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DETERMINANTS

AN INTRODUCTION WITH SIMULTANEOUS EQUATIONS

e You are familiar with the method of solving a pair of
simultaneous equations by elimination.
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e You are familiar with the method of solving a pair of
simultaneous equations by elimination.

e eg. tosolve 2x+3y +2=0(l) and 3x +4y +6 =0 (Il).
e we could find the value of x by eliminating y.

".' Universty of
Bedfordshire
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e You are familiar with the method of solving a pair of
simultaneous equations by elimination.

e eg. tosolve 2x+3y +2=0(l) and 3x +4y +6 =0 (Il).
e we could find the value of x by eliminating y.

o we could multiply (I) by 4 and (Il) by 3 to make the
coefficient of y the same in each equation.
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DETERMINANTS

AN INTRODUCTION WITH SIMULTANEOUS EQUATIONS

e You are familiar with the method of solving a pair of
simultaneous equations by elimination.

e eg. tosolve 2x+3y +2=0(l) and 3x +4y +6 =0 (Il).
e we could find the value of x by eliminating y.

o we could multiply (I) by 4 and (Il) by 3 to make the
coefficient of y the same in each equation.

e giving 8x + 12y +8 =0 and 9x + 12y + 18 = 0.
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DETERMINANTS

AN INTRODUCTION WITH SIMULTANEOUS EQUATIONS

e You are familiar with the method of solving a pair of
simultaneous equations by elimination.

e eg. tosolve 2x+3y +2=0(l) and 3x +4y +6 =0 (Il).
e we could find the value of x by eliminating y.

o we could multiply (I) by 4 and (Il) by 3 to make the
coefficient of y the same in each equation.

e giving 8x + 12y +8 =0 and 9x + 12y + 18 = 0.
e then by subtraction we would get x +10 =0, i.e. x = —10.

".' Universty of
Bedfordshire



DETERMINANTS

AN INTRODUCTION WITH SIMULTANEOUS EQUATIONS

e You are familiar with the method of solving a pair of
simultaneous equations by elimination.

e eg. tosolve 2x+3y +2=0(l) and 3x +4y +6 =0 (Il).
e we could find the value of x by eliminating y.

o we could multiply (I) by 4 and (Il) by 3 to make the
coefficient of y the same in each equation.

e giving 8x + 12y +8 =0 and 9x + 12y + 18 = 0.
e then by subtraction we would get x +10 =0, i.e. x = —10.

e by substituting this value back into either equation we would
get y = 6.
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DETERMINANTS

AN INTRODUCTION WITH SIMULTANEOUS EQUATIONS

e You are familiar with the method of solving a pair of
simultaneous equations by elimination.

e eg. tosolve 2x+3y +2=0(l) and 3x +4y +6 =0 (Il).
e we could find the value of x by eliminating y.

o we could multiply (I) by 4 and (Il) by 3 to make the
coefficient of y the same in each equation.

e giving 8x + 12y +8 =0 and 9x + 12y + 18 = 0.
e then by subtraction we would get x +10 =0, i.e. x = —10.

e by substituting this value back into either equation we would
get y = 6.

e This is almost triviall
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DETERMINANTS

A GENERALISATION OF SIMULTANEOUS EQUATIONS

e A generalisation of a pair of simultaneous equations may
prove useful in finding some pattern:
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e A generalisation of a pair of simultaneous equations may
prove useful in finding some pattern:

81X—|—b1y+d1:0(|) 22X+b2y—|—d2:0(||)
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DETERMINANTS

A GENERALISATION OF SIMULTANEOUS EQUATIONS

e A generalisation of a pair of simultaneous equations may
prove useful in finding some pattern:

81X—|—b1y+d1:0(|) 22X+b2y—|—d2:0(||)

e then to eliminate y we make the coefficients of y in the two
equations identical by multiplying (1) by,...and (II) by,. ...
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A generalisation of a pair of simultaneous equations may
prove useful in finding some pattern:

81X—|—b1y+d1:0(|) 22X+b2y—|—d2:0(||)

then to eliminate y we make the coefficients of y in the two
equations identical by multiplying (1) by,...and (II) by,. ...
The answer is to multiply (1) by bz and (II) by b;.
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DETERMINANTS

A GENERALISATION OF SIMULTANEOUS EQUATIONS

A generalisation of a pair of simultaneous equations may
prove useful in finding some pattern:

81X—|—b1y+d1:0(|) 22X+b2y—|—d2:0(||)
then to eliminate y we make the coefficients of y in the two
equations identical by multiplying (1) by,...and (II) by,. ...
The answer is to multiply (1) by bz and (II) by b;.

aibox + bibyy + bod; =0 axbix + bibpy + bydr =0
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DETERMINANTS

A GENERALISATION OF SIMULTANEOUS EQUATIONS

A generalisation of a pair of simultaneous equations may
prove useful in finding some pattern:

81X—|—b1y+d1:0(|) 22X+b2y—|—d2:0(||)
then to eliminate y we make the coefficients of y in the two
equations identical by multiplying (1) by,...and (II) by,. ...
The answer is to multiply (1) by bz and (II) by b;.

aibox + bibyy + bod; =0 axbix + bibpy + bydr =0

e The next step would be to subtract the equations, which gives
(a1b2 — 82b1)X + b2d1 - b1d2 =0
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DETERMINANTS

A GENERALISATION OF SIMULTANEOUS EQUATIONS

A generalisation of a pair of simultaneous equations may
prove useful in finding some pattern:

81X—|—b1y+d1:0(|) 22X+b2y—|—d2:0(||)
then to eliminate y we make the coefficients of y in the two
equations identical by multiplying (1) by,...and (II) by,. ...
The answer is to multiply (1) by bz and (II) by b;.

aibox + bibyy + bod; =0 axbix + bibpy + bydr =0

e The next step would be to subtract the equations, which gives
(a1b2 — 82b1)X + b2d1 - b1d2 =0

e finding x to be
_ bidx — body

§ = g2 = body
aiby — apbhy ll.l toveryes



DETERMINANTS

A GENERALISATION OF SIMULTANEOUS EQUATIONS

e In practice, this last result can give a finite value for x if and
only if the denominator is not zero.
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A GENERALISATION OF SIMULTANEOUS EQUATIONS

e In practice, this last result can give a finite value for x if and
only if the denominator is not zero.

e That is, the equations
aix+biy+di =0 ax+ by +dr=0

give a finite value for x provided that (a;by — axb;) # 0.
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DETERMINANTS

A GENERALISATION OF SIMULTANEOUS EQUATIONS

e In practice, this last result can give a finite value for x if and
only if the denominator is not zero.

e That is, the equations
aix+biy+di =0 ax+ by +dr=0

give a finite value for x provided that (a;by — axb;) # 0.

e The equation (a;by — apby) is therefore an important one in
the solution of simultaneous equations.
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DETERMINANTS

A GENERALISATION OF SIMULTANEOUS EQUATIONS

e In practice, this last result can give a finite value for x if and
only if the denominator is not zero.

e That is, the equations
aix+biy+di =0 ax+ by +dr=0

give a finite value for x provided that (a;by — axb;) # 0.

e The equation (a;by — apby) is therefore an important one in
the solution of simultaneous equations.

e There is a shorthand notation for this

ar b

(a1b2 — azby) = 2 by
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DETERMINANTS

NOTATION
al b1 .
e For b to represent (ai1by — apxby) then we must multiply
2 D2
the terms diagonally to form the product terms in the
expansion:
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NOTATION
al b1 .
e For b to represent (ai1by — apxby) then we must multiply
2 D2
the terms diagonally to form the product terms in the
expansion:

a
! and then subrtact

e we multiply

by ar
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DETERMINANTS

NOTATION

a b
an b2
the terms diagonally to form the product terms in the

expansion:

e For to represent (ai1by — apxby) then we must multiply

. a
e we multiply ! and then subrtact 5
2

by
e ie. +N,and — N
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DETERMINANTS

NOTATION
al b1 .
e For b to represent (ai1by — apxby) then we must multiply
2 Do
the terms diagonally to form the product terms in the
expansion:
e we multiply a and then subrtact b .
b ar
e je. +N,and — N
o zl bl is called the determinant of the second order (since
2 b

it has two rows and two columns), and represents
(a1b2 — a2b1)
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DETERMINANTS

A FEW EXERCISES

ot 2
5 3
7 4
963’
ol? 1
4 -3
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DETERMINANTS

A FEW EXERCISES

4 2

o 3’_4.3—5.2_12—10_2
7 4

® s 3’

ol? 1
4 -3
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DETERMINANTS

A FEW EXERCISES

AN OoO~N 0

=43-52=12-10=2

’:7.3—6.4:21—24:—3

W s WIN

1
-3
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DETERMINANTS

A FEW EXERCISES

AN OoO~N 0

g’ 43-52=12-10=2
4
3’ 73—64=21—-24=-3

_J 2(-3)—41=-6—4=-10

Wl
Ed rdshire



DETERMINANTS

A GENERALISATION OF SIMULTANEOUS EQUATIONS

e In solving the equations
aix+biy+di =0 ax+ by +d,=0
We found

. bidy — bydy
N 21b2 — 32b1
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DETERMINANTS

A GENERALISATION OF SIMULTANEOUS EQUATIONS

e In solving the equations

aix+ by +di =0 axx + by +do =0

We found
bid> — bydy
X=———">"-
21b2 — 32b1
a b1 is the denominator and b d the numerator.
dn b2 b2 d2
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DETERMINANTS

A GENERALISATION OF SIMULTANEOUS EQUATIONS

o If we were to eliminate x from the simultaneous equations, we

would have
aldz — azdl

aibo — axby
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DETERMINANTS

A GENERALISATION OF SIMULTANEOUS EQUATIONS

o If we were to eliminate x from the simultaneous equations, we

would have
i aldz — azdl
aibo — axby
a ) ) a; d
e |“1 "1lis the denominator and |°* “!| the numerator.
a b a
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DETERMINANTS

A GENERALISATION OF SIMULTANEOUS EQUATIONS

e Now we find

by di ay d

by do a d
X = and y=—

a1 b ap b

a b a b
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DETERMINANTS

A GENERALISATION OF SIMULTANEOUS EQUATIONS

e Now we find

b1 di ap di
by db a do
X = and y=—
a1 b ap b
a b a b
e Rearranging

1 -1

X = and 4 =
by di ar b ay di ar b
by do a b a d a b
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DETERMINANTS

A GENERALISATION OF SIMULTANEOUS EQUATIONS

e Now we find

b1 di ay d
by db a do
X = and y=—
a1 b ap b
a b a b
e Rearranging
1 -1
X = and 4 =
bl d1 a1 bl a1 d]_ al b1
by d> a b a a2 by
e and combining we find
X =y 1
b1 di N ay dp B aa b
by dy a @ a b l'.l ety




DETERMINANTS

NOTATION GIVING A MEMORY AID

e aixx+biy+di =0
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NOTATION GIVING A MEMORY AID

e aixx+biy+di =0
e x+ by +dr=0
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DETERMINANTS

NOTATION GIVING A MEMORY AID

e aixx+biy+di =0
e x+ by +dr=0
by di
by d>
remaining coefficients/constants in the order they stand.

e The x denominator, = Aq: omit the x-terms, write
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DETERMINANTS

NOTATION GIVING A MEMORY AID

e aixx+biy+di =0
e x+ by +dr=0

. b1 d ) )
e The x denominator, bl dl = Aq: omit the x-terms, write
)
remaining coefficients/constants in the order they stand.
) a ) )
e The y denominator, al dl = Aj: omit the y-terms, write
2 a2

remaining coefficients/constants in the order they stand.
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DETERMINANTS

NOTATION GIVING A MEMORY AID

e aixx+biy+di =0
e x+ by +dr=0

e The x denominator, Z; Z; = Aq: omit the x-terms, write
remaining coefficients/constants in the order they stand.
e The y denominator, 2 d; = Aj: omit the y-terms, write
remaining coefficients/constants in the order they stand.
a1 bl

e The final denominator, = Ag: omit the

an b2
constant-terms and write the remaining coefficients in the
order they stand.
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DETERMINANTS

NOTATION GIVING A MEMORY AID

e aixx+biy+di =0
e x+ by +dr=0

e The x denominator, Z; Z; = Aq: omit the x-terms, write
remaining coefficients/constants in the order they stand.
e The y denominator, 2 d; = Aj: omit the y-terms, write
remaining coefficients/constants in the order they stand.
a1 bl

e The final denominator, = Ag: omit the

an b2
constant-terms and write the remaining coefficients in the
order they stand.

e and our equations becomes

X vy 1

A A2 Ao ll.l et
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DETERMINANTS OF THE THIRD ORDER

e A determinant of the third order will contain 3 rows and 3
columns:
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DETERMINANTS OF THE THIRD ORDER

e A determinant of the third order will contain 3 rows and 3

columns:
[ )
aa b a
a b o
a b3 c
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DETERMINANTS OF THE THIRD ORDER

e A determinant of the third order will contain 3 rows and 3

columns:
[ )
aa b a
a b o
a b3 c

e Each element in the determinant is associated with its minor,
which is found by omitting the row and column containing the
element concerned.
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DETERMINANTS OF THE THIRD ORDER

a b a
. . b2 (@) .
e the minor of a; is obtained |a by c3|.
bs 3
as b3 C3
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DETERMINANTS OF THE THIRD ORDER

e the minor of aj is

>
b3

. . |a
e the minor of by is 32
3

a1
a2
as
ai
az
a3z

a
Co|.
C3
a
Co|.
C3




DETERMINANTS OF

e the minor of aj is

e the minor of by is

e the minor of ¢ is

as
as

%}
(&}

%}
(&}

obtained

obtained

obtained

a1
a2
as

a1
az
a3z
a1
az
as

THE THIRD ORDER

a

Co|.

C3

a

Co|.

C3

a

2.

a
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DETERMINANTS OF

. . b ¢

the minor of ap is 2 "2
bs c3

a @

the minor of by is
a a3

a b

the minor of ¢; is
as bz

What is the minor of by?

obtained

obtained

obtained

a1
a2
as

ai
az
a3z
a1
az
as

THE THIRD ORDER

a

Co|.

C3

a

Co|.

C3

a

2.

a
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DETERMINANTS OF

the minor of ap is

the minor of by is

the minor of ¢; is

THE THIRD ORDER

a
as

(o)}
(&}

(o}
(&}

bo
b3

What is the minor of by?

ai
| a3

1
(5]

obtained

obtained

obtained

a1
a2
as
ai
az
a3z
a1
az
as

a

Co|.

C3

a

Co|.

C3

a

2.

a
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® EVALUATION OF A THIRD-ORDER DETERMINANT
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EvVALUATION

EVALUATION OF A THIRD-ORDER DETERMINANT

e To expand a determinant of the third order, we can write
down each element along the top row, multiply it by its minor
and give the terms a plus or minus alternately.
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EvVALUATION

EVALUATION OF A THIRD-ORDER DETERMINANT

e To expand a determinant of the third order, we can write
down each element along the top row, multiply it by its minor
and give the terms a plus or minus alternately.

aa bi a
an b2 G| = a1
a b3 3

a b
a3 bz

dy C
a «3

by o

b3 c3 B bl

+
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EvVALUATION

EVALUATION OF A THIRD-ORDER DETERMINANT

e To expand a determinant of the third order, we can write
down each element along the top row, multiply it by its minor
and give the terms a plus or minus alternately.

aa bi a
an b2 G| = a1
a b3 3

a b
a3 bz

dy C
a «3

by o

b3 c3 B bl

+

e Then we already know how to expand a determinant of the
second order by multiplying diagonally, + \, — *
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SIMULTANEOUS EQN.

SIMULTANEOUS EQUATIONS IN THREE UNKNOWNS

e consider the following set of equations:

aax+biy+caz+d =0
ax+by+oz+d =0
asx+bsy+caz+d3 =0
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SIMULTANEOUS EQN.

SIMULTANEOUS EQUATIONS IN THREE UNKNOWNS

e consider the following set of equations:
aax+biy+caz+d =0
ax+ by +cz+d, =0
ax+by+cz+d3=0

e If we find x, y, and z by the elimination method, we obtain
results that can be expressed in determinant form:

X _ —y _ z _ -1
by a d a ca d aa b1 & aa b1 a
b o d a2 o d a by d a2 b o
bs ¢ ds a3 < d3 a3 bz d3 a3 bz c3
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SIMULTANEOUS EQN.

SIMULTANEOUS EQUATIONS IN THREE UNKNOWNS

e consider the following set of equations:

aax+biy+caz+d =0
ax+ by +cz+d, =0
a3x+ b3y +c3z+d3 =0

e If we find x, y, and z by the elimination method, we obtain

results that can be expressed in determinant form:
X

_ —y z _ -1
by a d| |a a d| |a b di] |a b a
b o d a2 o d a by d a2 b o
bs ¢ ds a3 < d3 a3 bz d3 a3 bz c3

e where we would remember this in the form

X -y z -1

Ay Ay A3 Ao Il.lgzz;ﬂztic;m;



SIMULTANEOUS EQN.

CAN YOU SEE THE PATTERN?

Considering what we have seen with simultaneous equations with
two and three unknowns, what would you guess to be the results in
determinant form of the following set of equations:

aw+bix+ay+diz+e =0
W+ bx+ oy +dz+e=0
aw+ bsx+cay+diz+e3=0
agW + byx + ay + dsz + e, =0
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® CONSISTANCY OF A SET OF EQUATIONS
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CONSISTANCY

CONSISTANCY OF A SET OF EQUATIONS

e Let us consider the follow set of three equations with two
unknowns:
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CONSISTANCY

CONSISTANCY OF A SET OF EQUATIONS

e Let us consider the follow set of three equations with two
unknowns:

3x—y—4=0
2x+3y —8=0
x—2y+3=0
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CONSISTANCY

CONSISTANCY OF A SET OF EQUATIONS

e Let us consider the follow set of three equations with two
unknowns:

3x—y—4=0
2x+3y —8=0
x—2y+3=0

o If we solve the first two of these equations in the usual way,
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CONSISTANCY

CONSISTANCY OF A SET OF EQUATIONS

e Let us consider the follow set of three equations with two
unknowns:

3x—y—4=0
2x+3y —8=0
x—2y+3=0

o If we solve the first two of these equations in the usual way,
e we find x=1and y =2.
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CONSISTANCY

CONSISTANCY OF A SET OF EQUATIONS

e Let us consider the follow set of three equations with two
unknowns:

3x—y—4=0
2x+3y —8=0
x—2y+3=0

o If we solve the first two of these equations in the usual way,

e we find x=1and y =2.

e If we now substitute these values into the third equation we
obtain 3x —y —4=3—-2—4 = -3, and not 0 as this
equations states.
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CONSISTANCY

CONSISTANCY OF A SET OF EQUATIONS

e Let us consider the follow set of three equations with two
unknowns:

3x—y—4=0
2x+3y —8=0
x—2y+3=0

o If we solve the first two of these equations in the usual way,
e we find x=1and y =2.
e If we now substitute these values into the third equation we
obtain 3x —y —4=3—-2—4 = -3, and not 0 as this
equations states.
e These three equations do not have a common solution. They
are not consistent. There are no values of x and y which will
satisfy all three equations. ".'Umw
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CONSISTANCY

CONSISTANCY OF A SET OF EQUATIONS

e Let us consider the follow set of three equations with two
unknowns:

3x—y—4=0
2x+3y —8=0
x—2y+3=0

o If we solve the first two of these equations in the usual way,
e we find x=1and y =2.
e If we now substitute these values into the third equation we
obtain 3x —y —4=3—-2—4 = -3, and not 0 as this
equations states.
e These three equations do not have a common solution. They
are not consistent. There are no values of x and y which will
satisfy all three equations. l'.lg:z;ﬂziic;x‘f;
o If equations are consistent, they have a common solution.



CONSISTANCY

(GENERAL FORM OF A CONSISTENT SET OF EQUATIONS

e Let us consider the follow set of three equations with two
unknowns:

a1x+ by +dy =0
ax + by +d2 =0
asx+byy+d3=0
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CONSISTANCY

(GENERAL FORM OF A CONSISTENT SET OF EQUATIONS
e Let us consider the follow set of three equations with two
unknowns:

a1x+ by +dy =0
ax + by +d2 =0
asx+byy+d3=0

o If we solve the second two of these equations in the usual way,
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CONSISTANCY

(GENERAL FORM OF A CONSISTENT SET OF EQUATIONS

e Let us consider the follow set of three equations with two
unknowns:

a1x+ by +dy =0
ax + by +d2 =0
asx+byy+d3=0

o If we solve the second two of these equations in the usual way,
A A

° wefindx:A—éandy:—A—O.
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CONSISTANCY

(GENERAL FORM OF A CONSISTENT SET OF EQUATIONS

e Let us consider the follow set of three equations with two
unknowns:

aix+biy+di =0
ax + by +do=0
asx+byy+d3=0

o If we solve the second two of these equations in the usual way,

e we find x = & and y = —£2.

e If we now substitute these values into the first equation we
obtain a1 Al + b1 AZ +d; =0, ie aiA{—biAr+diAg=0.
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CONSISTANCY

(GENERAL FORM OF A CONSISTENT SET OF EQUATIONS

e Let us consider the follow set of three equations with two
unknowns:

aix+biy+di =0
ax + by +do=0
asx+byy+d3=0

If we solve the second two of these equations in the usual way,
; — A YAV

we flnd X = Eo and y = _KO

If we now substitute these values into the first equation we

obtain a1 Al + b1 AZ +d; =0, ie aiA{—biAr+diAg=0.

by d 32 bz‘:
bs d3 3

a

_bl as d

+di

i.e. al
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CONSISTANCY

(GENERAL FORM OF A CONSISTENT SET OF EQUATIONS

e Let us consider the follow set of three equations with two
unknowns:

aix+biy+di =0

ax + by +d2 =0

asx+byy+d3=0
If we solve the second two of these equations in the usual way,
we find x = ﬁ—é and y = _%é'
If we now substitute these values into the first equation we
obtain a1 Al + b1 AZ +d; =0, ie aiA{—biAr+diAg=0.

. by d> a d 92 ba|
® |e. a1 bs ds — by a5 ds + dq 3‘ =
aa b &

ie. dn b2 d2 =0.
a3 b3 d3
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PROPERTIES

OUTLINE

® PROPERTIES OF DETERMINANTS
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@ The value of a determinant remains unchanged if rows are changed
a a a b

to columns and columns are changed to rows.
by b2| |a2 b

".' Universty of
Bedfordshire



PROPERTIES

@ The value of a determinant remains unchanged if rows are changed
di ar ai b1
b b a b

to columns and columns are changed to rows.

@® If two rows (or two columns) are interchanged, the sign of the
a b a1 b

determinant is changed. = —
& ar b a b
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PROPERTIES

@ The value of a determinant remains unchanged if rows are changed

a a ai b
to columns and columns are changed to rows. |51 92| = |9t 7
b1 b2 an b2
@® If two rows (or two columns) are interchanged, the sign of the
. . a ap b
determinant is changed. |2 bo| _ _Ja b
a1 b a b

@® If two rows (or two columns) are identical, the value of the
ap a

1oa1 _ g
dpy az

determinant is zero.
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@ The value of a determinant remains unchanged if rows are changed

ap a ap b
to columns and columns are changed to rows. s e .
by b2| |a2 b
@® If two rows (or two columns) are interchanged, the sign of the
. . a ap b
determinant is changed. 2 b = 1
a b a b
@® If two rows (or two columns) are identical, the value of the
: . ap a
determinant is zero. |°* ' =0
dpy az

@ |If the elements of any one row (or column) are all multiplied by a
common factor, the determinant is multiplied by that common

k31 kbl ai b1

ap

factor.
by a b
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@ The value of a determinant remains unchanged if rows are changed

ap a ap b
to columns and columns are changed to rows. s e .
by b2| |a2 b
@® If two rows (or two columns) are interchanged, the sign of the
. . a ap b
determinant is changed. 2 b = 1
a b a b
@® If two rows (or two columns) are identical, the value of the
: . ap a
determinant is zero. |°* ' =0
dpy az

@ |If the elements of any one row (or column) are all multiplied by a
common factor, the determinant is multiplied by that common

k31 kbl ai b1

ap

factor.
by a b

@ |If the elements of any row (or column) are increased (or decreased)
by equal multiples of the corresponding elements of any other row
(or column), the value of the determinant is unchanged.

(a1 + kb1) by ai b

(a2 + kby) b a b
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