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The model and its construction ASEP The model The model in RE

Basic example : The ASEP (without disorder)

» K=1,forze Z,n(z) =0o0r 1.
» From each site x, choice of y with p(y — x).

» According to (independent) exponential clocks, jump from
X to y if possible (exclusion rule).



The model and its construction

Graphical construction
P = Py x Py for initial configurations and Poisson processes.

ASEP The model The model in RE

[Harris]

(below for ASEP) ~ basic coupling.
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The model and its construction ASEP The model The model in RE

Attractive Systems

The Markov process (nt)>0 with generator L and semigroup
S(t) is attractive :

» partial orderon X : n < ¢ < Vx € Z, n(x) < £(x).
Extended to probabilities on X : p1 < po

» basic coupling :
(nt,&t)e>0 on X x X; n and &; obey the same clocks.
no < & as. =n <& as. vi>0.
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The Misanthrope type model (without disorder)
State space X = {0,--- ,K}%, ne€ X, 0<n(x) < K,Vx € Z

Lf(n) = Y ply = x)b(n(x), n(y) [f (") = f(n)]

X,YEL

> (A1) Irreducibility : Vz € Z, Y .n[0*"(2) + p*"(-2)] > 0;

> (A2)finite mean: ), , |z|p(z) < +o0;

» (A3) K-exclusion rule : b(0,.) =0, b(.,K) =0;

» (A4)non-degeneracy : b(1,K —1) > 0;

» (A5) attractiveness : b(/,j) nondecreasing in i,
nonincreasing in j.

Some Classical Examples :

» Simple Exclusion : K =1, b(1,0) = 1 [Liggett]

» T.A. K-exclusion : p(1) =1, b(/, j) = lji>0 j<k}
[Seppalainen]

» Misanthropes : + algebraic relations on b’s [Cocozza]
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The model in random environment

Disorder a = (a(x),x € Z) € A= (¢,1/¢)%, for ¢ € (0,1).
The dist. Q of « on A is ergodic w.r.t. 7 (on Z).
For a € A, quenched process (1t)¢>0 on X = {0, --- , K}Z:

Lof(n) = Y a(x)p(y = x)b(n(x), n(y) If (") = f(n)] (1)

X,YEL

Our method is robust w.r.t. the model and disorder (e.g. no
restriction to site or bond disorder).

We detail the misanthropes’ process with site disorder, then
explain how to deal with other models.



The model and its construction ASEP The model The model in RE

Graphical construction

Let V =Z x [0,1], (2, F,P) proba. space of locally finite point
measures w(dt, dx, dv) on Rt x Z x V, where F is generated
by the mappings w +— w(S) for Borel sets S of R™ x Z x V, and
P makes w a Poisson process with intensity

M(dt, dx, dv) = Ag- (dt)Az(dx)m(dv)

where \ denotes either the Lebesgue or the counting measure.
E denotes expectation with respect to P.
For the case (1) we take V :=Z x [0,1],v = (z,u) € V,

m(dv) = ¢~ [[bl]ocp(d2)Apo,1)(lr) (@)



The model and its construction ASEP The model The model in RE

(A2) = for P-a.e. w, 3 a uniqgue mapping
(a,mo, ) € Ax X x RT = np = n(a, mo, w) € X (3)

satisfying : (@) t — n:(«, mo, w) is right-continuous ; (b)

no(«, no, w) = no ; (c) the particle configuration is updated at
points (f, x, v) € w (and only at such points - where (¢, x,v) € w
means w{(t, x, v)} = 1) according to the rule

77t(047 7o, CU) = TQ’X’VW— (aa 7o, w) (4)
where, for v = (z,u) € V,

X X+Z b(n(x), n(x + z))
T"“X"’n{ Xtz it u < a(x) bl (5)

n otherwise

Shift commutation property
TTXOévyvaX — TXTa7y+X7V (6)

where 7 on the r.h.s. acts only on 7.



Attractiveness

By (A5),
T7%Y . X — Xis nondecreasing (7)

Hence,
(a0, mo, t) — ni(a, mo, w) is nondecreasing w.r.t. ng (8)

Thus for any t € R™ and continuous function f on X,
E[f(ni(a, no,w))] = Sa(t)f(n0), where S, denotes the
semigroup generated by L. From (8), for w1, u2 € P(X),

p < pp =Vt e RY, pySa(t) < p2Sa(t) 9)

Property (9) is usually called attractiveness. Condition (7)
implies the stronger complete monotonicity property : existence
of a monotone Markov coupling for an arbitrary number of
processes with generator (1).



Hydrodynamic Theorem Flux Previous results

Hydrodynamic scaling
N € N : scaling parameter for the hydrodynamic limit (i.e.
inverse of the macroscopic distance between two consecutive
sites, and time rescaling).
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Hydrodynamic Theorem Flux Previous results

Hydrodynamic limit Theorem
The empirical measure of configuration n viewed on scale N is

N (n N1 0y (k) € MFE(R)  (10)
YEZ

(positive locally finite measures ; topology of vague cv : for
continuous test functions with compact support).
Theorem
Assume p(.) has finite third moment. Let Q be an ergodic
proba. dist. on A. Then there exists a Lipschitz continuous
function G2 on [0, K] (depending only on p(.), b(.,.) and Q)
such that :
Let (n), N € N) be a sequence of X-valued r.v. on a proba.
space (g, Fo, Pg) such that

Jim 7N (b)) (dx) = up(.)dx  Pg-a.s. (11)

for some measurable [0, K]-valued profile uy(.).



Hydrodynamic Theorem Flux Previous results

Then for Q-a.e. a € A, the Py ® PP-a.s. convergence
im 7N, (wo), @) (d) = (. dx (1)

holds uniformly on all bounded time intervals, where
(x,t) — u(x,t) denotes the unique entropy solution with initial
condition ug to the conservation law

du+ 0x[GY(u)] =0 (13)
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Hydrodynamics vs a.s. hydrodynamics

The sequence (nV)y has
» (weak) density profile u(.) if : Ve > 0, 1,

lim P< )(dx) — /w x)dx
N—oo R

> 5) =0
» strong density profile u(.) if : V1,

P(N”Lnoo/Rw(X)ﬂ )(dx) = /w x)dx) =1,

The sequence (1, t > 0)y has
» hydrodynamic limit (resp. a.s. hydrodynamic limit) u(.,.) if :
vt >0, (nﬁt)N has weak (resp. strong) density profile
u(.,t).
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Entropy solution

u=u(.,.): Rx R*™ — R has locally bounded space variation
if :vJ CR™ I=[ab] CR,

Sup Sup Z |U XI+17 (XI7 )‘ < 400
ted xo=a<xi-<xn=

Let u be a weak solution to (13) with locally bounded space
variation. Then u is an entropy solution to (13) iff, for a.e. t > 0,
all discontinuities of u(., t) are entropy shocks.
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Oleinik’s entropy condition
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A discontinuity (u—, u™t), with u™ := u(x + 0, 1), is an entropy
shock, iff :

The chord of the graph of G between u~ and u™ lies
above (below) the graph if u™ < u~ (U~ < u™).
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The macroscopic flux function G

the microscopic flux through site 0 is

j(aan) = j+(a777) _j_(avn) (14)
JHam) = Y. aWp@bn(y).n(y + 2))
Y,ZEL: y<0<y+z
j(an) = Y. aWp@bn(y).n(y + 2))

Y, Z€Z: y+z<0<y

We will see below that : N

IRA C [0, K] closed, 3AQ c A with Q(AQ) = 1 (both
depending also on p(.) and b(., .)), and 3 a family of proba.
measures (127 : o € A9, p € R9) on X, such that



Vp e RQ:
» (B1)Va € AQ, 19" is an invariant measure for L.
» (B2)Va € A9, v, 7p -a.s.,
im@2/+1)"" > nx)=p

=00 X€eZ:|x|<I
» (B3)
G9(p) —// o, )@ (dn) (15)

does not depend on o € AQ,
Hence we define G%(p) as (15) for p € R and extend it by
linear interpolation on the complement of R9, which is a finite
or countably infinite union of disjoint open intervals.
Lipschitz constant V of G? :

V =2¢7"|bl|es Y |2Ip(2) (16)
ZEL

Remark. v2* not explicit => G9(p) not explicit.
~ influence of disorder not visible in G%(p).
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Examples without disorder
Invariant measures

» Simple exclusion processes : [Liggett]
R =[0,1],(ZNS), = {v,, p € [0,1]}, Bernoulli product.
» T.A. K-Exclusion : [BGRS2]

Known : 0 and K are limit points of R and
R[5 K— 3] #0.

Macroscopic flux
» Exclusion Process : G(u) = yu(1 — u), u € [0, 1]
» T.A. K-Exclusion : G(u) = G(K — u), u € [0, K].

Hydrodynamics : The TASEP
ou+ Oku(1 —u)) =0

G(u) = u(1 — u) concave flux function
Riemann problem : Initial condition (A, p)
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» case A < p: shock

—

» case A > p : rarefaction fan
A
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Previous results (in random environment)

under attractiveness;
i. i.d. site disorder ; quenched hydrodynamic limit;

» [Benjamini, Ferrari & Landim] ('96) : Asymmetric
ZRP on Z9 (an extension of [Evans] ('96)).

> [Sepp&dléinen] ('99) : TA K-exclusion on Z.

Our results : ergodic disorder ; no restriction to site disorder.



Our method

» Since the quenched process lacks translation invariance,
an essential ingredient in proving hydrodynamics, we study
a joint disorder-particle process with its invariant measures.

» then follow the scheme of proof of a.s. hydrodynamics in
[BGRS3] (without disorder) :

» hydrodynamics for the Riemann problem

R p(x,0) = Myxcoy + 01 x>0 (17)

» it implies the result for general up by an approximation
scheme.



The disorder-pa

The disorder-particle process

Li(a,n) = ) a(x)ply — x)b(n(x), n(y)) [f (e, ") — F(a, )]

X,YEL
(18)
(S(t),t € R™) is the semigroup generated by L. Given ag = «,
this means that a; = o for all t > 0, while (1¢)¢>0 is @ Markov
process with generator L, given by (1).
L is translation invariant :

TxL == LTX (19)

where 74 acts jointly on («, n). This is equivalent to a
commutation property for the quenched dynamics :

LOzTX == TXLTxOl (20)

where the first 74 on the r.h.s. acts only on 7.



A conditional stochastic order

Define

7@ == 6+U6,

O; = {(a,n§ cAxX:n<¢}

O_ = {(a,n,&) eAxX:¢<n} (21)
Lemma

For u' = p'(da, dn), u? = p?(da, dn) proba. measures on

A x X, the following properties (denoted by ' < 12) are
equivalent :

(i) Vf bounded measurable local function on A x X, such that
f(a, .) is nondecreasing for all o € A, we have

[fdu' < [fdu?.

(i) ' and 12 have a common o-marginal Q, and

p!(dnla) < p2(dn|a) for Q-a.e. o € A.

(iii) Ip(der, dn, d€) coupling measure supported on O, under
which (o, n) ~ p' and (a, €) ~ u?.



Invariant Measures

7;, S and SA : the sets of proba. measures respectively
invariant for L, shift-invariant on A x X and shift-invariant on A.

Proposition

For every Q € SA, there exists a closed subset R? of [0, K]
containing 0 and K, such that

(ILnS), = {VQ”’, Qe St pe RQ}
where index e denotes the set of extremal elements, and

(v . p e RQ) is a family of shift-invariant measures on A x X,
weakly continuous with respect to p, such that



The disorder-pa

/ 0y (da,dn) = p

im@/+1)"" > nx) = p, v -as.

|—o00
XeZ:|x|<I

p<p = v <O

For p =0 € RQ (resp. p = K € R9) we get the invariant dist.
557 (resp. 0i%), the deterministic dist. of the configuration with
no particles (resp. with maximum number of particles K
everywhere).



The disorder-pa

Corollary

(i) The family vQ* (\) := v9*(.|a) on X satisfies properties
(B1)—(B3) on page 27
(ii) for p € R, G9(p) = [ j(c, n)v@*(de, dn).

Remark
By (i), and shift-invariance of v%*(do, dn),

GO(p) = / (e w2 (da, din) = / T m@#(da, dn)  (22)

Vp € RQ, where

J(a,m) = a(0) > zp(2)b(n(0),n(2)) (23)

ZEL

~ alternatively take 7(«,n) as microscopic flux function.



Generalized misanthropes’ process Generalized k-step K-exclu

The properties used to prove Theorem 1

» The set of environments is a proba. space (A, Fa, Q), for A
a compact metric space. On A we have a group of space
shifts (7x : x € Z), w.r.t. which Q is ergodic. Va € A, L, is
the generator of a Feller process on X (by (A3)) satisfying
the commutation property (20). It is equivalent to L
translation-invariant on A x X.

For L., 3 (by (A2)) a graphical construction on a
space-time Poisson space (2, F, P) such that L, is given
by some mapping 74" satisfying the shift commutation
and strong attractiveness properties (6) and (7).

Irreducibility and non-degeneracy (A1), (A4) (combined
with attractiveness (A5)) (~ for Proposition 3.1).



Generalized misanthropes’ process Generalized k-step

In our examples, particle jumps : 7®%Vy = pX(@2V)y(azv) o

Lof(n) = > calX,y, ) [F (7Y) — ()] (24)
X,YEL

CalX,y,m) =Y _m{vev: T%'n=nV}) (25)
zeZ

shift-commutation property (6) —

Ca(ny, 77) = CTxoz(an_XaTXn) (26)
(is equivalent to (20) for (24)). Micro. fluxes (14), (23) write
JH(eyn) = > Ca(n(y)n(y + 2))
Y,Z€L: y<0<y+z
j () = Y )iy + 2)
Y,ZEL: y+z<0<y
Heyn) = > zca(0,2,m) (27)

A/



Generalized misanthropes’ process Generalized k-step

Generalized misanthropes’ process

c € (0,1),and p(.), P(.) proba. dist. on Z satisfying (A1), resp.
(A2). A : functions B : Z? x {0,...,K}?> — R such that
Y(x,z) € 72, B(x, z, .,.) satisfies (A3)—(A5) and

cp(z) (28)
c'P(2) (29)

The shift operator 7, on A : (7,B)(x,z,n,m) = B(x+y,z,n,m).

Laf(n) = > B,y = x,n(),n(y) [f (™) = f(n)]  (30)

X,YEL

where the dist. Q of B(., ., ., .) is ergodic w.r.t. 7.



Generalized misanthropes’ process Generalized k-step

For v = (z, u), set m(dv) = ¢~ P(dz) A 1(du) in (2), and
replace (5) with

. B(x,z,n(x),n(x + z))
X X+z jf ) )
A A ¢ 1P(2) (31)
n otherwise

microscopic flux (27) writes

7(04, 77) = Z 28(07 Z, 77(0)7 77(2))

YA/

Lipschitz constant V = 2¢=1 ", |z|P(z) for G@
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Examples

» The basic model (1) : B(x, z, n, m) = a(x)p(z)b(n, m), for
p(.) a proba. dist. on Z satisfying (A1)—(A2), a(.) an
ergodic (c, 1/c)-valued random field, b(.,.) a function
satisfying (A3)—(A5). (28)—(29) hold with P(.) = p(.).
bond-disorder version of (1) :
B(x,z,n,m) = a(x, x + z)b(n, m) for a positive random
field o = (a(x,y) : x,y € Z) on Z?, bounded away from 0,
ergodic w.r.t. space shift ,a = a(. + z,. + z). Sufficient
assumptions replacing (A1), (A2) are

cp(y —x) < a(x,y) < ¢ 'P(y — x) (32)
for ¢ > 0, and proba. dist. p(.), P(.) on Z, satisfying (A1)
resp. (A2).
Switch between two rate functions according to
environment : (a(x), x € Z) is an ergodic {0, 1}-valued
field, p(.) satisfies (A1), and by, by (A3)—(A5),
B(x,z,n,m) = p(z)[(1 — a(x))bo(n, m) + a(x)bs1(n, m)].
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Generalized k-step K-exclusion process
The k-step exclusion process
k € N, p(.) a jump kernel on Z satisfying (A1), (A2).
A particle at x performs a random walk with p(.) and jumps to
the first vacant site it finds along this walk, unless it returns to x
or does not find an empty site within k steps, in which case it
stays at x.
Generalization without disorder : the (q, 5)-k step K-exclusion
K >1,ce(0,1); Dis the set of functions

g=(p,...,0% 2k - (0,1]F s.t.
F'() € o] (33)
g() > p*(),vie{1,... . k-1} (34)
q is a proba. dist. on ZK, and 3 € D.
A particle at x picks a g-dist. random vector Z = (Z4, ..., Zx),
and jumps to the first site x + Z; (i € {1, ..., k}) with strictly less

than K particles along the path (X+2Zy,...,x+ Z), if such a
site exists, with rate 3'(Z). Otherwise, it stays at x.



Generalized misanthropes’ process Generalized k-step K-exclu

This extends k-step exclusion in different directions (apart from
K>1):

» The random path followed by the particle need not be a
Markov process.

» The dist. g is not necessarily supported on paths absorbed
at 0.

» Different rates can be assigned to jumps according to the
number of steps, and the collection of these rates may
depend on the path realization.



Generalized misanthropes’ process Generalized k-step K-exclu

Generalization with disorder

The environment is a field

a = ((gx, Bx) : X € Z) € A := (P(Z¥) x D)%. For a given a, the
dist. of the path Z picked by a particle at x is qx, and the rate at
which it jumps to x + Z; is 34(Z).

The corresponding generator is given by (24) with

Co = ZL ¢/, where (with the convention that an empty
product is equal to 1)

i—1

%061 = Va0 ) / [V przi=yy | ] T 2)=r1100x(2)
j=1

dist. Q on A is ergodic w.r.t. space shift 7, where

Ty = ((Qxay, Bxty) © X € Z).



Generalized misanthropes’ process Generalized k-step K-exclu

replace (A1)—(A2) by

: 1

infa.() = ap() (35)
sup supgy(.) < ¢ 'P() (36)
i=1,....k XEZ

for ¢ > 0, g, : i-th marginal of gx, p(.), resp. P(.) proba. dist.
satisfying (A1), resp. (A2).
For (x,z,n) € Zx ZK x X, p € Dand u € [0, 1],

N(x,z,n) = inf{ie{1,...;k}: n(x+2z) < K} withinf) = +c0
B X+ Znx,zm) 1T N(X,2,m) < +o0
Y(x,z,n) = { X if N(x,z,n)=+o0
Fxzpu oYXz it p(x) > 0and u < N2 (2)
0 = n otherwise

(where the definition of 57°°(z) has no importance).



Generalized misanthropes’ process Generalized k-step K-exclu

N 7;7
ca(x,ysm) = Vpo0Ea |8 M vizap] (87)

Howm) = Vpos0Ee |8 27 Y(0,2m)])  (@8)
where expectation is w.r.t. Z.
for GY Lipschitz constant V = 2k?¢~' 3", _, |z|P(z). Let
Y =[0,1] x [0,1], m = X 1] ® A 1]- V proba. dist. g on Z¥, J a
mapping Fy : [0, 1] — Z¥ s.t. F4(V4) has distribution q if V4 is
uniformly distributed on [0, 1]. Then 7 in (4) is defined by (with
v =(v1,ve)and a = ((qx, Ox) : X € Z))

TOt,X,VT/ — %X’FCIX(W)7BX(FCIX(V1))7V277 (39)

Strong attractiveness by

Lemma
V(x,z,u) € Z x Z¥ x [0,1], 734" is an increasing mapping
from X to X.



Generalized misanthropes’ process Generalized k-step K-exclu

Examples

Let c € (0,1).

» A disordered k-step exclusion with jump kernel r :

K =1, (ax : x € Z) is an ergodic [c, 1/c]-valued random
field, and r(.) is a proba. measure on Z satisfying (A1),
(A2).

Multiply the rate of any jump from x by ay.

ax = gy (r), and Bx(2) = (ax, . .., ax) for every z € ZX.

> (x, tx)xez IS an ergodic [c, 1]?f-valued random field, where
= (15, 1 <n<k)and ix = (15, 1 < n<Kk).

Ox = 36(12,.k) + 30(-1,—2,.. k)

ﬁ)’((1,2,...,k) :fy)"(, ﬁ)"((—1,—2,...,—k) = Lﬁ(



Generalized misanthropes’ process Generalized k-step K-exclu

K-exclusion process with speed change and traffic
flow model
K:={—k,...,k}\{0}; o = ((v(x),}) : x € Z) is an ergodic
[0, +-00)2K x (0, +o00)-valued field, with v(x) = (v(X) : z € K).

O(x,n) = {yeZ:y-xek,ny) <K}
Z(a, X, m) = Z vz—x(X)
zeO(x,n)

In configuration , if Z(«, x,n) > 0, a particle at x picks a site y
at random in ©(x, 1) with proba. Z(«, x,1)~'vy,_x(x), and jumps
to this site at rate 3. If Z(«a, x,71) = 0, nothing happens. For
instance, if v;(x) = 1, the particle uniformly chooses a site with
strictly less than K particles. Generator is given by (24), with

Ca(X. ¥,1) = 1005011 (Z(axm)>0 Topen (V) Z (e, X, 7) " vy —x(X)
microscopic flux (23) writes

Je,n) = Bolno>01Z(,0,m) 71 Y 202(0)1y(z)<k

zeK



Generalized misanthropes’ process Generalized k-step K-exclu

Totally asymmetric case with K =1 :v,(x) =0forz<0:ltisa
traffic-flow model with maximum overtaking distance k.

True also for Example 2 above in the totally asymmetric setting
vy, = 0,1 < i < k. But there an overtaking car has only one
choice for its new position.

This dynamics is a 2k-step model, thus strongly attractive :
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Bx = (BY,...,061), gx := q(v(x)), where g(v; : z € K) is the
dist. of a random self-avoiding path (Zi, ..., Zok) in K such that
Uy

Zzelc Uz
Uy

P(Zi=y) =

for2 <i<2k
Dzek\(Zy,Zi 1} V2

Lemma

Assume (Zy,...,2x) ~ q(vz : z € K). Let © be a nonempty
subsetof{ze€ K :v, #0},7:=inf{ie {1,...,2k} : Z € ©},
andY = Z.. Then

()
P(Y=y)= 1@(}’)27;%/,
y'e
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Other examples

» k-step misanthrope process

ch(X.¥.n) = 1)<k /[bf((Z,U(X),U(X + zj)) x
i1

Yz [ Vnicrz)=r1] 40x(2)
j=1

Vi=2,....k, P(,K0)<b(,1,K-1)  (40)

» Generalized k-step misanthrope process
A particle at x picks a g-dist. random vector
Z = (24, ..., Zx) and moves to the first site x + Z; (i < k)
that has strictly less particles than x and which carries the
minimal number of particles among the sites of the random
path x + Zj, ..., x + Zx, if such a site exists, with rate
b(Z,n(x),n(x + Z;)); otherwise it stays at x.
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