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Triangular antiferromagnets

M.F. Collins and O.A. Petrenko

Abstract: In this article we review the effects of magnetic frustration in the stacked
triangular lattice. Frustration increases the degeneracy of the ground state, giving rise to
different physics. In particular it leads to unique phase diagrams with multicritical points
and novel critical phenomena. We describe the confrontation of theory and experiment for
a number of systems with differing magnetic Hamiltonians; Heisenberg, Heisenberg with
easy-axis anisotropy, Heisenberg with easy-plane anisotropy, Ising, and singlet ground state.
Interestingly each leads to different magnetic properties and phase diagrams. We also describe
the effects of ferromagnetic, rather than antiferromagnetic, stacking and of small distortions of
the triangular lattice.

Résuḿe: Nous passons en revue les effets de la frustration magnétique dans un réseau
triangulaire empilé. La frustration augmente la dégénérescence du fondamental, donnant
naissance à une physique différente. En particulier, on observe des diagrammes de phase
uniques avec des points multicritiques ainsi que de nouveaux phénomènes critiques. Nous
comparons les résultats théoriques et expérimentaux pour un certain nombre de systèmes
identifiés par leur Hamiltonien magnétique : Heisenberg, Heisenberg avec anisotropie axiale,
Heisenberg avec anisotropie planaire, Ising et fondamental singulet. Il est intéressant de noter
qu’ils mènent tous à des propriétés magnétiques et des diagrammes de phase différents. Nous
décrivons aussi les conséquences pour le réseau triangulaire des effets de ferromagnétisme
plutôt que d’antiferromagnétisme, de l’empilement et des petites distorsions du réseau.
[Traduit par la ŕedaction]

1. Introduction

Although very few magnetic systems can be solved exactly in three dimensions, there is a reasonable
understanding of the physics of simple systems without competing interactions. Numerical estimates
for physical quantities exist to at least the accuracy that experiments currently attain. Many systems
do exhibit competing interactions however, that is, interactions that do not all favour the same ordered
state. Sufficiently strong competition can lead to new physics that is manifested by the appearance
of noncolinear ordering, novel critical exponents, rich phase diagrams, or an absence of long-range
order at low temperatures.

There are several ways in which frustration can arise. In this article attention is limited to geo-
metric frustration arising from triangular arrangements of magnetic moments with each pair coupled
antiferromagnetically. Figure 1d shows such a situation with three atoms forming an equilateral tri-
angle. Atoms 1 and 2 form a state of lowest energy when their moments are aligned antiparallel, but
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Fig. 1. Geometric frustration in the triangular antiferromagnet (@) Geometric frustration arising from triangular
arrangements of magnetic moments with each pair coupled antiferromagnetically. (K) and (S) two degenerate
solutions for the lowest energy of the system for a given spin vector at atom 1.

then atom 3 cannot align itself simultaneously antiparallel to the moment on both atoms 1 and 2,
so it is frustrated. This frustration is most severe for an Ising system where spins can align only in
one direction. For classical vector spins confined to the plane of the paper ([\ interactions) there
are two degenerate solutions for the lowest energy of the system for a given spin vector at atom 1.
These are shown in Figs. 1e and 1f. Both have the three spin vectors at 453� to each other, and
the degeneracy corresponds to two different chiral states. The overall degeneracy of the ground state
involves the product of this state and orientation of spin 1 in the plane; this corresponds to the group
]5�V4. For three-dimensional vector spins and isotropic Heisenberg interactions the degeneracy is
greater still since the spin on atom 1 can be in any direction and then the spins on atoms 2 and 3
can be in any plane that contains the direction of spin 1. This degeneracy corresponds to the group
SO(3). If the Hamiltonian has easy axis anisotropy, the plane of the three spins will contain the }
axis and the angle between the three spin vectors will no longer be 120�. A general feature of these
frustrated systems is that the ground state has extra degeneracy over and above that found in the
analogous nonfrustrated systems. This is what gives rises to the possibility of new physics.

There are several ways that triangles of antiferromagnetic interactions can be built into a crystal
lattice. In this article we limit consideration to the effects of frustration in the stacked triangular lattice.
This is a lattice containing two-dimensional triangular sheets coupled by antiferromagnetic interactions
M 3, with the sheets stacked perpendicular to the plane with coupling M between neighbouring atoms
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Fig. 2. Crystal structure of (@) ABX� and (K) BX2 compounds. A is an alkali metal, B is a transition metal,
and X is a halogen atom.

in different planes. Almost all the work on this lattice involves one of two crystal structures, one with
composition ABX6 where A is an alkali metal, B is a transition metal, and X is a halogen atom, and
the other with composition BX5. The crystal structure of these materials is shown in Fig. 2. In ABX6

compounds there are chains of magnetic B atoms along the } direction coupled by superexchange
interactions through three equivalent anions X. There is no direct superexchange coupling between
atoms on neighbouring chains. The magnitude of the interplanar interactions M is typically two to three
orders of magnitude greater than intraplanar interactions M 3, so that at high temperatures the magnetic
properties become quasi one dimensional. In BX5 compounds the strong superexchange coupling is
intraplanar and the ratio of the magnitude of the interactions is reversed. At high temperatures the
magnetic properties are quasi two dimensional. In a third known type of triangular antiferromagnets,
ABO5 compounds, the stacking of two-dimensional triangular sheets along the } direction is different
from ABX6 and BX5 compounds, the stacking sequence is rhombohedral of the ABCABCABC...
type. The crystal structure dictates the strong two-dimensional character of the magnetic system in
ABO5 compounds: the exchange path of the interplane interaction M 3, B–O–A–O–B, is much longer
than that of the intraplane interactionM , B–B and B–O–B. At low temperatures almost all materials
mentioned above form three-dimensional ordered magnetic structures that indicate the presence of
magnetic frustration in the triangular lattice. In many, though not all, cases the low-temperature
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Fig. 3. The stacked triangular antiferromagnet lattice.

structure is built from one of the structures shown in Fig. 1.
Kawamura [1, 2] predicts that the extra degeneracy in the ground state of triangular antiferro-

magnets leads to new physics, which can be described in terms of universality classes based on
the symmetry of the order parameter. Monte Carlo work [3–6] supports Kawamura’s prediction for
Heisenberg symmetry as does 4-� renormalization group calculations [7]. However, the nonlinear�
model in 2+� dimensions [8] indicates nonuniversal behaviour, likely with mean-field tricritical expo-
nents, and the 3D renormalization group calculations with a resummation technique show a first-order
phase transition [9]. The situation is no less clear for[\ symmetry.

Experimentally stacked triangular antiferromagnets are found to have critical phase transitions
with critical exponents that do not correspond to any of the standard universality classes for both
Heisenberg [10] and[\ [11] symmetry. In fact the critical points are found to be tetracritical in
character [12] so that they clearly cannot belong in the same universality class as unfrustrated systems.
This shows that the physics of magnetic systems can be changed by frustration. Both experiment and
theory indicate that the ordered states found at low temperatures in frustrated systems have reduced
ordered moments. Any detailed theory must therefore include quantum effects in determining the
ground state, and classical theory may be substantially in error.

In fact much of the physics of the stacked triangular lattice is similar to that predicted for the
two-dimensional triangular lattice [13–15] and the presence of the third dimension is not an essential
ingredient of most of the ideas that are used in the field. However, for all well-characterized materials
that have triangular magnetic lattices, the long-range order at low temperatures is three-dimensional
in nature. For nearest-neighbour ferromagnetic or antiferromagnetic interactions, there is no extra
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Table 1. Magnetic structure of ABX� triangular compounds.

A:B Co Cu Fe Mn Ni V X
Rb Ising [27] nonhex [28] F or SGS [29] nontr [30] HEA [31] HEP [32] Cl
Cs Ising [33] F [34] SGS [29] nontr [35] HEA [36] HEP [32]
Rb Ising [37] — HEP or SGS [38] HEP [39] HEA [40] HEP [32] Br
Cs Ising [41] — SGS [42] HEP [43] HEA [44] HEP [32]
Rb — — — — — HEP [45] I
Cs — — HEP or SGS [46] HEA [47] 
 HEP [32]

KNiCl� HEP [48, 49], CsNiF� F [50].
Ising Ising antiferromagnet.
HEP Heisenberg triangular antiferromagnet with easy-plane type anisotropy.
HEA Heisenberg triangular antiferromagnet with easy-axis type anisotropy.
SGS singlet-ground-state magnet.
F triangular antiferromagnet stacked ferromagnetically.
nontr magnetic structure is nontriangular.
nonhex crystal structure is nonhexagonal.

 CsNiI� is reported to be not a localized spin system, but an itinerant electron system [51].

frustration involved by going to three dimensions, and the main influence of the presence of the third
dimension is that the two-dimensional-ordering process is stabilized.

In this article we describe in some detail the magnetic properties of materials with stacked tri-
angular lattices, paying special attention to cases where there are novel physical phenomena absent
in the unfrustrated case. Emphasis is placed on the experimental results, though where possible the
discussion is put in the appropriate theoretical context. Additional information about triangular anti-
ferromagnets may be found in the related reviews [16–19]. We classify the stacked triangular lattice
materials by the nature of the magnetic Hamiltonian. Section 2 describes materials with Heisenberg
interactions, Sect. 3 describes systems with Ising Hamiltonians, Sect. 4 describes singlet-ground-state
magnets, and Sect. 5 considers cases with ferromagnetic stacking of the planes. Section 6 describes
magnetic properties of the diluted triangular antiferromagnets. Section 7 presents conclusions from
these studies.

We conclude this section by listing the materials that have been studied in the context of stacked
triangular antiferromagnetism.

(i) Table 1 shows the magnetic structure of ABX6 triangular compounds. The cases where B is
a chromium atom or A is a thallium atom are omitted since these compounds do not form with a
triangular lattice compounds.

(ii) Four BX5 compounds have been studied: VCl5 and VBr5 are close to Heisenberg systems [10],
though there is weak easy-axis anisotropy, the magnetic structure of VI5 is not clear [20,21]. MnBr5
has a complex magnetic structure which is not triangular in nature [22].

(iii) Among ABO5 compounds magnetic properties of only three triangular antiferromagnets have
been investigated in details. LiCrO5 and CuCrO5 demostrate 120� magnetic structure with weak
easy-axis anisotropy [23–25], AgCrO5 has slightly modulated 120� structure [26].

2. Heisenberg triangular antiferromagnets

The stacked triangular magnetic lattice is shown in Fig. 3. Its magnetic properties for Heisenberg-
type antiferromagnetism with single-ion anisotropy can be described on the basis of the following
Hamiltonian:

aK @ M
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Table 2. Exchange and anisotropy constants for triangular Heisenberg antiferromagnets.

a � (GHz)
a (GHz) or a � and a �

�
( (GHz)

CsNiCl� 345(8)–NS [52] 6.0(6)–NS [52] 313.0(1.5)–NS [52]
7 ' � 275–M [53] 8(1)–ESR [54] 31.2–ESR [54]

5.4–NS [55]

RbNiCl� 485–NS [56] 14–NS [56] 31.5–ESR [57]
7 ' � 496–NS [58] 38(4)–ESR [59] 31.0(1)–ESR [59]

RbNiBr� 520–ESR [60] 21–M [40] —

CsNiBr� 354–M [44] 6.5–NMR [61] 313.5–NMR [61]
7 ' � 331.2–M [44]

CsMnI� 198(2)–NS [62] 1.0(1)–NS [62] 30.50(2)–NS [62]
7 ' D*2 0.9–NS [63] 31.7–NS [64]

0.88–NS [65] 31.07–ESR [66]

CsMnBr� 211(2)–NS [67] 0.46(5)–NS [68] 3.4(5)–NS [68]
7 ' D*2 215(3)–NS [69] 0.41(2)–NS [69] 2.9(3)–NS [69]

0.46–NS [70] 2.9–NS [70]

RbMnBr

�

199–NS [71] 0.54–NS [71] 2.2–NS [71]
7 ' D*2 186–M [72] 0.22–M [72] 1.3–M [72]

KNiCl

�

310(6)–NS [49] 130(10)–NS [49]
7 ' � 312–M [48] 0.23 and 0.27–ESR [48] 18–M [48]

CsVBr� 1700–NS [73] 0.43–NS [74] 0.48–NS [74]
7 ' �*2 1700-1900–M [73]

RbVBr� 2700–NS [75] a � and 1.7a �–NS [76] —
7 ' �*2

CsVCl� 2400–NS [73] 0.15–NS [74] 0.29–NS [74]
7 ' �*2 3500–NS [77] 1.0–NS [77]

2700–NS [78] 0.8–NS [55]
2400–M [73]

CsVI� 1100–NS [73] 1.9–NS [74] 3.4–NS [74]
7 ' �*2 1100-1400–M [73]

VCl2 2.8(1)–NS [10] 458(13)–NS [10] 31.5–NS [10]
7 ' �*2 480–M [79] 32–ESR [80]

VBr2 4–NS [81] 333–NS [81] 32–ESR [80]
7 ' �*2 333–M [79]

VI2 — 125–M [79] —
7 ' �*2

LiCrO2 — 810–M [82] —
7 ' �*2 780–ESR [83]

CuCrO2 — 236–M [84] —
7 ' �*2

AgCrO2 — 186–M [84] —
7 ' �*2

NS, neutron-scattering measurements
ESR, electron spin resonance measurements
NMR, nuclear magnetic resonance measurements
M, magnetization and susceptibility measurements
In the literature a variety of units are used for quantities listed in Table 2. The conversion factors
are 1 GHz = 4.136 >eV = 0.0480 K = 0.03336 cm3�.

 Data for RbMnBr� and KNiCl� refer to orthorhombic and hexagonal phases, respectively.
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where 7 is a spin of the magnetic ion; M is the exchange integral along the f axis of the crystal; M 3

is the exchange integral in the perpendicular direction; and G is the anisotropy constant, whose sign
determines the orientation of the spin plane relative to the crystal axes. The first sum describes the
exchange energy along the chain, the second sum describes the exchange energy in the basal plane,
and the third and fourth sums represent the single-ion anisotropy energy and the Zeeman energy
of the spins in a external magnetic field M , respectively. The case G @ 3 corresponds to a pure
Heisenberg system. All real triangular magnets have nonzero G, but if mGm is small compared with
both mM m and mM 3m the magnetic properties will be close to those of Heisenberg systems except at very
low temperatures W ? GV5 or very close to the critical point. If G A 3 the ground state in zero field
has spins confined to the {| plane and in the critical region the fluctuations will only diverge for spin
components within the {| plane. If G ? 3 the anisotropy energy will be minimized for spins aligned
perpendicular to the {| plane. This term will compete with the antiferromagnetic M 3 exchange term
and lead to additional frustration.

Table 2 lists the parameters M , M 3 (both assumed nearest-neighbour interactions only), and G that
have been determined experimentally in units of frequency, or energy divided by k. The data confirm
our previous observation that ABX6 compounds are quasi-one-dimensional with M M 3 and that
VX5 compounds are quasi-two-dimensional with M�M 3. In the ABO5 compounds only the in-plane
exchange, M 3 has been measured reliably.

2.1. Quasi-two-dimensional triangular antiferromagnets of type BX5 and ABO5

VCl5 and VBr5 crystallize in the CdI5 structure with a space group S6p4. VI5 exists in two
modifications, black and red. The black modification is composed of a statistical alternating layer
structure of the CdI5 and the CdCl5 types, while the red modification crystallizes in the CdI5-type
structure [85]. This feature may explain the fact that the majority of work on VI5 was done on
powder, rather than on single crystal — it is difficult to prepare a good quality single crystal of VI5.

VCl5 and VBr5 are important because they are the stacked triangular materials with Hamiltoni-
ans closest to the Heisenberg form. Both materials show critical phase transitions from ordered to
paramagnetic states in zero field [10,86,87].

Despite numerous efforts to determine magnetic structures of BX5 antiferromagnets, includ-
ing NMR spectra and relaxation measurements [88], ESR measurements [80], and direct neutron-
scattering measurements [10, 20, 21, 81, 89] there are still some open question about spin-structures.
Neutron polarization analysis has shown that belowWQ the spin structure of VCl5 is the 120� struc-
ture in thedf-plane [10], while in the case of VBr5 neutron-scattering results are consistent with both
the 120� structure in thedf-plane and a partially disordered structure whose spins cant from thef
axis by 45� [81,89]. VI5 has only been looked at by neutron-scattering in powder form. Two neutron
powder measurements [20, 21] give different patterns. Solution of the structure will probably need
single-crystal data, the simple triangular structure is not observed. There are two phase transitions, a
critical transition at 16.3 K and a first-order transition at 14.4 K [21].

VCl5 has weak easy-axis anisotropy as is shown by the data in Table 2 and also by the splitting of
the critical point from the single tetracritical point of the frustrated Heisenberg Hamiltonian into two
ordinary critical transitions atWQ4 @ 68=;;+4, K and atWQ5 @ 68=;3+4, K in zero field [10]. This
splitting of about one part in 450 will give rise to crossover behaviour in the critical region [90]. For
reduced temperaturesw @ +W � WQ ,@WQ of magnitude more than about 1/450 aboveWQ4 or below
WQ5 the critical behaviour will be that of the frustrated Heisenberg system. Nearer toWQ4 or WQ5 the
critical behaviour will reflect the fact that the correlation length only diverges along the} direction, not
in the{| plane, and will be different. Thus it is possible, in principle, to measure three sets of critical
exponents in VCl5, though in practice only the Heisenberg exponents formwm A 4@783 have been
measured. In VBr5 the splitting ofWQ @ 5;=99+5, K is even smaller and has not been observed [87].
The measured critical exponents should correspond to those of the frustrated Heisenberg system.
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Table 3. Experimental values of critical exponents for frustrated Heisenberg systems, compared with
three models.

Exponent VCl2 VBr2 SO(3) [17] Tricritical Heisenberg [17]
q 0.20(2) [10] 0.20 [98] 0.30(2) 0.25 0.368(4)
D 0.62(5) [10] — 0.59(2) 0.5 0.710(7)
� 1.05(3) [10] — 1.17(2) 1.0 1.390(10)
k — 0.30(5) [87] 0.24(8) 0.5 30.126(11)

0.59(5) and 0.28(2) [86]

Table 3 lists the observed critical exponents in VCl5 and VBr5 and compares them with theoretical
predictions. It is clear that the frustrated Heisenberg system has critical exponents that are far from
those of the unfrustrated system, confirming that frustration changes the physics. Neither the SO(3)
nor tricritical model are in complete accord with experiment; the SO(3) model is in disagreement
with experiment for � and � and the tricritical exponents are in disagreement for � and �. In every
case both these models are significantly better than the unfrustrated Heisenberg model.

MnBr5 also does not order in the triangular structure. Its structure, based on single-crystal neutron
data, is complex based on arrangements with two up spins followed by two down spins [22]. There
are two magnetic phase transitions: second order at WQ4 @2.32 K and first order at WQ5 @2.17 K.

LiCrO5 has been studied by single-crystal susceptibility and neutron-diffraction measurements [23,
24], optical measurements [91, 92], ESR [83, 93], and neutron-diffraction measurements [94] on a
powder sample. Three-dimensional magnetic ordering, characterized by a double-' 120� structure
with nonequivalent wave vectors ' of +46

4
63, and +�5

6
4
6
4
5, [24], is observed below the single-phase-

transition temperature WQ @ 97 K. Polarization analysis of neutron-scattering data shows that spin
triangulars are confined in a plane including the f axis, that is, the magnetic anisotropy is of the
easy-axis type. On the other hand, absence of splitting of WQ and of anisotropy in the susceptibility
above WQ demonstrate that magnetic anisotropy G is much smaller than exchange interactions M and
M 3. No direct measurements of G and M 3 have been reported, the only attempt to estimate the M@M 3

ratio from the phase transition temperature was made by Angelov and Doumerc [95], which gives
only a very rough estimate. The ratio M@M 3 could also be estimated from susceptibility measurements
since it is proportional to the +"nf � "Bf,@" = 5% ratio (note the difference between LiCrO5 and
VX5 compounds: in LiCrO5 "nf A "Bf). The optical and ESR measurements were mostly devoted to
the problem of finding of the characteristic point-defects known as ]5 vortices, predicted theoretically
by Kawamura and Miyashita [96]. It is believed the line width of the exciton magnon absorption [91]
and EPR linewidth [93] exhibit ]5-vortex-induced broadening.

The rest of the ABO5-type triangular antiferromagnets have been studied only in a powder form.
AgCrO5 has been reported to order magnetically below 24 K. It forms a slightly modulated 120�

structure [26] with magnetic peaks at (0.327 0.327 0). The width of peaks indicates that the devel-
opment of the true long-range magnetic order is suppressed. Results of neutron powder-diffraction
studies on CuCrO5 below WQ @ +58	 3=8, K are consistent with the 120� structure in the df plane
with moment +6=4	 3=5,�E [25]. No long-range magnetic ordering has been found in NaTiO5 and
LiNiO5 down to 1.4 K [97] and in NaCrO5 and KCrO5 down to 2 K [94].

An interesting issue is a magnetic moment reduction at low temperature. There are three general
causes that effect the value of magnetic moments in ABX6 and VX5 compounds: (1) covalency
reduction, (2) effect of frustration, and (3) quantum fluctuations enhanced by the low-dimensionality
of the magnetic system. According to high-temperature susceptibility measurements [79], the moment
of V5. can be estimated as 3.96, 4.07, and 4.07 �E for VCl5, VBr5, and VI5, respectively, suggesting
small covalency reduction. From the low-temperature neutron-diffraction data an average moment in
VCl5 is ?VA@V @ 3=;3	 3=39 [10], and in VBr5 ?VA@V @ 3=;6	 3=37 or ?VA@V @ 4=35 	 3=38
depending upon magnetic structure assumed [81]. The relatively small reduction of the magnetic
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Fig. 4. Magnetic phase diagram of a Heisenberg triangular antiferromagnet with a small easy-axis anisotropy.

moment in the two-dimensional systems in comparison with almost 50% reduction in some ABX6

one-dimensional systems (see Sect. 2.2) indicates dimensionality (quasi-two-dimensional rather than
quasi-one-dimensional) and quantum fluctuations are the major influences on the moment reduction in
the stacked triangular lattice. Note that, in theory, the average magnetic moment of a two-dimensional
magnetic system is nonzero, while in a one-dimensional system ?VA@ 3.

2.2. Heisenberg triangular antiferromagnet with easy-axis anisotropy
In this section we describe materials with a Hamiltonian (1) that has an exchange term and a single-ion
anisotropy with G ? 3. This negative value of G makes it energetically favourable for the moments to
align perpendicular to the de plane. This breaks the isotropic symmetry of the Heisenberg Hamiltonian
and leads to changes in the physics.

There are five materials with this Hamiltonian, all of composition ABX6, with space group
S96@ppf and a stacked triangular lattice of spins. These are CsNiCl6, RbNiCl6, CsNiBr6, RbNiBr6,
and CsMnI6. All exhibit the quasi-one-dimensional behaviour typical of this crystal structure with
the value of the exchange interaction, M , along f more than an order of magnitude greater than the
intraplanar exchange interaction, M 3, and with the magnitude of G of the same order as that of M 3.
Experimental values of M , M 3> and G are given in Table 2. In all cases the exchange interaction is
antiferromagnetic. In some cases there are major discrepancies between experimental results; we will
look at this later in this section.
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All five materials have a magnetic phase diagram as shown in Fig. 4. At low temperatures and
magnetic fields the magnetic structure is observed to be the triangular structure with the f axis in
the plane of the triangle. The anisotropy favours alignment of spins perpendicular to the basal plane
resulting in structures where the angle � in Fig. 4 is less than 60�. Each de plane has a net moment
perpendicular to it that can be observed by neutron diffraction. However, the planes are stacked
antiferromagnetically because of the large antiferromagnet exchange interaction, M , along the chains.
This results in the whole crystal being an antiferromagnet. For a classical system

frv � @
4

5+4 . G
9M3

,
> mGm ? 6M 3 and G ? 3 (2)

At mGm @ 6M 3 the triangular structure collapses into a colinear structure with two spins along .f
and one spin along �f. The anisotropy is not large enough for this to happen in any of the materials
considered in this section. Section 3 describes collapsed cases.

At a temperature WQ5 there is a critical phase transition to the colinear structure as shown
in Fig. 4. Thus for classical spins, as mGm increases to 3M 3, WQ5 decreases to zero. At a higher
temperature, WQ4 A WQ5, there is a second critical phase transition, this time to the paramagnetic
state. The difference +WQ4 � WQ5,@WQ4 is a measure of the relative strength of the anisotropy, G,
and the exchange, M 3. The colinear structure is energy independent of the applied field, while for all
competing structures the energy decreases as the field increases. Thus it becomes less stable as the
field increases.

As a field is applied along the f axis at low temperature the angle � changes in different directions
for successive planes; in the plane shown in Fig. 4 the angle � increases on application of a field
along ]. At a field Kf there is a first-order phase transition to the canted structure shown in Fig. 4. In
this structure the {| component of the moments form an equilateral triangle, while the ] components
are aligned ferromagnetically along the field direction. For a classical system with M large compared
with M 3 or mGm, Tanaka et al. [107] show that

+j�EKf,
5 @ 49MGV5 (3)

at W @ 3. It should be noted that the expression given in ref. 46 by Tanaka et al. differs from that
given above by a factor of 2 because they define M to be half of our M .

There is a multicritical point at WP, KP where all four phases meet. Alternatively, this point can
be described as the intersection of three lines of critical phase transitions and one line of first-order
phase transitions. The experimentally determined parameters of the phase diagram, WQ4, WQ5, WP,
Kf, KP, and � are given in Table 4. There is reasonable agreement between different experimental
measurements here, in contrast to the descrepancies noted between some of the measurements of the
parameters of the Hamiltonian (Table 2).

Now that we have given an overview of the properties of materials with easy-axis anisotropy, we
go back to examining the experimental values of the parameters in the Hamiltonian, and to checking
consistency with phase-diagram parameters. One reason for inconsistency is that it is believed that
the neutron-scattering values of �46=3 GHz for CsNiCl6 and �3=8 GHz for CsMnI6 are in error
because of incorrect branch assignments. A second problem is that the resonance experiments actually
measure Kf and then derive G from (3) and known values of M . Unfortunately the equation may
not hold for V @ 4. The difficulty arises from the need to incorporate quantum fluctuations into the
theory. A well-established technique for taking these into account involves an expansion in powers
of 4@+5V, [116,117]. Zhitomirsky and Zaliznyak [118] show that inclusion of this term in (3) yields
a negative value for K5

f . Although this is nonphysical, the result serves notice that (3) is not good for
values of V as small as 1. Furthermore, the first term in the quantum correction for V @ 4 renormalizes
M by 18( and G by �50(. Most experiments will measure the renormalized values, not the bare
values. A further difficulty with the nickel compounds is that because of their quasi-one-dimensional
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Table 4. Characteristics of the Heisenberg triangular antiferromagnets with easy-axis anisotropy.

A � � c A� 2 (K) A � (K) MU (T) M� (T) w A ' f (� ) >A ' f (>� )

CsNiCl� 4.84, 4.40–NMR [99] 4.48–C [100] 1.99–M [101] 2.25–C [100] 59–NS [102] 1.1(1)–NS [103,104]
7 ' � 4.88(5), 4.40(5)–M [101] 4.495–US [105] 1.9–ESR [54,106] 2.105–US [105] 50–ESR [107] 1.4(2)–NS [36]

4.83(8), 4.46(8)–NS [52] 4.48–ESR [105] 2.13–ESR [105] 59-ESR [108]
4.80(1), 4.388(4)–US [109]

RbNiCl� 11.25, 11.11–NS [110] 11.8–M [101] 2.05–M [101] 2.65–M [101] 57.5–NS [31] 1.3(1)–NS [31]
7 ' � 2.01–ESR [59] 2.4–ESR [59] 1.5(2)–NS [36]

CsNiBr� 14.06, 11.51–NMR [61] 11.0–M [111] 8.8–M [111] 9.88–M [111] 39–NMR [61] —
7 ' � 14.25, 11.75–C [44] 58–ESR [108]

13.46, 11.07–B [112]

RbNiBr� 23.5, 21.47–ESR [60] — — — — —
7 ' �

CsMnI� 11.2, 8.17–NS [113] 8.85–M [111] 5.3–M [111] 5.95–M [111] 50(2)–NS [47] 3.7–NS [47]
7 ' D*2 11.41, 8.21–NS [62] 9.02(5)–B [114] 5.4–M [47] 5.86(1)–B [114] 51(1)–NS [62]

11.20(1) 8.166(5)–NS [115] 5.2–ESR [66] 55-ESR [108]
NS, neutron-scattering measurements.
ESR, electron spin resonance measurements.
NMR, nuclear magnetic resonance measurements.
M, magnetization and susceptibility measurements.
C, specific-heat measurements.
US, ultrasonic velocity and attenuation measurements.
B, birefringence measurements.
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properties, there may be vestiges of the Haldane effect in their low-temperature properties. Of course
a full quantum treatment will take this into account, but it may not be apparent in the first term of
a 4@+5V, expansion. Several neutron-scattering experiments claim to see Haldane-gap effects in the
three-dimensional ordered phase [52, 56, 65, 114, 119], and conventional spin-wave theory (i.e., spin-
wave theory without quantum corrections) does not fit the measured dispersion relations. Without
further theoretical guidance there must be some doubts about the reported values of M , M 3, and G for
the nickel compounds even in cases where the experimental data are irreproachable. Affleck [120]
has argued Haldane correlations will still be effective in the three dimensionally ordered phase. His
treatment shows much better qualitative agreement with experiment than linear spin-wave theory and
provides a theoretical underpinning for the claims that the experiments constitute solid confirmation
of the existence of the Haldane gap. In large fields, K A Wf and WP, the quantum fluctuations are
reduced [53, 121] and the interpretational difficulties are less severe.

In CsMnI6 the quantum corrections are smaller; in leading order by a factor of 2.5 so that they
are of the same order as the experimental uncertainties. The spin wave dispersion relations follow
conventional spin wave theory [63,64]. The values of M , M 3, and G quoted in the table are the directly
measured values without application of any quantum corrections.

It is interesting to consider the effects of increasing departures of the Hamiltonian from the
Heisenberg form in easy-axis systems. This is equivalent to increasing mGm while keeping the exchange
parameters M and M 3 fixed. Even small values of mGm break the symmetry by aligning the moments
triangles in a plane that contains the } axis and splitting the critical point into two critical points
at WQ4 and WQ5. WQ5 decreases until it becomes zero at �G @ 6M 3. WQ4 and WP increase as mGm
increases, as can be seen for instance by comparing CsNiCl6 with CsNiBr6 where M and M 3 are
similar but the values of G differ by an order of magnitude. Kf increases as mGm4@5 and experiment
seems to indicate that KP * 4=4Kf.

We now discuss the phase diagram and critical properties of the easy-axis magnets. The theory
is constructed assuming that the parameters of the system are such as to give a phase diagram of the
type shown in Fig. 4 with the magnetic structures that we have described. Thus antiferromagnetic
Heisenberg interactions M and M 3 are taken on a stacked triangular lattice with easy-axis anisotropy
�G ? 6M 3. Then, building on the ideas of the chiral universality classes described earlier, theory
makes a number of predictions based on Landau-type theories, scaling, and renormalization group
calculations.

1. There is a multicritical point connecting a line of first-order phase transitions and three lines
of critical phase transitions [122].

2. All three lines of critical points come in tangentially to the first order spin-flop line [123].
3. The lines of phase transitions through WQ4 and WQ5 both follow the [\ universality class

[123].
4. The phase transition from the paramagnetic state to the spin flop state follows the chiral [\

universality class [123].
5. At the multicritical point the phase transition should follow the chiral Heisenberg universality

class [123].
6. The transition region around the multicritical point should not be large [124].
The first of these predictions is obeyed by all the materials studied in this section. The experimental

evidence from the highest accuracy phase diagrams in CsNiCl6 [105, 109], CsNiBr6 [111], and
CsMnI6 [111,114] suggests that the second prediction is also good. The experiments all clearly show
that the two lines of phase transitions to paramagnetism come in parallel to the line of first-order
phase transitions and give clear indications that there is curvature in the line of phase transitions
through WQ5 close to the multicritical point such as to make the predicted effect likely.

Table 5 lists the experimental determinations of the critical exponents �, �, �, and � and compares
the results with predictions for various universality classes. As well as the critical exponents, Table 4
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Table 5. Observed critical exponents for easy-axis materials and predicted critical expo-
nents [114, 126] for various universality classes. Subscripts 1, 2, � , and 8 represent expo-
nents at A

��, A
�2, the multicritical point, and between the spin-flop and the paramagnetic

phase, respectively.

Experimental Chiral Chiral
Exponent Material value ft Heisenberg ft Heisenberg

q� CsNiCl� 0.32(3) [99] 0.25(1) 0.30(2) 0.35 0.36
CsNiCl� 0.30(2) [102]
RbNiCl� 0.27(1) [110]
CsMnI� 0.32(1) [115]

D� CsMnI� 0.59(3) [113] 0.54(2) 0.59(2) 0.669 0.705
�� CsMnI� 1.12(7) [113] 1.13(5) 1.17(7) 1.316 1.387
k� CsNiCl� 30.05(8) [126] 0.34(6) 0.24(8) 30.008 30.116

(An/A3)� CsNiCl� 1.21(5) [126] 0.36(2) 0.54(2) 0.99 1.36

q2 CsNiCl� 0.32(3) [99] 0.25(1) 0.30(2) 0.35 0.36
CsNiCl� 0.30(2) [102]
RbNiCl� 0.28(1) [110]
CsMnI� 0.35(1) [115]

D2 CsMnI� 0.56(2) [113] 0.54(2) 0.59(2) 0.669 0.705
�2 CsMnI� 1.04(3) [113] 1.13(5) 1.17(7) 1.316 1.387
k2 CsNiCl� 30.06(10) [126] 0.34(6) 0.24(8) 30.008 30.116

CsMnI� 30.05(15) [126]
(An/A3)2 CsNiCl� 1.2(3) [126] 0.36(2) 0.54(2) 0.99 1.36

CsMnI� 1.2 [126]

q� CsNiCl� 0.28(3) [125] 0.25(1) 0.30(1) 0.35 0.36
k� CsNiCl� 0.25(8) [126] 0.34(6) 0.24(8) 30.008 30.116

CsNiCl� 0.23(4) [114]
CsMnI� 0.28(6) [126]
CsMnI� 0.44(3) [114]

(An/A3)� CsNiCl� 0.52(10) [126] 0.36(2) 0.54(2) 0.99 1.36
CsMnI� 0.42(10) [126]

q6 CsNiCl� 0.243 [125] 0.25(1) 0.30(2) 0.35 0.36
k6 CsNiCl� 0.37(8) [126] 0.34(6) 0.24(8) 30.008 30.116

CsNiCl� 0.342(5) [114]
CsMnI� 0.34(6) [126]

(An/A3)6 CsNiCl� 0.30(11) [126] 0.36(2) 0.54(2) 0.99 1.36
CsMnI� 0.31(8) [126]

also compares experiment and theory for the amplitude ratio, above and below WQ , of the specific-heat
divergence.

Inspection of Table 4 shows that there is generally good agreement between experiment and
theory for the specific-heat data, but that the agreement with the neutron data at K @ 3 for �, �,
and � is not good. Recent neutron measurements [125] for � at the multicritical point and for the
spin-flop-to-paramagnetic phase transition agree well with theoretical predictions.

We conclude that theoretical predictions 1, 2, 4, and 5 above are confirmed by experiment.
Prediction 6 has not been tested. Experiment does not bear out prediction 3 that the critical phase
transitions at WQ4 and WQ5 follow the [\ universality class. The measured indices do not fall
within any standard universality class, but they do seem to be the same at the two transitions as
predicted. The neutron data could be described numerically by chiral Heisenberg critical exponents,
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Table 6. Characteristics of the Heisenberg triangular antiferromagnets with easy-plane type anisotropy.

Ordering Space group A
�

(K) or
type at low A A

�� and A
�2, (K) MU (T) >

A'f, (>�)
CsMnBr� ( : �a � �S�*66S 8.32–NS [12] 6.2–NS [12] 3.3–NS [43]
7 ' D*2
CsVBr� ( 	 �a � �S�*66S 20.4–NS [32] — 1.87–NS [32]
7 ' �*2 20.3–M [127]
CsVCl� ( 	 �a � �S�*66S 13.8–NS [32] — 1.97–NS [32]
7 ' �*2
RbVCl� ( 	 �a � �S�*66S 19(1)–NS [32] — 2.31–NS [32]
7 ' �*2
CsVI� ( 	 �a � �S�*66S 34.8–NS [32] — 1.64–NS [32]
7 ' �*2 32(1)–NS [45]
RbMnBr� Distorted there are two phases:
7 ' D*2 hexagonal ($ �S�*66S) 10.0–NS [71] — —

orthorhombic 8.5–NS [71] 3.9–M [128],
(�KS6 or �S@2�) 4.0–NS [129]
 3.6–NS [39]

KNiCl� Distorted there are two phases:
7 ' � hexagonal ($ �S�*66S) 8.6–M [49], NS [130] 2.3–M [49],

orthorhombic 1.8–ESR [48] —
(�KS6 or �S@2�) 12.5–NS [130] — —

RbVBr� Distorted �S�S6 or ��S� 28.1 and 21.0–M [127] — 1.53–NS [32]
7 ' �*2
RbVI� Distorted �S�S6 or ��S� 25–NS [32] — 1.44-NS [32]
7 ' �*2
RbTiI� Distorted �S�S6 or ��S� 	 e�2-NS [45] — —
7 ' �


In the orthorhombic phase of RbMnBr� beside transition from triangular (or close to triangular) to colinear magnetic structure
at MU, there is incommensurate-commensurate phase transition at M E � T. For details see part 2.3.3.

suggesting that the crossover from the multicritical point takes place slowly, but the specific-heat data
and theoretical prediction number 6 both argue against this possibility.

2.3. Heisenberg triangular antiferromagnet with easy-plane type anisotropy

The presence of an anisotropy term in the Hamiltonian with G A 3 favours the confinement of spins
to the {| plane. The ordered structure in the absence of a field is an equilateral triangle of spins
with two chirally-degenerate states as was shown in Fig. 1. For any atom with spin aligned along its
local } direction, the local {| degeneracy of the Heisenberg Hamiltonian is broken since a rotation
of spins in the plane costs no anisotropy energy while a rotation out of the plane does cost anisotropy
energy. This splits a degeneracy in the spin wave excitations, with one acoustic branch having zero
energy at magnetic reciprocal lattice points while the other exhibits a gap.

Near the critical point the fluctuations will tend to diverge in the {| plane, but not in the }
direction, so that the critical exponents will correspond to the chiral [\ , or ]5�V4, model. If G is
small there should be a crossover to Heisenberg exponents further away from the critical point. This
effect has not been seen to date since only one easy-plane material, CsMnBr6, has had its critical
exponents measured extensively, and in this material G is not small compared with M 3.

The behaviour of easy-plane triangular antiferromagnets in a small field perpendicular to } involves
a competition between the in-plane exchange energy M 3 and the anisotropy energy G. The M 3 term
is of lowest energy when the moments are aligned in the 120� structure perpendicularly to the field
with a canting of the moments towards the field direction, while the anisotropy term favours the 120�
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structure aligned in the {| plane. What happens as the field is increased depends on the relative
magnitudes of G and M 3 [134]. At low temperatures, if G ? 6M 3, a field in the {| plane larger than
Kv will flip the plane of the spin triangle so that it is perpendicular to the field. This costs anisotropy
energy, has virtually no cost in exchange energy, and gains energy from a canting of the spins along
the field direction. The spin-flop phase transition will be of first order at

j�EKv @ 7V
s
MG (4)

If the anisotropy energy is larger, G A 6M 3, the ground state above a critical field Kf is one where the
spins remain in the plane, but the triangular structure collapses to a colinear structure with two spins
in one direction in the plane normal to the field direction and one spin in the opposite direction. This
structure costs exchange energy M 3, has no cost in anisotropy energy, and gains energy by a canting
of the spins towards the field direction. The phase transition will be continuous with

j�EKf @ 7V
s
6MM 3 (5)

It is clear that of these two cases, it is the latter with G A 6M 3 that corresponds the more closely to
the chiral [\ model.

Table 6 lists the easy-plane triangular antiferromagnets. All have the ABX6 structure with strong
exchange interactions M and relatively weak in-plane interactions M 3. In Table 6 we give the type of
antiferromagnet, the space group, the Néel temperature, the critical magnetic field, and the aligned
magnetic moment at low temperatures.

In the rest of this section we discuss separately the three cases: smallG, largeG, and those where
the crystal structure is distorted.

2.3.1. The case of small anisotropy G ? 6M 3

There are four materials that are known to be in this category, CsVCl6, CsVBr6, CsVI6, and RbVCl6.
The crystal and magnetic structures were established by Zandbergen [45] and by Hauser et al. [32].
Low field susceptibility measurements by Niel et al. [73] on powder samples in the quasi-one-
dimensional region (W  WQ ) established the intrachain exchange parameterM for the cesium
compounds. Feile et al. [74] measured the spin wave dispersion relations in CsVCl6, CsVBr6, and
CsVI6 by neutron inelastic scattering. The measurements were confined to the (��4) direction of
reciprocal space at low temperatures. The results fitted reasonably with the predictions of linear
spin wave theory given by Kadowaki et al. [77] for nearest-neighbour interactions and single-ion
anisotropy. The restriction of the data to the plane results in the fitting only giving values forMM 3

andMG and a value ofM was taken from the paramagnetic magnetization measurements of Niel et
al. to determine the values ofM 3 andG given in Table 6. No zero-point-motion correction was made
for the reduced moment and one dimensionality so the real values ofmMM 3m and mMGm are lower than
those quoted. On average, the observed ordered moment on the vanadium atom, as taken from Table
6, is 1.9�E. For V @ 6@5 with j @ 5 the maximum moment is 3�E, so the reduction is 63% and
the correction to linear spin-wave theory is appreciable.

Little is known experimentally of the phase diagrams or critical properties of these materials.
There has been no investigation of the nature of the phase transition in zero field. As pointed out
earlier, this is an unresolved area in the theory, with predictions of chiral[\ critical exponents,
tricritical exponents, and a weak first-order phase transition in the literature. It would be interesting
to discover what experiment has to say.

The phase diagram for a fieldK applied in the{| plane is expected to be as shown in Fig.
5. PhaseL is the plane triangular antiferromagnetic structure, phaseLL is the colinear structure,
phaseLLL is the spin-flopped triangular structure, and phaseS is paramagnetic. Molecular field
calculations by Plumer et al. [131] predict this phase diagram or similar ones differing only by the
presence of a narrow region of an extra phase near the first-order transition line. The prediction was
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Fig. 5. Magnetic phase diagram of a Heisenberg triangular antiferromagnet with a small easy-plane anisotropy.
There is both a tetracritical and a bicritical point.

actually for the [[] Hamiltonian, which is slightly different from our Hamiltonian (1), but the
differences are not expected to affect the overall pattern significantly. At K @ 3 and W @ WQ there
is a meeting of four phases since at negative K there is a similar phase to phase LL with the canting
in the opposite direction; thus it is a tetracritical point. The tetracritical nature of the transition shows
that it does not belong in the same universality class as the [\ model.

Only one critical exponent, !, has been determined in these materials. Near the tetracritical point
the two phase boundaries are predicted to behave as [132]

K5 * mWQl+K
5,� WQ m!l (6)

where l has one of two values depending on whether WQl refers to the phase boundary LL, to
paramagnetic, or L to LL. Actual determination of these exponents is quite sensitive to the value
chosen for WQ and to the range of data over which the fit is made [16]. The sum of the two
exponents ! is much less sensitive to the value of WQ than are the individual values of !.

In CsVBr6, Tanaka et al. [127] have determined the critical exponents ! in a field perpendicular
to the f direction from susceptibility data. They find !S�LL @ 3=:;+9, and !L�LL @ 3=:<+9,. Scaling
and renormalization group theory [2, 7, 123] gives !S�LL @ !L�LL @ !, with 4 ? ! ? �; for the
[\ chiral model � is expected to be only slightly greater than one, probably about 1.1. Thus the
experimental values of ! are significantly lower than predicted by theory. The discrepancy cannot lie
in the sensitivity of the fits to the value of WQ , since the sum of the two individual values of ! is
just as far from the prediction as is the individual values.
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Fig. 6. Magnetic phase diagram of a Heisenberg triangular antiferromagnet with large easy-plane anisotropy.
There is a tetracritical point at A ' A

�

and M ' f.

2.3.2. The case of large anisotropy G A 6M 3

This is the unusual and probably the most interesting case. Although there is only one example of
an undistorted triangular easy-plane antiferromagnet that satisfies this condition, CsMnBr6, it has
attracted a lot of both theoretical [133–136] and experimental attention through neutron-scattering
[11, 12, 43, 67, 68, 137, 138], magnetization [139–141], ESR [142], and specific-heat measurements
[126]. As was pointed out in the introduction to this chapter, ifG A 6M 3 the application of a field
perpendicular tof no longer produces the spin-flop phase shown in Fig. 5. Instead there is a critical
phase transition to an almost colinear structure at a critical field that is given by ( 5) atW @ 3. The
phase diagram is shown in Fig. 6. At low temperatures and fields the magnetic structure is the 120�

stacked triangular structure with the anisotropy confining the moments to within thede plane. The
critical point atW @ WQ andK @ 3 is a tetracritical point just as for the caseG ? 6M 3 described
in the previous section. In the high-field phase two of the three moments on the triangular lattice
become parallel with the third in the antiparallel direction. The moment directions are in the basal
plane almost perpendicular to the applied field, but with a small canting towards the field direction
proportional toK@M . In this phase there is a softening of one of the exchange branches found by
ESR [142].

The nature of the phase diagram was discovered through neutron-scattering measurements of the
temperature dependence of the intensity of magnetic Bragg peaks in different fields as shown in Fig.
7 [12]. These results were later confirmed by measurements of the field and temperature dependence
of the magnetization as shown in Figs. 8d and 8e. The magnetization process is described satisfactorily
in terms of linear spin-wave theory except for two features:
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Fig. 7. Temperature dependence of the intensity of magnetic Bragg peaks in CsMnBr� at M ' e�2 T. Successive
phase transitions from the paramagnetic phase to the spin-flopped phase and from the spin-flop to the triangular
phase occur at 9.0 and 7.15 K, respectively. The inset shows the field dependence of two nuclear Bragg peaks
at A ' .�f K. Taken from Gaulin et al. [12]. Reprinted with permission from the publisher and the authors.

(i) the measured torques are significantly smaller than predicted and
(ii) in high fields, KAKf, there is a considerable anisotropy between the magnetization when the

field is applied along and perpendicular to the f axis.
It has been suggested by Abarzhi et al. [141] that quantum fluctuations are responsible for both

these effects. This claim has been supported by subsequent work [72, 121] but recently has been
disputed by Santini et al. [143], at least for CsMnBr6 and RbMnBr6, where they claimed that the
anisotropy is already present at the classical level, provided thermal fluctuations are taken into account.
Santini’s work is based on a Hamiltonian similar to (1) with theM 3 term replaced by a dipole–dipole
interaction.

A peculiar feature of the phase transition from a triangular to a colinear structure is that it survives
even if the field direction deviates significantly from the basal plane. The value of the critical field
follows the equation

K5
f +*, @ K5

f

g� 4

g frv5+*,� 4
(7)

whereg @ G@6M 3 and* is the angle between the magnetic field and the basal plane, rather than
simple field projection on the spin’s plane,Kf+*, @ Kf frv* [141].

Kawamura [1, 2] predicted that the easy-plane materials would not follow the[\ universality
class in their critical properties in zero field because of the extra chiral degeneracy of the order
parameter. Instead a new universality class, known as the chiral[\ class, would apply. The discovery
that the critical point is tetracritical confirms in a simple way that regular[\ universality does not
apply. The most recent Monte Carlo work, done for the case of ferromagnetic interactions along the
f direction, favours a weak first-order phase transition [144–146], with effective critical exponents
that are reasonably in agreement with those given by Kawamura for the chiral[\ model, less than
three errors apart in all cases.
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Fig. 8. The field (@) and temperature (K) dependence of the magnetization of CsMnBr�. Taken from Kotyuzhan-
skii and Nikivorov [140] and from Goto et al. [139]. Reprinted with permission from the publishers and authors.

All the known undistorted easy-plane triangular materials are reported experimentally to show
critical phase-transitions in zero field in agreement with Kawamura’s predictions. Of course it is
never possible experimentally to rule out a first-order phase transition if it is sufficiently weak, but
critical behaviour is observed to persist at least down to reduced temperatures of 2�10�6 [126]. The
measured values of the critical indices are listed in Table 7 and compared with the predictions of four
possible models: chiral[\ , chiral Heisenberg, regular[\ , and tricritical in mean-field theory. The
exponent! is the mean of!S�LL and!L�LL . We use this parameter because Gaulin [16] has shown
that while experimental determinations of!S�LL and!L�LL are highly sensitive to the value ofWQ ,
the mean of the two is much less sensitive, and hence is determined more reliably in experiments.
The exponent} is the dynamic critical exponent measured from the temperature dependence of the
energy of long-wavelength spin waves [90] nearWQ .

The experimental results fit both the chiral[\ and the mean-field tricritical models satisfactorily,
while they do not fit the other two models. It is not understood why theory and experiment agree so
well for the easy-plane case, but less satisfactorily for Heisenberg and easy-axis materials.

2.3.3. Distorted crystal structures

It is not uncommon for the magnetic ABX6 compounds to experience a crystal distortion. Different
types of crystal structure distortions have been found at sufficiently low temperature in KNiCl6,
RbMnBr6, RbVBr6, RbVI6, RbTiI6, and RbFeBr6. Generally lattice deformations due to a structural
phase transition lead to some modifications of magnetic interactions (the crystal distortions break
the symmetry and so change the exchange interaction between neighbouring in-plane magnetic ions)
and, consequently, to a partial lifting of frustration on a stacked triangular lattice. Study of such
partially frustrated systems is of a fundamental interest, because they do not simply correspond to an
intermediate case between unfrustrated and frustrated magnets but show novel physical phenomena
absent in the two limiting cases.

Phase transitions to lattices of lower symmetry with decreasing temperature are characterized
usually by displacements of chains of magnetic atoms as a whole without deformation so that the
intrachain distance between spins remains unchanged. The typical structural transition to the lattice
of S96fp space group is accompanied by the shift of one from the three adjacent chains upward
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Table 7. Experimental values of critical exponents in easy plane materials compared with
predictions from various models [16, 126].

Experimental Chiral Chiral Mean field
Exponent value ft Heisenberg ft tricritical

q 0.22(2) [147] 0.25(1) 0.30(2) 0.35 0.25
0.25(1) [148]
0.21(2) [11]
0.24(2) [12]

0.28(2) [149] W

D 0.57(3) [150] 0.54(2) 0.59(2) 0.669 0.50
0.54(3) [11]

� 1.10(5) [150] 1.13(5) 1.17(7) 1.316 1.00
1.01(8) [11]

k 0.39(9) [151] 0.34(6) 0.24(8) -0.008 0.50
0.40(5) [152]

�n*�3 0.19(10) [151] 0.36(2) 0.54(2) 0.99 —
0.32(20) [152]

� 0.98(7) [12] � 	 � 	 ���� � 	 � 	 ���. � 	 � 	 ���2
1.05(5) [139]
0.78(10) [126]
0.79(6) [127]_

z 1.46(6) [138] — — 1.50 —

Experimental values refer to CsMnBr� except that W and _ refer to RbMnBr� and CsVBr�, respectively.

along the f axis while the two others shift downward keeping the crystal center of mass undisplaced.
This primary distortion is shown in Fig. 9.

The crystal unit cell in the basal plane is enlarged to become
s
6d � s6d (Fig. 9), preserving

the hexagonal symmetry. Because chains are shifted usually only a small distance from the basal
plane (�3=8 Å in RbFeBr6 [153]), magnetic properties may be considered by placing spins on the
same stacked triangular lattice and changing interactions in the Hamiltonian (1) in accordance with
a reduced symmetry of the crystal structure. The distortion has little effect on the exchangeM along
the} direction but in the{| plane the interactionM 3 is split into two different interactions,M 3DE @ M 3

andM 3DD @ M 34 as shown in Fig. 10d. The453� triangular structure corresponds toM 3 @ M 34 and small
departures from this condition give triangular structures with angles not equal to 120�. Mean-field
investigations have been carried out to determine the full phase diagram as the ratio ofM 3 to M 34 is
changed [154,155].

The Hamiltonian of this “centered honeycomb model” (in terms of Zhang et al. [155]) is obtained
by the evident replacement of the second term on the right-hand side of (1):

M 3
A-A[

l>m

7l7m . M 34
A-B[

n>o

7n7o (8)

Without field the spin ordering occurs in two steps with additional intermediate colinear phase
betweenWQ4 andWQ5 that is either ferromagnetic or partially disordered [156]. The splitting ofWQ
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Fig. 9. Room temperature crystal structure of KNiCl�, after Visser et al. [158]. The two nickel-chlorine chains
within a cell are displaced along the S axis relative to the chains at the cell corners.

Fig. 10. Magnetic interactions on the distorted triangular lattice: (@) centered honeycomb model; (K) row model.

was clearly seen in RbVBr6 [127]. The behaviour of the system in the applied magnetic field depends
on the relative strength of exchange constants M 3 and M 34. Note, that due to superexchange character
of the interchain interaction, it depends in a complicated way on the interatomic distances and bond
angles. The critical exponent � at TQ4 is observed [75] to be 0.32(1), while theory predicts that this
phase transition should follow the [\ model with � = 0.35.

If M 3 ? M 34, that is coupling between in-plane spins (A4–A5 in Fig. 10d) is weaker than coupling
between in-plane and out-of-plane spins (A–B), then the presence of the distortion does not change
the nature of the phase transition to a colinear phase. The critical field is given in this case by the
formula [48]:

+j�EKf,
5 @ 7;M+5M 3 � M 34,V

5 (9)

which is very similar to a formula (5) whenM 3 andM 34 are close to each other.
If M 3 A M 34, then at low magnetic field, spin of the out-of-plane atom (marked B in Fig. 10d)

is aligned parallel to the field. Such a configuration is energetically unfavourable at higher fields,
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therefore an additional phase transition occurs at KB ? Kf, when sublattice B starts to deviate from
the field direction [157]. Finally, the transition to a colinear phase occurs at

+j�EKf,
5 @ 7;M+

s
M 35 . 6M 3 � M 3,V5 (10)

which is again very similar to a Kf in undistorted triangular structure.
The above described theory was developed to explore the magnetic consequences of the crystal

phase transition S96@ppf $ S96fp. Distortions of this type were found in the low-temperature
phase of RbFeBr6 [153], at the room temperatures in KNiCl6 [158] and in RbMnBr6 [159], and
probably, in RbVBr6 [76]. But, as it will be evident from the discussion given below, in at least two
compounds, RbMnBr6 and KNiCl6, further crystal phase transitions just below room temperature
play an important role.

In KNiCl6 dielectric anomalies indicating structural phase transitions are found at 274, 285,
561 and 762 K [160]. A single crystal X-ray study on the low-temperature structure of KNiCl6
[161] shows clearly the existence of two crystal structure distortions, as originally found by neutron-
scattering [130]. One phase (denoted as phase A) is hexagonal and does not differ much from the
room-temperature structure, the other phase (phase B) is orthorhombic. In a phase A, the unit cell
is rotated through <3� about the f axis from the room-temperature unit cell and enlarged to

s
6d,s

6d, and f; in a phase B the low-temperature unit cell has sizes 5d@
s
6, d, and f. The main feature

of the phase B is a sinusoidal modulation of the ion chains in the basal plane: instead of the room-
temperature sequence 0-0-UP-0-0-UP-0-0, where “0” means ion in the basal plane and “UP” means
ion slightly shifted above the basal plane along thef axis, at low temperature the sequence is 0-UP-
0-DN-0-UP-0-DN-0, where “DN” means the ion is shifted below basal plane. Possible space groups
areSfd54 andSefp [161].

As a consequence of the existence of two different crystal modifications, two different magnetic
structures have been observed withWQ @ 45=8 and ;=9 K in phasesA and B, respectively [130].
Magnetization measurements [49] and measurements of ESR [48, 157] showed that in phaseA,
magnetic structure is a distorted triangular withM 3 ? M 34. The magnetic structure of phaseB we
discuss below, for now we just note that in both cases the magnetic structure is commensurate.

In RbMnBr6 the situation with crystal distortion is very similar: the neutron measurements of
Heller et al. [71] show a crystal that seems to contain both theA andB phases, while the measurements
of Kato et al. [129] show a crystal where only theB phase is present. Moreover, recent X-ray scattering
measurements [161] show the total identity of RnMnBr6 and KNiCl6 phase-B crystal structures. Such
an identity of crystal structure makes it hard to explain the difference in magnetic structure. From a
symmetry point of viewB-phase corresponds to the “row model” of Zhang et al. [155] shown on Fig.
10e. Anticipation of this model results in appearance of incommensurate magnetic structure [154,155].

In RbMnBr6, the magnetic structure is indeed incommensurate at low magnetic fields and only if
the magnetic field exceeds 3 T it became commensurate [71]. Incommensurate–commensurate phase
transition is accompanied by the hysteresis phenomena in magnetization [128], resonance power
absorption [162], and magnetic Bragg-peaks intensity [71]. The overallK�W phase diagram, which
is much complicated and includes two incommensurate phases, two commensurate phases, and a
paramagnetic one, was successfully explained in terms of Landau theory using the row model [163].

In phaseB of KNiCl6 the magnetic structure is commensurate even in a zero magnetic field
[130] and identical to the high-field structure of RbMnBr6. What causes the stabilization of the
commensurate spin configuration in KNiCl6 remains unknown.

3. Ising antiferromagnet

The triangular antiferromagnets of type ABX6 with B a cobalt atom have properties that are like
those of Ising antiferromagnets. The cobalt cation lies in an octahedron of X anions with a slight
trigonal distortion. The strong crystal field splits the lowest lying7F configuration so that a7W4 state
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Table 8. Neel temperatures, A � � and A � 2 K, critical magnetic fields, M U � and M U 2 T, exchange constants, a and a � GHz, and parameter "
for triangular Ising antiferromagnets. Values given for " are for low temperature.

A� � (K) A � � ,A� 2 (K) MS � (T) MS 2 (T) a , (GHz) a � , (GHz) "

CsCoCl � 20.82–NS [33] 5.5,13.5–NS [33] 33.0–M [173] 44.6–M [173] 1557(15)–NS [166] 171–M [27] 0.094(7)–NS [166]
21.3–NS [167] 9.2(A� � )–NS [167] 1541(12)–NS [168] 156–M [170] 0.14(2)–NS [168]
21–Mö [171] 8.5–M̈o [171] 1495(10)–NS [164] 30(2)–NS [164] 0.120(3)–NS [164]
21.01–NS [172] 1676–M [173] 0.097–M [173]

RbCoCl � 28–Mö [174] 37.8–M [27] 50.2–M [27] 1928–M [27] 186–M [27] 0.091–M [27]
28–R [175] 11–R [175] 1500–R [175] 45–R [175] 0.1–R [175]

CsCoBr� 28.34(5)–M [41] 12,16–NS [41] 40.6–M [27] 56.6–M [27] 1621(7)–NS [164] 96–NS [164] 0.137(5)–NS [176]
28.3–M̈o [174] 12–M̈o [174] 1630–M [27] 211–M [27] 0.106–M [27]
28.3(1)–NS [177] 12,16–NS [178]

RbCoBr� 36–NS [37]

M, Magnetization measurements.
Mö, Mössbauer effect measurements.

NS, Neutron-scattering measurements.

R, Raman scattering measurements.
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Fig. 11. Some basal plane ordering of the triangular Ising antiferromagnet with unit cell
I
�@ by

I
�@, as marked

by thick lines. Sites marked “+” have 75 ' �

2
, sites marked “-” have75 ' 3 �

2
, sites marked “0” have75

randomly distributed with	 75 :' f, and sites marked�
2

have75 randomly distributed with	 75 :' �

e
.

has the lowest energy. This corresponds to a Kramer’s doublet, which is effectively anV @ 4
5 state,

with the moment lying either parallel or antiparallel to thef axis. There is a mixing between this
state and a state of higher energy also with7W4 symmetry and the resultant exchange Hamiltonian at
low temperature can be described by the equation [164]

aK @ M
fkdlqv[

l>m

^V}l V
}
m . �+V{l V

{
m . V|l V

|
m ,` . M 3

sodqhv[

n>o

V}nV
}
o � j�EK

[

l

V}l (11)

with 3 ? � ? 4. In every case� is small, about 0.1, so that the first term in the Hamiltonian, which is
of an Ising type, is the dominant term. As in all the ABX6 triangular systems, the magnitude of the
interchain exchange constantM 3 is small compared with the exchange constantM along the chains.K
is an external magnetic field applied along the} direction. A weak single-ion exchange-mixing term
can be neglected for the purposes of this article. The parameter� has a weak temperature dependence,
decreasing as the temperature is raised [164].

There are four ABX6 compounds that have the magnetic Hamiltonian given above, CsCoCl6,
RbCoCl6, CsCoBr6, and RbCoBr6. There has been extensive work on the first three of these, and
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Table 8 lists the experimentally-determined values of the parameters in the Hamiltonian for each
compound. We also list values of phase-transition temperatures in zero field, WQ , and of applied
fields, Kf, at which there are phase transitions.

Frustration effects are more acute in Ising triangular antiferromagnets than in [\ or Heisenberg
systems. In the latter cases the frustration can be partially relieved by the formation of a spin triangle
as shown in Figs. 1e and 1f, while this is not possible for the Ising antiferromagnet where spins are
confined to directions parallel and antiparallel to }. In contrast to the unfrustrated case, Wannier [165]
showed that the two-dimensional nearest-neighbour triangular antiferromagnet is disordered at all
finite temperatures and has a critical point at W @ 3. Again the frustration changes the underlying
physics.

In the stacked triangular lattice there is no frustration for nearest-neighbour interactions along
the stacking direction, whether they are ferromagnetic or antiferromagnetic. This lessening of the
overall frustration allows long-range ordering at low temperatures. Figure 11 shows three examples
of possible ordering in the basal plane where sites marked _ . % have V} @ 4

5 , sites marked _� %
have V} @ �4

5 , sites marked _3% have V} randomly distributed with ? V} A@ 3, and sites marked
_45% have V} randomly distributed with ? V} A@ 4

5V @ 4
7 . In each case the unit cell is

s
6d bys

6d, where d is the lattice constant of the triangular lattice. The states shown in Figs. 11d and 11f
are not fully ordered, while that shown in Fig. 11e is fully ordered and ferrimagnetic. There is no
net ferrimagnetism over the whole crystal in this state however since the strong antiferromagnetic
exchange along f ensures that the magnetic moment in a given plane is cancelled by an equal and
opposite moment on the next succeeding plane.

The three ordered arrangements shown in Fig. 11 have the same energy, as do many other con-
figurations, so the ground state has a high degree of degeneracy. The unit cell for the three states
is the same and their neutron diffraction patterns are similar. In real materials rather small effects
may enable the degeneracy to be split in favour of one particular ground state. For instance small
ferromagnetic next-nearest-neighbour in-plane interactions will stabilize state (e), while such small
antiferromagnetic terms will stabilize state (d).

In the known Ising ABX6 compounds neutron diffraction in fact indicates the presence of long-
range magnetic order. There are sharp peaks of magnetic origin in the neutron-diffraction pattern
below a temperature WQ4. These peaks are located in reciprocal space at (k6

k
6 c), where k is an

integer not divisible by three and o is an odd integer. The condition o odd implies antiferromagnetic
stacking along the } direction, since the ABX6 structure has f spacing equal to twice the interplanar
spacing. This stacking reflects the strong antiferromagnetic coupling along the f axis. The k

6 factors
indicate that the unit cell in the {| plane is

s
6d by

s
6d. This is not an unexpected result in

view of the discussion earlier regarding Fig. 11. In Figs. 12 and 13, taken from Yelon et al. [41]
and Mekata and Adachi [33], respectively, the temperature dependence of some observed neutron-
scattering Bragg peaks is shown for CsCoBr6 and for CsCoCl6. These measurements show that the
temperature dependence of the ordering is not simple. Some rearrangement of the ordered structure at
temperatures below WQ4 is taking place, without changing the unit cell or broadening the magnetic
Bragg peaks. Similar results have also been reported by Farkas et al. [178] in CsCoBr6 and by
Yoshizawa and Hirakawa [167] in CsCoCl6. Detailed analysis has shown that the high-temperature
ordered structure in both materials is similar to that shown in Fig. 11d. Neutron critical scattering
has been observed around +46

4
64, at temperatures close to WQ4 in CsCoBr6 [177].

As is shown in the figures, a feature of the low-temperature neutron-scattering from CsCoBr6
and CsCoCl6 is the presence of a (111) magnetic Bragg peak. This peak has the scattering from the
three magnetic sites in each basal plane in phase, while there is a phase reversal between successive
planes. Thus its intensity reflects the net magnetic moment in each plane. At temperatures below WQ6

(12 K in CsCoBr6 and 5.5 K in CsCoCl6) each plane is ordered ferrimagnetically and the ordering
corresponds to that shown in Fig. 11e. Neutron critical scattering has been observed around (111) at
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Fig. 12. Temperature dependence of some of the strong magnetic reflections in CsCoBr�. There are two critical
phase transitions at A

�� ' 2H K and at A
�2 ' �2 K. The figure is taken from ref. 41 and reprinted with

permission of the publisher.

temperature close to WQ6 in CsCoCl6 [179]. The absence of magnetic intensity in the (001) Bragg
peak indicates that the moments are ordered in the f direction. At temperatures between WQ6 and
WQ5 @ 46=8 K in CsCoCl6 there is clearly some structural rearrangement taking place. This is less
evident in CsCoBr6, but the data do seem to indicate some small reduction of the magnetic intensities
as the temperature is lowered from WQ5 @ 49 K [41, 178] to WQ6. Exactly what is happening in the
intermediate region between WQ5 and WQ6 has not been established by the experimental work to date.
In assigning values to WQ5 and WQ6 in CsCoBr6, we have reinterpreted the data of Yelon et al. to be
on a consistent basis with the assignments by other authors [33, 167, 178].

Two experimental features should be mentioned here. First in CsCoBr6, Yelon et al. [41] indicate
that there is also a small component of ordered moment in the {| plane, but this has not been reported
in the work on RbCoBr6 or CsCoCl6. If confirmed, such ordering would arise from the term involving
the parameter � in (11) and indicates departure from the Ising form. Second, a perhaps surprising
experimental result is that, although the specific-heat has a clear anomaly at WQ4, there is no feature
corresponding to the transitions at WQ5 and WQ6 [41, 180].

Theory has concentrated on the solution to the true Ising system on the basis of the Hamiltonian
given in (11) with � @ 3. There has also been work with next-nearest-neighbour interactions in the
basal plane included, so as to reduce the ground state degeneracy. The ground state in the Landau–
Ginzburg–Wilson (LGW) model is shown as (f) in Fig. 11 [181]. There is a transition at temperature
WQ5 to a second ordered state corresponding to Fig. 11d where one sublattice has a zero mean value
of V}. Plumer et al. [182] show that, if the LGW treatment is expanded to higher order in the spin
density, the phase transition can split into two transitions atWQ5 and WQ6, although the splitting,
+WQ5 � WQ6,@WQ6 is small, of order 1%. The specific-heat effects are of opposite sign and tend to
cancel, agreeing with the experimental findings.

©1997 NRC Canada

http://www.nrc.ca/cisti/journals/cjp/cjp75/physco97.pdf


Review/Synthèse 631

Fig. 13. Temperature dependence of peak intensity of typical magnetic reflections of CsCoCl�. Continuous
curves are calculated values. The figure is taken from ref. 33 and reprinted with permission from the publisher
and the authors.

As discussed earlier, [33, 37, 183] experiments at low temperatures indicate the presence of an
ordered state that corresponds to Fig. 11e in contradiction to the predictions of the LGW model.
Kurata and Kawamura [184] have recently shown that an extension of mean-field theory to include
correlation effects in the {| plane can give the observed ferrimagnetic ground state.

Even after this difficulty is taken care of, however, the LGW treatment still has shortcomings as it
does not give the correct low-temperature state, which Coppersmith [185] has shown involves some
disorder on every site. The various experiments refered to above report similar values of the ordered
moment at low temperature with a mean of 3.2(2) �E. There is no appreciable difference between
the predicted maximum ordered moment of jn�EV [27] and the measured moment, so the amount
of the disorder is not large. However, the recent NMR work of Kohmoto et al. [186] shows direct
evidence of the presence of disorder at low temperatures as predicted.

Another approach to the solution of the frustrated Ising model is to use Monte Carlo methods.
Matsubara et al. [187–189] have shown that this gives the ferrimagnetic phase at low temperatures
and two other ordered phases at higher temperatures, in good agreement with experiment. The high-
temperature ordered phase, betweenWQ4 andWQ5, is a randomly modulated phase (RMP). Although
the long-range order persists on a

s
6d by

s
6d cell, there is a random modulation ofV} on all three
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Table 9. Comparision of different determinations of the critical indices for the phase
transition from an ordered state to a paramagnetic state in Ising antiferromagnets.

Method k q � D

3D ft model [90] Consensus 30.01(2) 0.345(12) 1.316(9) 0.669(7)
Matsubara [189] Monte Carlo 0.32(2)
Bunker et al. [191] Monte Carlo 30.05(3) 0.311(4) 1.43(3) 0.685(3)
Plumer, Mailhot [192] Monte Carlo 0.012(30) 0.341(4) 1.31(3) 0.662(9)

Yelon et al. [41] Neutron 0.31(2)
Mekata, Adachi [33] Neutron 0.34(1)
Mekata et al. [172] Neutron 0.352
Farkas et al. [178] Neutron 0.22(2)
Wang et al. [180] Spec. heat 30.025(4)

sites. The order parameter is the magnetic structure factor,

i+', @
[

m

V}m h
l5mu4 (12)

with ' @ + 46
4
64,. The low-temperature structure, with W ? WQ6, also has i+', as the order

parameter, but with ' @ +334,. The transitions at WQ4 and WQ6 are critical phase transitions, but the
nature of the transition at WQ5 is not clear. Between WQ5 and WQ6 the structure is complex with the
characteristics of the RMP phase present, but with an anomalous temperature dependence of the order
parameter i+ 46

4
64,. Neutron scattering is a direct technique for characterizing the phase transitions

at WQ4 and at WQ6 because it can measure the scattering around + 46
4
64, and (001) directly. It is an

unanswered question whether there is a true phase transition at WQ5, though there clearly is a region
just above WQ6 where the magnetic order has unusual temperature dependence. There is qualitative
agreement between the neutron-scattering data and the Monte Carlo work both with regard to the
temperature dependence of the magnetic structure factors and to the ratio of WQ4 to WQ5 and to WQ6.
Further the Monte Carlo computations show no specific-heat anomaly at WQ5 or at WQ6, in agreement
with experiment.

The nature of the phase transition at WQ4 has received much attention, both theoretically and
experimentally. Berker et al. [181] used renormalization group arguments to predict that the transition
is in the same universality class as the order–disorder phase transition in the three-dimensional[\
model.

Early Monte Carlo work on the phase transition was done by Matsubara and Inawashiro [189] and
by Hienonen and Petschek [190] but the most accurate analysis comes from the work of Bunker et
al. [191] and Plumer and Mailhot [192]. There is controversy concerning the accuracy of some of these
results, with Plumer and Mailhot’s work showing satisfactory agreement with the three-dimensional
[\ model while that of Bunker et al. shows significant discrepancies. Table 9 lists the values obtained
by these authors and a comparison with the[\ model and with experiment. Apart from those of
Farkas et al., the experimental results for� cover the same range as the theoretical values, with a weak
bias towards the higher values. The experimental value for� claims higher accuracy than any of the
theoretical values but again no definitive conclusions can be made. The Monte Carlo simulations of
Plumer et al. [193] indicate that the critical region atWQ4 is smaller than usual due to the proximity of
another ordered phase that is would be stabilized by next-nearest-neighbour interactions of order 10%
of M 3. The recent neutron-scattering work of Rogge [177] on CsCoBr6 shows results incompatible
with a normal critical phase transition, in that the critical fluctuations cannot be described in terms
of a model with a single length scale. This whole situation is unclear and more work is needed to
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Fig. 14. Magnetization process of CsCoCl� along the S axis at several temperatures, after Amaya et al. [173].
At low temperature there are phase transitions at MU� ' �� T and at MU2 ' eD T. Reprinted with permission of
the publisher and the authors.

resolve it.
Because of the Ising nature of the Hamiltonian and the quasi-one-dimensional nature of the

magnetic interactions, the excitations in these compounds are predominantly of the soliton type.
Solitons have been observed in both CsCoCl6 [164,179] and CsCoBr6 [164,176,194] and the results
used to determine the parameters M and � in the Hamiltonian (equation (11) ).

Boucher et al. [179] show that soliton excitations are present at temperatures down to WQ6. The
neutron-scattering data near the phase transition at WQ4 have been interpreted in terms of a soliton
condensation on to one sublattice to give a magnetic structure of the type shown in Fig. 11e with the
solitons on the chains corresponding to the sites with zero mean moment [16,195]. This result is not
in accord with the idea of a randomly modulated phase [189] from Monte Carlo simulations. Since
all the Monte Carlo work has been carried out for much-less-one-dimensional Hamiltonians (smaller
values of M@M 3) than is found in actual ABX6 compounds, and since the soliton ideas are products of
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the one dimensionality, the soliton measurements [179,195] raise questions about whether the Monte
Carlo simulations map on to the real materials, particularly as the excitations are fundamentally
different.

We conclude this section with a discussion of the effect of a magnetic field on triangular Ising
antiferromagnets. Consider first a one-dimensional Ising antiferromagnet with nearest-neighbour in-
teractions. The Hamiltonian is

aK @ M
[

l>m

V}l V
}
m � j�EK

[

l

V}l (13)

Yang and Yang [196] give an exact solution of this Hamiltonian, but here we just treat the basic ideas.
At low temperature and K @ 3 the system will form antiferromagnetic chains with a few solitons
breaking the long-range order. The field will have only small effects until it reaches a critical value
Kf where it can break antiferromagnetic bonds without cost in energy.

jn�EKf @ 5mM m (14)

At field Kf there should be a phase transition from antiferromagnetism to ferromagnetism. This
transition is observed in the ABX6 Ising compounds, though the field Kf is large (� 73 T) because
the exchange M along the chains is large.

In the ferrimagnetic-plane low-temperature structure (Fig. 11e) the small interchain exchange
M 3 results in there being two critical fields, Kf4 and Kf5. At field Kf4 @ Kf one of the chains
marked “+” in the figure becomes ferromagnetic without cost in interchain exchange energy. The
magnetisation per cobalt atom isjn�EV@9. Then at a higher fieldKf5 the other two chains become
ferromagnetic, with

Kf5 @ Kf4 .
9mM 3m
+jn�E,

(15)

and the magnetization per cobalt atom is gn�EV@5.
Figure 14 shows the magnetization plotted against the applied field as observed in CsCoCl6 by

Amaya et al. [173]. The two steps in the magnetization are not seen, but instead there is a rounding
out betweenKf4 andKf5 which is not expected from the simple arguments that we have given.
As the figure shows, this rounding becomes more pronounced at higher temperatures in the ordered
phase. The critical fields,Kf4 andKf5 are usually identified with the two maxima ingP@gK, and
it is these values that are shown in Table 8.

Table 8 shows that the values ofM derived fromKf4 agree reasonably with those found by other
experimental techniques, but the values ofM 3 derived fromKf5�Kf4 seem to be significantly higher
than values from other experimental techniques. They giveM@M 3 of order 10, which is surprisingly
small. Even the larger ratios found from neutron and Raman scattering are appreciably smaller than
is found in Heisenberg ABX6 compounds (Table 2), indicating that the cobalt compounds are less
one dimensional in magnetic properties.

4. Singlet-ground-state magnets

This chapter is devoted to the description of the magnetic properties of four compounds from the
AFeX6 family: CsFeCl6, CsFeBr6, RbFeCl6, and RbFeBr6. At room temperature they all have the
same crystal structure with space groupS96@ppf and, as usual for all ABX6 hexagonal compounds,
at low temperature they exhibit quasi-one-dimensional magnetic behaviour. A characteristic property
of these four crystals is the large value of the magnetic anisotropy in comparison with the exchange
interaction. In some cases this prevents the advent of long-range magnetic ordering (LRO) even
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Fig. 15. Energy levels of Fe2n in the AFeX� family.

at zero temperature. There are other compounds (ND7FeBr6, ND7FeCl6, TlFeBr6, TlFeCl6, and
CsFeI6) that probably may be described as singlet-ground-state magnets [197, 198], but they have
been investigated less thoroughly and a comprehensive understanding of their physical properties has
not yet been developed.

A free Fe5. ion in the AFeX6 family has a 8G ground state. A cubic crystal field splits this into
an upper orbital doublet and a lower orbital triplet with an energy difference of order 1000 cm�4.
Spin-orbit coupling, �3, causes a further splitting of the triplet according to the effective total angular
momentums M @ 4, 2, and 3. The lowest state with M @ 4 is split still further by a trigonal
component of the crystal field, �3, to produce a singlet ground state (pM @ 3) and an excited
doublet (pM @ 	4) as shown in Fig. 15. The Hamiltonian representing these splittings of the triplet
state may be written as

Since the energy separation between the ground state and the second excited state is of order
of 100 cm�4 [200], at low temperature only the first excited doublet is appreciably populated and
the following effective spin Hamiltonian can be used to describe the magnetic properties of AFeX6

compounds:

aK @
fkdlqv[

l>m

^MB+V{l V
{
m . V|l V

|
m , . MnV}l V

}
m ` .

sodqhv[

n>o

^M 3B+V
{
nV

{
o . V|nV

|
o , . M 3nV

}
nV

}
o `

.G
[

l

+V}l ,
5 � �E

[

l

^jB+V{l K{ . V|l K|, . jnV}lK}` (16)

where V @ 4 is fictitious spin and G, the value of which is positive, equals the energy gap between
the pM @ 3 and pM @ 	4 states. However, some authors prefer to use the Heisenberg Hamiltonian
(1) to describe magnetic properties of the linear chains antiferromagneticaly coupled Fe5. ions in
CsFeBr6 and RbFeBr6.

aK @ �3+O35l} � 5@6, . �3u3l73l (17)
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Fig. 16. Energy level structure of the effective single-ion Hamiltonian [16] for M 8 S (top) and M z S (bottom).

As W $ 3 in the absence of an external magnetic field there are two regimes separated by a
phase transition.

1. For G ? ; mM m . 45 mM 3m the system has a magnetic ground state with an easy-plane type of
anisotropy. This is the case for RbFeCl6 and RbFeBr6.

2. For G A ; mM m. 45 mM 3m the system has a singlet ground state and consequently does not order
magnetically even at W @ 3. This is the case for CsFeCl6 and CsFeBr6.

The equality G @ ; mM m.45 mM 3m was derived as a condition at which the lowest excitation energy
gap at the magnetic zone center becomes zero [29].

The application of an external magnetic field along f axis on the SGS materials leads to a phase
transition to an ordered state. This happens at a field Kf, when one of the excited doublet levels
crosses the ground-state singlet level, as it shown on Fig. 16. In CsFeCl6 a commensurate 120�
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ordered structure appears after intermediate transitions through two incommensurate structures, while
in CsFeBr6 the phase transition leads directly to commensurate order. If the external magnetic field
is applied perpendicular to the f axis, the singlet level remains below the excited levels at all fields
so that no LRO is expected.

Before going to the detailed description of each compound we summarize some characteristics of
each material in Table 10. An attempt to analyze the correlation between the structural and magnetic
parameters of the AFeX6 family of compounds is made by Visser and Harrison in ref. 199.

4.1. The case of antiferromagnetic intrachain coupling
4.1.1. CsFeBr6
In CsFeBr6 and RbFeBr6 all exchange interactions are antiferromagnetic. Except for an early suscep-
tibility measurement by Takeda et al. [217], the works on CsFeBr6 are devoted to the investigation
of the magnetic excitations. The excitation spectrum was studied both theoretically [218–221] and
experimentally by means of inelastic neutron-scattering in a zero field [42, 210] and in an external
magnetic field [209,211,222].

The lowest frequency excitation mode softens with decreasing temperature but stabilizes at
0.11 THz below 2.5 K down to 80 mK [209]. This fact indicates that CsFeBr6 remains a SGS
system forW $ 3 in zero field. At 1.6 K in an external magnetic field of 4.1 T applied alongf
axis a well-defined Bragg peak appears at (2/3 2/3 1) indicating a phase transition to the long-range
commensurate 120� structure [222]. But the correlation lengths do not diverge at that field. Instead,
they exhibit a flat maximum over about 0.3 T around 4.1 T and decrease again at higher field [209].
The nature of this phenomena is not yet understood.

4.1.2. RbFeBr6
This compound can be considered as an intermediate case between the SGS antiferromagnet and the
Heisenberg antiferromagnet with easy-plane anisotropy; the exchange interaction is strong enough
to produce three-dimensional order at temperatures below 5.5 K [153]. At a temperature of 108 K
RbFeBr6 undergoes a structural phase transition to a distorted phase with space groupS96@ppf
[216], which results in the appearance of two kinds of nearest-neigbours exchange in the basal plane
(M 3 and M 34). This produces a distortion of a spin triangles with the angle between nearest spins
not exactly 120�. The spin frustration is partially released (see Sect. 2.3.3 for details). The low
temperature crystal phase is found to be ferroelectric [223].

The specific-heat measurements revealed two successive magnetic phase transitions atWQ4 @
8=94 K and WQ5 @ 5=33 K [215]. This may be caused by the splitting betweenM 3 and M 34, but in
fact theM 3@M 34 ratio remains experimentally unknown: the inequivalency of the Fe5. sites is not
sufficiently large to be distinguished by M̈ossbauer spectroscopy [214]; the resolution of the inelastic
neutron-scattering experiments [38] was not good enough to see the influence of the splitting on the
dispersion of magnetic excitations. The energies and intensities of the excitations can be described
well using the dynamical correlated effective-field approximation neglecting the splitting betweenM 3

andM 34.

4.2. The case of ferromagnetic intrachain coupling
4.2.1. CsFeCl6
In CsFeCl6 the exchange interaction between Fe5. ions is ferromagnetic along thef axis, while the
interchain exchange is weakly antiferromagnetic [201]. The results of inelastic neutron scattering [29]
show that atW @ 8 K the lowest excitation energy at the magnetic zone center has a peak about
190 GHz confirming the absence of long-range magnetic order. From the dispersion relations the
parameters in the effective spin Hamiltonian (16) may be obtained, but the results depend strongly
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Table 10. Characteristics of the SGS triangular antiferromagnets.

Space group
at low A A� (K) Parameters of the magnetic interaction (GHz)

CsFeCl� �S� *66S LRO not found down to ( ' �fHc a ' 3�eHc a � ' ef (INS, heuristic formula) [201, 202]
0.8 K (C) [203], 80 mK [204] ( ' D2�c a

z

' 3De�Dc a �
z

' 2�HH (INS, exciton model) [29]
( ' �H.c a

8

' 3.Dc a

z

' 3�Df (Mö, pair model) [205]
( ' D22c a ' 3S2�bc a � ' e�2 (INS, RPA) [206]
( ' e�Sc a

8

' 3.�c a

z

' 3��f (NMR, spin-band model) [207]
( ' e2fc a ' 3.Hc a � ' e�2 (INS, DCEFA) [208]

CsFeBr� �S� *66S LRO not found down to ( ' S2fc a ' SSc a � ' S�. (INS, RPA) [42]
80 mK (NS) [209] ( ' S2fc a ' SSc a � ' S�2 (INS, RPA) [210]

( ' Sefc a ' Sec a � ' H (INS) [211]
RbFeCl� �S� *66S 2.55 [212] ( ' �Sfc a

8

' 3�Dfc a

z

' 3��f (Mö, pair model) [205]
2.45 (Mö) [205] ( ' efHc a

8

' 3��fc a

z

' 3�2fc a �
z

' �S (INS, 3 sublat. model) [29]
( ' DHfc a

z

' 3SDc a �
z

' S�f (INS, exciton model) [29]
( ' ebHc a

8

' 3�fc a

z

' 3SS (INS, DCEFA) [213]
RbFeBr� �S� S6 5.5 (NS) [153] ( ' 2Df3 2.fc a ' D2c a � ' 2 (Mö, CEFA) [214]

5.61 and 2.00 (C) [215] ( ' �DHfc a ' 2Sc a � ' D�H (INS, SW-theory) [216]
( ' �DHfc a ' 2Sc a � ' D�H (INS, SW-theory) [216]

LRO, long-range order.

INS, inelastic neutron-scattering measurements.

C, specific-heat measurements.

Mö, Mössbauer effect measurements.

NMR, nuclear magnetic resonance.

RPA, random phase approximation.

DCEFA, dynamical correlated-effective-field approximation.
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upon the theoretical model used to analyze the experimental data. An exciton model, correlated effec-
tive field analysis [29], self-consistent random-phase approximation [220], and dynamical correlated
effective-field approximation [208] give substantially different values for the exchange interaction
and the magnetic anisotropy. The parameters of the spin Hamiltonian can be estimated also from
measurements of the Mössbauer effect [205] and of the nuclear spin-lattice relaxation time [207] (see
Table 10 for details).

Further inelastic neutron-scattering investigation of the dispersion curves in the CsFeCl6 [206]
has shown that the minimum of the dispersion curve does not occur at theN-point but is shifted
slightly away. This effect can be explained by the inclusion of dipolar forces [224,225].

The transition to a magnetically ordered phase in an external magnetic field was detected by
magnetization [207, 226, 227], specific-heat [226], Mössbauer [228], and nuclear spin-lattice relax-
ation [207] measurements. AtKf @ :=8 T the ordered state was observed atW ? 5=9 K. Because
measurements are necessarily made at nonzero temperature, LRO appears over a wide region of
magnetic field aroundKf. For example atW @ 4=6 K magnetic susceptibility shows two anoma-
lies at 3.8 and 4.6 T when LRO appears, and the same two anomalies at 11.2 and 11.6 T when
LRO disappears in an increasing field. The step structure in thegP@gM curve observed at 3.8 and
4.6 T is caused by successive phase transitions from the nonmagnetic phase to a thermally frustrated
incommensurate phase and then to a commensurate three-sublattice antiferromagnetic phase [227].
An incommensurate magnetic phase (double-modulated and single-modulated) was found between
the nonmagnetic phase at low field and the commensurate phase at higher field by means of elastic
neutron-scattering [202]. AtW @ 3=: K the magnetic phase transitions take place atK4 @ 6=;8 T,
K5 @ 6=<5 T, andK6 @ 7=8 T. A possible explanation of the nature of the incommensurate phases
has been given in a framework of the correlation theory [220,229].

An additional magnetic phase transition at 33 T was observed in a magnetization measurements
[227]. The high field magnetization cannot be explained within the framework of the fictitiousV @ 4
spin states. Since the magnitude of themagnetization at 33 T is large, the anomalous increase in�
is attributed to the upper excitedM @ 5 spin state [227].

All five possible transitions forK n f andK B f between the ground state and the excited doublet
(see Fig. 16) have been observed in submillimetre wave ESR-measurements [230], while at higher
frequencies only two absorption lines were observed using far infrared Fourier spectroscopy [231].
One of the absorptions seems to come from the excitation between the ground state and the second
excited doublet. The mechanism of the second absorption is still unclear.

4.2.2. RbFeCl6
Unlike CsFeCl6, the isomorphous compound RbFeCl6 reveals three-dimensional long-range magnetic
order belowWQ4 @ 5=88 K [212]. The signs of the exchange interactions are the same as in CsFeCl6—
ferromagnetic along thef axis and antiferromagnetic in the plane. An inelastic neutron-scattering
study [29,169] showed clear softening of the magnetic excitations in a small region around the zone
center whenW $ WQ4. The influence of the softening on the nuclear spin-relaxation timeW4 of ;:Rb
was observed in an NMR experiment [232]. According to an elastic neutron-scattering study [233]
at zero magnetic field, RbFeCl6 undergoes three transitions atWQ4 @ 5=8 K, WQ5 @ 5=68 K,
and WQ6 @ 4=<8 K. Two different incommensurate structures have been found atWQ6 ? W ?
WQ5 and WQ5 ? W ? WQ4, while at W ? WQ6 the 120� in-plane triangular structure is observed
[29,212,233]. Very similar values for the phase-transition temperatures have been found from specific-
heat and susceptibility measurements [226]. The existence of thermal hysteresis atWQ6 indicates
that the incommensurate–commensurate transition is first order. From this study and susceptibility
measurements [234] a phase diagram in+K>W , coordinates may be derived as shown in Fig. 17.
There are two main features (d) the 120�-structure and paramagnetic phase are always separated
by one or two incommensurate phases; (e) application of a magnetic field parallel to thef axis
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Fig. 17. Magnetic phase diagram of the RbFeCl� for MzS, after Wada et al. [234]. Open and closed circles
correspond to the anomalies observed in the specific-heat and susceptibility measurements, respectively. Reprinted
with permission from the publisher and the authors.

increases the phase-transition temperature until a maximum is reached at 7.5 T; subsequently there is
a rapid decrease and the transition temperature goes to zero at 13 T. Shiba and Suzuki [225] propose
a theory, which explains the experimental phase diagram reasonably well from the viewpoint of a
conical-point instability due to the dipole–dipole interaction. They show that even a small dipole–
dipole interaction can transform the 120� structure to an incommensurate structure at intermediate
temperatures, although the low-temperature phase still should have the 120� structure. Very recently
the phase diagram of RbFeCl6 for K B f was reinvestigated by neutron-scattering [235]. Good
agreement between the results of two experiments was found for a field less than 1.0 T. Above 1.0 T
the neutron-scattering study gives a slightly higher value of the transition field from the commensurate
phase to the incommensurate phase.

The high field magnetization of RbFeCl6 exhibits an anomaly around 31 T [236], similar to those
in CsFeCl6 [227]. The situation regarding the spin Hamiltonian parameters derived from experiment
for RbFeCl6 is very similar to that in CsFeCl6. Different authors analyzed their experimental data
on the basis of different approximations and there has been controversy about the value of the
exchange interactions and the anisotropy. The results of a susceptibility measurements were analyzed
using the molecular field approximation [237] or pair approximation [238], where a Fe5. chain
was represented by an assembly of isolated pairs of nearest neighbour spins. The Mössbauer and
susceptibility data [200] were analyzed using the correlated effective-field approximation, developed
by Lines [239]. The results of inelastic neutron-scattering [29] were analyzed using this theory, the
three sublattice spin-wave approximation, and the exciton model. The parameters so determined
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depend strongly on which approximation is used; they are not universal; one set of parameters
cannot describe all available experimental data. Suzuki [213] has made an attempt to see to what
extent one can understand the various observed magnetic properties on the basis of a single set
of parameters. He used the dynamical correlated effective-field approximation [240] and has found
values of G>MB> Mn> jB, and jn, which can reproduce experimental data reasonably well. Originally
he considered only a single chain of Fe5. ions for the sake of simplicity, so that the approach is
applicable only in the paramagnetic phase. Later he included an interchain coupling in the model and
derived a consistent set of exchange parameters that explain the behaviour of RbFeCl6 above and
below WQ [241, 242].

5. Triangular antiferromagnet stacked ferromagnetically

Except for CsFeCl6 and RbFeCl6 as described in the previous chapter, there are just two triangular
antiferromagnets with ferromagnetic interactions along the chains, CsCuCl6 and CsNiF6. Each gives
rise to its own different physics, and will be dealt with in separate subsections of this chapter.

5.1. CsCuCl6
CsCuCl6 has been one of the most extensively studied of the triangular antiferromagnets. The spins
in the copper chains are coupled ferromagnetically, but the planar interactions are antiferromagnetic
so that frustration effects are of similar importance to the common case of antiferromagnetic chains.

What makes CsCuCl6 unique is that below 423 K the triangular crystal structure is distorted
through the Jahn–Teller effect to give a crystal structure with space groupS9455 [243, 244]. The
distortion from the stacked triangular lattice involves small in-plane displacements of copper atoms
so as to form a helix with axis alongf with one turn of the helix every six layers.

Below WQ=10.66(1) K [245], the zero-field magnetic structure showsde planes with the453�

triangular antiferromagnetic structure and with moments in the plane. Magnetic neutron Bragg peaks
are observed at (46

4
6 9q	�) with �=0.085 [34]. This corresponds to the triangular spin arrays that

are rotated aboutf by 8=4� between successive planes. The period of rotation is 11.8f or 214 Å.
It is believed [34] that this rotation arises from the Dzyaloshinsky–Moriya (DM) interaction that

gives rise to a term in the Hamiltonian given by

KGP @
[

l>m

(lm � +7l � 7m, (18)

In CsCuCl6 (lm is a vector alongf, which is nonzero only when atomsl and m are nearest
neighbours along the helical chains. In the absence of the Jahn–Teller distortion, symmetry requires
the DM term to vanish; this is why it has not been included in the Hamiltonian for other materials
discussed in this work. The Jahn–Teller distortion gives a second, smaller, effect on the Hamiltonian in
that it causes the vector(lm to deviate slightly from from thef axis with a period of six lattice spacings
[34,246]. This effect is small and often neglected in the literature. Neutron-scattering measurements
of the spin-wave dispersion relations by Mekata et al. [245] confirm this Hamiltonian and give
the intrachain exchangeM @ �8;3 GHz, mGm @ 454 GHz and the in-plane exchange interaction
M 3 @ <: GHz (no quantum corrections were included in deriving these parameters). It is apparent
that CsCuCl6 is less one dimensional than is usual for ABX6 materials, sincemM@M 3m is about 6 and
in other materials it is one to two orders of magnitude larger.

The ferromagnetic interactions along the chain give a minimum energy when all the moments
are aligned parallel, but the DM interaction is minimized when neighbouring moments are aligned
perpendicularly. The sum of these two terms in the Hamiltonian gives a minimum energy classically
for a helical magnet with the tangent of the turn angle between neighbouring moments equal to
mG@5M m [34]. The observed magnetic structure corresponds to these helices alongf stacked on a
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453� triangular lattice. The parameter � is observed to be independent of temperature [34] and field
(K ? Kf) [247]. Spin-wave dispersion relations have been calculated by Rastelli and Tassi [248] and
Stefanovskii and Sukstanskii [249] and are shown to agree with antiferromagnetic resonance data.

The maximum ordered moment for V @ 4
5 and j @ 5=43 [250] is 1.05 �E. Adachi et al. [34]

reported the ordered moment as +3=94	 3=34, �E, extrapolated to 0 K, but recent work gives higher
values, 0.85 �E [245] for zero field and low temperature, and +3=<3 	 3=34, �E at W @ 43=68 K
and K @ 8=< T [247]. The two latter values are higher than is typical for frustrated systems,
perhaps because the ferromagnetic chain coupling leads to smaller moment reductions than does
antiferromagnetic coupling.

An applied field along f gives rise to two first-order phase transitions at fields Kf4 and Kf5.
Nojiri et al. [251] gives Kf4 @ 45=8 T and Kf5 @ 64 T at W @ 4=4 K, while Chiba et al. [252]
gives Kf4 @ 44=4< T at W @ 7=5 K. For fields less than Kf4 the magnetic structure is that found in
zero field together with a canting of each spin towards the direction of the applied magnetic field.
At Kf4 the triangular layers break down into a colinear structure on the triangular lattice based on
that shown in Fig. 11, where two spins are aligned in one direction and the third is in the opposite
direction. There is a canting of all three spins towards the field direction [253]. The helical stacking
of the planes remains in this structure. Neutron-scattering work [247] confirms this description of
the magnetic structure above Kf4. On passing from the low-field to the medium-field structure the
(q6

q
6 9o	 �) lines lose intensity and new lines appear at (q6

q
6 9o). Above Kf5 the magnetic structure

is believed to be almost ferromagnetic, with the helical stacking destroyed. The phase transition at
Hf4 is not predicted for a classical system with the appropriate Hamiltonian; Nikuni and Shiba [253]
show however that when quantum fluctuations are taken into account the phase transition is to be
expected.

The field Hf4 decreases slowly as the temperature increases [247, 254–256], and this line of
first-order phase transition in theK–W phase diagram meets the paramagnetic phase transition at a
bicritical point. Extrapolation of the neutron-scattering measurements of Stuesser et al. [247] indicate
that the bicritical point occurs atKE @ 8=8 T andWE @ 43=: K, while the specific-heat measurements
of Weber et al. [256] give the same value forKE andWE = 10.59 K.

The behaviour of CsCuCl6 in a field perpendicular to thef axis has been treated theoretically by
Jacobs et al. [257,258]. The field splits the degeneracy of the orientation of the spin triangle in the
de plane and causes the triangles to no longer have angles of453�. This results in� varying with the
applied fieldK. An anomaly is observed [251] in the low-temperature magnetization at 12 T which
is believed to involve a transition to a commensurate state. Since CsCuCl6 is a frustrated system with
V @ 4

5 , quantum fluctuations would be expected to be important. Jacobs et al. [257] confirm this by
evaluating the first term in a4@V expansion and showing that quantum (and thermal) fluctuations
lift a nontrivial degeneracy and stabilize the commensurate state.

We finish this subsection by describing work on the critical phase transition. The magnetism in
CsCuCl6 shows two chiral degeneracies, one arising from the triangular structure in each plane and
one from the helix along thef axis. Weber et al. [256] argue that the structural helix will not affect
the critical properties and that the phase transition should be that of the chiral[\ model. This model
predicts� @ 3=58 	 3=34 and� @ 3=67 	 3=39 (Table 5), while if the nonuniversality model holds
tricritical exponents would be observed with� @ 3=58 and� @ 3=8 (Table 3). The early neutron-
scattering measurements of Adachi et al. [34] gave� @ 3=68;	 3=348, but this value has not been
confirmed by recent work that gives much lower values; Mekata et al. [245] give3=58 	 3=34 and
Stuesser et al. [247] give3=56	3=35. Recent specific-heat measurements of Weber et al. [256] in zero
field can be described well by a critical exponent� @ 3=68	3=38 except very close toWQ (w ? 43�6)
where the transition seems to go over to being weakly first order. The exponent is compatible with
the chiral[\ model and not with the tricritical model. The small canting of the vector(lm from
thef axis will lower the symmetry from]5�V4 to ]5. Thus the critical properties should eventually
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Fig. 18. Spin arrangement in the @K plane for CsNiF�. The unit cell is orthorhombic as shown by the continuous
lines.

exhibit a crossover effect from ]5�V4 to ]5 behaviour, though this effect has not been observed to
date. It is not clear whether the observed weakly-first-order effects are a fundamental property of the
frustrated [\ model or if they are a consequence of the expected crossover.

As the field increases towards KE the amplitude of the specific-heat divergence becomes smaller
and the first order part of the transition becomes even weaker. At a field above KE, K @ : T, the
specific-heat measurements show a critical phase transition with � @ 3=56 	 3=3;, contrary to the
expected value for regular [\ behaviour where � @ �3=34. The origin of this discrepancy is not
clear.

5.2. CsNiF6

This is the only fluoride ABX6 compound that crystallizes with the stacked triangular lattice [259].
The magnetic structure corresponds to an easy-plane antiferromagnet with no distortions at low
temperatures. As usual the interactions are much stronger along f than within the de plane, giving
rise to quasi-one-dimensional properties above WQ . The interactions along the chain and the soliton
properties have been much studied in the quasi-one-dimensional temperature region (see Kakurai et
al. [260] and references therein). In this article only the three-dimensional ordered properties will be
discussed. These are unique for an easy-axis material since the ordering consists of ferromagnetic df
planes stacked antiferromagnetically with moments aligned along d [261], as shown in the Fig. 18.

This ordering implies that the low-temperature ordered state breaks the hexagonal symmetry. In
practice domains are formed favouring one of the three equivalent d directions in the basal plane. In
terms of the hexagonal unit cell, Bragg peaks are observed in the low-temperature neutron-scattering
pattern with indices (k@5> n> o) where k, n, and o are all integers.

The magnetic order cannot arise from a Hamiltonian containing just nearest-neighbour interactions
and easy-plane anisotropy, as has been shown in earlier chapters. Scherer and Barjhoux [262] and
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Table 11. Various determinations of the magnetic parameters a , a �, ( and A
�

for CsNiF�.

Experimental technique 3a (GHz) a � (GHz) ( (GHz) A
�

(K)
Neutron-scattering 239(2) [266] 185(4) [266] 2.67(5) [261]

2.664 [267]
Specific-heat 173(17) [268] 2.613(3) [268]
Magnetization 208(10) [269] 177(10) [269]

270 [262] 0.71 [262]
AFMR 245 [263, 270] 191(10) [263, 270] 2.61 [263, 270]
Ultrasonic velocity 2.77(1) [271]

Suzuki [263] show that it will occur if the interactions, other than those along the chains, are
predominantly dipolar in character. The idea of this predominance is supported by the low value of
the Néel temperature, 2.7 K, which shows weak interchain interactions. The value of the ordered
moment, 2.26�E [261], for V @ 4 and j @ 5=5;, is higher than is found in frustrated triangular
structures. A theoretical treatment that includes magnetoelastic effects has been given by Caillé and
Plumer. A mean-field treatment of the phase diagram is given by Trudeau and Plumer [264].

The various experimentally-determined values ofM , M 3, G, andWQ are listed in the Table 11. It is
clear that the in-plane exchange,M 3, is small compared with the exchange along the chains,M , but the
magnitude is similar to that found in other ABX6 easy-plane materials (see Table 2). The anisotropy,
G, is however larger than in other easy-axis materials. The dipolar forces are long range in nature
and their relative influence, which comes from sums over a large number of moments, is greater
for ferromagnetic than for antiferromagnetic chain interactions. Theory [262, 263, 265] predicts the
correct structure for the parameters given in Table 11 together with dipolar interactions.

Because the chains are ferromagnetic, it would be expected that applied magnetic fields will have
a relatively greater influence than in other ABX6 materials. This is indeed the case for fields applied
in the basal plane, though the strong easy-plane anisotropy makes the effect of fields applied along
f less.

The neutron-scattering measurements of Steiner and Dachs [272] show that small fields,K,
applied in the basal plane to the ordered material influence the relative sizes of the three domains. A
field of around 0.05 T is sufficient to produce a single-domain sample with moments approximately
perpendicular toK. Larger fields destabilize the antiferromagnetic state and there is a phase transition
at critical field,Kf, to a paramagnetic state with imposed alignment of the moments alongK. Kf is
around 0.2 to 0.3 T at 2.0 K [271,272]

If the field is applied alongf, larger values ofK are needed to destroy the antiferromagnetism
because the field is opposed by the easy-plane anisotropy. A similar phase transition occurs in this case,
but the critical field,Kf is 8 to 25 times larger than whenK is applied in the basal plane [265,271].

The critical properties of CsNiF6 are not simple. The Hamiltonian has[\ symmetry in zero
field or with applied fieldK ? Kf alongf. For an applied field in the plane sufficient to produce a
single-domain sample the symmetry becomes Ising like [273] with} in a direction perpendicular to
bothf andK. There are two complicating factors however. First, the long-range nature of the dipolar
interactions can lead to mean-field exponents and to crossover behaviour. Second, the presence of
three equivalent domains in the structure changes the critical properties and makes the phase transition
first order [274].

Neutron-scattering measurements in zero field [267] show a critical phase transition with a
crossover atw @ mW�Wfm@Wf values near4=6�43�5 from exponents,� @ 4=4	3=4 and� @ 3=87	3=3:,
at largew, to different values,� @ 4=78 	 3=43, � @ 3=9; 	 3=3: and � @ 3=67 	 3=37, at small
w. Although the errors on the exponents are not small, the first set is consistent with mean-field
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exponents and the second set with [\ behaviour. There is no experimental evidence for a first-order
phase transition. Strain effects have been observed in CsNiF6 crystals [271] which might suppress
domain fluctuations, but this would not be expected to completely change the nature of the transition.

There is one other set of measurements of critical properties. Lussier and Poirier [271] have
measured the phase boundary Kf as a function of temperature and of the direction of K. For fields
perpendicular to f, Kf is large enough for the sample to be single domain and Ising symmetry is
to be expected. Plumer and Caillé [265] show thatKf varies as the order parameter, so that the
measurements should result in an Ising critical exponent� @ 3=659. The measured exponent is
3=64	 3=34 in not-too-bad agreement with theoretical expectations. The situation withK alongf is
puzzling however. Theory predicts an[\ exponent,� @ 3=678, for Kf while the experiment gives
a higher value,� @ 3=6:	 3=34.

6. Diluted and mixed triangular magnets

It is apparent from previous chapters (or at least the authors hope it is apparent) that there are plenty
of triangular magnets, the physical properties of which depend on the type and relative strength of
the exchange and anisotropic interactions. Those properties are not totally established yet. Even less
understanding of properties of diluted and mixed triangular magnets is currently achieved—as they
are found to be much more sophisticated ; nevertheless, some interesting results have been found and
ideas formulated in the process of their investigation. It is useful to draw the analogy here between
the triangular antiferromagnets and another example of a frustrated magnetic system, the[\ square-
lattice antiferromagnet dominated by second-neighbour antiferromagnetic exchange. In the latter case
dilution acts against thermal and quantum fluctuations, producing an effect known as “ordering due
to disorder” [275]. The present chapter summarizes briefly the characteristics of diluted and mixed
magnets on a triangular lattice.

The obvious method to “disturb” the magnetic system is to introduce small amounts of nonmag-
netic impurities. The presence of an impurity results either in mechanical distortion of the structure
of the original crystal or in the disruption of some part of the interaction between the magnetic atoms,
which is reflected in the collective behaviour of the spin system. The random field effect due to the
nonmagnetic impurities on spin correlation was studied by elastic neutron-scattering and magnetic
susceptibility measurements in an Ising antiferromagnet, CsCoCl6, doped by Mg or Zn [276] and
by measurements of diffuse scattering in CsCoCl6 doped by Mg [172]. The reduction of the upper
magnetic transition temperature,WQ4, has been found in samples with impurities:WQ4 @ 54=3 K for
the pure crystal,WQ4 @ 53=6 K crystal with 0.58% of Mg , for aWQ4 @ 4<=; K and crystal with
1.7% of Mg, respectively [172], while the temperature of the lower magnetic transition,WQ5, could
not be found down to 1.6 K [276]. The Mg concentration was determined by a chemical analysis.

On the other hand, detailed ESR and magnetization measurements of Heisenberg triangular anti-
ferromagnet, RbNiCl6, doped with 1% of Mg showed that the Neél temperature remained unchanged
from pure crystal, in whichWQ � 44 K [277]. However, the influence of the impurity at low
temperature is still well pronounced:

(1) the spin-flop region became much broader,
(2) the gap$+K @ 3, of one of the resonance branches has increased from 55 to 61 GHz,
(3) the gap of another resonance branch has found to be 20 GHz, while in the pure crystal it was

not been observed and its estimated value is 0.2 GHz.
Such a dramatic changing of the resonance spectrum was successfully described by introducing a
two-ion anisotropy of the formG+V}l ,

5+V}m ,
5 into the spin Hamiltonian (1). It has been postulated

that an impurity that does not occupy a site in the crystal lattice strongly distorts the electrical
interactions within the crystal, altering the character of the anisotropic interactions. In contrast to the
case of doped CsCoCl6, where the Mg concentration was different in different crystals, a� activation
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Fig. 19. Magnetic phase diagrams of CsNif�bH�f�f2Cl�, after Trudeau et al. [282] Reprinted with permission
from the publisher.

analysis revealed approximately the same concentration (about 1%) of Mg in all the crystals of
RbNiCl6 investigated.

A very unusual result has been reported recently by Yamazaki et al. [278] for a CsV4�{Mg{Cl6,
({ @ 3=333� 3=68:). The temperature-dependence of the magnetic susceptibility for a sample with
{ @ 3=359 suggests that the ordering temperature is about 35 K, while in a pure sample WQ4 @
46=; K [32]. Such a dramatic increase of the ordering temperature obviously has to be confirmed by
some other techniques.

The influence of diamagnetic dilution on the magnetic ordering process of the induced-moment
antiferromagnet RbFeCl6 is studied in ref. 279. Single crystals of the solid solution RbFe4�{Mg{Cl6
({ @ 3=35, 0.03 and 0.05) were investigated by means of elastic neutron-scattering. The { @ 3=35
and 0.03 samples showed transitions from paramagnetic to the IC4 phase at the same temperature,
WQ4 @ 5=88 K (see Fig. 17), then transitions to the IC5 and C phases at temperatures that decreased
sharply with {. The { @ 3=38 sample also shows a transition to the IC4 phase at WQ4 @ 5=88 K,
but no further transitions down to the lowest temperature of 1.38 K. An additional elastic diffuse
magnetic-scattering component centred at the vector +46

4
63, has been found to persist to temperatures

well above WQ in all samples.

Another method of investigation of the magnetic system consists of introducing small amount of
magnetic impurities. A substitution of magnetic ions can modify the amplitude, or even sign, of the
effective single-ion anisotropy. For example, in pure RbNiCl6 the splitting between WQ4 and WQ5 is
very small, 0.14 T [110], while addition of only 5% of Co results in as much as 9 K between WQ4 and
WQ5 [280]. Magnetic phase diagrams of the Heisenberg triangular antiferromagnet, CsNi3=<;P3=35Cl6
(P @ Co, Fe, Mg) have been determined by heat capacity [281] and ultrasonic velocity [282] mea-
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surements. As expected, when comparing with pure CsNiCl6, the Co-doped crystal shows enhanced
Ising effective single-ion anisotropy—the spin-flop fieldKVI and the splitting betweenWQ4 andWQ5

are sufficiently increased; the Fe-doped crystal behaves as a Heisenberg antiferromagnet with the[\
type of anisotropy—the phase diagram is very similar to those in CsMnBr6; in the Mg-doped crystal
nonmagnetic impurity causes decrease of effective single-ion anisotropy and values ofKVI andWQ
consequently. Magnetic phase diagrams of CsNi3=<;P3=35Cl6 for K parellel tof is shown on Fig.
19.

Apart from the addition of small amounts of impurities into antiferromagnets on a triangular lattice,
some investigations had been done on mixed systems, where the impurity concentration is not small.
In ref. 283 the magnetic phase diagram of Rb4�{K{NiCl6 has been studied by susceptibility and
torque measurements. Pure RbNiCl6 is a Heisenberg antiferromagnet with easy-axis type anisotropy,
while KNiCl6 demonstrates large easy-plane type anisotropy, see Chap. 2. The transition between two
different types of anisotropy has been found at{f @ 3=6;. The interpretation of the observed phase
diagram at large{ is quite complicated due to crystal structure distortions of pure KNiCl6.

Harrison and coauthors [284–286] have investigated magnetic ordering effects in the mixed
singlet-ground-state magnets AFeX6, where A is a mixture of Cs and Rb or X is the mixture of
Cl and Br. As was shown in Chap. 4 CsFeCl6 has a “truly” nonmagnetic ground state, while in
RbFeCl6 sufficiently strong exchange interaction causes magnetic ordering atW ? WQ @ 5=8 K.
Therefore, the replacement of Rb in RbFeCl6 by Cs should decrease Neél temperature or even sup-
press magnetic ordering. Indeed, it was found experimentaly [284], that as low as 5% of Cs is
sufficient to destroy long-range magnetic ordering. In RbFeCl6�{Br{, there is an obvious competi-
tion between the ferromagnetic and antiferromagnetic sign of the intrachain interactions: in RbFeCl6

the exchange alongf axis is ferromagnetic, while in RbFeBr6 it is antiferromagnetic (see Chap. 4).
Again, low concentrations of either type of dopant,3=6 ? { ? 5=:, destroys the magnetic long-range
order [285]. Note, that at intermediate compositions a singlet ground-state phase has been observed,
rather than the expected spin-glass phase.

7. Conclusions

As was mentioned in the Introduction, there are several ways that triangles of antiferromagnetic
interactions can be built into a crystal lattice. The distinguishing feature of the majority of antifer-
romagnets on a stacked triangular lattice, described in this article, is the appearance at sufficiently
low temperatures of the three-dimensional long-range magnetic ordering, despite the frustration of
the exchange interaction. The transition temperature of this sort of antiferromagnets is typically an
order of magnitude lower than the Curie–Weiss temperature, but such a big reduction of the transition
temperature usually arises from a combination of two effects, frustration and the low-dimensionality
of actual stacked-triangular materials (they have quasi 1D or 2D character).

The influence of the frustration on the magnetic properties of other triangular antiferromagnets,
which have more complicated structures, is apparently more substantial. For example, in Kagome-
lattice antiferromagnet SrCr<sGa45�<sO4<, with s � 3=< [287], the low-temperature ground state is
a spin glass. In gadolinium gallium garnet, Gd6Ga8O45, where the magnetic Gd ions are on two
interpenetrating corner-sharing triangular sublattices, long-range magnetic order has been found only
in the applied magnetic field around 1 T [288], while in a lower field, magnetization is different for
a field cooling and zero field cooling [289], which is typical for a spin glass. Many pyrochlores with
the chemical formula A5B5O: also undergo a phase transition to a spin glass state [16].

Because triangular antiferromagnets on a stacked triangular lattice still can be described at low
temperature in terms of Neél-type ordering, rather than spin-glass or a short-range order, they form
a good basis for the study of the effects of frustration on magnetic systems. Frustration leads to new
physics with novel phase diagrams and critical properties. Zero-point fluctuations are found in Ising
systems; these become large in[\ and Heisenberg systems.

©1997 NRC Canada

http://www.nrc.ca/cisti/journals/cjp/cjp75/physco97.pdf


648 Can. J. Phys. Vol. 75, 1997

Theory and experiment seem to be in good accord in describing the ground state and the excitations
of the triangular antiferromagnets except in the case of V @ 4 quasi-one-dimensional nickel materials
where spin-wave theory seems to be inadequate. Correction terms for ground-state fluctuations are
larger than can be dealt with confidently and vestiges of the one-dimensional Haldane effect are
believed to be present.

Theoretical predictions of the nature of the phase diagram as a function of K and W are in accord
with experiment, but the critical properties at phase transitions are often not described satisfactorily.
For materials with the Heisenberg Hamiltonian, the theoretical consensus favours Kawamura’s SO(3)
chiral universality class, but experiments show significant discrepancies. For the[\ Hamiltonian the
theoretical situation is controversial with three contending scenarios, chiral[\ properties, tricritical
properties, and a weak first-order phase transition. Experiment, which is largely confined to one
material, CsMnBr6, shows a critical phase transition with exponents that can be taken to be in
agreement with either the chiral[\ model or tricritical exponents; the two theories give quite
similar predictions for the exponents. There is a need for measurements of critical exponents of weak
(G ? 6M ’) easy-plane materials and for strong easy-plane materials in a field.

For easy-axis materials the experimental values and the theoretical predictions for the critical
indices�, �, and� at both of the two zero-field phase transitions are irreconcilable. The experimental
values are not in accord with the scaling laws and a confirmation of the single report of values of�
and� would be desirable.

A number of cobalt quasi-one-dimensional triangular antiferromagnets have Hamiltonians that are
close to the Ising Hamiltonian. The zero-field properties of these materials is not simple with three
phase transitions. Only the upper one of these shows a specific-heat anomaly. Most theoretical work
has predicted critical exponents at the upper critical temperature that follow the three-dimensional
unfrustrated[\ model, and most experiments agree with these predictions. One recent Monte Carlo
study suggested slightly different exponents, but unfortunately the experiments are not sufficiently
accurate to distinguish. One group has recently reported experimental determinations of� that are
significantly lower than those given in other reports, and that are not in accord with any theoretical
predictions.

It has long been a puzzle as to why one triangular antiferromagnet, RbMnBr6 shows an incom-
mensurate magnetic structure. Recently we and our coworkers have shown that this arises from small
structural distortions of the lattice along planes perpendicular to the basal plane. These distortions,
which map on to the row model of Zhang, et al., allow relatively small changes in exchange pa-
rameters, arising from the distortions, to destroy the simple triangular magnetic structure. Similar
distortion effects are also found in KNiCl6.
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200. M. Eibschütz, M.E. Lines, and R.C. Sherwood. Phys. Rev. B: Condens. Matter,11, 4595 (1975).
201. M. Steiner, K. Kakurai, W. Knop, B. Dorner, R. Pynn, U. Happek, P. Day, and G. McLeen. Solid State

Commun.38, 1179 (1981).
202. W. Knop, M. Steiner, and P. Day. J. Magn. Magn. Mater.31–34, 1033 (1983).
203. In ref.29 cited as: K. Takeda et al. Private communication about a specific heat measurements on

CsFeCl�.
204. In ref.228 cited as: D.P. Dickson, private communication. 1981.
205. P.A. Montano, H. Shechter, E. Cohen, and J. Makovsky. Phys. Rev. B: Condens. Matter, 9, 1066 (1974).
206. B. Schmid, B. Dorner, D. Petitgrand, L.P. Regnault, and M. Steiner. Z. Phys. B, 95, 13 (1994).
207. M. Chiba, Y. Ajiro, K. Adachi, and T. Morimoto. J. Phys. Soc. Jpn. 57, 3178 (1988); J. Phys. Colloque

C8, 49, 1445 (1988).
208. N. Suzuki and J. Makino. J. Phys. Soc. Jpn. 64, 2166 (1995).
209. B. Schmid, B. Dorner, D. Visser, and M. Steiner. Z. Phys. B: Condens. Matter, 86, 257 (1992); J. Magn.

Magn. Mater. 104–107, 771 (1992).
210. B. Dorner, D. Visser, U. Steigenberger, K. Kakurai, and M. Steiner. Physica B, 156&157, 263 (1989).
211. D. Visser, B. Dorner, and M. Steiner. Physica B, 174, 25 (1991).
212. G.R. Davidson, M. Eibschutz, D.E. Cox, and V.J. Minkiewicz. AIP Conf. Proc. 5, 436 (1971).
213. N. Suzuki. J. Phys. Soc. Jpn. 50, 2931 (1981).
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