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Overview

@ meta analysis example

@ general problem: mixture distributions
@ discrete ‘grid’ approximations

@ design strategy & algorithm

@ application to meta analysis problem
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Meta analysis

Context: random-effects meta-analysis
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Meta analysis

Context: random-effects meta-analysis
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Meta analysis

Context: random-effects meta-analysis
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Meta analysis
Context: random-effects meta-analysis

@ here:
easy to derive one of the marginals: p(r|y)
and conditional posteriors p(©|r,y)

@ p(rly) = ..function of y;, 0j,...)
° p(@|¢,y) = Normal( =fi(7),0 =fa(7))

@ but main interest in other marginal: p(©ly)
joint

——
p(®ly) =/ p(©,7,y) dr
= [p(©|r,y) p(rly) dr is a mixture distribution
——— ——

conditional marginal
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Meta analys

is

Context: random-effects meta-analysis
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Meta analysis

Context: random-effects meta-analysis
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Meta analysis

Context: random-effects meta-analysis
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Meta analysis

Context: random-effects meta-analysis

s ] [u T A A T )
= 9
8 |
o _| S
® o - —
2 _- Z e
a 2+
° =
= 8
o T k5] ]
5 B > o
is £l
3
=) s &4
2 g ©
~-o g _
S El
$ 4 g | [
Al T T T T = T T T T T
0 10 20 30 40 0 10 20 30 40 50
heterogeneity t heterogeneity T
o
2 ] ©
= S
S
=~ = 0
= 3 = 84
s S 3 S
2 T 3
g 84 5 S
2 o 3
g 3 g
i g S
g 21 =
g ° s &
= e S
5 8 g -
8 s S o
S
5 2
S H S o
S T T T T T T S T T T T T T
130 140 150 160 170 180 190 130 140 150 160 170 180 190
effect © effect ©

C. Rover, T. Friede 1/ /arxiv.org/ abs/



Meta analysis

Context: random-effects meta-analysis
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Mixture distributions
The general problem

@ mixture distribution:

@ a convex combination of “component” distributions

@ “adistribution whose parameters are random variables”
@ (“conditional”) distribution with density p(y|x)
@ “parameter” x follows a distribution p(x)

@ marginal / mixture is p(y) = [, p(y[x)dp(x)

@ x discrete: p(y) = 2_; p(y i) p(xi)
@ ubiquitous in many applications
Student-t distribution

negative binomial distribution
marginal distributions
convolution

® ¢ ¢ ¢
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Mixture distributions
How to approximate?

@ approximating the continuous mixture
through a discrete set of pointsin ...

@ actual marginal:
P(©) = [ p(@Ir)p(r)dr

@ approximation:

p(©) ~ > p(@n)m

@ Questions:
@ how to set up the discrete grid of points?
@ how well can we approximate?
@ do we have a handle on accuracy?
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Mixture distributions

Motivation: discretizing a mixture

o
2 T © T S
9 | = @
& o o = 3
2 -- e S
g 5 g
° s &1
B o 3
o 3 4
g 2 3
3 5 S
8 - g °
- =~ 3
Sl T o
g ) 8 <27
2
o | g
2 T T T T S T T T T T T
0 10 20 30 40 130 140 150 160 170 180 190
heterogeneity T effect ©

@ Note: conditional distributions p(©|r,y)
are very different for 7y and 7» and rather similar for 5 and 74.

@ idea: may need fewer bins for larger 7 values...?
@ ...bin spacing based on similarity / dissimilarity of conditionals?
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Discretizing mixture distributions

Setting up a binning

@ need: discretization of the mixing distribution p(x).
@ domain of X: R (or subset)
@ define bin margins: x(1) < X@2) < ... < Xk-_1)

@ hins:
XX <Xy} ifi =1
Xi = X oxi—y <x <xG ) if1<i<k
{XZX(k_1)<X} ifi =k.

@ reference points: Xy,..., Xk, where X; € X
@ bin probabilities: m = P(xi_1) <x < X)) = P(x € Xj)
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Discretizing mixture distributions

Setting up a binned mixture

@ actual distribution: p(x,y)
@ discrete approximation: q(x,y)
@ same marginal (mixing distribution): q(x) = p(x)
@ but “binned” conditionals:
a(ylx) = p(ylx =%) forx € X;.
@ q similar to p,
instead of conditioning on “exact” x,
conditioning on corresponding bin’s reference point X;
@ marginal:

aly) = /q(y|x)q(x)dx
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effect ©

Discretizing mixture distributions

Setting up a binned mixture

@ in previous example:
@ bin margins: 74y = 10, 7(2) = 20, 7(3) = 30
o reference points: 71 =5, 7, =15, 73 =25, 74, = 35
@ probabilities: my = 0.34, m» = 0.44, 73 = 0.15, 74 = 0.07
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Similarity / dissimilarity of distributions

Kullback-Leibler divergence

@ The Kullback-Leibler divergence of two distributions with density
functions p and q is defined as

Da(pOa) = [ 0g(55)p(e)ds

- )

@ The symmetrized KL-divergence of two distributions is defined
as

Ds(p(0)[|a(9)) = Dxw(p(®)]|a(9)) + Dxw(a(®)||p(9))
@ the symmetrized KL-divergence. ..
o is symmetric: Ds(p(0)[|a(8)) = Ds(a(6)]||p(6))

e is always positive: Ds(p(6)||a(d)) > 0
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Divergence
Interpretation

@ How to interpret divergences?

@ measure of “discrepancy” between distributions

@ heuristically: expected log ratio of densities. . .
— relevant case here: p(x) ~ q(x).

® Dir(p(x),q(x)) =0 for p=gq

@ Dy (p(x),q(x)) = 0.01
corresponds to (expected) =~ 1% difference in densities
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Divergence

Bin-wise maximum divergence: definition

@ consider: divergence between reference point
and other points within each bin

@ define:
di = max{D:(p(yl)llp(y[%)) | = max{Ds(p(yx)llaty[x)) .

the bin-wise maximum divergence
@ “worst-case discrepancy” introduced within each bin
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Divergence

Bin-wise maximum divergence: example
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@ recall: actual parameters of conditionals p(y|x) (in black)
vs. parameters of q(y|x) assumed through binning (in red)
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Divergence

Bin-wise maximum divergence:
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Divergence

Bin-wise maximum divergence:

example

170

T2 -1
N Pom-oozqetlool-
© -7
° o —
8 e 4 - =
2
s
o —
B
o |7 Rk RN
E (1) e
T T T T T T
10 12 14 16 18 20

heterogeneity T

C. Rover, T. Friede

divergence D,(p(®1) || p(©]72))
0.05 0.10
! !

heterogeneity T

http://arxiv.org/abs/

conditional density p(©t)

0.00

T T T T T T T
140 150 160 170 180 190

effect ©

March 17,



Divergence

Bin-wise maximum divergence:

example
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Divergence

Bin-wise maximum divergence: example
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@ determine maximum d; for each bin i

(usually at bin margin)
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Bounding divergence
Idea

now consider divergences
of true and approximate marginals p(y) and q(y)

(not the conditionals!)

what about D, (p(y)||a(y)) ?
having the individual bin-wise divergences d;, we can show:

Ds(p(y)|laly)) < Zm d,

< maxd
|

in other words:
by bounding bin-wise divergences (of conditionals)
we can bound the overall divergence (of marginals)

“DIRECT (Divergence Restricted Conditional Tesselation)” method
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Discretizing mixtures

Sequential DIRECT algorithm
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@ 1st reference point 74 at zero

C. Rover, T. Friede http://arxiv. org/ abs/ 1602. 04060 March 17,2016



Discretizing mixtures

Sequential DIRECT algorithm
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Discretizing mixtures

Sequential DIRECT algorithm
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Discretizing mixtures

Sequential DIRECT algorithm
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Discretizing mixtures

Sequential DIRECT algorithm
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Discretizing mixtures

Sequential DIRECT algorithm

1st bin 2nd bin 3rd bin 4th bin ~ (...)
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@ 1streference point 7y at zero, first margin 74y at 0.904 (...)
@ result: binning with bounded divergence (< ¢) per bin
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Discretizing mixtures

Sequential DIRECT algorithm

1st bin 2nd bin 3rd bin 4th bin ~ (...)
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@ 1streference point 7y at zero, first margin 74y at 0.904 (...)
@ result: binning with bounded divergence (< ¢) per bin
@ (when to stop?)
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Discretizing mixtures

Sequential DIRECT algorithm (variations possible)

@ Specify § > 0,0 <e< 1, and starting reference point X1
(e.g. minimum possible value, or 5-quantile).
Define ¢; > 0 as ¢1 := P(X < Xq). Setl =1.

@ Setx* = %;. Obviously, Ds(p(y|%1)||p(y|x*)) = 0.
Now increase x* as far as possible while ensuring that
Ds (P(y[%1)|[p(y[x*)) < 6.
Use this point as the first bin margin: x4y = x*.
Compute 71 = P(X < X(1)). Seti=i+1.

@ Increase x* until Ds(p (v IXi-1) Hp(y|x*)) = J. Use this point as
the next reference point: X; = x*

@ Increase x* again until D (p(y|x )|[p(y[x*)) = é. Use this point as
the next bin margin: X, = x*.

(5 Compute the bin Welght T = P(X(i_1) <X < X(i))-

Q I P(X > X)) > (e —€1), seti =i+ 1 and proceed at step 3.
Otherwise stop.
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Discretizing mixtures
General algorithm

@ remaining issue: ignored e > 0 tail probability
(usually: problems at domain’s margins)

@ only need to keep track of reference points X; and probabilities r;

@ meta-analysis example:
35 reference (“support”) points required
(0 =0.01, ¢ =0.001)

effect ©
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Conclusions

@ approximation allows to compute density, quantiles, moments,. . .
@ algorithm yields quick-and-easy solution
@ need to specify error budget in terms of

o divergence ¢
o tail probability e

@ also works for discrete distributions (p(x) or p(y|x))
@ meta-analysis application:

implemented in bayesnet a R package
http://cran.r-project.org/package=bayesnet a

@ general procedure:

C. Rover, T. Friede. Discrete approximation of a mixture
distribution via restricted divergence. (submitted for publication.)
http://arxiv.org/abs/1602. 04060
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