)

−8.69 −3.15 

PCA-Opt4
(3×2)

−9.24 −4.11 

PCA-Opt4
(3×3)

−6.52 −4.71 

PCA-CQMoMy2|y1 -Opt4
(3×2)

−14.75 −14.78 

a Reached the maximum number of function evaluations.
ical Engineering 60 (2014) 41– 56

6.3. Solution refinement using optimization

The use of local optimization generated poor results for the
quadrature rule determination for all cases analyzed in this work.
This and the large dependency on the initial guess indicate the
existence of several local optimal solutions. It was verified that
even for simple distributions, like unimodal exponential functions,
it was  not possible to solve the nonlinear system of equations given
by Eq. (3) by optimization using Eq. (4). Accurate moment inversion
was only achieved for an overdetermined problem and using global
optimization. The optimization behavior depends on the generated
random population and it was noticed that a good initial guess facil-
itates the algorithm convergence. Therefore, the following hybrid
methods were investigated: (i) the quadrature rule provided by the
PCA is used as the initial guess to optimize moments up to 3rd order,
called PCA-Opt3 and (ii) the quadrature rule provided by the PCA or
PCA-CQMoM was used as the initial guess to optimize moments up
to 4th order, called the PCA-Opt4 and PCA-CQMoM-Opt4, respec-
tively. The same functions used in Section 6.2 were used to test
these methods.

6.3.1. Bimodal distribution – Gaussian/Laplace modes
The cumulative moment errors are shown in Table 11. Compar-

ing the results of Tables 5, 8 and 11 it can be seen that the order of
the quadrature accuracy could be improved for some cases. The 4-
point quadrature rule obtained by PCA-Opt3 is 3rd-order accurate
and the 6-point quadrature rule obtained by PCA-CQMoM-Opt4 is
4th-order accurate. Fig. 2(f) shows that only a small change of the
abscissa values was  necessary to improve the quadratures provided
by the PCA and PCA-CQMoM.

However, the PCA-Opt3 results for the 2 × 3-point quadrature
is almost identical to that of the 4-point quadrature obtained by
PCA-Opt3. The results obtained by PCA-Opt3 for the 3 × 3-point
quadrature shown poor accuracy and presented non negligible
errors for the lower order moments. The inclusion of the 4th order
moments in the PCA-Opt4 generated quadrature rules of low accu-
racy, which reconstruct the lower order moments (zeroth, first and
second orders) with considerable errors. The 3 × 3 quadrature rule
demanded high CPU time and reached the maximum number of
evaluations used in the optimization algorithm.

6.3.2. Multi-modal Gaussian distribution
Table 12 shows the cumulative moment errors for the quadra-

ture rules obtained for this distribution. The PCA-Opt3 gave again
a 4-point quadrature that is 3rd order accurate. Good results were
obtained using both the PCA-Opt4 and PCA-CQMoM-Opt4 for their
6-point quadrature rules that are basically 4th order accurate. The
quadrature points assignment for these cases is shown in Fig. 3(f).
6.3.3. Bimodal distribution with separated modes
Table 13 presents the cumulative moment errors for this case.

Similarly to the results obtained in the previous two sections, the

ribution (Eq. (23)) up to a given order, O, using optimization for the moments up to

log �3 log �4 log �5 CPU (h)

−14.44 −2.44 −1.92 0.004
−15.60 −2.54 −2.01 0.21
−6.78 −3.33 −2.61 2.47a

−3.09 −3.18 −2.40 0.13
−4.22 −4.31 −3.37 0.64
−4.82 −4.91 −3.20 2.85a

−14.69 −14.69 −3.34 0.15
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Table 12
Cumulative relative errors log(�O) in the recovered moments of the multi-modal Gaussian distribution (Eq. (24)) up to a given order, O, using optimization for the moments
up  to 3rd and 4th orders.

Method log �1 log �2 log �3 log �4 log �5 CPU (h)

PCA-Opt3
(2×2)

−14.74 −14.87 −14.74 −2.54 −1.99 0.0039
PCA-Opt3

(3×2)
−14.77 −9.77 −9.83 −2.87 −2.34 1.58

PCA-Opt3
(3×3)

−14.19 −6.32 −6.25 −2.86 −2.34 2.44a

PCA-Opt4
(2×2)

−13.29 −3.01 −3.10 −3.12 −2.49 0.014
PCA-Opt4

(3×2)
−12.83 −12.98 −11.61 −11.34 −3.41 0.2

PCA-Opt4
(3×3)

−15.18 −7.69 −7.58 −7.46 −3.77 2.84a

PCA-CQMoMy2|y1 -Opt4
(3×2)

−12.75 −10.14 −10.02 −10.11 −3.07 0.48

a Reached the maximum number of function evaluations.

Table 13
Cumulative relative errors log(�O) in the recovered moments of the bimodal distribution with separated modes (Eq. (25)) up to a given order, O, using optimization for the
moments up to 3rd and 4th orders.

Method log �1 log �2 log �3 log �4 log �5 CPU (h)

PCA-Opt3
(2×2)

−15.68 −15.04 −15.07 −3.10 −2.66 0.0042
PCA-Opt3

(3×2)
−9.21 −9.36 −9.47 −3.35 −3.04 1.55

PCA-Opt3
(3×3)

−7.72 −6.16 −6.27 −3.09 −2.76 2.43a

PCA-Opt4
(2×2)

−4.13 −4.28 −3.27 −3.35 −2.83 0.11
PCA-Opt4

(3×2)
−7.69 −6.23 −6.34 −6.42 −3.70 2.20a

PCA-Opt4
(3×3)

−12.51 −12.29 −12.12 −12.21 −3.64 2.60
PCA-CQMoMy1|y2 -Opt4 −10.81 −10.41 −10.43 −10.51 −3.57 1.64
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Appendix B. Details of the PCA

Without any loss of generality, the PCA is commonly applied
using normalized distributions (�0 = 1) and centered moments
which are defined as:
(3×2)

a Reached the maximum number of function evaluations.

CA-Opt3 led to a 4-point quadrature that is 3rd order accurate with
mall changes of the abscissa values, which are shown in Fig. 4(e).

Moreover, the PCA-CQMoM-Opt4 generated a 6-point quadra-
ure rule that is basically 4th-order accurate. The corresponding
bscissas are shown in Fig. 4(f). Note that all the optimized abscissas
re in regions where the distribution is far from zero.

For this distribution, the PCA-Opt4 obtained a 4th-order accu-
ate 9-point quadrature, which is more accurate than those
btained by the PCA-CQMoM3

(3×3) and PCA-CQMoM4
(3×3).

. Conclusions

Several methods were compared for multivariate moment
nversion. The ICA was introduced and some combined methods

ere proposed to improve robustness and accuracy.
It was shown that the DPCM is not suitable when there are any

ind of variable dependence on the original coordinate frame. This
ethod is only first order accurate. The PCA and ICA were robust,

btaining the quadratures for all test distributions, but they are
enerally second order accurate. However, the ICA has shown to be
omewhat more accurate than the PCA. The TPM 9-point quadra-
ure showed to be third-order accurate but the method suffers from
ack of robustness. The CQMoM gave 6 and 9-point quadratures
hat were also third-order accurate when the method did not fail.
he combined methods PCA-CQMoM and ICA-CQMoM inherited
he CQMoM accuracy but are more robust, mitigating this CQMoM
eficiency.

Global optimization was effective in improving the accuracy of
he two-dimensional quadratures obtained by PCA or PCA-CQMoM.
or the former, 4-point, 3rd order accurate quadratures could
e consistently obtained. For the latter, 6-point, 4th order accu-
ate quadratures were obtained. The computation cost of global

ptimization is sufficiently large to preclude its use but in direct
oment methods.
As only the linear ICA was analyzed in this work, its non-linear

ersions should be investigated in the future.
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Appendix A. Details of the DCPM

Let {xiji
, ωiji

}, ji = 1, . . .,  Ni be the unidimensional quadrature

obtained from the first 2Ni pure xi moments, {�0,...,ki,...,0}, ki =
0, . . ., 2Ni − 1, which is accurate to the 2Ni − 1 order. Then, consid-
ering a normalized distribution, the multidimensional quadrature
has N =

∏h
i=1Ni points that are obtained by:

xj = xj1,j2,...,jh
= [x1j1

, x2j2
, . . .,  xhjh

] and

ωj = ωj1,j2,...,jh
=

h∏
i=1

ωiji
, ji = 1, . . .,  Ni, i = 1, . . .,  h

(A.1)

where j is given by any reordering of the ji indexes as, for instance,
j = j1 +

∑h
i=2(ji − 1)

∏i−1
k=1Nk, h > 1.
�̃k1,k2,...,kh
= �̃k =

∫ ∫
· · ·
∫ [ h∏

i=1

(xi − �ei
)ki

]
f (x) dx (B.1)
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here �̃ is the central moment and ei is the h-dimensional unit
ector on the i direction. The covariance matrix, �, can be written
n terms of the centered moments as:

 =

⎡
⎢⎢⎢⎢⎣

�̃2,0,...,0 �̃1,1,...,0 . . . �̃1,0,...,1

�̃1,1,...,0 �̃0,2,...,0 . . . �̃0,1,...,1

...
...

. . .
...

�̃1,0,...,1 �̃0,1,...,1 . . . �̃0,0,...,2

⎤
⎥⎥⎥⎥⎦

h×h

(B.2)

The key step of the PCA method is to solve an eigenvalue problem
here the following decomposition is applied on the covariance
atrix:

� = HDHT (B.3)

here D is a diagonal matrix whose elements are the non-negative
igenvalues of � ordered according to their decreasing values,
1 ≥ �2 . . . ≥ �h, and the columns of the matrix H correspond to
he eigenvectors following the same ordering. The matrix H is also
nown as the Hotelling transformation matrix. This procedure is
traightforward if the singular value decomposition (SVD) is used
Chambers, Hand, & Härdle, 1995, 2009).

The centered moments of order s, where s =
∑h

i=1ki, can be
sed to define a symmetric tensor, T, with rank s on the space
h (McCullagh, 1987; Yoon & McGraw, 2004a) that stores all the
tatistics of a given order s.

The tensor built using the centered second order moments cor-
espond to the covariance matrix and it can be written as Tij = �ij,
, j = 1, . . .,  h, denoting a symmetric matrix with dimension h × h.
eneralizing this concept, the value of an element of the statisti-
al tensor having order s, Ti1,i2,...,is , in a problem in the space Rh,
here i1, i2, . . .,  is ∈ {1, 2, . . .,  h}, is given by �̃k1,k2,...,kh

, where kj is
he number of occurrences of the integer j on the set {i1, i2, . . .,  is}.

The Hotelling matrix H can be used to transform the multivariate
oment tensors to the principal coordinate frame, y. For example,

he forth order tensor is transformed to the principal coordinate
rame by:

′
mnop =

h∑
i,j,k,l=1

HimHjnHkoHlpTijkl (B.4)

here T′ is the statistical tensor in the new coordinate frame. As it
an be seen, in order to transform a moment of a given order s it is
ecessary to use all the moments of this same order.

Once the multivariate moments are known in the principal coor-
inates, the DCPM is applied using just the pure moments in the
rincipal directions. The abscissas of the obtained multidimen-
ional quadrature yj are then transformed back to the original
oordinate frame, xj, using Eq. (B.5), which is called the method
f back projection (Yoon & McGraw, 2004a):

 = Hy + � (B.5)

here � = [�ei
] is the mean vector.

ppendix C. Details of CQMoM

Consider the bivariate distribution given by Eq. (8) and the con-
itional moments defined by Eq. (9). The CQMoM uses a moment

et �kl = 〈xk

1xl
2〉 to obtain a bivariate quadrature that can be repre-

ented by the following discretized form for Eq. (8):

 (x1)f (x2|x1) =
N1∑
i=1

N2∑
j=1

ωiωijı(x1 − x1i
)ı(x2 − x2ij

) (C.1)
ical Engineering 60 (2014) 41– 56

The calculation of the quadrature points can be summarized as
follows:

1 Using the pure moments �k0 = 〈xk
1〉, k = 0, . . .,  2N1 − 1, a univari-

ate moment inversion method is applied to obtain the quadrature
rule in the x1 variable, which is represented by its weights and
abscissas {ωi, x1i

}, i = 1, . . .,  N1.
2 For each l = 0, . . .,  2N2 − 1, this quadrature is applied to the defi-

nition of �kl using Eq. (8) to generate the linear system

�kl = 〈xk
1xl

2〉 =
N1∑
i=1

ωix
k
1i

〈xl
2|x1i

〉, k = 0, . . ., N1 − 1

which can be solved for 〈xl
2|x1i

〉, i = 1, . . .,  N1. It should be noted
that for l = 0, �k0 = 〈x0

2|x1i
〉 = 1, ∀i.

3 For each i = 1, . . .,  N1, the conditional moments 〈xl
2|x1i

〉, l = 0, . . .,
2N2 − 1, are inverted by a univariate moment inversion method
to obtain the quadrature represented by {ωij, x2ij

}, j = 1, . . ., N2.

Therefore, for the assignment of N = N1N2 quadrature points in
the two-dimensional domain, the following moment sets are used:

{�k,0}, k = 0, . . .,  2N1 − 1, and

{�k,l}, k = 0, . . .,  N1 − 1, l = 1, . . .,  2N2 − 1
(C.2)

Thus, a total number of N1(2N2 + 1) moments is used to calculate
the two-dimensional quadrature. This is smaller than the expected
degrees of freedom, 3N1N2, because all the two-dimensional abscis-
sas derived from the conditional moments have the same x1i

coordinate, which corresponds to (N2 − 1)N1 restrictions.
Differently from PCA, Eq. (C.2) shows that the CQMoM does not

use a symmetric set of moments. For instance, for assignment of a
3-point quadrature in each direction, the PCA needs all moments up
to fifth order, which means that 21 mixed moments are necessary
for a bivariate case. The CQMoM also needs 21 moments, but the
moment set used is different, including all the moments up to third
order, four moments of fourth order, four moments of fifth order,
two moments of sixth order and one moment of seventh order.

Appendix D. Fundamentals of the ICA

D.1. Cumulants

Cumulants were first introduced on astronomy area by the
mathematician Thorvald N. Thiele (Lauritzen, 2002) and they are
an alternative to represent the statistical information of a distribu-
tion function (Amblard & Brossier, 1995; Blaschke & Wiskott, 2004;
Cardoso, 1998; McCullagh, 1987; Wyss, 1980).

For a univariate normalized distribution function, the cumu-
lants, �k, are directly related to the centered moments �̃k, being
possible to obtain the cumulants using the moments of the same or
lower order and vice-versa. The first, second and third order cumu-
lants are equal to the corresponding order central moments. The
cumulants with order k ≥ 4 are related to the central moments,
�̃i, i ≤ k, by:

�k = �̃k −
k−2∑(

k − 1

i − 1

)
�i �̃k−i, k = 4, . . . (D.1)
i=2

The definition of cumulants can be generalized to multivariate
distribution functions and, like the moments, it can be represented
by symmetric tensors, being the cumulant tensor K related to the
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oment tensor T. For example, the second, third and fourth order
umulants can be written as:

ij = Tij = �ij (D.2)

ijk = Tijk (D.3)

ijkl = Tijkl − TijTkl − TikTjl − TilTjk (D.4)

here i, j, k, l = 1, . . .,  h and �ij are the components of the covariance
atrix.

.2. Differential entropy and negentropy

The Shannon entropy or differential entropy of a probability
ensity function is defined as (Haykin, 1994):

(fx) = −E
{

log [f (x)]
}

= −
∫

f (x) log [f (x)] dx (D.5)

 fundamental result from the information theory is that, among
ll zero mean distributions with equal covariance matrix, the cor-
esponding Gaussian distribution has the largest entropy:

(gx)≥	(fx) (D.6)

here g(x) is a Gaussian distribution which has the same covariance
atrix � of f(x), whose differential entropy is given by:

(�x) = 1
2

{
h [1 + ln(2
)] + ln [det �]

}
(D.7)

Therefore, a measure of nongaussianity, known as negentropy,
an be defined as:

(fx) = 	(gx) − 	(fx) (D.8)

y definition, J(fx) ≥ 0, being zero only for Gaussian distributions
Comon, 1994; Hyvärinen & Oja, 2000). Another interesting result
or the differential entropy is its behavior for a linear variable trans-
ormation:

(fAx+c) = 	(fx) + ln | det A| (D.9)

hich leads to

(fAx+c) = J(fx) (D.10)

.3. Mutual information and variable independence

A direct measure of the independence of the variables xi ∈ x
hose distribution is f(x) is given by the mutual information

etween f(x) and the product of the marginal distributions fi(xi):
(fx) =
∫

x

f (x) ln

(
f (x)∏h

i=1fi(xi)

)
dx =

h∑
i=1

	(fi) − 	(fx) (D.11)

t can be shown that I(fx) ≥ 0, being equal to zero only when the vari-
bles are independent (Haykin, 1994). Using Eqs. (D.8) and (D.7), it
an be shown that

(fx) = J(fx) −
h∑

i=1

J(fxi
) + 1

2
ln

[∏h
i=1�ii

det �

]
(D.12)
ical Engineering 60 (2014) 41– 56 55

D.4. Whitening and mutual information

Before applying an ICA algorithm, some preprocessing steps are
necessary. The first step is know as centering and consists of trans-
forming the distribution to have zero-mean as described in B (Eq.
(B.1)). The second step is to whiten (or sphere) the variables, which
consists of using a linear transformation to generate new variables
with a unitary covariance matrix, i.e., the variables are uncorrelated
and have unit variances. Therefore, the whitening process can be
achieved using a decomposition of the covariance matrix similar to
that used in the PCA for the the covariance matrix diagonalization:

W = HT D−1/2H (D.13)

where W is the whitening matrix that is used to transform both the
variables and the moment or cumulant tensors to the whitened
coordinate frame. For example, the forth order cumulant tensor is
transformed by:

Kbmnop =
h∑

i,j,k,l=1

WmiWnjWokWplKx̃ijkl
(D.14)

and the white variables, b are given by:

b = Wx = W(x − �) = Wx + c (D.15)

Accordingly with Eq. (D.9), the differential entropy of the white
distribution is:

	(fb) = 	(fx) + ln | det D−1/2| (D.16)

because | det H| = 1. Since g(x) and f(x) have the same covariance
matrix, the negentropy is unaltered in the whitening process:

J(fb) = 	(gb) − 	(fb) = 	(gx) − 	(fx) = J(fx) (D.17)

Besides, the negentropy is also invariant if a orthogonal transfor-
mation, Q (| det Q| = 1), is applied to the white variables:

J(fz) = J(fb) = J(fx), z = Qb (D.18)

Therefore, from Eq. (D.12) it can be shown that:

I(fz) = J(fz) −
h∑

i=1

J(fi(zi)) = J(fx) −
h∑

i=1

J(fi(zi)) (D.19)
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