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Granulation
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Granulation

Lump small particles into bigger entities

Improve handling (storage, transport, safety,...)
Creation of micro mixtures (segregation, distribution of active
components)

Desire knowledge about:

In�uences of precursors, process design and conditions on �nal product

+
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Granulation model
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Regression I

Aim: Regress for some data points yobs over input space Z
Assume

yobs(z) = y(z) + ε where ε ∼ N (0, τ2) (1)

Underlying y(z) is unknown, so endow with prior distribution :

y(.) ∼ GP(µ(.), σ2Σ(., .) )
mean function µ(z)
correlation function Σ(z1, z2)
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Regression II

Make observations yobs := y(z) + ε at z = (z1, . . . , zn)>

Want predictions at z̃

Posterior of y(z̃) |yobs:
y(z̃) |yobs has a multivariate normal distribution with

E [y(z̃) |yobs]

= µ(z̃) + σ2Σ(z̃, z)
[
σ2Σ(z, z) + τ2I

]−1
(yobs − µ(z)) (2)

Var (y(z̃) |yobs)

= σ2Σ(z̃, z̃)− σ4Σ(z̃, z)
[
σ2Σ(z, z) + τ2I

]−1
Σ(z̃, z)> (3)
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Regression IV
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Correlation function

Choices of Σ(z1, z2):

Exponential :

Σ(z1, z2) =

dim(Z)∏
k=1

exp
(
−φk · |z1k − z2k|φ0

)
(4)

Matérn :

Σ(z1, z2) =
1

2ν−1Γ(ν)

(
2ν

1
2 ||z1 − z2||

ρ

)ν
Kν

(
2ν

1
2 ||z1 − z2||

ρ

)
(5)

where K is modi�ed Bessel function of 2nd kind.
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Notation

X is space of process conditions or covariates

Θ is space of unknown parameters of a model

Z := X ×Θ
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Regression Models

Underlying Simulator function ηs(z) :

ηs(z) ∼ GP
(
µs(.), σ

2
sΣs(., .)

)
Underlying Experimental function ηe(x) :

Fix calibrated value of θ = θc (unknown)
ηe(x) := ηs(x, θc) + δ(x)
δ(x) ∼ GP

(
µe(.), σ

2
eΣe(., .)

)
=⇒ ηe ∼ GP

(
µs(., .) + µe(.) , σ

2
sΣs(., .) + σ2eΣe(., .)

)
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Available data

Observed Experimental data :

Have ye := (ηe(x1), . . . , ηe(xne
))> + εe

Observed Simulator data :

Have ys :=
(
ηs(x

∗
1, θ
∗
1), . . . , ηs(x

∗
ne
, θ∗ne

)
)>

+ εs

Full data d := (y>s ,y
>
e )>

Observation errors εe, εs for simplicity:

εe ∼ N (0, τ2e I) and εs ∼ N (0, τ2s I)
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Priors

GP Priors

GP Matérn parameters φe, φs�U [0, φupper]
GP mean linear parameters βe, βs�constant prior
GP variance parameters σ2

e , σ
2
s�inverse gamma

Observation error priors

τ2e , τ
2
s�inverse gamma

Prior for θ is given by user

All unknown values � represent as (θ, βs, βe, ξ)
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θ-estimation

Posterior for (θ, βs, βe, ξ):

π(θ, βs, βe, ξ |d) ∝ f(d | θ, βs, βe, ξ)︸ ︷︷ ︸
gaussian likelihood

× π(θ)π(βs)π(βe)π(ξ)︸ ︷︷ ︸
prior

(6)

Integrate out βs and βe analytically

Integrating out ξ is harder - do this via Wang-Laudau sampling

Do similar for prediction of ηe(x) and ηs(x, θ).
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Example - simulator function ηs(x, θ)
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Figure: True ηs(x, θ)

µs(x, θ) :=
1

4
[6(x− 0.15)(x− 0.5)(x− 0.85)− 0.27] [10 cos(4πθ) + 0.3] + const

θc = 0.2
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Example - θ-posterior
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(a) assuming τ2s = 0, τ2e unknown,
δ(x) ≡ 0
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(b) assuming τ2s = 0, τ2e and δ(x)
unknown

Figure: θ posterior plots making di�erent assumptions
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Example - ye(x)-posterior prediction + noise
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(a) assuming τ2s = 0, τ2e unknown,
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(b) assuming τ2s = 0, τ2e and δ(x)
unknown

Figure: ye(x) (+noise) posterior plots making di�erent assumptions
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Granulation - (kcoag, kcompact, kbreak, kpen, kreac)-posteriors
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(a) kcoag posterior
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(b) kcompact posterior
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(c) kbreak posterior
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(d) kpen posterior
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(e) kreac posterior

Figure: Assuming τ2s = 0, τ2e , δ(x) unknown
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