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✺✳✷✸ ❍✐st♦❣r❛♠s ♦❢ tr❛❥❡❝t♦r② ✜♥❛❧ ♣♦s✐t✐♦♥s ❢♦r ❡❛❝❤ ❞✐s♦r❞❡r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✹

✺✳✷✹ ❍✐st♦❣r❛♠s ♦❢ r❛♥❞♦♠ ♣♦s✐t✐♦♥s ❛t ✜♥❛❧ t✐♠❡ st❡♣✱ ✈✐❛ t❤❡ ❇♦r♥ r✉❧❡ ✺✺

✺✳✷✺ ❉✐✛❡r❡♥❝❡ ♣❧♦ts ❜❡t✇❡❡♥ ✜♥❛❧ ♣♦s✐t✐♦♥ ❛♥❞ ❇♦r♥ r✉❧❡ ❤✐st♦❣r❛♠s ✳ ✳ ✳ ✺✻

✺✳✷✻ ❍✐st♦❣r❛♠s ♦❢ tr❛❥❡❝t♦r② ❛✈❡r❛❣❡ ✈❡❧♦❝✐t② ♦✈❡r t✐♠❡✱ ♣❡r ❞✐s♦r❞❡r ✳ ✳ ✺✽

✐✐✐



✺✳✷✼ ❍✐st♦❣r❛♠s ♦❢ ❛✈❡r❛❣❡ ✈❡❧♦❝✐t② ♦✈❡r t❤❡ ✜♥❛❧ 2000 t✐♠❡ st❡♣s ✳ ✳ ✳ ✳ ✳ ✺✾

✐✈



▲✐st ♦❢ ❚❛❜❧❡s

✺✳✶ P❛r❛♠❡t❡rs ♦❢ ✜tt❡❞ ●❛✉ss✐❛♥ ❝✉r✈❡s ❢♦r ❡❛❝❤ ❞✐s♦r❞❡r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾

✈



❆❝❦♥♦✇❧❡❞❣♠❡♥ts

■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ Pr♦❢❡ss♦r ❘✉❞♦❧❢ ❘♦❡♠❡r ❛♥❞ ❊❞♦❛r❞♦ ❈❛r♥✐♦ ✇❤♦ ❤❛✈❡ r❡❣✲

✉❧❛r❧② ❛s❦❡❞ ❢♦r ✉♣❞❛t❡s t♦ t❤❡ ♣r♦❥❡❝t ✇❤✐❝❤ ❤❛s ❦❡♣t ♠❡ ♠♦t✐✈❛t❡❞✱ ❛♥❞ ❢♦r t❤❡✐r

❣✉✐❞❛♥❝❡ ❛♥❞ ✐♥s✐❣❤t t❤r♦✉❣❤♦✉t t❤❡ ♣r♦❥❡❝t✳

❆❧s♦ ♠❛♥② t❤❛♥❦s t♦ ❛❧❧ t❤❡ ♣❤②s✐❝s ♣♦st❣r❛❞✉❛t❡ st✉❞❡♥ts ❢♦r t❤❡✐r ❣❡♥❡r❛❧

❛❞✈✐❝❡✱ s✉♣♣♦rt ❛♥❞ ❢r✐❡♥❞s❤✐♣✳ ■ ♠✉st ❛❧s♦ t❤❛♥❦ ♠② ❝❧♦s❡ ❢r✐❡♥❞s ✇❤♦ ❤❡❧♣❡❞ ♠❡

❣❡t t❤r♦✉❣❤ t❤✐s ♣r♦❥❡❝t❀ t❤❡✐r ❝♦♠♣❛♥✐♦♥s❤✐♣ ❤❛s ❤❡❧♣❡❞ ♠❡ ❣❡t t❤r♦✉❣❤ t❤❡ ♠♦r❡

❞✐✣❝✉❧t ♠♦♠❡♥ts✳

■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ♠② ❢❛♠✐❧② ❢♦r t❤❡✐r ❤❡❧♣ ❡♠♦t✐♦♥❛❧❧②✱ ❛♥❞ ❢♦r ❣❡tt✐♥❣

♠❡ t❤r♦✉❣❤ t❤❡ t❤❡s✐s ✇r✐t✐♥❣ st❛❣❡✳

▲❛st❧②✱ ■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ❛♥②♦♥❡ ❡❧s❡ ✇❤♦ ❤❡❧♣❡❞ ♠❡ t❤❛t ■ ❝♦✉❧❞ ❤❛✈❡

❢♦r❣♦tt❡♥ t♦ ♠❡♥t✐♦♥ ❤❡r❡✳

✈✐



❉❡❝❧❛r❛t✐♦♥s

■ ❞❡❝❧❛r❡ t❤❛t t❤❡ r❡s❡❛r❝❤ ♣r❡s❡♥t❡❞ ✐♥ t❤✐s t❤❡s✐s ✐s ♠② ♦✇♥ ✇♦r❦ ❛♥❞ t❤❛t ■ ❤❛✈❡ ❝♦r✲

r❡❝t❧② ❛❝❦♥♦✇❧❡❞❣❡❞ t❤❡ ✇♦r❦ ♦❢ ♦t❤❡rs✳ ❚❤✐s t❤❡s✐s ✐s ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ ❯♥✐✈❡rs✐t②

❣✉✐❞❛♥❝❡ ♦♥ ❣♦♦❞ ❛❝❛❞❡♠✐❝ ❝♦♥❞✉❝t✱ ✐♥❝❧✉❞✐♥❣ ❣✉✐❞❛♥❝❡ ♦♥ ❤♦✇ t♦ ❛✈♦✐❞ ♣❧❛❣✐❛r✐s♠

❛♥❞ ❛❞✈✐❝❡ ❢♦r r❡❢❡r❡♥❝✐♥❣ s♦✉r❝❡s✱ ❛✈❛✐❧❛❜❧❡ ❛t✿ ❤tt♣s✿✴✴✇❛r✇✐❝❦✳❛❝✳✉❦✴s❡r✈✐❝❡s✴ ❧✐✲

❜r❛r②✴st✉❞❡♥ts✴r❡❢❡r❡♥❝✐♥❣✴

■ ❛❧s♦ ❞❡❝❧❛r❡ t❤❛t t❤✐s t❤❡s✐s ❤❛s ♥♦t ❜❡❡♥ s✉❜♠✐tt❡❞ ❢♦r ❛ ❞❡❣r❡❡ ❛t ❛♥♦t❤❡r

✉♥✐✈❡rs✐t②✱ ♦♥❧② t♦ t❤❡ ❯♥✐✈❡rs✐t② ♦❢ ❲❛r✇✐❝❦✳

✈✐✐



❆❜str❛❝t

❯s✐♥❣ ❞❡✲❇r♦❣❧✐❡ ❇♦❤♠ t❤❡♦r②✱ ❛♥ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝s ✇✐t❤

❞❡t❡r♠✐♥✐st✐❝ ♣❛rt✐❝❧❡ tr❛❥❡❝t♦r✐❡s✱ ✐♥st❡❛❞ ♦❢ t❤❡ ✉s✉❛❧ ❈♦♣❡♥❤❛❣❡♥ ✐♥t❡r♣r❡t❛t✐♦♥✱

✇❤❡r❡ ♣r♦♣❡rt✐❡s ♦❢ ♣❛rt✐❝❧❡s ♦♥❧② ❡①✐st ✉♣♦♥ ♠❡❛s✉r❡♠❡♥t✱ ❝❛♥ ❜❡ ✉s❡❢✉❧ ✐♥ st✉❞②✐♥❣

❛ s②st❡♠ ✐♥ t❡r♠s ♦❢ ♥♦♥✲❧✐♥❡❛r ❞②♥❛♠✐❝s✳ ❙♣❡❝✐✜❝❛❧❧② ✐t ✐s ♣♦ss✐❜❧❡ t♦ ♠❡❛s✉r❡ t❤❡

▲②❛♣✉♥♦✈ ❡①♣♦♥❡♥ts ♦❢ ❇♦❤♠ tr❛❥❡❝t♦r✐❡s✱ s♦ ✐♥ t❤✐s ♣r♦❥❡❝t ❞❡ ❇r♦❣❧✐❡✲❇♦❤♠ t❤❡♦r②

✐s ❛♣♣❧✐❡❞ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❆♥❞❡rs♦♥ ❧♦❝❛❧✐③❛t✐♦♥ ✐♥ ♦♥❡✲❞✐♠❡♥s✐♦♥ ❜② ✉t✐❧✐③✐♥❣ ❛

❝♦♠♣✉t❡r s✐♠✉❧❛t✐♦♥ t♦ ❡✈♦❧✈❡ t❤❡ s②st❡♠ ❛♥❞ t♦ tr❛❝❦ t❤❡ tr❛❥❡❝t♦r✐❡s ♦❢ t❤❡ ❇♦❤♠

♣❛rt✐❝❧❡s✳ ❇② st✉❞②✐♥❣ t❤❡ tr❛❥❡❝t♦r✐❡s ✉s✐♥❣ t✐♠❡ s❡r✐❡s ❛♥❛❧②s✐s t❤❡ ❆♥❞❡rs♦♥ ♠♦❞❡❧

❝❛♥ ❜❡ st✉❞✐❡❞ ✐♥ ❛ ✉♥✐q✉❡ ✇❛②✱ ♣r♦❞✉❝✐♥❣ r❡s✉❧ts ✇❤✐❝❤ ❝❛♥ ❛❧s♦ ❜❡ s❤♦✇♥ ❜② t❤❡

✉s✉❛❧ ♠❡t❤♦❞s ❛♥❞ ♦♣❡♥✐♥❣ t❤❡ ❞♦♦r t♦ r❡s❡❛r❝❤ ♥♦t ♣♦ss✐❜❧❡ ✐♥ t❤❡ ❈♦♣❡♥❤❛❣❡♥

✐♥t❡r♣r❡t❛t✐♦♥✳ ❚❤❡ ❛✈❡r❛❣❡ ♠❛①✐♠❛❧ ▲②❛♣✉♥♦✈ ❡①♣♦♥❡♥t ♦✈❡r ♠❛♥② r❡❛❧✐s❛t✐♦♥s

♦❢ t❤❡ s②st❡♠ ✐s ❢♦✉♥❞ ❢♦r ❡❛❝❤ tr❛❥❡❝t♦r② ❛♥❞ ♣❧♦tt❡❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ tr❛❥❡❝t♦r②

✐♥✐t✐❛❧ ♣♦s✐t✐♦♥✳ ❚❤❡s❡ ♣❧♦ts ❛r❡ ♣r♦❞✉❝❡❞ ❢♦r ❡❛❝❤ ✈❛❧✉❡ ♦❢ ❞✐s♦r❞❡r ✇❤✐❝❤ s❤♦✇

♣❡❛❦s ♦❢ ❛✈❡r❛❣❡ ♠❛①✐♠❛❧ ▲②❛♣✉♥♦✈ ❡①♣♦♥❡♥t✱ ✇❤❡r❡ ●❛✉ss✐❛♥ ❝✉r✈❡s ❛r❡ ✜tt❡❞ ❛♥❞

t❤❡ r♦♦t ♠❡❛♥ sq✉❛r❡ ✇✐❞t❤ ✐s ♠❡❛s✉r❡❞✳ ❚❤❡s❡ ✇✐❞t❤s s❤♦✇ ❛ ♣♦t❡♥t✐❛❧ q✉❛❞r❛t✐❝

r❡❧❛t✐♦♥ t♦ ❞✐s♦r❞❡r✱ s♦ ❜② ✉s✐♥❣ t❤❡ ❚❤♦✉❧❡ss ❢♦r♠✉❧❛ t❤❡ ❧♦❝❛❧✐③❛t✐♦♥ ❧❡♥❣t❤ ❝❛♥

❜❡ ❢♦✉♥❞ ♣✉r❡❧② ❜② ❧♦♦❦✐♥❣ ❛t t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ tr❛❥❡❝t♦r✐❡s✳ ❇② ♣❧♦tt✐♥❣ t❤❡

❞✐str✐❜✉t✐♦♥ ♦❢ ♠❛①✐♠❛❧ ▲②❛♣✉♥♦✈ ❡①♣♦♥❡♥ts ♣❡r tr❛❥❡❝t♦r②✱ ✐♥❞✐✈✐❞✉❛❧ tr❛❥❡❝t♦r✐❡s

❝♦✉❧❞ ❜❡ ❛♥❛❧②s❡❞ t❤♦✉❣❤ ❢✉rt❤❡r ✇♦r❦ ✐s r❡q✉✐r❡❞ t♦ ✜♥❞ ♦✉t ❤♦✇✳ ❆♥♦t❤❡r r♦✉t❡

❢♦r st✉❞②✐♥❣ t❤❡ tr❛❥❡❝t♦r✐❡s ✐♥✈♦❧✈❡s ♣❧♦tt✐♥❣ ❤✐st♦❣r❛♠s ♦❢ t❤❡✐r ✜♥❛❧ ♣♦s✐t✐♦♥s✱ ❛♥❞

❛❧s♦ t❤❡ ❛✈❡r❛❣❡ ✈❡❧♦❝✐t✐❡s ♣❡r tr❛❥❡❝t♦r② ♦✈❡r t❤❡ s✐♠✉❧❛t✐♦♥ t✐♠❡✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ✉s❡❞

t♦ s❤♦✇ ✇❤❡t❤❡r t❤❡ s②st❡♠ ✐s ✐♥ t❤❡ ❧♦❝❛❧✐③❡❞ ♦r ❞✐✛✉s✐✈❡ st❛t❡✳

✈✐✐✐



❆❜❜r❡✈✐❛t✐♦♥s

❞❡❇❇ ❞❡ ❇r♦❣❧✐❡✲❇♦❤♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶

❋❋❚ ❢❛st ❋♦✉r✐❡r tr❛♥s❢♦r♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹

▼▲❊ ♠❛①✐♠❛❧ ▲②❛♣✉♥♦✈ ❡①♣♦♥❡♥t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵

❘▼❙ r♦♦t ♠❡❛♥ sq✉❛r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼

✐①



❈❤❛♣t❡r ✶

■♥tr♦❞✉❝t✐♦♥

■♥ ❛tt❡♠♣t✐♥❣ t♦ ✉♥✐❢② q✉❛♥t✉♠ ♣❤②s✐❝s ✇✐t❤ ❣❡♥❡r❛❧ r❡❧❛t✐✈✐t② ❛♥❞ ❣r❛✈✐t②✱ s♦♠❡

❤❛✈❡ ♣♦s✐t❡❞ ✭❍❛r❞② ❛♥❞ ❙♣❡❦❦❡♥s ❬✷✵✶✵❪✮ t❤❛t t❤❡ r❡❛s♦♥ t❤❛t ✐t ❤❛s ♥♦t ❜❡❡♥ ❛❝✲

❝♦♠♣❧✐s❤❡❞ ✐s ❞✉❡ t♦ ❛♥ ✐♥❝♦♠♣❧❡t❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❝✉rr❡♥t q✉❛♥t✉♠ t❤❡♦r②✳ ❚❤❡

✐♥t❡r♣r❡t❛t✐♦♥s ♦❢ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝s ❛tt❡♠♣t t♦ ❣✐✈❡ ♠♦r❡ ♠❡❛♥✐♥❣ t♦ t❤❡ ❞❡✜✲

♥✐t✐♦♥ ♦❢ t❤❡ ✇❛✈❡ ❢✉♥❝t✐♦♥ ❛♥❞ ❡①♣❧❛✐♥ ❛ ♣r♦❝❡ss ❢♦r t❤❡ ✇❛✈❡ ❢✉♥❝t✐♦♥ ❝♦❧❧❛♣s❡

✉♣♦♥ ♠❡❛s✉r❡♠❡♥t✳ ❚❤❡r❡ ❛r❡ ♠❛♥② ❞✐✛❡r❡♥t ✐♥t❡r♣r❡t❛t✐♦♥s ♦❢ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝s

s✉❝❤ ❛s t❤❡ ▼❛♥② ❲♦r❧❞s ■♥t❡r♣r❡t❛t✐♦♥ ✭❊✈❡r❡tt ❬✶✾✺✻❪✮✱ t❤❡ ❚r❛♥s❛❝t✐♦♥❛❧ ■♥t❡r✲

♣r❡t❛t✐♦♥ ✭❈r❛♠❡r ❬✷✵✶✺❪✮✱ ❉❡❝♦❤❡r❡♥t ❍✐st♦r✐❡s ✭●❡❧❧ ▼❛♥♥ ❛♥❞ ❇✳ ❍❛rt❧❡ ❬✷✵✶✶❪✮✱

◗✉❛♥t✉♠ ❉❛r✇✐♥✐s♠ ✭❩✉r❡❦ ❬✷✵✵✾❪✮✱ ❛♥❞ t❤❡ ❈♦s♠♦❧♦❣✐❝❛❧ ■♥t❡r♣r❡t❛t✐♦♥ ✭❆❣✉✐rr❡

❛♥❞ ❚❡❣♠❛r❦ ❬✷✵✶✶❪✮✳ ❚❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ✐♥t❡r❡st ✐♥ t❤✐s ♣r♦❥❡❝t ✐s t❤❡ ❞❡ ❇r♦❣❧✐❡✲

❇♦❤♠ ✭❞❡❇❇✮ t❤❡♦r② ✭❇♦❤♠ ❬✶✾✺✷❛❪ ❛♥❞ ❇♦❤♠ ❬✶✾✺✷❜❪✮✳ ■♥ ♦r❞❡r t♦ ❞❡✜♥❡ t❤❡ ✇❛✈❡

❢✉♥❝t✐♦♥ ♠♦r❡ ❝♦♠♣❧❡t❡❧②✱ ❞❡❇❇ t❤❡♦r② ♠❛❦❡s ❛ r❡t✉r♥ t♦ ❞❡t❡r♠✐♥✐s♠✳ ❚❤❡ q✉❛♥✲

t✉♠ ♣r♦❜❛❜✐❧✐t② ✐♥ t❤✐s t❤❡♦r② ♦r✐❣✐♥❛t❡s s✐♠♣❧② ❢r♦♠ ♦✉r ❧❛❝❦ ♦❢ ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡

✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s✱ ❛♥❞ ❛ ❣✐✈❡♥ ♣❛rt✐❝❧❡ ❤❛s ❞❡✜♥✐t❡ ♣r♦♣❡rt✐❡s r❡❣❛r❞❧❡ss ♦❢ ✇❤❡t❤❡r

❛ ♠❡❛s✉r❡♠❡♥t ✐s t❛❦✐♥❣ ♣❧❛❝❡ ♦r ♥♦t✳ ❍♦✇❡✈❡r ✐t ✐s ✇♦rt❤ ♥♦t✐♥❣ t❤❛t✱ ❥✉st ❧✐❦❡ ✐♥

♦r❞✐♥❛r② q✉❛♥t✉♠ t❤❡♦r②✱ ❞❡❇❇ t❤❡♦r② ❞♦❡s ♥♦t ②❡t ❡①♣❧❛✐♥ ✇❤② t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐s✲

tr✐❜✉t✐♦♥ ✐s ❛s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ❇♦r♥ ♣r♦❜❛❜✐❧✐t② r✉❧❡ ✭❍♦❧❧❛♥❞ ❬✶✾✾✺❪✮✱ ❛❧t❤♦✉❣❤ t❤❡r❡

❛r❡ s✉❣❣❡st✐♦♥s t❤❛t ✐t ❛r✐s❡s ♥❛t✉r❛❧❧② ❢r♦♠ t❤❡ ♣❛rt✐❝❧❡ ❞②♥❛♠✐❝s ♦❢ ❞❡❇❇ t❤❡♦r②✳

■♥ ❚♦✇❧❡r ❡t ❛❧✳ ❬✷✵✶✷❪ ❛♥❞ ❱❛❧❡♥t✐♥✐ ❛♥❞ ❲❡st♠❛♥ ❬✷✵✵✺❪ ♥✉♠❡r✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥s ❛r❡

❝♦♥❞✉❝t❡❞ ✇❤❡r❡ t❤❡ ✐♥✐t✐❛❧ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ✐s ♥♦t t❤❛t ❣✐✈❡♥ ❜② t❤❡ ❇♦r♥

r✉❧❡✳ ❆❢t❡r ❡✈♦❧✈✐♥❣ t❤❡ s②st❡♠ ❢♦r ❛ ❝❡rt❛✐♥ ♥✉♠❜❡r ♦❢ t✐♠❡ st❡♣s t❤❡ ♣r♦❜❛❜✐❧✐t②

❞✐str✐❜✉t✐♦♥ ❝♦♥✈❡r❣❡s t♦✇❛r❞s t❤❡ ❇♦r♥ r✉❧❡✱ s❤♦✇✐♥❣ t❤❛t t❤❡ ❇♦r♥ r✉❧❡ ♠❛② ♥♦t

♥❡❡❞ t♦ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛♥ ❛①✐♦♠ ✐♥ t❤✐s ✐♥t❡r♣r❡t❛t✐♦♥ ❜✉t ❝♦✉❧❞ ❧❛t❡r ❜❡ s❤♦✇♥ t♦

❜❡ ❛♥ ❡♠❡r❣✐♥❣ ❢❡❛t✉r❡✳

❆s st❛t❡❞ ✐♥ t❤❡ ✜rst ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ♣❛✐r ♦❢ ❛rt✐❝❧❡s ❢♦r ❞❡❇❇ t❤❡♦r② ✭❇♦❤♠

✶



❬✶✾✺✷❛❪✮✱ t❤❡ t❤❡♦r② ❣✐✈❡s ❛ ♠♦r❡ ❣❡♥❡r❛❧ ♠❛t❤❡♠❛t✐❝❛❧ ❢♦r♠❛❧✐s♠ t❤❛♥ t❤❡ ✉s✉❛❧

❈♦♣❡♥❤❛❣❡♥ ✐♥t❡r♣r❡t❛t✐♦♥ t❤❛t ❝♦✉❧❞ s❤♦✇ ✇❤❛t ♦❝❝✉rs ❛t ❞✐st❛♥❝❡s ♦❢ t❤❡ ♦r❞❡r

10−13 ❝♠ ♦r ❧❡ss✱ ❛❧❧♦✇✐♥❣ ♣❤②s✐❝❛❧ ♣❤❡♥♦♠❡♥❛ ❛t t❤❡s❡ ✈❡r② s♠❛❧❧ ❞✐st❛♥❝❡s t♦ ❜❡

❞❡s❝r✐❜❡❞✳ ❚❤❡ s❡❝♦♥❞ ❛rt✐❝❧❡ ✭❇♦❤♠ ❬✶✾✺✷❜❪✮ ♣r♦✈❡s t❤❛t ❛♥② ♣r❡❞✐❝t✐♦♥s ♠❛❞❡

❛❜♦✉t t❤❡ r❡s✉❧ts ♦❢ ♠❡❛s✉r❡♠❡♥ts ✐♥ ❞❡❇❇ t❤❡♦r② ♠❛t❝❤ t❤♦s❡ ♦❢ t❤❡ ❈♦♣❡♥❤❛❣❡♥

✐♥t❡r♣r❡t❛t✐♦♥✱ ✇✐t❤ t❤❡ ✉♥❝❡rt❛✐♥t② ♣r✐♥❝✐♣❧❡ ❜❡✐♥❣ ❛ ♣r❛❝t✐❝❛❧ ❧✐♠✐t❛t✐♦♥ ✐♥ ❞❡❇❇

t❤❡♦r② ❝♦♠♣❛r❡❞ t♦ ✐t ❜❡✐♥❣ ✐♥❤❡r❡♥t ✐♥ t❤❡ ❈♦♣❡♥❤❛❣❡♥ ✐♥t❡r♣r❡t❛t✐♦♥✳ ❚❤❡ ✉♥❝❡r✲

t❛✐♥t② ✐s s❛✐❞ t♦ ❛r✐s❡ ❢r♦♠ ✉♥♣r❡❞✐❝t❛❜❧❡ ❞✐st✉r❜❛♥❝❡s ♦❢ t❤❡ ♦❜s❡r✈❡❞ s②st❡♠ ❜② t❤❡

♠❡❛s✉r✐♥❣ ❛♣♣❛r❛t✉s✳

■♥ ❞❡❇❇ t❤❡♦r② ❛ ♣❛rt✐❝❧❡ ✐s ❣✉✐❞❡❞ ❜② ❛ ✇❛✈❡✱ ❞❡s❝r✐❜❡❞ ❜② t❤❡ ✇❛✈❡ ❢✉♥❝t✐♦♥✱

t❤❛t ❤❛s s♦♠❡ ♣❤②s✐❝❛❧ ♠❛♥✐❢❡st❛t✐♦♥ ✐♥ r❡❛❧ s♣❛❝❡✳ ❚❤❡ ❣r❛❞✐❡♥t ♦❢ t❤❡ ♣❤❛s❡✱ ✇✐t❤

r❡s♣❡❝t t♦ ♣♦s✐t✐♦♥✱ ♣r♦✈✐❞❡s t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ ✉s❡❞ t♦ ❞❡s❝r✐❜❡ ♣❛rt✐❝❧❡ ♠♦t✐♦♥✳ ◆♦❞❛❧

r❡❣✐♦♥s ♦❢ t❤❡ ✇❛✈❡ ❢✉♥❝t✐♦♥ ❛r❡ ♣♦✐♥ts ✐♥ s♣❛❝❡ ✇❤❡r❡ t❤❡ ❛♠♣❧✐t✉❞❡ ♦❢ t❤❡ ✇❛✈❡ ✐s

③❡r♦✱ ❛♥❞ s♦ t❤❡ ♣❛rt✐❝❧❡ ❝❛♥ ♥❡✈❡r ❡♥t❡r t❤❡s❡ r❡❣✐♦♥s✳ ❋r✐s❦ ❬✶✾✾✼❪ s❤♦✇s t❤❛t ✐❢

t❤❡ ✇❛✈❡ ❢✉♥❝t✐♦♥ ❤❛s ♠❛♥② ♥♦❞❡s t❤❡♥ t❤❡ tr❛❥❡❝t♦r✐❡s ❛r❡ ❝❤❛♦t✐❝✳ ■t ❤❛s ❛❧s♦ ❜❡❡♥

♣r♦✈❡♥ t❤❛t t❤❡ ♠♦t✐♦♥ ♦❢ ✈♦rt✐❝❡s ✐♥ t❤❡ ❛ss♦❝✐❛t❡❞ ✈❡❧♦❝✐t② ✜❡❧❞ ❝❛♥ ❧❡❛❞ t♦ ❝❤❛♦t✐❝

❜❡❤❛✈✐♦✉r ♦❢ t❤❡ tr❛❥❡❝t♦r✐❡s ✭❇♦r♦♥❞♦ ❡t ❛❧✳ ❬✷✵✵✾❪✮✳ ■♥❞❡❡❞ ✐♥ ❞❡❇❇ t❤❡♦r② ✐t ✐s

♣♦ss✐❜❧❡ t♦ ❤❛✈❡ ❛ str♦♥❣ ❞❡✜♥✐t✐♦♥ ♦❢ ❛ ❝❤❛♦t✐❝ s②st❡♠ ❞✉❡ t♦ ♣❛rt✐❝❧❡s tr❛✈❡❧❧✐♥❣ ✐♥

❝❧❛ss✐❝❛❧✲❧✐❦❡ tr❛❥❡❝t♦r✐❡s✱ t❤❡r❡❢♦r❡ t❤❡ ▲②❛♣✉♥♦✈ ❡①♣♦♥❡♥ts ♦❢ t❤❡s❡ tr❛❥❡❝t♦r✐❡s ❝❛♥

❜❡ ❢♦✉♥❞✳ ■♥ ❝♦♥tr❛st✱ ❢♦r t❤❡ ❈♦♣❡♥❤❛❣❡♥ ✐♥t❡r♣r❡t❛t✐♦♥ ❛ ❞❡✜♥✐t✐♦♥ ♦❢ ❝❤❛♦s ✐s ♠✉❝❤

❧❡ss ❝❧❡❛r s✐♥❝❡ ✐t ❞♦❡s ♥♦t ♠❛❦❡ s❡♥s❡ t♦ ❝♦♥s✐❞❡r t❤❡ ♣♦s✐t✐♦♥ ♦❢ ❛ ♣❛rt✐❝❧❡ ✐♥ ❜❡t✇❡❡♥

♠❡❛s✉r❡♠❡♥ts✳ ❯s✐♥❣ ❞❡❇❇ t❤❡♦r②✱ q✉❛♥t✉♠ s②st❡♠s s✉❝❤ ❛s t❤❡ q✉❛♥t✉♠ ❦✐❝❦❡❞

r♦t❛t♦r ❛♥❞ ❛ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❛♥✐s♦tr♦♣✐❝ ♦s❝✐❧❧❛t♦r ❤❛✈❡ ❜❡❡♥ st✉❞✐❡❞ ✉s✐♥❣ ❝❤❛♦s

t❤❡♦r② ✭■❛❝♦♠❡❧❧✐ ❛♥❞ P❡tt✐♥✐ ❬✶✾✾✻❪✮✳ ❆s ❢♦r ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ q✉❛♥t✉♠ s②st❡♠s✱

❞❡ ❆❧❝❛♥t❛r❛ ❇♦♥✜♠ ❡t ❛❧✳ ❬✶✾✾✽❪ ❢♦✉♥❞ ❝❤❛♦t✐❝ ❜❡❤❛✈✐♦✉r ✐♥ ♦♥❡ ❞✐♠❡♥s✐♦♥ ❢♦r ❛

s✐♥❣❧❡ ♣❛rt✐❝❧❡ ✐♥ ❛ ❞♦✉❜❧❡ sq✉❛r❡✲✇❡❧❧ ♣♦t❡♥t✐❛❧✱ ✇❤✐❝❤ ✐s ❛ sq✉❛r❡ ❜❛rr✐❡r ❡♠❜❡❞❞❡❞

✐♥ ❛♥ ✐♥✜♥✐t❡ ✇❡❧❧✳ ❚❤✐s ❣♦❡s ❛❣❛✐♥st ❝❧❛✐♠s t❤❛t ❝❤❛♦t✐❝ ❜❡❤❛✈✐♦✉r ✐♥ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧

q✉❛♥t✉♠ s②st❡♠s ✐s ✐♠♣♦ss✐❜❧❡✱ ✇✐t❤ P❛r♠❡♥t❡r ❛♥❞ ❱❛❧❡♥t✐♥❡ ❬✶✾✾✺❪ st❛t✐♥❣ t❤❛t ❛t

❧❡❛st t✇♦ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ ❛r❡ r❡q✉✐r❡❞ ❢♦r t❤❡ s②st❡♠ t♦ s❤♦✇ ❝❤❛♦s✳ ❨❛♥❣ ❛♥❞

❲❡✐ ❬✷✵✵✽❪ s✉❣❣❡sts t❤❛t s✐♥❝❡ t❤❡r❡ ❡①✐sts ♥♦ ❡✈✐❞❡♥❝❡ s❤♦✇✐♥❣ s✐❣♥✐✜❝❛♥t r❡❞✉❝t✐♦♥

✐♥ t❤❡ tr❛❥❡❝t♦r② ❝♦♠♣❧❡①✐t② ❢♦r ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ s②st❡♠s t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ✜♥❞✐♥❣

❝❤❛♦s ✐♥ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ s②st❡♠s ❝❛♥♥♦t ❜❡ r❡❥❡❝t❡❞✳ ❨❛♥❣ ❛♥❞ ❲❡✐ ❬✷✵✵✽❪ t❤❡♥

s❤♦✇❡❞ t❤❛t ❝❤❛♦s ❞♦❡s ✐♥❞❡❡❞ ❡①✐st ✐♥ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ q✉❛♥t✉♠ s②st❡♠s ✐❢ t❤❡

❞♦♠❛✐♥ ❢♦r t❤❡ tr❛❥❡❝t♦r✐❡s ✐s ❡①t❡♥❞❡❞ t♦ t❤❡ ❝♦♠♣❧❡① ♣❧❛♥❡ ❜② ❝❤❛r❛❝t❡r✐s✐♥❣ t❤❡

q✉❛♥t✉♠ ✇♦r❧❞ ❜② ❛ ❢♦✉r✲❞✐♠❡♥s✐♦♥❛❧ ❝♦♠♣❧❡① s♣❛❝❡t✐♠❡ ✉s✐♥❣ t❤❡ E(∞) t❤❡♦r②✳

■♥ t❤✐s ♣r♦❥❡❝t ❛ ❝❧♦s❡r ❧♦♦❦ ❛t ❆♥❞❡rs♦♥ ❧♦❝❛❧✐③❛t✐♦♥ ✭❆♥❞❡rs♦♥ ❬✶✾✺✽❪✮ ✐s

t❛❦❡♥ ✉s✐♥❣ ❞❡❇❇ t❤❡♦r②✳ ❚❤❡ st✉❞② ✐s ❝♦♥❞✉❝t❡❞ ✉s✐♥❣ ❛ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ♦❢

✷



t❤❡ s②st❡♠✱ ✇✐t❤ t❤❡ ♦✉t♣✉t tr❛❥❡❝t♦r✐❡s tr❡❛t❡❞ ❛s ❛ t✐♠❡ s❡r✐❡s ❢♦r ❛♥❛❧②s✐s✳ ❚❤❡

tr❛❥❡❝t♦r✐❡s ❛r❡ ♣r♦♣❛❣❛t❡❞ ✐♥ r❡❛❧ s♣❛❝❡✱ s♦ ♥♦r♠❛❧ ❛♥❛❧②s✐s ♦❢ t❤❡ tr❛❥❡❝t♦r✐❡s ❜② ❝♦♥✲

s✐❞❡r✐♥❣ t❤❡✐r ▲②❛♣✉♥♦✈ ❡①♣♦♥❡♥ts ✐s ❝♦♥❞✉❝t❡❞ t♦ ♦❜s❡r✈❡ ✐❢ ❛♥② ❝❤❛♦t✐❝ ❜❡❤❛✈✐♦✉r

❡①✐sts✳ ❚❤❡ r❡s✉❧ts s❤♦✇ t❤❛t t❤❡ tr❛❥❡❝t♦r✐❡s ❡①❤✐❜✐t s♦♠❡ ❝❤❛♦t✐❝ ❜❡❤❛✈✐♦✉r ✐♥ t❤✐s

s②st❡♠✱ ✇✐t❤ ♠❛①✐♠❛❧ ▲②❛♣✉♥♦✈ ❡①♣♦♥❡♥ts ♦❢ t❤❡ ♦r❞❡r 10−3 ♦r ❧❡ss r❡❧❛t✐✈❡ t♦ t❤❡

✉♥✐ts ♦❢ t✐♠❡ ✉s❡❞ ✐♥ t❤❡ ❝♦❞❡✱ ✇❤✐❝❤ ❧❡❛❞s t♦ ❛♥ ❛❧t❡r♥❛t✐✈❡ ✇❛② ♦❢ st✉❞②✐♥❣ t❤❡ ❆♥✲

❞❡rs♦♥ ♠♦❞❡❧ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❈♦♣❡♥❤❛❣❡♥ ✐♥t❡r♣r❡t❛t✐♦♥✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧② ♦♥❡ ❝❛♥

❞❡t❡r♠✐♥❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ s②st❡♠✱ s✉❝❤ ❛s t❤❡ ❧♦❝❛❧✐③❛t✐♦♥ ❧❡♥❣t❤ ❛♥❞ ✇❤❡t❤❡r t❤❡

s②st❡♠ ✐s ✐♥ t❤❡ ❧♦❝❛❧✐③❡❞ ♦r ❞✐✛✉s✐✈❡ st❛t❡✱ ♣✉r❡❧② ✉s✐♥❣ t❤❡ tr❛❥❡❝t♦r✐❡s ♦❢ t❤❡ ❇♦❤♠

♣❛rt✐❝❧❡s✳ ❆❧s♦ ✐♥❞✐✈✐❞✉❛❧ tr❛❥❡❝t♦r✐❡s ❝❛♥ ❜❡ ❛♥❛❧②s❡❞ s♦ t❤❛t ♣❤❡♥♦♠❡♥❛ ❛t ❧❡♥❣t❤s

s❝❛❧❡s s♠❛❧❧❡r t❤❛♥ t❤❛t ♣♦ss✐❜❧❡ ✐♥ t❤❡ ✉s✉❛❧ q✉❛♥t✉♠ t❤❡♦r② ❝♦✉❧❞ ❜❡ ❞❡s❝r✐❜❡❞✳

❍♦✇❡✈❡r ❢✉rt❤❡r ✇♦r❦ ✐s r❡q✉✐r❡❞ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ♥❛t✉r❡ ♦❢ s✉❝❤ ♣❤❡♥♦♠❡♥❛✳

✸



❈❤❛♣t❡r ✷

▲✐t❡r❛t✉r❡ ❘❡✈✐❡✇

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛♣t❡r ✐♥❝❧✉❞❡s ❛❧❧ t❤❡ r❡❧❡✈❛♥t ❜❛❝❦❣r♦✉♥❞ ♠❛t❡r✐❛❧ t❤❛t ✐s ♥❡❡❞❡❞

❢♦r t❤❡ s✐♠✉❧❛t✐♦♥ ❛♥❞ ❢♦r ❛♥❛❧②s✐♥❣ ✐ts ♦✉t♣✉t✳ ❆ ❜r✐❡❢ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❡q✉❛t✐♦♥s

♦❢ ♠♦t✐♦♥ ❢♦r t❤❡ tr❛❥❡❝t♦r✐❡s ✐♥ ❞❡❇❇ t❤❡♦r② ✐s ❣✐✈❡♥✱ ❛❧♦♥❣ ✇✐t❤ t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡

❡q✉❛t✐♦♥ ♦❢ ♠♦t✐♦♥ ♦❢ ❛ ❇♦❤♠ ♣❛rt✐❝❧❡ ❣✉✐❞❡❞ ❜② ❛ ❢r❡❡ ●❛✉ss✐❛♥ ✇❛✈❡ ♣❛❝❦❡t ✐♥ ♦♥❡

❞✐♠❡♥s✐♦♥✳ ❙♦♠❡ t❤❡♦r② ♦♥ ❆♥❞❡rs♦♥ ❧♦❝❛❧✐③❛t✐♦♥ ❛♥❞ ❧♦❝❛❧✐③❛t✐♦♥ ❧❡♥❣t❤ ✐s ❣✐✈❡♥✱

✐♥❝❧✉❞✐♥❣ t❤❡ ❚❤♦✉❧❡ss ❢♦r♠✉❧❛✱ ❛♥❞ ✜♥❛❧❧② ❝♦♥❝❡♣ts ❛♥❞ ❞❡✜♥✐t✐♦♥s ❢♦r ❝❤❛♦s t❤❡♦r②

❛r❡ ♦✉t❧✐♥❡❞✳

✷✳✶ ❞❡ ❇r♦❣❧✐❡✲❇♦❤♠ ❚❤❡♦r②

❚❤❡ ♠❡❛♥✐♥❣ ♦❢ t❤❡ ✇❛✈❡ ❢✉♥❝t✐♦♥ ❛❝❝♦r❞✐♥❣ t♦ ❞❡❇❇ t❤❡♦r② ✐s ❢♦r ✐t t♦ ❜❡ ❛ ♣❤②s✐❝❛❧❧②

r❡❛❧ ♣❛rt ♦❢ t❤❡ s②st❡♠✳ ❈♦♥s✐❞❡r ❛ s✐♥❣❧❡ ♣❛rt✐❝❧❡ s②st❡♠❀ t❤❡♥ t❤❡ ✇❛✈❡ ❞❡s❝r✐❜❡❞

❜② t❤❡ ✇❛✈❡ ❢✉♥❝t✐♦♥ ✐s s❛✐❞ t♦ ❣✉✐❞❡ t❤❡ ♣❛rt✐❝❧❡✱ ❡①❡rt✐♥❣ ❛ ❢♦r❝❡ ♦♥ ✐t s✉❝❤ t❤❛t

r❡♣❡❛t❡❞ ❡①♣❡r✐♠❡♥ts r❡♣r♦❞✉❝❡ t❤❡ r❡s✉❧ts ♦❢ t❤❡ ✉s✉❛❧ q✉❛♥t✉♠ t❤❡♦r②✳ ❚❤❡ q✉❛♥✲

t✉♠ ♣r♦❜❛❜✐❧✐t② ❛r✐s❡s s✐♠♣❧② ❢r♦♠ ♦✉r ❧❛❝❦ ♦❢ ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s✱

❛♥❞ ❛ ❣✐✈❡♥ ♣❛rt✐❝❧❡ ❤❛s ❛ ❞❡t❡r♠✐♥✐st✐❝ tr❛❥❡❝t♦r② r❡❣❛r❞❧❡ss ♦❢ ❛♥② ♠❡❛s✉r❡♠❡♥t

♦❝❝✉rr✐♥❣✳ ❚❤❡r❡❢♦r❡ t❤❡r❡ ✐s ♥♦ ✇❛✈❡ ❢✉♥❝t✐♦♥ ❝♦❧❧❛♣s❡ ✉♣♦♥ ♠❡❛s✉r❡♠❡♥t ✭❍♦❧✲

❧❛♥❞ ❬✶✾✾✺❪✮✳ ❚❤❡ ❡q✉❛t✐♦♥s ♦❢ ♠♦t✐♦♥ ❢♦r t❤❡ ♣❛rt✐❝❧❡ ❛r❡ ❞❡r✐✈❡❞ ❞✐r❡❝t❧② ✉s✐♥❣ t❤❡

❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥✱ ❛♥❞ t❤✐s ❞❡r✐✈❛t✐♦♥ ✐s s❤♦✇♥ ❤❡r❡ ❜❡❢♦r❡ ❛♥ ❡①❛♠♣❧❡ s♦❧✉t✐♦♥

✐s ❣✐✈❡♥✳

✷✳✶✳✶ ❉❡r✐✈❛t✐♦♥ ❛♥❞ ●❡♥❡r❛❧ ■❞❡❛s

▲❡t ψ(x, t) ❜❡ ❛ ✇❛✈❡ ❢✉♥❝t✐♦♥✱ ❛t ♣♦s✐t✐♦♥ x ❛♥❞ t✐♠❡ t✱ ♦❢ t❤❡ ❢♦r♠

ψ(x, t) = R(x, t) exp

(

iS(x, t)

~

)

✭✷✳✶✮

✹



✇✐t❤ R(x, t) r❡♣r❡s❡♥t✐♥❣ t❤❡ ❛♠♣❧✐t✉❞❡✱ S(x, t) t❤❡ ♣❤❛s❡ ❛♥❞ ~ t❤❡ r❡❞✉❝❡❞ P❧❛♥❝❦

❝♦♥st❛♥t✳ ❙✉❜st✐t✉t✐♥❣ ψ(x, t) ✐♥t♦ t❤❡ t✐♠❡ ❞❡♣❡♥❞❡♥t ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥

i~
∂

∂t
ψ(x, t) =

(−~2

2m
∇2 + V (x, t)

)

ψ(x, t), ✭✷✳✷✮

✇❤❡r❡ m ✐s t❤❡ ♠❛ss ♦❢ t❤❡ ♣❛rt✐❝❧❡ ❛♥❞ V (x, t) ✐s t❤❡ ♣♦t❡♥t✐❛❧✱ ❛♥❞ t❤❡♥ ❡q✉❛❧❧✐♥❣

r❡❛❧ ❛♥❞ ✐♠❛❣✐♥❛r② ♣❛rts ❣✐✈❡s

∂S

∂t
+

(∇S)2
2m

+Q+ V = 0, ✭✷✳✸❛✮

∂R2

∂t
+∇ ·

(

R2∇S
m

)

= 0, ✭✷✳✸❜✮

✇✐t❤

Q(x, t) = − ~2

2m

∇2R

R
✭✷✳✹✮

r❡♣r❡s❡♥t✐♥❣ t❤❡ q✉❛♥t✉♠ ♣♦t❡♥t✐❛❧✳ ■♥ ❞❡❇❇ t❤❡♦r② ψ ✐s tr❡❛t❡❞ ❛s ❛ ♣❤②s✐❝❛❧ ✇❛✈❡

♣r♦♣❛❣❛t✐♥❣ ✐♥ s♣❛❝❡ ✇✐t❤ ❛ ♣♦✐♥t ♣❛rt✐❝❧❡ ♦❢ ♠❛ss m ✇❤✐❝❤ ❢♦❧❧♦✇s ❛ tr❛❥❡❝t♦r②

x = x(t)✳ ❚❤✐s ✇❛✈❡ ❛♥❞ ♣❛rt✐❝❧❡ ♣❛✐r ❛r❡ tr❡❛t❡❞ ❛s ❛ s✐♥❣❧❡ ♣❤②s✐❝❛❧ s②st❡♠✱ ✇✐t❤

t❤❡ ✇❛✈❡ ❡①❡rt✐♥❣ ❛ ❢♦r❝❡ ♦♥ t❤❡ ♣❛rt✐❝❧❡✳ ◆♦t❡ t❤❛t t❤❡ ♣❛rt✐❝❧❡ ❞♦❡s ♥♦t ✐♥t❡r❛❝t

✇✐t❤ t❤❡ ✇❛✈❡✱ ✇❤✐❝❤ ✐s ❛♥ ❡①❛♠♣❧❡ ♦❢ ❛ ♥♦♥✲❝❧❛ss✐❝❛❧ ♣r♦♣❡rt② ♦❢ t❤❡ t❤❡♦r② ✭❍♦❧❧❛♥❞

❬✶✾✾✺❪✮✳

❚❤❡ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ ♣❛rt✐❝❧❡ ❛♥❞ ✇❛✈❡ ✐s ❣✐✈❡♥ ❜② ❡q✉❛t✐♦♥ ✭✷✳✸❛✮ ✇❤✐❝❤ ✐s

❛ ❣❡♥❡r❛❧✐③❡❞ ❢♦r♠ ♦❢ t❤❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐ ❡q✉❛t✐♦♥ ✭❍♦❧❧❛♥❞ ❬✶✾✾✺❪✮✱ ✇✐t❤ t❤❡ t♦t❛❧

♣♦t❡♥t✐❛❧ ❜❡✐♥❣ Q(x, t) + V (x, t)✳ ❙♦ V (x, t) ✐s r❡❣❛r❞❡❞ ❛s t❤❡ ❝❧❛ss✐❝❛❧ ♣♦t❡♥t✐❛❧

❛♥❞ Q(x, t) ✐s t❤❡ q✉❛♥t✉♠ ♣♦t❡♥t✐❛❧ ✭❇♦❤♠ ❬✶✾✺✷❛❪✮✳

❯s✐♥❣ ♦r❞✐♥❛r② ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐ t❤❡♦r② ✭❯♣♣✉ ❬✷✵✵✼❪✮✱ ❛ ✈❡❧♦❝✐t② ✜❡❧❞ ✐s ❞❡✲

t❡r♠✐♥❡❞ ❢r♦♠ t❤❡ s♦❧✉t✐♦♥ t♦ ❡q✉❛t✐♦♥ ✭✷✳✸❛✮

v(x, t) =
∇S(x, t)

m
✭✷✳✺✮

❋r♦♠ ❡q✉❛t✐♦♥ ✭✷✳✸❛✮ ❛ ❢♦r♠ ♦❢ ◆❡✇t♦♥✬s s❡❝♦♥❞ ❧❛✇ ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ✇✐t❤

❢♦r❝❡ −∇(V +Q) ✇❤✐❝❤ s❤♦✇s t❤❛t ✐t ✐s ❛♣♣r♦♣r✐❛t❡ t♦ ❝♦♥s✐❞❡r Q ❛s ❛ ♣♦t❡♥t✐❛❧ ✐♥

t❤❡ s❛♠❡ r❡❣❛r❞ ❛s V ✇✐t❤ r❡s♣❡❝t t♦ ♣❛rt✐❝❧❡ ♠♦t✐♦♥✳ ❚♦ ❞♦ t❤✐s t❤❡ ♦♣❡r❛t♦r ∇ ✐s

❛♣♣❧✐❡❞ t♦ ❡q✉❛t✐♦♥ ✭✷✳✸❛✮ ✇❤✐❝❤ ❛❢t❡r s♦♠❡ r❡❛rr❛♥❣✐♥❣ ②✐❡❧❞s

[

∂

∂t
+

1

m
∇S · ∇

]

∇S = −∇(V +Q). ✭✷✳✻✮

✺



❚❤❡♥✱ ✉s✐♥❣ t❤❡ ❡q✉❛t✐♦♥ ♦❢ ♠♦t✐♦♥ ✭✷✳✺✮✱ t❤❡ ❡q✉❛t✐♦♥ ✭✷✳✻✮ ❝❛♥ ❜❡ s✐♠♣❧✐✜❡❞ t♦

d

dt
(mẋ) = −∇(V +Q)|

x=x(t) ✭✷✳✼✮

✇✐t❤

d

dt
=

∂

∂t
+ ẋ · ∇. ✭✷✳✽✮

❊q✉❛t✐♦♥ ✭✷✳✼✮✱ ✇❤✐❝❤ ❝❛♥ ❛❧s♦ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛ ♣❛rt✐❝❧❡ ❧❛✇ ♦❢ ♠♦t✐♦♥✱ s❤♦✇s ❛ ❢♦r♠

♦❢ ◆❡✇t♦♥s s❡❝♦♥❞ ❧❛✇ ✇✐t❤ t❤❡ ❛❞❞✐t✐♦♥❛❧ q✉❛♥t✉♠ ♣♦t❡♥t✐❛❧ ∇Q ♦♥ t♦♣ ♦❢ t❤❡

✉s✉❛❧ ❝❧❛ss✐❝❛❧ ♣♦t❡♥t✐❛❧ ∇V ✳

■♥ ♦r❞❡r t♦ ✜♥❞ t❤❡ tr❛❥❡❝t♦r② t❤❛t ❛ ♣❛rt✐❝❧❡ t❛❦❡s t❤❡ ♦♥❧② ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s

r❡q✉✐r❡❞ ❛r❡ t❤❡ ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥ x0✱ t❤❡ ✐♥✐t✐❛❧ ✇❛✈❡ ❢✉♥❝t✐♦♥ ψ0 ❛♥❞ t❤❡ ♣♦t❡♥t✐❛❧

V ✳ ◆♦t❡ t❤❛t t❤❡ ✐♥✐t✐❛❧ ✈❡❧♦❝✐t② ♦❢ t❤❡ ♣❛rt✐❝❧❡ ❞♦❡s ♥♦t ♥❡❡❞ t♦ ❜❡ st❛t❡❞ s✐♥❝❡

✐t ✐s ✉♥✐q✉❡❧② ❣✐✈❡♥ ❜② t❤❡ ❡q✉❛t✐♦♥ ♦❢ ♠♦t✐♦♥ ✭✷✳✺✮ ✉s✐♥❣ ψ0✳ ❲✐t❤ t❤❡s❡ ✐♥✐t✐❛❧

❝♦♥❞✐t✐♦♥s ✐t ✐s ♣♦ss✐❜❧❡ t♦ tr❛❝❦ t❤❡ ♣❛rt✐❝❧❡ tr❛❥❡❝t♦r② ❢♦r ❛❧❧ t✐♠❡ ❛❢t❡r✇❛r❞s✳ ❚❤✐s

❝♦✉❧❞ ❜❡ ❞♦♥❡ ❜② s♦❧✈✐♥❣ t❤❡ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ ❢♦r t❤❡ ✇❛✈❡ ❢✉♥❝t✐♦♥ ❛♥❞ t❤❡♥

s♦❧✈✐♥❣ t❤❡ ❡q✉❛t✐♦♥ ♦❢ ♠♦t✐♦♥ ✭✷✳✺✮ ❢♦r t❤❡ ♣❛rt✐❝❧❡ tr❛❥❡❝t♦r② ✭❍♦❧❧❛♥❞ ❬✶✾✾✺❪✮✳

■♥ ♣r❛❝t✐❝❡ ✐t ✐s ♥♦t ♣♦ss✐❜❧❡ t♦ ❦♥♦✇ t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ♦❢ t❤❡ s②st❡♠

♣r❡❝✐s❡❧②✱ ❞✉❡ t♦ ✉♥♣r❡❞✐❝t❛❜❧❡ ❛♥❞ ✉♥❝♦♥tr♦❧❧❛❜❧❡ ♣❡rt✉r❜❛t✐♦♥s ♦❢ t❤❡ s②st❡♠ ❜②

t❤❡ ♠❡❛s✉r✐♥❣ ❛♣♣❛r❛t✉s ✭❇♦❤♠ ❬✶✾✺✷❜❪✮✱ ❛♥❞ s♦ ❛ r❛♥❣❡ ♦❢ ✈❛❧✉❡s ❢♦r x0 ❛♥❞ ψ0 ❛r❡

❝♦♥s✐❞❡r❡❞ ✇❤✐❝❤ ♣r♦❞✉❝❡s ❛♥ ❡♥s❡♠❜❧❡ ♦❢ ♥♦♥✲✐♥t❡r❛❝t✐♥❣ s②st❡♠s✳

❆ss✉♠✐♥❣ ♠❛①✐♠❛❧ ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ ✐♥✐t✐❛❧ ✇❛✈❡✱ s♦ t❤❛t ψ0 ✐s ✜①❡❞✱ ♠❡❛♥s

t❤❛t ✐♥ ❛ s❡q✉❡♥❝❡ ♦❢ tr✐❛❧s ♦♥❧② x0 ✈❛r✐❡s✱ ✇❤✐❝❤ ✐s ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ρ0(x)✳

■♥ ♦r❞❡r ❢♦r t❤✐s ❞✐str✐❜✉t✐♦♥ t♦ ❜❡ t❤❡ ♦♥❡ ❣✐✈❡♥ ❜② t❤❡ ❇♦r♥ r✉❧❡✱ ✜rst ❛ss✉♠❡ R2
0

✐s ♥♦r♠❛❧✐③❛❜❧❡

∫

R2
0(x)d

3x = 1. ✭✷✳✾✮

❚❤❡♥ ✐t ✐s s✉✣❝✐❡♥t t♦ ♣♦st✉❧❛t❡ t❤❛t

ρ0(x) = R2
0(x). ✭✷✳✶✵✮

❙✐♥❝❡ R2(x, t) s❛t✐s✜❡s ❡q✉❛t✐♦♥ ✭✷✳✸❜✮✱ ✇❤✐❝❤ ✐s t❤❡ ❡q✉❛t✐♦♥ ♦❢ ❝♦♥t✐♥✉✐t②

❢r♦♠ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐ t❤❡♦r②

∂ρ

∂t
+∇ · (ρv) = 0, ✭✷✳✶✶✮

t❤❡♥ R2(x, t) ❞❡t❡r♠✐♥❡s t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ❢♦r ❛❧❧ t✐♠❡ t ✐❢ t❤❡ ❛❜♦✈❡ ♣♦s✲

t✉❧❛t❡ ❤♦❧❞s✳ ❚❤❛t ✐s✱ ρ(x, t) = R2(x, t) ❛♥❞ R2 ✐s ♥♦r♠❛❧✐③❡❞ ❢♦r ❛❧❧ t✳ ◆♦t❡ t❤❛t

✻



t❤❡r❡ ✐s ♥♦ r❡❛❧ r❡❛s♦♥ ❢♦r t❤✐s ♣♦st✉❧❛t❡ t♦ ❜❡ tr✉❡ ❛♣❛rt ❢r♦♠ t❤❡ ❢❛❝t t❤❛t ✐t ❢♦❧❧♦✇s

t❤❡ q✉❛♥t✉♠ t❤❡♦r② ✭❍♦❧❧❛♥❞ ❬✶✾✾✺❪✮✱ t❤♦✉❣❤ ❚♦✇❧❡r ❡t ❛❧✳ ❬✷✵✶✷❪ ❛♥❞ ❱❛❧❡♥t✐♥✐ ❛♥❞

❲❡st♠❛♥ ❬✷✵✵✺❪ s❤♦✇ t❤❛t ✐t ❧✐❦❡❧② ❡♠❡r❣❡s ❢r♦♠ t❤❡ ♣❛rt✐❝❧❡ ❞②♥❛♠✐❝s ❜② ✉s✐♥❣

❝♦♠♣✉t❡r s✐♠✉❧❛t✐♦♥s✳

❙♦♠❡ ✜♥❛❧ ♦❜s❡r✈❛t✐♦♥s ❢♦❧❧♦✇✳ ❚❤❡ tr❛❥❡❝t♦r✐❡s ♦❢ t❤❡s❡ ♣❛rt✐❝❧❡s ❝❛♥♥♦t ❝r♦ss

s✐♥❝❡ t❤❡♥ t❤❡ ✈❛❧✉❡ ♦❢ ∇S(x, t) ✇♦✉❧❞ t❛❦❡ ♦♥ t✇♦ ❞✐✛❡r❡♥t ✈❛❧✉❡s ❛t t❤❡ s❛♠❡ ♣♦✐♥t

(x, t)✳ ❆❞❞✐t✐♦♥❛❧❧②✱ t❤❡② ♦❜✈✐♦✉s❧② ❝❛♥♥♦t ❡♥t❡r ♥♦❞❛❧ r❡❣✐♦♥s✱ ✇❤❡r❡ R(x, t) = 0✳

❙♦ t♦ s✉♠♠❛r✐s❡✱ t❤❡ ✇❛✈❡ ❛♥❞ ♣❛rt✐❝❧❡ ❛r❡ ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ ❛ s✐♥❣❧❡ s②st❡♠

✇✐t❤ t❤❡ ✇❛✈❡✱ ❞❡s❝r✐❜❡❞ ❜② ❡q✉❛t✐♦♥ ✭✷✳✶✮✱ ❡✈♦❧✈✐♥❣ ✈✐❛ ❡q✉❛t✐♦♥ ✭✷✳✷✮ ❛♥❞ ✐♥t❡r❛❝t✲

✐♥❣ ✇✐t❤ t❤❡ ♣❛rt✐❝❧❡ ✈✐❛ ❡q✉❛t✐♦♥ ✭✷✳✸❛✮✳ ❆❧s♦✱ t❤❡ ♣r♦❜❛❜✐❧✐t② ❛r✐s❡s ❢r♦♠ ♦✉r ❧❛❝❦

♦❢ ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ ✐♥✐t✐❛❧ s②st❡♠ ❛♥❞ ♥♦t ❢r♦♠ s♦♠❡ ✐♥tr✐♥s✐❝ ♣r♦❜❛❜✐❧✐t②✳ ❋r♦♠

❍❛♠✐❧t♦♥✲❏❛❝♦❜✐ t❤❡♦r②✱ t❤❡ ❡q✉❛t✐♦♥ ♦❢ ♠♦t✐♦♥ ♦❢ t❤❡ ♣❛rt✐❝❧❡ ✐s ❣✐✈❡♥ ❜② ❡q✉❛t✐♦♥

✭✷✳✺✮ ✭❍♦❧❧❛♥❞ ❬✶✾✾✺❪✮✳

✷✳✶✳✷ ❋r❡❡ ●❛✉ss✐❛♥ P❛❝❦❡t

❚❤❡ ✐♥✐t✐❛❧ ❢♦r♠ ♦❢ ❛ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ●❛✉ss✐❛♥ ✇❛✈❡ ♣❛❝❦❡t ❛t ❡❛❝❤ ♣♦s✐t✐♦♥ x ✐s

ψ0(x) =
1

(2πσ20)
1/4

exp

(

ikx− x2

4σ20

)

, ✭✷✳✶✷✮

✇❤❡r❡ σ0 ✐s t❤❡ r♦♦t ♠❡❛♥ sq✉❛r❡ ✭❘▼❙✮ ✇✐❞t❤ ♦❢ t❤❡ ✇❛✈❡ ❛♥❞ k ✐s t❤❡ ✇❛✈❡♥✉♠❜❡r✳

❙✐♥❝❡ t❤❡ ❡①♣❡❝t❛t✐♦♥ ✈❛❧✉❡ ♦❢ t❤❡ ♠♦♠❡♥t✉♠ ♦♣❡r❛t♦r ✐s ❣✐✈❡♥ ❛s 〈p̂〉 = ~k✱ t❤❡

❝❡♥tr❡ ♦❢ t❤❡ ✇❛✈❡ ♣❛❝❦❡t ✐♥✐t✐❛❧❧② ❤❛s ❣r♦✉♣ ✈❡❧♦❝✐t② u = ~k/m✱ ✇❤❡r❡ ❛s ✉s✉❛❧ ~

r❡♣r❡s❡♥ts t❤❡ r❡❞✉❝❡❞ P❧❛♥❝❦ ❝♦♥st❛♥t ❛♥❞ m t❤❡ ♠❛ss ♦❢ t❤❡ ♣❛rt✐❝❧❡✳ ❚❤❡ ❢r❡❡

❙❝❤rö❞✐♥❣❡r ❡✈♦❧✉t✐♦♥ ♦❢ t❤✐s ●❛✉ss✐❛♥ ✇❛✈❡ ♣❛❝❦❡t ❣✐✈❡s t❤❡ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ✇❛✈❡

❛t ❛♥② t✐♠❡ t✱

ψ(x, t) =
1

(2πs2t )
1/4

exp

(

ik

(

x− 1

2
ut

)

− (x− ut)2

4stσ0

)

, ✭✷✳✶✸✮

✇✐t❤

st = σ0

(

1 +
i~t

2mσ20

)

✭✷✳✶✹✮

❚❤✐s ②✐❡❧❞s t❤❡ ❛♠♣❧✐t✉❞❡ R ❛♥❞ ♣❤❛s❡ S ❢✉♥❝t✐♦♥s✱

✼



R(x, t) =
1

(2πσ2)1/4
exp

(−(x− ut)2

4σ2

)

, ✭✷✳✶✺❛✮

S(x, t) = −3~

2
arctan

(

~t

2mσ20

)

+mu

(

x− 1

2
ut

)

+
(x− ut)2~2t

8mσ20σ
2

, ✭✷✳✶✺❜✮

✇✐t❤ σ ❜❡✐♥❣ t❤❡ ❘▼❙ ✇✐❞t❤ ♦❢ t❤❡ ✇❛✈❡ ❛t ❛ ❣✐✈❡♥ t✐♠❡ t✱ ✇✐t❤ ✐ts ✈❛❧✉❡ ❣✐✈❡♥ ❜②

t❤❡ ♠♦❞✉❧✉s ♦❢ t❤❡ ❝♦♠♣❧❡① ♥✉♠❜❡r st✱

σ = |st| = σ0

[

1 +

(

~t

2mσ20

)2
]1/2

✭✷✳✶✻✮

❚❤❡ ♠❡❛♥ ♣♦s✐t✐♦♥ 〈x〉 ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ❢♦r t❤❡ ❡①♣❡❝t❛t✐♦♥

✈❛❧✉❡ ♦❢ x̂✱

〈x̂〉 =
∫ ∞

−∞

x|ψ(x, t)|2dx, ✭✷✳✶✼✮

✇❤✐❝❤ ❣✐✈❡s 〈x〉 = ut✳ ❙♦ t❤❡ ♠❡❛♥ ❛✈❡r❛❣❡ ♣♦s✐t✐♦♥ ♠♦✈❡s ❛s ❛ ✭❝❧❛ss✐❝❛❧✮ ❢r❡❡

♣❛rt✐❝❧❡✱ ✇✐t❤

〈x〉 = ~kt

m
. ✭✷✳✶✽✮

❉✐✛❡r❡♥t✐❛t❡ S(x, t) ✇✐t❤ r❡s♣❡❝t t♦ x t♦ ❣❡t

∇S = mu+
(x− ut)~2t

4mσ20σ
2
. ✭✷✳✶✾✮

❯s✐♥❣ v = ∇S/m ✇✐t❤ ❡q✉❛t✐♦♥ ✭✷✳✶✾✮ t❤❡♥ ❣✐✈❡s t❤❡ ✈❡❧♦❝✐t② ✜❡❧❞ ❛s

v = u+
(x− ut)~2t

4m2σ20σ
2
. ✭✷✳✷✵✮

❲❡ ♥♦t❡ t❤❛t ♥♦ ♠❛tt❡r ✇❤❛t t❤❡ st❛rt✐♥❣ ♣♦s✐t✐♦♥ ✐s✱ t❤❡ ✐♥✐t✐❛❧ ✈❡❧♦❝✐t② ♦❢

t❤❡ ♣❛rt✐❝❧❡ ✐s ❛❧✇❛②s u✳ ❋✐♥❛❧❧②✱ ❜② s♦❧✈✐♥❣ ❡q✉❛t✐♦♥ ✭✷✳✷✵✮ ❛s ❛ ✜rst ♦r❞❡r ❧✐♥❡❛r

❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥✱ t❤❡ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ♣❛rt✐❝❧❡ tr❛❥❡❝t♦r② ✐s ❢♦✉♥❞ t♦ ❜❡

x(t) = ut+ x0

[

1 +

(

~t

2mσ20

)2
]1/2

, ✭✷✳✷✶✮

✇✐t❤ x0 t❤❡ ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥✳ ❚❤✐s ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❜② s♣❧✐tt✐♥❣ t❤❡ r✐❣❤t

❤❛♥❞ s✐❞❡ ✐♥t♦ t✇♦ ♣❛rts✱ ✇✐t❤ t❤❡ ✜rst ♣❛rt r❡✢❡❝t✐♥❣ t❤❡ ♦✈❡r❛❧❧ ♠♦t✐♦♥ ♦❢ t❤❡

✇❛✈❡ ❛♥❞ t❤❡ s❡❝♦♥❞ t❡r♠ ♦r✐❣✐♥❛t✐♥❣ ❢r♦♠ t❤❡ s♣r❡❛❞✐♥❣ ♦❢ t❤❡ ✇❛✈❡✳ ■❢ t❤❡ ✐♥✐t✐❛❧

✽



♣♦s✐t✐♦♥ x0 = 0✱ s♦ t❤❡ ♣❛rt✐❝❧❡ st❛rts ❛t t❤❡ ❝❡♥tr❡ ♦❢ t❤❡ ✇❛✈❡✱ t❤❡♥ t❤❡ ♣❛rt✐❝❧❡

st❛②s t❤❡r❡ ❛♥❞ ♠♦✈❡s ✉♥✐❢♦r♠❧② ❛s ❛ ❝❧❛ss✐❝❛❧❧② ❢r❡❡ ♣❛rt✐❝❧❡ ❢♦r ❛❧❧ t✐♠❡ t ❛❢t❡r✇❛r❞s✳

❆❞❞✐t✐♦♥❛❧❧②✱ s✉♣♣♦s❡ t❤❡ ✇❛✈❡ ❤❛s ❣r♦✉♣ ✈❡❧♦❝✐t② u = 0✱ ❛♥❞ x = σ(t) r❡♣r❡s❡♥ts

t❤❡ ♠♦t✐♦♥ ♦❢ ❛ ♣♦✐♥t ✐♥ t❤❡ ♣❛❝❦❡t ✐♥✐t✐❛❧❧② ❛t x = σ0✳ ❚❤❡♥ ❛ ♣❛rt✐❝❧❡ ✐♥✐t✐❛❧❧② ❛t

x0 = σ0 ❤❛s t❤❡ s❛♠❡ ♠♦t✐♦♥ ❛s t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ♣♦✐♥t ✐♥ t❤❡ ✇❛✈❡ ✐♥✐t✐❛❧❧② ❛t

x = σ0✱ s❡❡♥ ❜② s✐♠♣❧② ❝♦♠♣❛r✐♥❣ ❡q✉❛t✐♦♥s ✭✷✳✷✶✮ ❛♥❞ ✭✷✳✶✻✮ ✭❍♦❧❧❛♥❞ ❬✶✾✾✺❪✮✳

✷✳✷ ❆♥❞❡rs♦♥ ▲♦❝❛❧✐③❛t✐♦♥

■t ✐s ❝❧❛✐♠❡❞ ✭❇♦❤♠ ❬✶✾✺✷❜❪✮ t❤❛t ❞❡❇❇ t❤❡♦r② r❡♣r♦❞✉❝❡s t❤❡ ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts

♣r❡❞✐❝t❡❞ ❜② q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝s ✇✐t❤ ❝❡rt❛✐♥t②✳ ❊✈❡♥ s♦ t❤❡r❡ ❛r❡ ♠❛♥② ❝♦♥t❡①ts

t❤❛t ✐t ❤❛s ♥♦t ②❡t ❜❡❡♥ r❡❛❧✐s❡❞ ✐♥✳ ❖♥❡ s✉❝❤ ❝♦♥t❡①t t❤❛t ❤❛s ②❡t t♦ ❜❡ ❡①♣❧♦r❡❞ ✐s

✐♥ ❆♥❞❡rs♦♥ ❧♦❝❛❧✐③❛t✐♦♥✱ ✇❤✐❝❤ ✐s t❤❡ ❢♦❝✉s ♦❢ t❤✐s ♣r♦❥❡❝t✳

❚❤❡ ❆♥❞❡rs♦♥ ♠♦❞❡❧ ✐s s❡t ♦♥ ❛ ❧❛tt✐❝❡✱ ✇❤✐❝❤ ✐♥ ❆♥❞❡rs♦♥✬s ♦r✐❣✐♥❛❧ ♣❛♣❡r

✭❆♥❞❡rs♦♥ ❬✶✾✺✽❪✮ ✐s t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧✱ ✇✐t❤ ❛ ❣✐✈❡♥ s✐t❡ ❞❡♥♦t❡❞ ❜② j✳ ❚❤❡ ❡✈♦❧✉t✐♦♥

♦❢ t❤❡ ✇❛✈❡ ❢✉♥❝t✐♦♥ ψ ✐s ❞❡s❝r✐❜❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤✐s ♣❛rt✐❝✉❧❛r ❙❝❤r♦❡❞✐♥❣❡r ❡q✉❛t✐♦♥

iψ̇j = Ejψj +
∑

k 6=j

Vjkψk, ✭✷✳✷✷✮

✇✐t❤ t❤❡ r❡❞✉❝❡❞ P❧❛♥❝❦ ❝♦♥st❛♥t s❡t t♦ ✉♥✐t②✱ ~ = 1✳ ❆ ♣❛rt✐❝❧❡ ❛t s✐t❡ j ♦♥ t❤❡

❧❛tt✐❝❡ ❤❛s ❡♥❡r❣② Ej ✇❤✐❝❤ ✐s ❛ st♦❝❤❛st✐❝ ✈❛r✐❛❜❧❡ ✉♥✐❢♦r♠❧② ❞✐str✐❜✉t❡❞ ✐♥ [−w,w]✱
❛♥❞ t❤❡ ♠❛tr✐① ❡❧❡♠❡♥t t❤❛t ❞❡s❝r✐❜❡s t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ s✐t❡s ✐s ❣✐✈❡♥ ❜② Vjk

✇❤✐❝❤ ✐s r❡s♣♦♥s✐❜❧❡ ❢♦r t❤❡ tr❛♥s❢❡r ♦❢ ♣❛rt✐❝❧❡s ❜❡t✇❡❡♥ ❡❛❝❤ s✐t❡✳ ◆♦t❡ t❤❛t Vjk

❝♦✉❧❞ ❛❧s♦ ❜❡ ❛ st♦❝❤❛st✐❝ ✈❛r✐❛❜❧❡ ✇✐t❤ ❛ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ✭❆♥❞❡rs♦♥ ❬✶✾✺✽❪✮✳

❚❤❡ ✐❞❡❛ ✐s t♦ ♣❧❛❝❡ ❛ s✐♥❣❧❡ ♣❛rt✐❝❧❡ ❛t s♦♠❡ ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥ ❛t t✐♠❡ t = 0✱

❛♥❞ t❤❡♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ t❤❡ ✇❛✈❡ ❢✉♥❝t✐♦♥ ✐s st✉❞✐❡❞✳ ❆t ❧❛r❣❡ ✈❛❧✉❡s ♦❢ ❞✐s♦r❞❡r

w✱ ♦r ✇❤❡♥ t❤❡ ❞❡♥s✐t② ♦❢ st❛t❡s ✐s ❧♦✇✱ ♥♦ ❞✐✛✉s✐♦♥ ❝❛♥ ♦❝❝✉r ❧❡❛❞✐♥❣ t♦ ❆♥❞❡rs♦♥

❧♦❝❛❧✐③❛t✐♦♥ ✇❤❡r❡ t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ r❡♠❛✐♥s ❧♦❝❛❧✐③❡❞ ✐♥ ❛ s♠❛❧❧ r❡❣✐♦♥ ♦❢

s♣❛❝❡✳ ❆♥❞❡rs♦♥ ❛❧s♦ ❢♦✉♥❞ ❛♥ ❡st✐♠❛t❡ ♦❢ t❤❡ ❝r✐t✐❝❛❧ ❞❡♥s✐t②✱ t❤❡ ❞❡♥s✐t② ❛t ✇❤✐❝❤

❆♥❞❡rs♦♥ ❧♦❝❛❧✐③❛t✐♦♥ ❞♦❡s ♥♦t ♦❝❝✉r✱ ❛♥❞ ❛♥② ❞❡♥s✐t② ❤✐❣❤❡r t❤❛♥ t❤✐s ❧❡❛❞s t♦ t❤❡

❞✐✛✉s✐♦♥ ♦❢ t❤❡ ✇❛✈❡ ❢✉♥❝t✐♦♥ ✭❆♥❞❡rs♦♥ ❬✶✾✺✽❪✮✳ ❲❡ ♥♦t❡ t❤❛t ✐♥ ♦♥❡ ❞✐♠❡♥s✐♦♥

t❤❡r❡ ✐s ♥♦ tr❛♥s✐t✐♦♥ ❛♥❞ t❤❡r❡❢♦r❡ ♥♦ ❝r✐t✐❝❛❧ st❛t❡✳ ■♥❞❡❡❞✱ ❆❜r❛❤❛♠s ❡t ❛❧✳ ❬✶✾✼✾❪

♣r❡s❡♥t❡❞ ❛ s❝❛❧✐♥❣ t❤❡♦r② ♦❢ ❧♦❝❛❧✐③❛t✐♦♥✱ ✇✐t❤ t❤❡ s❝❛❧✐♥❣ ❢✉♥❝t✐♦♥ ❢♦r ❛ s❛♠♣❧❡ ♦❢

s✐③❡ Ld ❣✐✈❡♥ ❜② t❤❡ ❧♦❣❛r✐t❤♠✐❝ ❞❡r✐✈❛t✐✈❡

β(g) =
d ln(g)

d ln(L)
, ✭✷✳✷✸✮

✇❤❡r❡ g ✐s t❤❡ ❞✐♠❡♥s✐♦♥❧❡ss ❝♦♥❞✉❝t❛♥❝❡ ❛♥❞ d ✐s t❤❡ s♣❛t✐❛❧ ❞✐♠❡♥s✐♦♥✳ ❚❤✐s

✾



❤②♣♦t❤❡s✐s ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❝❧✉s✐♦♥s❀ t❤❛t t❤❡r❡ ❡①✐sts ❛ ♠❡t❛❧✲✐♥s✉❧❛t♦r

tr❛♥s✐t✐♦♥ ♦r✐❣✐♥❛t✐♥❣ ❢r♦♠ t❤❡ ❞✐s♦r❞❡r ✐♥ t❤❡ s②st❡♠ ✐♥ t❤r❡❡ ❞✐♠❡♥s✐♦♥s✱ ❛♥❞ t❤❛t ✐♥

t✇♦ ❞✐♠❡♥s✐♦♥s ♦r ❧❡ss ♥♦ ♠❡t❛❧✲✐♥s✉❧❛t♦r tr❛♥s✐t✐♦♥ ♦❝❝✉rs ✭❇r❛♥❞❡s ❛♥❞ ❑❡tt❡♠❛♥♥

❬✷✵✵✸❪✮✳

❚❤❡ r❡❣✐♦♥ t❤❛t t❤❡ ♠❛❥♦r✐t② ♦❢ t❤❡ ✇❛✈❡ ❢✉♥❝t✐♦♥ ✐s ❧♦❝❛❧✐③❡❞ ✇✐t❤✐♥ ✐s ❦♥♦✇♥

❛s t❤❡ ❧♦❝❛❧✐③❛t✐♦♥ ❧❡♥❣t❤✳ ❙✉♣♣♦s❡ t❤❡ ✇❛✈❡ ❢✉♥❝t✐♦♥ ❛t t❤❡ ❋❡r♠✐ ❧❡✈❡❧ ❜❡❤❛✈❡s ❧✐❦❡

|ψ(x)| ∝ exp(
−|x− x0|

ξ
), ✭✷✳✷✹✮

✇✐t❤ ξ t❤❡ ❧♦❝❛❧✐③❛t✐♦♥ ❧❡♥❣t❤✳ ❙♦ ❛t 0K t❤❡ ❝✉rr❡♥t ✐s ❝❛rr✐❡❞ ❜② t❤❡ ❡❧❡❝tr♦♥s ❛t t❤❡

❋❡r♠✐ ❧❡✈❡❧✱ ❛♥❞ ✐❢ ❛♥ ❡❧❡❝tr♦♥ ✇❛✈❡ ♣❛❝❦❡t ✐s ♣✉t ✐♥t♦ t❤❡ s②st❡♠ ✐t ❝❛♥ ❞✐✛✉s❡ ♦♥❧②

♦✈❡r ❛ ❞✐st❛♥❝❡ ξ✳ ❍❡♥❝❡✱ t❤❡ s②st❡♠ ❜❡❤❛✈❡s ❧✐❦❡ ❛ ❝♦♥❞✉❝t♦r ✐❢ t❤❡ s②st❡♠ s✐③❡ ✐s

♠✉❝❤ ❧❡ss t❤❛♥ t❤❡ ❧♦❝❛❧✐③❛t✐♦♥ ❧❡♥❣t❤✱ ❛♥❞ ✐t ❜❡❤❛✈❡s ❧✐❦❡ ❛♥ ✐♥s✉❧❛t♦r ✐❢ t❤❡ s②st❡♠

s✐③❡ ✐s ♠✉❝❤ ❧❛r❣❡r t❤❛♥ t❤❡ ❧♦❝❛❧✐③❛t✐♦♥ ❧❡♥❣t❤ ✭❇r❛♥❞❡s ❛♥❞ ❑❡tt❡♠❛♥♥ ❬✷✵✵✸❪✮✳

❚❤❡ ❚❤♦✉❧❡ss ❢♦r♠✉❧❛ ❣✐✈❡s ❛♥ ❡st✐♠❛t❡ ♦❢ t❤❡ ❧♦❝❛❧✐③❛t✐♦♥ ❧❡♥❣t❤ ❢♦r s②st❡♠s ✇✐t❤

✇❡❛❦ ❞✐s♦r❞❡r ❛♥❞ ✇✐t❤✐♥ t❤❡ ❡♥❡r❣② ❜❛♥❞ −EB < E < EB ❞❡✜♥❡❞ ❜② t❤❡ ③❡r♦

❞✐s♦r❞❡r✱ ✇✐t❤ EB > 0 r❡♣r❡s❡♥t✐♥❣ t❤❡ ❡♥❡r❣② ❛t t❤❡ ❜❛♥❞ ❡❞❣❡✳ ❚❤❡ ❚❤♦✉❧❡ss

❢♦r♠✉❧❛ ✐s ❣✐✈❡♥ ❜②

ξ ≅
24(4− E2)

w2
✭✷✳✷✺✮

✇❤❡♥ ♦✛ t❤❡ ❜❛♥❞ ❝❡♥tr❡✱ ❛♥❞

ξ(E = 0) ≅
105

w2
✭✷✳✷✻✮

✇❤❡♥ ❛t t❤❡ ❜❛♥❞ ❝❡♥tr❡ ✭▼✳ ■③r❛✐❧❡✈ ❡t ❛❧✳ ❬✷✵✶✶❪✮✳

✷✳✸ ▲②❛♣✉♥♦✈ ❊①♣♦♥❡♥ts

❋r♦♠ t❤❡ ♦✉t♣✉t ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥✱ t❤❡ tr❛❥❡❝t♦r✐❡s (x, t) ❣✐✈❡♥ ✐♥ t❤❡ ❢♦r♠ ♦❢ ❛

t✐♠❡ s❡r✐❡s ❝❛♥ ❜❡ st✉❞✐❡❞✳ ❈❡rt❛✐♥ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ s②st❡♠ ❝♦✉❧❞ ❜❡ ✐❞❡♥t✐✜❡❞

t❤❛t ❣♦ ❜❡②♦♥❞ ✇❤❛t t❤❡ ✇❛✈❡ ❢✉♥❝t✐♦♥ s❤♦✇s ✐♥ t❤❡ ♥♦r♠❛❧ q✉❛♥t✉♠ t❤❡♦r② ❢♦r

t❤❡ ❆♥❞❡rs♦♥ ♠♦❞❡❧✱ s♦ ✜♥❞✐♥❣ ❛ ✇❛② t♦ ❝❤❛r❛❝t❡r✐s❡ t❤❡✐r ❜❡❤❛✈✐♦✉r s❡❡♠s ❧✐❦❡ ❛♥

❛♣♣r♦♣r✐❛t❡ ♣❧❛❝❡ t♦ st❛rt✳ ▲♦♦❦✐♥❣ ❢♦r ❝❤❛♦t✐❝ ❜❡❤❛✈✐♦✉r ✐♥ t❤❡ tr❛❥❡❝t♦r✐❡s s❤♦✉❧❞

❤❡❧♣ t♦ ❛❝❝♦♠♣❧✐s❤ t❤✐s✳ ■♥ ♦r❞❡r t♦ ❝❤❛r❛❝t❡r✐s❡ ✇❤❡t❤❡r ❛ ❣✐✈❡♥ tr❛❥❡❝t♦r② ✐s ❝❤❛♦t✐❝✱

t❡❝❤♥✐q✉❡s ✐♥ ♥♦♥✲❧✐♥❡❛r ❞②♥❛♠✐❝s ♥❡❡❞ t♦ ❜❡ ❝♦♥s✐❞❡r❡❞✳ ❖♥❡ s✉❝❤ ✇❛② t♦ ❞❡t❡r♠✐♥❡

❝❤❛♦s ✐s t♦ ❡st✐♠❛t❡ t❤❡ ♠❛①✐♠❛❧ ▲②❛♣✉♥♦✈ ❡①♣♦♥❡♥t ✭▼▲❊✮ ♦❢ ❛ tr❛❥❡❝t♦r②✳

▲②❛♣✉♥♦✈ ❡①♣♦♥❡♥ts ❣✐✈❡ ❛ ♠❡❛s✉r❡ ♦❢ t❤❡ ♠❡❛♥ r❛t❡ ♦❢ ❞✐✈❡r❣❡♥❝❡ ♦❢ ♣❡r✲

t✉r❜❡❞ tr❛❥❡❝t♦r✐❡s ✇❤✐❝❤ st❛rt ✐♥✜♥✐t❡s✐♠❛❧❧② ❝❧♦s❡ t♦ ❛♥ ✉♥♣❡rt✉r❜❡❞ tr❛❥❡❝t♦r②✳

✶✵



❚❤❡ ✐❞❡❛ ✐s t♦ st✉❞② ❛ s✐♥❣❧❡ tr❛❥❡❝t♦r② x(t) ❜② ❧♦♦❦✐♥❣ ❛t ❤♦✇ t❤❡ ♣❡rt✉r❜❡❞ tr❛❥❡❝✲

t♦r✐❡s xǫ(t) ❡✈♦❧✈❡✱ ✇✐t❤ x(0) ❛♥❞ xǫ(0) = x(0) + δx(0)✱ ǫ = |δx(0)| ≪ 1 t❤❡ ✐♥✐t✐❛❧

❝♦♥❞✐t✐♦♥s✳ ■❢ t❤❡ ❞✐st❛♥❝❡ ∆(t) ❜❡t✇❡❡♥ t❤❡ ♣❡rt✉r❜❡❞ ❛♥❞ ✉♥♣❡rt✉r❜❡❞ tr❛❥❡❝t♦r✐❡s

❡✐t❤❡r r❡♠❛✐♥s ❜♦✉♥❞❡❞ ♦r ❣r♦✇s ❛❧❣❡❜r❛✐❝❛❧❧② t❤❡♥ t❤❡ s②st❡♠ ✐s ❛ ♥♦♥✲❝❤❛♦t✐❝ ♦♥❡✳

■❢ ✐t ❣r♦✇s ❡①♣♦♥❡♥t✐❛❧❧② ✇✐t❤ t✐♠❡ ❛s ♣❡r

∆(t) ∼ ǫ exp(λt), ✭✷✳✷✼✮

t❤❡♥ t❤❡ s②st❡♠ ✐s ❝❤❛♦t✐❝✳ ❍❡r❡ λ ✐s t❤❡ ❧♦❝❛❧ ❡①♣♦♥❡♥t✐❛❧ r❛t❡ ♦❢ ❡①♣❛♥s✐♦♥✳ ❑❡❡♣

✐♥ ♠✐♥❞ t❤❛t t❤✐s ✐s tr✉❡ ♦♥❧② ❛s②♠♣t♦t✐❝❛❧❧②✱ s♦ ❛ ♠♦r❡ ♣r❡❝✐s❡ ❞❡✜♥✐t✐♦♥ ✐s r❡q✉✐r❡❞

❢♦r t❤❡ ❡①♣❛♥s✐♦♥ r❛t❡✳ ▼♦st ❝♦♠♠♦♥❧②✱ t❤❡ ▼▲❊ ✐s ❢♦✉♥❞ s✐♥❝❡ t❤✐s ♣r♦✈✐❞❡s ❛♥

✐♥❞✐❝❛t✐♦♥ ♦❢ t❤❡ ♣r❡❞✐❝t❛❜✐❧✐t② ❢♦r ❛ ❣✐✈❡♥ ❞②♥❛♠✐❝❛❧ s②st❡♠✳ ❆ ♣♦s✐t✐✈❡✱ ✜♥✐t❡ ▼▲❊

✐♠♣❧✐❡s ❛ ❝❤❛♦t✐❝ s②st❡♠✳ ❆♥ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ▼▲❊ ✐s ❣✐✈❡♥ ❜❡❧♦✇ ✐♥ t❤❡ ❢♦r♠ ♦❢ ❛

❞♦✉❜❧❡ ❧✐♠✐t ✭❱✉❧♣✐❛♥✐ ❬✷✵✶✵❪✮✳

λmax = lim
t→∞

lim
ǫ→0

1

t
ln

( |x(t)− xǫ(t)|
ǫ

)

. ✭✷✳✷✽✮

❲❡ ♥♦t❡ t❤❛t ❡①♣♦♥❡♥t✐❛❧ ❞✐✈❡r❣❡♥❝❡ s❡ts ✐♥ ♦♥❧② ❛❢t❡r s♦♠❡ tr❛♥s✐❡♥t t✐♠❡✱

s✐♥❝❡ ❛♥ ❛r❜✐tr❛r② ❞✐✛❡r❡♥❝❡ ✈❡❝t♦r ❤❛s t♦ t✉r♥ ✐♥t♦ t❤❡ ♠♦st ✉♥st❛❜❧❡ ❞✐r❡❝t✐♦♥✳

❲✐t❤ t❤✐s ✐♥ ♠✐♥❞✱ ❞❡✜♥❡ t❤❡ ♠❛①✐♠❛❧ ❡✛❡❝t✐✈❡ ❡①♣♦♥❡♥t λτ ✱ ✐♥ ❛♥❛❧♦❣② t♦ ❡q✉❛t✐♦♥

✭✷✳✷✽✮✱ ❛s

λτ (t) = lim
ǫ→0

1

τ
ln

( |x(t+ τ)− xǫ(t+ τ)|
ǫ

)

,

x(t)− xǫ(t) = ǫwu(t).

✭✷✳✷✾✮

❍❡r❡ wu(t) r❡♣r❡s❡♥ts t❤❡ ❧♦❝❛❧ ❡✐❣❡♥✈❡❝t♦r ❛ss♦❝✐❛t❡❞ ✇✐t❤ λmax✳ ❇② ❞❡✜♥✐t✐♦♥ t❤❡

❛✈❡r❛❣❡ ♦❢ λτ (t) ❛❧♦♥❣ t❤❡ tr❛❥❡❝t♦r② ✐s t❤❡ tr✉❡ ▼▲❊✳

❙✉♣♣♦s❡ ✇❡ ❤❛✈❡ m✲❞✐♠❡♥s✐♦♥❛❧ ❞❡❧❛② ❝♦♦r❞✐♥❛t❡s✿ ①t = (xt−m+1, ..., xt)✱

✇✐t❤ t ❛♥ ❛r❜✐tr❛r② t✐♠❡ ✐♥❞❡①✳ ❉❡✜♥❡ t❤❡ ❡♠❜❡❞❞✐♥❣ ❞✐♠❡♥s✐♦♥ m ❛s t❤❡ ❞✐♠❡♥s✐♦♥

♦❢ t❤❡ ❞❡❧❛② ❝♦♦r❞✐♥❛t❡ s♣❛❝❡✳ ❉❡❧❛② ❝♦♦r❞✐♥❛t❡s ❛r❡ s✐♠♣❧② t❤❡ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧

t✐♠❡ s❡r✐❡s ❛rr❛♥❣❡❞ ✐♥t♦ ❛♥ m✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡✱ ✇✐t❤ ❡❛❝❤ ❛①✐s r❡♣r❡s❡♥t✐♥❣ t❤❡

t✐♠❡ s❡r✐❡s ✇✐t❤ ❛ ❞✐✛❡r❡♥t st❛rt✐♥❣ ♣♦✐♥t ✐♥ t✐♠❡✳ ❙♦ ✇❡ ❞❡✜♥❡ ❞❡❧❛② ✈❡❝t♦rs ❛s

✈❡❝t♦rs ✐♥ ❞❡❧❛② ❝♦♦r❞✐♥❛t❡s✳ ❆❧❧ ❞❡❧❛② ✈❡❝t♦rs ♦❢ t❤❡ t✐♠❡ s❡r✐❡s ❢❛❧❧✐♥❣ ✐♥t♦ t❤❡

ǫ✲♥❡✐❣❤❜♦✉r❤♦♦❞ Ut ♦❢ ①t ✇✐❧❧ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ♥❡✐❣❤❜♦✉r✐♥❣ tr❛❥❡❝✲

t♦r✐❡s✱ t❤❡ r❡st ♦❢ ✇❤✐❝❤ ✐s ❢♦r♠❡❞ ❜② ❝♦♥s❡❝✉t✐✈❡ ✐♥ t✐♠❡ ❡♥tr✐❡s ♦❢ t❤❡ t✐♠❡ s❡r✐❡s✳

❆❢t❡r ❛ tr❛♥s✐❡♥t t✐♠❡✱ ✇❤❡♥ t❤❡ ❞✐✛❡r❡♥❝❡ ✈❡❝t♦r ♣♦✐♥ts ✐♥ t❤❡ ♠♦st ✉♥st❛❜❧❡ ❞✐✲

r❡❝t✐♦♥✱ ✇❤❡♥ ♠❡❛s✉r✐♥❣ t❤❡✐r ❞✐st❛♥❝❡ ✐♥ tr✉❡ ♣❤❛s❡ s♣❛❝❡ t❤❡ r❛t❡ ♦❢ ❞✐✈❡r❣❡♥❝❡

✶✶



✢✉❝t✉❛t❡s ❡①❛❝t❧② ❛s ❞❡s❝r✐❜❡❞ ❜② t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❡✛❡❝t✐✈❡ ▲②❛♣✉♥♦✈ ❡①♣♦♥❡♥ts✳

❉❡✜♥❡ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ❛ r❡❢❡r❡♥❝❡ tr❛❥❡❝t♦r② ①t ❛♥❞ ❛ ♥❡✐❣❤❜♦✉r ①i ❛❢t❡r

t❤❡ r❡❧❛t✐✈❡ t✐♠❡ τ ❛s

dist(①t,①i; τ) = |xt+τ − xi+τ |, ✭✷✳✸✵✮

s♦ ❛s ♥♦t t♦ ❞✐st✐♥❣✉✐s❤ ❛♥② ♣❛rt✐❝✉❧❛r ❡♠❜❡❞❞✐♥❣ ❞✐♠❡♥s✐♦♥ m ✭❑❛♥t③ ❬✶✾✾✹❪✮✳

✶✷



❈❤❛♣t❡r ✸

▼❡t❤♦❞s ❢♦r t❤❡ ❙✐♠✉❧❛t✐♦♥

❚❤❡ ❣❡♥❡r❛❧ ♠❡t❤♦❞ ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥✱ s❡t ♦♥ ❛ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❣r✐❞✱ ❣♦❡s ❛s ❢♦❧❧♦✇s✳

❋✐rst t❤❡ ✇❛✈❡ ❢✉♥❝t✐♦♥ ❛♥❞ tr❛❥❡❝t♦r② ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥s ❛r❡ s❡t✱ ❛❧♦♥❣ ✇✐t❤ ✐♥✐t✐❛❧✐③✐♥❣

t❤❡ ❡✈♦❧✉t✐♦♥ ♠❡t❤♦❞s ❛♥❞ t❤❡ ❝♦♥st❛♥t ✐♥ t✐♠❡ ♣♦t❡♥t✐❛❧ ❡♥❡r❣②✳ ❚❤❡♥ ❛t ❡❛❝❤ t✐♠❡

st❡♣ t❤❡ ✇❛✈❡ ✐s ♣r♦♣❛❣❛t❡❞ ❛♥❞ t❤❡ ❛❜s♦r❜✐♥❣ ♣♦t❡♥t✐❛❧ ✐s ❛♣♣❧✐❡❞✱ ✐❢ ❛♣♣❧✐❝❛❜❧❡✱

❢♦❧❧♦✇❡❞ ❜② t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ tr❛❥❡❝t♦r✐❡s✳ ❆❢t❡r t❤❛t✱ s♦♠❡ ✈❛r✐❛❜❧❡s ❛r❡ ❝❛❧❝✉❧❛t❡❞

s✉❝❤ ❛s t❤❡ q✉❛♥t✉♠ ♣♦t❡♥t✐❛❧ ❛♥❞ q✉❛♥t✉♠ ❡♥tr♦♣②✳ ❚❤❡ ♦✉t♣✉t ✐s t❤❡♥ ✇r✐tt❡♥✱

✇❤✐❝❤ st♦r❡s t❤❡ ♣♦s✐t✐♦♥s ♦❢ t❤❡ ♣❛rt✐❝❧❡s✱ ❛❧♦♥❣ ✇✐t❤ t❤❡ ❛♠♣❧✐t✉❞❡ ❛♥❞ ♣❤❛s❡ ♦❢

t❤❡ ✇❛✈❡ ❛t ❡❛❝❤ x ♣♦✐♥t ❢♦r t❤❛t t✐♠❡ st❡♣✳

❚❤❡ ♣r♦❣r❛♠ ❤❛s ♠❛♥② ❞✐✛❡r❡♥t ♣r♦♣❛❣❛t✐♦♥ ♠❡t❤♦❞s ❢♦r ❜♦t❤ t❤❡ ✇❛✈❡ ❛♥❞

tr❛❥❡❝t♦r✐❡s ✇❤✐❝❤ ❝❛♥ ❛❝❝♦✉♥t ❢♦r ♠❛♥② ❞✐✛❡r❡♥t s✐t✉❛t✐♦♥s✱ ❜✉t ❢♦r t❤❡ ❆♥❞❡rs♦♥

♠♦❞❡❧ ✉♣❞❛t✐♥❣ t❤❡ ✇❛✈❡ ✈✐❛ t❤❡ ❈❤❡❜②s❤❡✈ ♣r♦♣❛❣❛t✐♦♥ ♠❡t❤♦❞ ✐s ✐❞❡❛❧ ❞✉❡ t♦ ✐ts

r❡♣✉t❛t✐♦♥ ❢♦r ❜❡✐♥❣ ❛❝❝✉r❛t❡✳ ❯s✐♥❣ t❤❡ ❈❤❡❜②s❤❡✈ ♣r♦♣❛❣❛t✐♦♥ ♠❡t❤♦❞ r❡q✉✐r❡s

t❤❛t t❤❡ ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥ ❜❡ ♦❢ t②♣❡ cos(k)✱ ♠❡❛♥✐♥❣ t❤❛t ✉♣❞❛t✐♥❣ t❤❡ tr❛❥❡❝t♦r✐❡s

✈✐❛ ❧♦❝❛❧ ✐♥t❡❣r❛t✐♦♥ ✐s r❡q✉✐r❡❞ ❞✉❡ t♦ t❤❡ ♦t❤❡r ♠❡t❤♦❞s ❛ss✉♠✐♥❣ ❛ k2 ❞✐s♣❡rs✐♦♥

r❡❧❛t✐♦♥✳

✸✳✶ ❲❛✈❡ Pr♦♣❛❣❛t✐♦♥

❚❤❡ ❞❡t❛✐❧s ♦❢ t❤❡ ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ♠❡t❤♦❞s ✉s❡❞ ✐♥ t❤❡ ♣r♦❣r❛♠✱ ❋♦✉r✐❡r ♣r♦♣❛❣❛✲

t✐♦♥ ❛♥❞ ❈❤❡❜②s❤❡✈ ♣r♦♣❛❣❛t✐♦♥✱ ❛r❡ ❡①♣❧❛✐♥❡❞ ❤❡r❡ ❛❧♦♥❣ ✇✐t❤ ❛ s♠❛❧❧ ❞✐s❝✉ss✐♦♥

♦♥ t❤❡✐r ❞✐✛❡r❡♥❝❡s ❝♦♠♣❛r❡❞ t♦ t❤❡ ♦t❤❡r ♠❡t❤♦❞✳

✸✳✶✳✶ ❋♦✉r✐❡r Pr♦♣❛❣❛t✐♦♥

❚❤❡ ❋♦✉r✐❡r ♣r♦♣❛❣❛t✐♦♥ ♠❡t❤♦❞ ✐♥✈♦❧✈❡s tr❛♥s❢♦r♠✐♥❣ ✐♥t♦ ❋♦✉r✐❡r s♣❛❝❡ ❛♥❞ ♣r♦♣✲

❛❣❛t✐♥❣ t❤❡ ✇❛✈❡ ❢✉♥❝t✐♦♥ ❢r♦♠ t❤❡r❡ ❜❡❢♦r❡ ❛♣♣❧②✐♥❣ t❤❡ ✐♥✈❡rs❡ ❋♦✉r✐❡r tr❛♥s✲

✶✸



❢♦r♠✳ ❚❤❡ ❛✐♠ ✐s t♦ ❛♣♣❧② t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦♣❡r❛t♦r t♦ t❤❡ ✇❛✈❡ ❢✉♥❝t✐♦♥✱ s♦

ψn+1 = U(dt)ψn ✇❤❡r❡ ψn ✐s ψ ❛t t✐♠❡ ♣♦✐♥t n ❛♥❞ U(dt) ✐s t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥

♦♣❡r❛t♦r✱

U(dt) = exp

(−idtH
~

)

, ✭✸✳✶✮

✇✐t❤ dt t❤❡ s♣❛❝✐♥❣ ❜❡t✇❡❡♥ t✐♠❡ ♣♦✐♥ts✱ H t❤❡ ❍❛♠✐❧t♦♥✐❛♥✱ ❛♥❞ ~ t❤❡ r❡❞✉❝❡❞

P❧❛♥❝❦ ❝♦♥st❛♥t✳ ❑❡❡♣ ✐♥ ♠✐♥❞ t❤❛t ~ = 1 ✐♥ t❤✐s ♣r♦❣r❛♠✳ ❚❤❡ ❝❛❧❝✉❧❛t✐♦♥ ❢♦r ✇❛✈❡

❢✉♥❝t✐♦♥ ♣r♦♣❛❣❛t✐♦♥ ✐s s♣❧✐t ✐♥t♦ t✇♦ ♣❛rts✱

ψ′ = exp

(

idt

2m

∂2

∂x2

)

ψn, ✭✸✳✷✮

ψn+1 = exp(−idtV )ψ′, ✭✸✳✸✮

✇❤✐❝❤ ❣✐✈❡s t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦♣❡r❛t♦r ❢r♦♠ ❡q✉❛t✐♦♥ ✭✸✳✶✮ ✉s✐♥❣ H = −1
2m

∂2

∂x2 +V ❛s

t❤❡ ❍❛♠✐❧t♦♥✐❛♥✱ ✇✐t❤ V r❡♣r❡s❡♥t✐♥❣ t❤❡ ♣♦t❡♥t✐❛❧ ❛♥❞ m t❤❡ ♠❛ss ♦❢ t❤❡ ♣❛rt✐❝❧❡✳

❚❤❡ ♣❛rt r❡♣r❡s❡♥t❡❞ ❜② ❡q✉❛t✐♦♥ ✭✸✳✷✮ ✐s ❝❛❧❝✉❧❛t❡❞ ❜② tr❛♥s❢♦r♠✐♥❣ ψ(x, t)✱

t❤❡ ✇❛✈❡ ❢✉♥❝t✐♦♥ ❛t ♣♦s✐t✐♦♥ x ❛♥❞ t✐♠❡ t✱ ✐♥t♦ ❋♦✉r✐❡r s♣❛❝❡✳ ❚❤✐s ✐s ❞♦♥❡ ✉s✐♥❣ ❛

❋❛st ❋♦✉r✐❡r ❚r❛♥s❢♦r♠ ✭❋❋❚✮ ❛❧❣♦r✐t❤♠ ♦♥ t❤❡ ✇❛✈❡ ❢✉♥❝t✐♦♥✱ ❣✐✈✐♥❣ ψ̃(k, t) ✇❤✐❝❤

✐s t❤❡ ✇❛✈❡ ❢✉♥❝t✐♦♥ ✐♥ ❋♦✉r✐❡r s♣❛❝❡ ❛t ♣♦s✐t✐♦♥ k ❛♥❞ t✐♠❡ t✳ ❋r♦♠ ❤❡r❡ ♣❛rt ♦❢

t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦♣❡r❛t♦r ✐s ❛♣♣❧✐❡❞✱ ✇❤❡r❡ t❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ ❛♣♣❧②✐♥❣ t❤❡ ❋♦✉r✐❡r

tr❛♥s❢♦r♠ ❜❡❝♦♠❡s ❝❧❡❛r✳ ❚❤❡ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡ ♦♣❡r❛t♦r ❝❛♥ ❜❡ r❡♣❧❛❝❡❞ ❜② ❛ ❝♦❡❢✲

✜❝✐❡♥t ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ t❤❡ ♣♦s✐t✐♦♥ k ✐♥ ❋♦✉r✐❡r s♣❛❝❡ ✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥✳ ❚❤✐s

❝❛♥ ❜❡ s❤♦✇♥ ❜② t❛❦✐♥❣ t❤❡ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡ ♦❢ ❛♥ ✐♥✈❡rs❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠✱

f(x) =

∫ ∞

−∞

f̃(k)eikxdk, ✭✸✳✹✮

∂2

∂x2
f(x) =

∫ ∞

−∞

−k2f̃(k)eikxdk, ✭✸✳✺✮

✇✐t❤ f(x) ❜❡✐♥❣ ❛♥ ❛r❜✐tr❛r② ❢✉♥❝t✐♦♥✳

❚❤❡r❡❢♦r❡ ❞✐✛❡r❡♥t✐❛t✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ x t✇✐❝❡ ✐♥ x✲s♣❛❝❡ ✐s ❡q✉✐✈❛❧❡♥t t♦

♠✉❧t✐♣❧②✐♥❣ ❡❛❝❤ f̃(k) t❡r♠ ❜② −k2✳ ❍❡♥❝❡ ✇❤❡♥ ❛♣♣❧②✐♥❣ t❤✐s ♣❛rt ♦❢ t❤❡ t✐♠❡

❡✈♦❧✉t✐♦♥ ♦♣❡r❛t♦r t♦ ❡❛❝❤ ψ̃(k, t) r❡♣❧❛❝❡ ∂2

∂x2 ✇✐t❤ t❤❡ ❝♦❡✣❝✐❡♥t a(k) = −k2✳ ❆❢t❡r
❡✈♦❧✈✐♥❣ ψ̃(k, t) ✐♥ ❋♦✉r✐❡r s♣❛❝❡✱ ✇❡ t❛❦❡ t❤❡ ✐♥✈❡rs❡ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ❛❧s♦ ✇✐t❤ ❛

❋❋❚ ❛❧❣♦r✐t❤♠ t♦ ❣❡t ψ′(x, t)✳

P❛rt t✇♦✱ r❡♣r❡s❡♥t❡❞ ❜② ❡q✉❛t✐♦♥ ✭✸✳✸✮✱ ✐s ❡❛s✐❧② ❝❛❧❝✉❧❛t❡❞ ✐♥ x✲s♣❛❝❡ ❜②

✜♥❞✐♥❣ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ♣♦t❡♥t✐❛❧ V ❛t ❡❛❝❤ x ♣♦✐♥t ❛♥❞ s✉❜st✐t✉t✐♥❣ ✐♥t♦ t❤❡ ❡①✲

✶✹



♣♦♥❡♥t✐❛❧ ❢♦r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ψ′(x, t)✳ ❚❤✐s ❝❛❧❝✉❧❛t✐♦♥ ❣✐✈❡s t❤❡ ❢✉❧❧② ♣r♦♣❛❣❛t❡❞

✇❛✈❡ ❛t t❤❡ ♥❡①t t✐♠❡ st❡♣✱ ✇❤✐❝❤ ✐s ψ(x, t+ dt)✳

✸✳✶✳✷ ❈❤❡❜②s❤❡✈ Pr♦♣❛❣❛t✐♦♥

❚❤✐s ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ♠❡t❤♦❞ r❡q✉✐r❡s ❛ ❞✐✛❡r❡♥t ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥ t♦ t❤❡ ♦♥❡

✉s✉❛❧❧② ✉s❡❞ ❢♦r ❋♦✉r✐❡r ♣r♦♣❛❣❛t✐♦♥✳ ❚❤❡ ✉s✉❛❧ ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥ ❣✐✈❡♥ ❜②

E =
k2

2m
✭✸✳✻✮

✇✐❧❧ ❜❡ r❡❢❡rr❡❞ t♦ ❛s t❤❡ k2 ❞✐s♣❡rs✐♦♥ ❛♥❞ t❤❡ ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥ ♥❡❡❞❡❞ ❢♦r ❈❤❡❜②✲

s❤❡✈ ♣r♦♣❛❣❛t✐♦♥ t♦ ✇♦r❦ ❣✐✈❡♥ ❜②

E =
1− cos(k)

m
✭✸✳✼✮

✇✐❧❧ ❜❡ r❡❢❡rr❡❞ t♦ ❛s t❤❡ cos(k) ❞✐s♣❡rs✐♦♥✳ ◆♦t❡ t❤❛t ✐t ✐s ❛❧s♦ ♣♦ss✐❜❧❡ t♦ ✉s❡

t❤❡ ❋♦✉r✐❡r ♣r♦♣❛❣❛t✐♦♥ ♠❡t❤♦❞ ❢♦r cos(k) ❞✐s♣❡rs✐♦♥✱ ❛❢t❡r ❛ ❝❤❛♥❣❡ ✐♥ t❤❡ t✐♠❡

❡✈♦❧✉t✐♦♥ ♦♣❡r❛t♦r✳ ❍❡r❡✱ E ✐s t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣② ♦❢ t❤❡ ✇❛✈❡✲♣❛rt✐❝❧❡ s②st❡♠✱ k ✐s

t❤❡ ✇❛✈❡ ♥✉♠❜❡r ❛♥❞ m ✐s t❤❡ r❡st ♠❛ss✳ ❚❤❡ r❡❞✉❝❡❞ P❧❛♥❝❦ ❝♦♥st❛♥t ~ ✇❛s s❡t t♦

✉♥✐t②✳

❋✐rst✱ t❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦♣❡r❛t♦r U(τ) = exp(−iHτ) ✐s ❡①♣❛♥❞❡❞ ✐♥t♦

❈❤❡❜②s❤❡✈ ♣♦❧②♥♦♠✐❛❧s ♦❢ ✜rst ❦✐♥❞✳ ❚❤❡ ❍❛♠✐❧t♦♥✐❛♥ ✐s r❡q✉✐r❡❞ t♦ ❜❡ r❡s❝❛❧❡❞ t♦

t❤❡ ✐♥t❡r✈❛❧ [−1, 1] ❛♣♣❧✐❝❛❜❧❡ ❢♦r ❈❤❡❜②s❤❡✈ ♣♦❧②♥♦♠✐❛❧s Tk✱ ✇❤✐❝❤ ❣✐✈❡sH = aH̃+b✳

❚❤❡ t✐♠❡ ❡✈♦❧✉t✐♦♥ ♦♣❡r❛t♦r ❝❛♥ t❤❡♥ ❜❡ r❡✇r✐tt❡♥ ❛s

U(τ) = exp(−ibτ)
[

c0(aτ) + 2

M
∑

k=1

ck(aτ)Tk(H̃)

]

, ✭✸✳✽✮

✇❤❡r❡ ck(aτ) = (−i)kJk(aτ) ❛r❡ t❤❡ ❈❤❡❜②s❤❡✈ ❝♦❡✣❝✐❡♥ts✱ ✇✐t❤ Jk r❡♣r❡s❡♥t✐♥❣

t❤❡ ✜rst✲❦✐♥❞ ❇❡ss❡❧ ❢✉♥❝t✐♦♥ ♦❢ ♦r❞❡r k✳ ❚♦ ❡✈♦❧✈❡ t❤❡ ✇❛✈❡ ❢✉♥❝t✐♦♥ ❢r♦♠ ♦♥❡ t✐♠❡

♣♦✐♥t t♦ t❤❡ ♥❡①t✱ ✇❡ ♣❡r❢♦r♠ |ψ(τ +∆τ)〉 = U(∆τ) |ψ(τ)〉 ✇❤✐❝❤ r❡q✉✐r❡s ✜♥❞✐♥❣

|vk〉 = Tk(H̃) |ψ(τ)〉 ❢♦r ❡❛❝❤ k✳ ❘❛t❤❡r t❤❛♥ ✉s✐♥❣ t❤✐s r❡❧❛t✐♦♥ t♦ ❝❛❧❝✉❧❛t❡ ❡❛❝❤

|vk〉✱ t❤❡② ❛r❡ ❝❛❧❝✉❧❛t❡❞ ❜② t❛❦✐♥❣ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ❈❤❡❜②s❤❡✈ ♣♦❧②♥♦♠✐❛❧ r❡❝✉rr❡♥❝❡

r❡❧❛t✐♦♥✱ ❣✐✈❡♥ ❜②

|vk+1〉 = 2H̃ |vk〉 − |vk−1〉 , ✭✸✳✾✮

✇✐t❤ |v1〉 = H̃ |v0〉 ❛♥❞ |v0〉 = |ψ(τ)〉✳ ❖♥❡ ❢❡❛t✉r❡ ♦❢ t❤❡ ❇❡ss❡❧ ❢✉♥❝t✐♦♥s ✐s t❤❡✐r

❢❛st ❛s②♠♣t♦t✐❝ ❞❡❝❛②✱

✶✺



Jk(aτ) ∼
1√
2πk

(eaτ

2k

)k
, k −→ ∞, ✭✸✳✶✵✮

✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡ ❈❤❡❜②s❤❡✈ ❝♦❡✣❝✐❡♥ts ✈❛♥✐s❤ q✉✐❝❦❧②✳ ❚❤❡ ♥✉♠❜❡r ♦❢ ❈❤❡❜②✲

s❤❡✈ ❝♦❡✣❝✐❡♥ts r❡q✉✐r❡❞ ✐s t❤❡r❡❢♦r❡ ✜♥✐t❡✱ ✇✐t❤ t❤❡ ♥✉♠❜❡r ✉s❡❞ ✐♥ t❤❡ ♣r♦❣r❛♠

❜❡✐♥❣ 16✱ s♦ M = 15✳

❋♦r t❤❡ s✐♠✉❧❛t✐♦♥✱ t❤❡ ♠❡t❤♦❞ ✐s ✐♥✐t✐❛❧✐s❡❞ ❜② ✜♥❞✐♥❣ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ♠❛✲

tr✐①✱ ❛♥❞ t❤❡ ❈❤❡❜②s❤❡✈ ❝♦❡✣❝✐❡♥ts ❝❛♥ ❛❧s♦ ❜❡ ❢♦✉♥❞ s✐♥❝❡ ck(a∆τ) ❞❡♣❡♥❞s ♦♥ t❤❡

t✐♠❡ st❡♣ ❛♥❞ ♥♦t ♦♥ t✐♠❡ ✐ts❡❧❢✳ ❚❤❡♥ ✐♥ t❤❡ ♠❡t❤♦❞ ✐ts❡❧❢ ✐t ✐s s✐♠♣❧② ❛ ♠❛tt❡r ♦❢

✉s✐♥❣ ❡q✉❛t✐♦♥s ✭✸✳✽✮ ❛♥❞ ✭✸✳✾✮ ✭❙❝❤✉❜❡rt ❛♥❞ ❋❡❤s❦❡ ❬✷✵✵✽❪✮✳

✸✳✶✳✸ ❈♦♠♣❛r✐s♦♥ ❇❡t✇❡❡♥ ▼❡t❤♦❞s ❛♥❞ ❙❡tt✐♥❣ t❤❡ P♦t❡♥t✐❛❧

❲❤✐❧❡ ❋♦✉r✐❡r ♣r♦♣❛❣❛t✐♦♥ ✐s ♠♦r❡ ✢❡①✐❜❧❡ ✇✐t❤ ✇❤✐❝❤ ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥ ✐s ✉s❡❞✱

❈❤❡❜②s❤❡✈ ♣r♦♣❛❣❛t✐♦♥ ✐s ♠✉❝❤ ♠♦r❡ ✉s❡❢✉❧ ❞✉❡ t♦ ✐ts ❛❜✐❧✐t② t♦ ❣❡t ❛❝❝✉r❛t❡ r❡s✉❧ts

❡✣❝✐❡♥t❧②✳ ❆❧s♦✱ s✐♥❝❡ t❤✐s ♠❡t❤♦❞ ❞✐r❡❝t❧② ✐♥✈♦❧✈❡s t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ❛s ❛ ♠❛tr✐① ✐t

✐s ✐♥t✉✐t✐✈❡❧② ❡❛s✐❡r t♦ s❡t✲✉♣ t❤❡ ♣♦t❡♥t✐❛❧ ❢♦r ❛ t✐❣❤t ❜✐♥❞✐♥❣ ♠♦❞❡❧✳ ■♥ t❤✐s ❝❛s❡

t❤❡ ♣♦t❡♥t✐❛❧ ✉s❡❞ ✇♦✉❧❞ ❜❡ t❤❡ ❆♥❞❡rs♦♥ ♣♦t❡♥t✐❛❧ ✇❤✐❝❤ r❡♣❧✐❝❛t❡s t❤❡ ❆♥❞❡rs♦♥

♠♦❞❡❧✱ ✇✐t❤ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ♠❛tr✐① s❡t ❛s ✐♥ ❡q✉❛t✐♦♥ ✭✷✳✷✷✮✳ ❙♦ t❤❡ ✐♥♣✉t ❞✐s♦r❞❡r

w s❡ts t❤❡ r❛♥❣❡ ♦❢ ❧❛tt✐❝❡ ❡♥❡r❣② ✈❛❧✉❡s✱ t❤❡ ❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥ts ♦❢ t❤❡ ♠❛tr✐①✱ ✇✐t❤ t❤❡

✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ s✐t❡s✱ ✇❤✐❝❤ ✐s ♦♥❧② ❜❡t✇❡❡♥ ♥❡✐❣❤❜♦✉r✐♥❣ s✐t❡s✱ ❜❡✐♥❣ ✐❞❡♥t✐❝❛❧

❛t ❡✈❡r② s✐t❡✳ ❚❤❡r❡❢♦r❡ t❤❡ ❈❤❡❜②s❤❡✈ ♣r♦♣❛❣❛t✐♦♥ ♠❡t❤♦❞ ✐s ✉s❡❞ t♦ ♦❜t❛✐♥ r❡s✉❧ts

r❡❧❛t✐♥❣ t♦ t❤❡ ❆♥❞❡rs♦♥ ♠♦❞❡❧✱ t❤♦✉❣❤ ❋♦✉r✐❡r ♣r♦♣❛❣❛t✐♦♥ ✐s st✐❧❧ ✉s❡❢✉❧ ✐♥ t❤✐s

♣r♦❥❡❝t ❢♦r t❡st✐♥❣ t❤❡ s✐♠✉❧❛t✐♦♥ ❢♦r ③❡r♦ ♣♦t❡♥t✐❛❧✳

✸✳✷ ❇♦✉♥❞❛r✐❡s

❚❤❡ ❝♦❞❡ ❤❛s t❤r❡❡ ❜♦✉♥❞❛r② t②♣❡s ✇❤✐❝❤ ❛r❡ ❛❜s♦r❜✐♥❣✱ ❤❛r❞✲✇❛❧❧ ❛♥❞ ♣❡r✐♦❞✐❝

❜♦✉♥❞❛r✐❡s✳ ❚♦ ❝❧❛r✐❢②✱ t❤❡ ❛❜s♦r❜✐♥❣ ❜♦✉♥❞❛r✐❡s ❛r❡ ✇❤❡r❡ t❤❡ ✇❛✈❡ ✐s ❛❜s♦r❜❡❞

♥❡❛r❧② ❝♦♠♣❧❡t❡❧② ✐♥ ❛♥ ❛tt❡♠♣t t♦ ♠✐♠✐❝ t❤❡ ❣r✐❞ ♦❢ x✲♣♦s✐t✐♦♥s ❜❡✐♥❣ ♣❛rt ♦❢ ❛♥

✐♥✜♥✐t❡ r❡❣✐♦♥✳ ❍❛r❞✲✇❛❧❧ ❜♦✉♥❞❛r✐❡s ✐♥✈♦❧✈❡ t❤❡ ✇❛✈❡ ❜❡✐♥❣ ❝♦♠♣❧❡t❡❧② r❡✢❡❝t❡❞

❜❛❝❦ ❛♥❞ ♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r✐❡s ❛❧❧♦✇ t❤❡ ✇❛✈❡ ✭❛♥❞ ❛❧❧ tr❛❥❡❝t♦r✐❡s✮ t♦ ❡♠❡r❣❡ ❛t t❤❡

♦t❤❡r s✐❞❡ ♦❢ t❤❡ ❣r✐❞✳

❚❤❡ t❤❡♦r② ❜❡❤✐♥❞ t❤❡ ✐♠♣❧❡♠❡♥t❡❞ ❛❜s♦r❜✐♥❣ ❜♦✉♥❞❛r✐❡s ✐s ❞❡s❝r✐❜❡❞ ✐♥

❛♥ ❛rt✐❝❧❡ ❜② ❑♦s❧♦✛ ❛♥❞ ❑♦s❧♦✛ ❬✶✾✽✻❪✳ ❚❤❡ ❜❛s✐❝ ✐❞❡❛ ✐s t♦ ❤❛✈❡ t❤❡ r❡❞✉❝t✐♦♥

❢❛❝t♦r ❛t ✐ts ❧❛r❣❡st ❛t t❤❡ ❜♦✉♥❞❛r② ❛♥❞ t♦ t❤❡♥ t❛♣❡r ✐t ♦✛ ❛s t❤❡ ❣r✐❞ ♣♦✐♥ts

✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥ ❣❡t ❢✉rt❤❡r ❢r♦♠ t❤❡ ❜♦✉♥❞❛r②✳ ❚❤✐s t❛♣❡r✐♥❣ ✐s ❞♦♥❡ t♦ ❛✈♦✐❞

✉♥✇❛♥t❡❞ r❡✢❡❝t✐♦♥s✳ ❙♦✱ ❛♥ ❛♠♣❧✐t✉❞❡ r❡❞✉❝t✐♦♥ st❡♣ ❛❢t❡r t❤❡ ✇❛✈❡ ❤❛s ♣r♦♣❛❣❛t❡❞

✶✻



✐s ✐♥❝❧✉❞❡❞✱ ✇❤✐❝❤ ✐s ❛ ❢♦r✇❛r❞ ❞✐✛❡r❡♥❝✐♥❣ st❡♣ ❞❡s❝r✐❜❡❞ ❜②

ψ = (1− γdt)ψ(0). ✭✸✳✶✶✮

❚❤❡ r❡❞✉❝t✐♦♥ ❢✉♥❝t✐♦♥ γ ✐s ❣✐✈❡♥ ❜②

γ =
U0

cosh2(α.n)
, ✭✸✳✶✷✮

✇✐t❤ U0 ❛ ❝♦♥st❛♥t✱ α ❛ ❞❡❝❛② ❢❛❝t♦r ❛♥❞ n t❤❡ ♥✉♠❜❡r ♦❢ ❣r✐❞ ♣♦✐♥ts ❢r♦♠ t❤❡

❜♦✉♥❞❛r②✳

◆♦t❡ t❤❛t ❡q✉❛t✐♦♥ ✭✸✳✶✶✮ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠

∂ψ

∂t
= −γψ ✭✸✳✶✸✮

❜② ✉s✐♥❣ ❛ ✜rst ♦r❞❡r t✐♠❡ ♣r♦♣❛❣❛t✐♦♥ s❝❤❡♠❡✳ ❇② ❝♦♠♣❛r✐♥❣ ❡q✉❛t✐♦♥ ✭✸✳✶✸✮ t♦ t❤❡

t✐♠❡ ❞❡♣❡♥❞❛♥t ❙❝❤r♦❡❞✐♥❣❡r ❡q✉❛t✐♦♥ ✐t ❜❡❝♦♠❡s ❝❧❡❛r t❤❛t t❤❡ ❛♠♣❧✐t✉❞❡ r❡❞✉❝t✐♦♥

st❡♣ ✐s ❡q✉✐✈❛❧❡♥t t♦ ❛♣♣❧②✐♥❣ ❛ ❝♦♠♣❧❡① ❛❜s♦r❜✐♥❣ ♣♦t❡♥t✐❛❧✳ ❇② ✈❛r②✐♥❣ U0 ❛♥❞ α

t❤❡ ❛❜s♦r❜✐♥❣ ♣♦t❡♥t✐❛❧ ❝❛♥ ❜❡ ♦♣t✐♠✐s❡❞ s✉❝❤ t❤❛t tr❛♥s♠✐ss✐♦♥s✱ ✇❤❡r❡ ♣❛rts ♦❢

t❤❡ ✇❛✈❡ tr❛✈❡❧ ♣❡r✐♦❞✐❝❛❧❧② t❤r♦✉❣❤ t❤❡ ❜♦✉♥❞❛r②✱ ❛♥❞ r❡✢❡❝t✐♦♥s ❛r❡ ♠✐♥✐♠✐s❡❞✳ ❆

❜❛❧❛♥❝❡ ♥❡❡❞s t♦ ❜❡ ❢♦✉♥❞ ❜❡t✇❡❡♥ t❤❡ ♥✉♠❜❡r ♦❢ r❡❧❡✈❛♥t ❣r✐❞ ♣♦✐♥ts ✐♥ t❤❡ ❛❜s♦r❜✐♥❣

r❡❣✐♦♥ ✇❤✐❝❤ s✐❣♥✐✜❝❛♥t❧② r❡❞✉❝❡ t❤❡ ✇❛✈❡ ❛♠♣❧✐t✉❞❡ ❛♥❞ s✉✣❝✐❡♥t r❡❞✉❝t✐♦♥ ♦❢ t❤❡

❛♠♣❧✐t✉❞❡ ❢♦r t❤❡ ✇❛✈❡ ♥✉♠❜❡rs ✇✐t❤✐♥ t❤✐s ✇❛✈❡✳ ❉❡t❡r♠✐♥✐♥❣ t❤❡ ✈❛❧✉❡s ♦❢ U0 ❛♥❞

α s✉❝❤ t❤❛t r❡✢❡❝t✐♦♥s ❛♥❞ tr❛♥s♠✐ss✐♦♥s ♦❢ t❤❡ ✇❛✈❡ ❛t t❤❡ ❜♦✉♥❞❛r② ✇❡r❡ ♠✐♥✐♠❛❧

❡♥❞❡❞ ✉♣ ❜❡✐♥❣ ❛ ♣r♦❝❡ss ♦❢ tr✐❛❧ ❛♥❞ ❡rr♦r✳ ❊✈❡♥t✉❛❧❧② t❤❡ ✈❛❧✉❡s ✇❡r❡ s❡tt❧❡❞ ♦♥

U0 = 1 ❛♥❞ α = 0.18✱ ✇❤✐❝❤ ❡❧✐♠✐♥❛t❡s ❛❧♠♦st ❛❧❧ ♦❢ t❤❡ ✇❛✈❡ ❛♠♣❧✐t✉❞❡✳

❋♦r ❋♦✉r✐❡r ♣r♦♣❛❣❛t✐♦♥✱ ✇❤✐❝❤ ✐s t❤❡ ♠❡t❤♦❞ ✇❤❡r❡ t❤❡ ✇❛✈❡ ❢✉♥❝t✐♦♥ ✐s

tr❛♥s❢♦r♠❡❞ t♦ ❋♦✉r✐❡r s♣❛❝❡ ❛♥❞ t❤❡♥ ♣r♦♣❛❣❛t❡❞✱ t❤❡ ❜♦✉♥❞❛r✐❡s ❛r❡ ♥❛t✉r❛❧❧②

♣❡r✐♦❞✐❝ ✇✐t❤ ♥♦ ❛❜s♦r❜✐♥❣ ♣♦t❡♥t✐❛❧✳ ❋♦r ❈❤❡❜②s❤❡✈ ♣r♦♣❛❣❛t✐♦♥ t❤❡ ❜♦✉♥❞❛r✐❡s

❛r❡ ♥❛t✉r❛❧❧② ❤❛r❞✲✇❛❧❧✱ s♦ ♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r✐❡s ✇❡r❡ ✐♠♣❧❡♠❡♥t❡❞ ❢♦r t❤✐s ♠❡t❤♦❞✳

❲❤❡♥ ✉s✐♥❣ t❤❡ ❈❤❡❜②s❤❡✈ ♣r♦♣❛❣❛t✐♦♥ ♠❡t❤♦❞✱ ❛♥❞ ❛♣♣❧②✐♥❣ t❤❡ ❈❤❡❜②✲

s❤❡✈ ♣♦❧②♥♦♠✐❛❧ r❡❝✉rr❡♥❝❡ r❡❧❛t✐♦♥ ✭✸✳✾✮✱ t❤❡ ♦♥❧② ❝❛❧❝✉❧❛t✐♦♥ t♦ ❜❡ ✇❛r② ♦❢ ✇❤❡♥

❝♦♥s✐❞❡r✐♥❣ ♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r✐❡s ✐s ✇❤❡♥ t❤❡ r❡s❝❛❧❡❞ ❍❛♠✐❧t♦♥✐❛♥ ✐s ❛♣♣❧✐❡❞ t♦ ❛

✈❡❝t♦r✳ ❚❤❡ ❧❡♥❣t❤ ♦❢ ❡❛❝❤ ✈❡❝t♦r |vk〉 ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥ ✐s ❡q✉❛❧ t♦ t❤❡ ♥✉♠❜❡r ♦❢

❣r✐❞ ♣♦✐♥ts ✐♥ ♣♦s✐t✐♦♥ s♣❛❝❡ N ✱ s✐♥❝❡ ✇❡ ❤❛✈❡ |v0〉 = |ψ(x, τ)〉 ✇✐t❤ ψ(x, τ) ❜❡✐♥❣ ❛

✈❡❝t♦r ✇✐t❤ ❧❡♥❣t❤ N ✳ ❍❡♥❝❡✱ ✉s✐♥❣ t❤❡ ❈❤❡❜②s❤❡✈ ♣♦❧②♥♦♠✐❛❧ r❡❝✉rr❡♥❝❡ r❡❧❛t✐♦♥

✭✸✳✾✮✱ ❛❧❧ |vk〉 ❛r❡ ✈❡❝t♦rs ♦❢ ❧❡♥❣t❤ N ✳ ❙♦ ✇❤❡♥ ❝r❡❛t✐♥❣ ❛ ♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r②✱ t❤❡

❧❛tt✐❝❡ ♣♦✐♥ts ♥♦✇ ❤❛✈❡ t♦ ❝♦♥s✐❞❡r ❧❛tt✐❝❡ ❤♦♣♣✐♥❣ ❢♦r ❣r✐❞ ♣♦✐♥ts ❜❡②♦♥❞ t❤❡ ❜♦✉♥❞✲

❛r②✳ ❙✐♥❝❡ t❤❡ r❡s❝❛❧❡❞ ❍❛♠✐❧t♦♥✐❛♥ ♠❛tr✐① ✐s tr✐❞✐❛❣♦♥❛❧✱ ✐♥ ♦t❤❡r ✇♦r❞s ✇❡ ♦♥❧②
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♥❡❡❞ t♦ ❝♦♥s✐❞❡r ❤♦♣♣✐♥❣ ❜❡t✇❡❡♥ ♥❡❛r❡st ♥❡✐❣❤❜♦✉rs✱ ✇❡ ❥✉st ♥❡❡❞ t♦ ✐♥✈♦❧✈❡ ♦♥❡

❧❛tt✐❝❡ ♣♦✐♥t ❜❡②♦♥❞ t❤❡ ♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r②✳ ❚❤✉s ❛♥ ❡①tr❛ t✇♦ ❡♥tr✐❡s t♦ t❤❡ ✈❡❝t♦rs

|vk〉✱ ❛♥❞ ❛♥ ❡①tr❛ t✇♦ r♦✇s ❛♥❞ ❝♦❧✉♠♥s ❢♦r t❤❡ r❡s❝❛❧❡❞ ❍❛♠✐❧t♦♥✐❛♥ ♠❛tr✐① H̃✱

❛r❡ r❡q✉✐r❡❞ ❢♦r ❝❛❧❝✉❧❛t✐♥❣ H̃ |vk〉✳ ❆♥ ❡①❛♠♣❧❡ ♦❢ ❤♦✇ t❤✐s ✐s ❞♦♥❡ ✐s s❤♦✇♥ ❢♦r ❛

s②st❡♠ ✇✐t❤ t❤r❡❡ ❣r✐❞ ♣♦✐♥ts✱ ✇❤✐❝❤ ✐♥✈♦❧✈❡s ❛ ✸①✸ r❡s❝❛❧❡❞ ❍❛♠✐❧t♦♥✐❛♥ ♠❛tr✐① H̃

❛♥❞ ❛ ✸①✶ ✈❡❝t♦r |vk〉✳ ❚❤❡ t❡r♠ tHop ❞❡s❝r✐❜❡s t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ s✐t❡s✱ ✇❤✐❝❤

✐s t❤❡ s❛♠❡ ❢♦r ❛❧❧ ❧❛tt✐❝❡ ♣♦✐♥ts ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥✳

H̃ =







H1,1 tHop 0

tHop H2,2 tHop

0 tHop H3,3






−→

















H3,3 tHop 0 0 0

tHop H1,1 tHop 0 0

0 tHop H2,2 tHop 0

0 0 tHop H3,3 tHop

0 0 0 tHop H1,1

















,

✭✸✳✶✹❛✮

|vk〉 =







v1

v2

v3






−→

















v0(= v3)

v1

v2

v3

v4(= v1)

















.

✭✸✳✶✹❜✮

❚♦ ❛♣♣❧② t❤❡ ❈❤❡❜②s❤❡✈ ♣r♦♣❛❣❛t✐♦♥ ♠❡t❤♦❞ ❢♦r ♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r✐❡s ✇❡ ✐♥✐✲

t✐❛❧❧② ❡①t❡♥❞ t❤❡ ✈❡❝t♦rs ❛♥❞ t❤❡ r❡s❝❛❧❡❞ ❍❛♠✐❧t♦♥✐❛♥ ♠❛tr✐① ❛s ✐♥ ✭✸✳✶✹❛✮ ❛♥❞

✭✸✳✶✹❜✮✱ t❤❡♥ t❤❡ ♠❡t❤♦❞ ✐s ❞♦♥❡ ❛s ♥♦r♠❛❧ ❡①❝❡♣t ✇❤❡♥ ❝❛❧❝✉❧❛t✐♥❣ H̃ |vk〉✳ ❆❢t❡r

❛♣♣❧②✐♥❣ ♦r❞✐♥❛r② ♠❛tr✐① ♠✉❧t✐♣❧✐❝❛t✐♦♥ t❤❡ ❡♥❞ ✈❛❧✉❡s ❛r❡ ❛❧s♦ ✉♣❞❛t❡❞ ❜❡❢♦r❡ ❛♥②

❢✉rt❤❡r ❝❛❧❝✉❧❛t✐♦♥s ❛r❡ ❞♦♥❡✳ ❙♦ ✐♥ t❤❡ ❡①❛♠♣❧❡✱ ❢♦r ✭✸✳✶✹❜✮✱ ✇❡ s❡t v4 = v1 ❛♥❞

v0 = v3✳ ■♥ t❤✐s ✇❛② t❤❡ ❡✛❡❝t ♦❢ ♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r✐❡s ✐s ❝r❡❛t❡❞✳

▲❛st❧②✱ ❛♥ ❛tt❡♠♣t ❛t ♠❛❦✐♥❣ ❋♦✉r✐❡r ♣r♦♣❛❣❛t✐♦♥ ❤❛r❞✲✇❛❧❧ ✇❛s ♠❛❞❡ ❜②

tr②✐♥❣ t♦ r❡♣❧✐❝❛t❡ ❛♥ ✐♥✜♥✐t❡ ♣♦t❡♥t✐❛❧ ✇❡❧❧✱ ❛❞❞✐♥❣ ❧❛r❣❡ ✈❛❧✉❡s ♦❢ ♣♦t❡♥t✐❛❧ ❛t ❡❛❝❤

❡♥❞ ♦❢ t❤❡ ❣r✐❞✳ ❚❤✐s ❤♦✇❡✈❡r ❛✛❡❝ts t❤❡ ♣❤❛s❡ t♦♦ ♠✉❝❤✱ ✇❤✐❝❤ ✐s ♥♦t ✐❞❡❛❧ ❢♦r

tr❛❥❡❝t♦r✐❡s ✇❤♦s❡ ♠♦t✐♦♥ ❞❡♣❡♥❞s ♦♥ ✐t✳

✸✳✸ ❊✈♦❧✉t✐♦♥ ♦❢ ❚r❛❥❡❝t♦r✐❡s

❚❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ tr❛❥❡❝t♦r✐❡s ✐s ❢♦r❝❡❞ t♦ ❜❡ ❞♦♥❡ ✈✐❛ ❧♦❝❛❧ ✐♥t❡❣r❛t✐♦♥ ❞✉❡ t♦

t❤❡ cos(k) ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥ ♣r❡✈✐♦✉s❧② ♠❡♥t✐♦♥❡❞✱ ✇✐t❤ t❤❡ ♦t❤❡r ♠❡t❤♦❞s t❛❦✐♥❣

❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ k2 ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥✳ ❚❤✐s ✐s ❛ s✐♠♣❧❡ ♠❡t❤♦❞ ✇❤✐❝❤ ♦♥❧② ✉s❡s
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✜rst ♦r❞❡r ✐♥❢♦r♠❛t✐♦♥✳

◆♦t❡ t❤❛t ∇S ❝❛♥♥♦t ❜❡ ❢♦✉♥❞ ❞✐r❡❝t❧② ❢r♦♠ t❤❡ ✇❛✈❡ ❢✉♥❝t✐♦♥ ✈✐❛

∇S =
(Si+1 − Si−1)

2dx
. ✭✸✳✶✺✮

❚❤✐s ✐s ❞✉❡ t♦ t❤❡ ♣❡r✐♦❞✐❝ ♥❛t✉r❡ ♦❢ t❤❡ ♣❤❛s❡ S(t)✱ s♦ ✐❢ ❡q✉❛t✐♦♥ ✭✸✳✶✺✮ ✐s ✉s❡❞

t❤❡♥ t❤❡ ✈❛❧✉❡ ♦❢ (Si+1 − Si−1) ❝♦✉❧❞ ❜❡ ✇r♦♥❣ ❜② 2πn ❢♦r s♦♠❡ ✐♥t❡❣❡r n✳

■♥st❡❛❞ ✇❡ ❞♦ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❋♦r ❡❛❝❤ tr❛❥❡❝t♦r②✱ t❤❡ x ♣♦s✐t✐♦♥ ✐s ✉s❡❞ t♦

✜♥❞ t❤❡ ❝❧♦s❡st x ❣r✐❞ ♣♦✐♥t✳ ❚❤❡♥ ∇ψ ❛♥❞ ∇ψ∗ ❛r❡ ❢♦✉♥❞ ✉s✐♥❣

∇ψ(∗) =
(ψ

(∗)
i+1 − ψ

(∗)
i−1)

2dx
✭✸✳✶✻✮

❛❧♦♥❣ ✇✐t❤ |ψ|2✱ ❛❢t❡r ✇❤✐❝❤ ∇S ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ✇✐t❤

∇S =
Im[ψ∗∇ψ − ψ∇ψ∗]

2|ψ|2 . ✭✸✳✶✼✮

◆♦✇ ∆x = ∇S
m dt ✐s ✉s❡❞ t♦ ✉♣❞❛t❡ t❤❡ x ♣♦s✐t✐♦♥✳ ❊q✉❛t✐♦♥ ✭✸✳✶✼✮ ❝❛♥ ❜❡ ❢♦✉♥❞

❜② s✉❜st✐t✉t✐♥❣ ψ = R exp( iS
~
) ✐♥t♦ t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡✱ ♥♦t✐♥❣ t❤❛t ~ = 1 ✐♥ t❤✐s

♣r♦❣r❛♠✳ ❙♦ ✇❡ ❝❛❧❝✉❧❛t❡ ψ∗∇ψ ❛♥❞ ψ∇ψ∗ ✇❤✐❝❤ ❣✐✈❡s

ψ∗∇ψ = R exp(−iS)[(∇R) exp(iS) +Ri∇S exp(iS)] = R∇R+ iR2∇S, ✭✸✳✶✽❛✮

ψ∇ψ∗ = R exp(iS)[(∇R) exp(−iS)−Ri∇S exp(−iS)] = R∇R− iR2∇S. ✭✸✳✶✽❜✮

❚❤❡r❡❢♦r❡ ✇❡ ❣❡t

Im[ψ∗∇ψ − ψ∇ψ∗] = 2R2∇S, ✭✸✳✶✾✮

✇❤✐❝❤ ❝❛♥ ❜❡ r❡❛rr❛♥❣❡❞ t♦ ❣❡t ❡q✉❛t✐♦♥ ✭✸✳✶✼✮✳

✶✾



❈❤❛♣t❡r ✹

▼❡t❤♦❞s ❢♦r ❚✐♠❡ ❙❡r✐❡s ❆♥❛❧②s✐s

✹✳✶ ❊st✐♠❛t✐♥❣ t❤❡ ▼❛①✐♠❛❧ ▲②❛♣✉♥♦✈ ❊①♣♦♥❡♥t

❚❤✐s s❡❝t✐♦♥ ❞❡t❛✐❧s ❛ ♠❡t❤♦❞ ❢♦r ❡st✐♠❛t✐♥❣ t❤❡ ▼▲❊ ♦❢ ❛ ♣❛rt✐❝❧❡ tr❛❥❡❝t♦r②✱ ✇✐t❤

❡❛❝❤ tr❛❥❡❝t♦r② ❣✐✈❡♥ ❛s ❛ t✐♠❡ s❡r✐❡s ♦✉t♣✉t ❢r♦♠ t❤❡ s✐♠✉❧❛t✐♦♥✳ ❘❛t❤❡r t❤❛♥ ❝♦❞✐♥❣

t❤✐s ♠❡t❤♦❞ ❢r♦♠ s❝r❛t❝❤✱ t❤❡ ❚■❙❊❆◆ ♣r♦❣r❛♠ ✭❍❡❣❣❡r ❡t ❛❧✳ ❬✶✾✾✾❪✮ ✐s ✉s❡❞ ✇❤✐❝❤

❤❛s ♦♥❡ s✉❜r♦✉t✐♥❡ t❤❛t ❞♦❡s t❤✐s ❡①❛❝t ❝♦♠♣✉t❛t✐♦♥✳ ❚❤❡ ♠❡t❤♦❞✱ ❛♥❞ t❤❡ t❤❡♦r②

❜❡❤✐♥❞ ✐t✱ ✐s ❣✐✈❡♥ ❜❡❧♦✇✳

✹✳✶✳✶ ▼❡t❤♦❞ ♦❢ ❋✐♥❞✐♥❣ t❤❡ ▼❛①✐♠❛❧ ▲②❛♣✉♥♦✈ ❊①♣♦♥❡♥t

❲❡ ✉s❡ t❤❡ ♥♦t❛t✐♦♥ ❛♥❞ ✐❞❡❛s ❢r♦♠ s❡❝t✐♦♥ ✷✳✸✳ ❚♦ ♠❡❛s✉r❡ t❤❡ ▼▲❊ λmax✱ ✇❡ ✜rst

✜① t✱ ❛♥❞ t❤❡♥ ❝♦♠♣❧❡t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ st❡♣s

✶✳ ❲❡ ✜rst s❡❛r❝❤ ❢♦r ❛❧❧ ♥❡✐❣❤❜♦✉rs ①i ✐♥s✐❞❡ ❛♥ ǫ✲♥❡✐❣❤❜♦✉r❤♦♦❞ Ut ♦❢ ①t✳

✷✳ ❲❡ t❤❡♥ ❝♦♠♣✉t❡ t❤❡ ❛✈❡r❛❣❡ ♦❢ t❤❡ ❞✐st❛♥❝❡s ❜❡t✇❡❡♥ ❛❧❧ ♥❡✐❣❤❜♦✉r✐♥❣ tr❛❥❡❝✲

t♦r✐❡s ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡ tr❛❥❡❝t♦r② ①t ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ τ ✳ ❚❤✐s ❛✈❡r❛❣❡ ❝♦♥t❛✐♥s

✢✉❝t✉❛t✐♦♥s ✇❤✐❝❤ ♥❡❡❞ t♦ ❜❡ ❡❧✐♠✐♥❛t❡❞ ❜② ❝♦♠♣❧❡t✐♥❣ t❤❡ ♥❡①t t✇♦ st❡♣s✳

✸✳ ❲❡ ♥♦✇ t❛❦❡ t❤❡ ❧♦❣❛r✐t❤♠ ♦❢ t❤❡s❡ ❛✈❡r❛❣❡ ❞✐st❛♥❝❡s ✇❤✐❝❤ ②✐❡❧❞s t❤❡ ❧♦❝❛❧

❡✛❡❝t✐✈❡ ▲②❛♣✉♥♦✈ ❡①♣♦♥❡♥t ♣❧✉s ❛ ✢✉❝t✉❛t✐♦♥ φ✳

✹✳ ❲❡ ❛✈❡r❛❣❡ ✐♥ t ♦✈❡r t❤❡ ❢✉❧❧ t✐♠❡ s❡r✐❡s✱ ✇✐t❤ t❤❡ ❧♦❝❛❧ ✢✉❝t✉❛t✐♦♥s φ ❝❛♥❝❡❧❧✐♥❣

♦✉t ❛♥❞ t❤❡ ❡✛❡❝t✐✈❡ ❡①♣♦♥❡♥ts ❛✈❡r❛❣❡❞ t♦ t❤❡ tr✉❡ ▲②❛♣♥✉♦✈ ❡①♣♦♥❡♥t✳

❖✈❡r❛❧❧ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❛❧❝✉❧❛t✐♦♥ ✐s ❝♦♠♣❧❡t❡❞✱ ❣✐✈✐♥❣

S(τ) =
1

T

T
∑

t=1

ln

(

1

|Ut|
∑

i∈Ut

dist(①t,①i; τ)

)

. ✭✹✳✶✮

✷✵



■♥✐t✐❛❧❧② t❤❡ ❞✐✛❡r❡♥❝❡ ✈❡❝t♦rs ✐♥ t❤❡ tr✉❡ ♣❤❛s❡ s♣❛❝❡ ❛r❡ ♣♦✐♥t✐♥❣ ✐♥ ❛♥②

❞✐r❡❝t✐♦♥✱ s♦ ❢♦r s♠❛❧❧ τ ✇❡ ❝❛♥♥♦t ❡①♣❡❝t ❛ s❝❛❧✐♥❣ ❜❡❤❛✈✐♦✉r✱ ✇✐t❤ t❤❡ ❞✐st❛♥❝❡

❜❡❤❛✈✐♥❣ ❧✐❦❡ dist =
∑

i aie
λit✱ ✇❤❡r❡ λi ❛r❡ t❤❡ ❡✛❡❝t✐✈❡ ▲②❛♣✉♥♦✈ ❡①♣♦♥❡♥ts ✐♥ t❤❡

❞✐✛❡r❡♥t st❛❜❧❡ ❛♥❞ ✉♥st❛❜❧❡ ❞✐r❡❝t✐♦♥s✳

■♥ t❤❡ ✐♥t❡r♠❡❞✐❛t❡ r❛♥❣❡ ♦❢ τ ✱ ❝❛❧❧❡❞ t❤❡ s❝❛❧✐♥❣ r❡❣✐♦♥✱ S(τ) ✐♥❝r❡❛s❡s ❧✐♥✲

❡❛r❧② ✇✐t❤ ✐ts s❧♦♣❡ ❡q✉❛❧ t♦ t❤❡ ▼▲❊✳ ■♥ t❤✐s r❛♥❣❡✱ τ ✐s ❧❛r❣❡ ❡♥♦✉❣❤ ❢♦r ♥❡❛r❧② ❛❧❧

❞✐st❛♥❝❡ ✈❡❝t♦rs t♦ ♣♦✐♥t ✐♥ t❤❡ ✉♥st❛❜❧❡ ❞✐r❡❝t✐♦♥✱ ✇❤✐❧❡ t❤❡ ❞✐st❛♥❝❡s ❛r❡ s♠❛❧❧❡r

t❤❛♥ t❤❡ s✐③❡ ♦❢ t❤❡ ❛ttr❛❝t♦r✳ ❆♥ ❛ttr❛❝t♦r ✐s ❛ s❡t ♦❢ ♥✉♠❡r✐❝❛❧ ✈❛❧✉❡s t♦✇❛r❞ ✇❤✐❝❤

❛ s②st❡♠ t❡♥❞s t♦ ❡✈♦❧✈❡✱ ❢♦r ❛ ✇✐❞❡ ✈❛r✐❡t② ♦❢ st❛rt✐♥❣ ❝♦♥❞✐t✐♦♥s ♦❢ t❤❡ s②st❡♠✳ ❙②s✲

t❡♠ ✈❛❧✉❡s ❝❧♦s❡ ❡♥♦✉❣❤ t♦ t❤❡ ❛ttr❛❝t♦r ✈❛❧✉❡s r❡♠❛✐♥ ❝❧♦s❡ ❡✈❡♥ ✐❢ s❧✐❣❤t❧② ❞✐st✉r❜❡❞

✭❙tr♦❣❛t③ ❬✷✵✵✼❪✮✳

❋♦r ❧❛r❣❡ τ ✱ ❞✐st❛♥❝❡s ❛r❡ ❝❧♦s❡ t♦ t❤❡ s✐③❡ ♦❢ t❤❡ ❛ttr❛❝t♦r ❛♥❞ S(τ) ❛s②♠♣✲

t♦t✐❝❛❧❧② t❡♥❞s t♦✇❛r❞s ❛ ❝♦♥st❛♥t s✐♥❝❡ t❤❡ ❞✐st❛♥❝❡s ❝❛♥♥♦t ❣r♦✇ ❛♥② ♠♦r❡✳

❚❤❡r❡❢♦r❡✱ ♠❡❛s✉r✐♥❣ t❤❡ ▼▲❊ ✐s ❛s s✐♠♣❧❡ ❛s ♠❡❛s✉r✐♥❣ t❤❡ ❣r❛❞✐❡♥t ♦❢ S(τ)

✐♥ t❤❡ s❝❛❧✐♥❣ r❡❣✐♦♥✳ ❙❡❡ ✜❣✉r❡ ✹✳✶ ❢♦r ❛♥ ❡①❛♠♣❧❡✳ ■♥ t❤✐s ❡①❛♠♣❧❡ ❛ ❍❡♥♦♥ ♠❛♣ ✐s

✉s❡❞✱ ❛ ✇❡❧❧ ❦♥♦✇♥ ❝❤❛♦t✐❝ s②st❡♠✱ ✇✐t❤ t❤❡ ❞❛t❛ ❝r❡❛t❡❞ ✉s✐♥❣ ❛ s✉❜r♦✉t✐♥❡ ❢r♦♠ t❤❡

❚■❙❊❆◆ ♣r♦❣r❛♠✳ ❙♦♠❡ ♥♦✐s❡ ✐s ❛rt✐✜❝✐❛❧❧② ❛❞❞❡❞ t♦ t❤❡ ❞❛t❛ ✉s✐♥❣ ❛ ❢✉♥❝t✐♦♥ ❛❧s♦

✐♥❝❧✉❞❡❞ ✐♥ ❚■❙❊❆◆✱ t♦ ♦❜s❡r✈❡ ❤♦✇ ❚■❙❊❆◆ ❝♦✉❧❞ ❝♦♣❡ ✇✐t❤ ♥♦✐s❡ ❢r♦♠ ❛ r❡❛❧ t✐♠❡

s❡r✐❡s ✇❤❡♥ ♠❡❛s✉r✐♥❣ t❤❡ ▼▲❊✳ ❚❤❡ ♠❡❛s✉r❡❞ ▼▲❊ ❣✐✈❡s ❛ ❣♦♦❞ ❛♣♣r♦①✐♠❛t✐♦♥ t♦

t❤❡ ❦♥♦✇♥ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ ln(2) ❛s ❞❡♠♦♥str❛t❡❞ ❜② ❙♣r♦tt ❬✷✵✵✼❪✳

✹✳✶✳✷ ❊♠❜❡❞❞✐♥❣ ❉✐♠❡♥s✐♦♥✱ ◆❡✐❣❤❜♦✉r❤♦♦❞ ❙✐③❡ ❛♥❞ ◆♦✐s❡

■❢ t❤❡ t✐♠❡ s❡r✐❡s ❞❛t❛ ✐s ♥♦✐s② t❤❡♥ t❤❡ t②♣✐❝❛❧ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t✇♦ ♥❡✐❣❤❜♦✉r✐♥❣

tr❛❥❡❝t♦r✐❡s ✐s ♦❢ t❤❡ ♦r❞❡r ♦❢ t❤❡ ♥♦✐s❡ ❧❡✈❡❧✳ ■❢ ǫ ✐s ❝❤♦s❡♥ ✇❤✐❝❤ ✐s s♠❛❧❧❡r t❤❛♥ t❤❡

♥♦✐s❡ ❛♠♣❧✐t✉❞❡✱ ❛♥❞ ♥❡✐❣❤❜♦✉rs ❛r❡ ❢♦✉♥❞ ❢♦r t❤✐s ✈❛❧✉❡✱ t❤❡♥ S(τ) ❥✉♠♣s ❢r♦♠ ❛

✈❛❧✉❡ s♠❛❧❧❡r t❤❛♥ ln(ǫ) t♦ ❛ ✈❛❧✉❡ ❣✐✈❡♥ ❜② t❤❡ ♥♦✐s❡ ❧❡✈❡❧ ❛t τ = 1✳ ■❢ t❤✐s ✈❛❧✉❡

✐s ♥♦t t♦♦ ❧❛r❣❡✱ ♦♥❡ ❝❛♥ st✐❧❧ ✜♥❞ ❛ s❝❛❧✐♥❣ r❛♥❣❡ ❛♥❞ t❤❡ ❡①♣♦♥❡♥t t❤✉s ❢♦✉♥❞ ✐s

♥♦t t♦♦ ❛✛❡❝t❡❞ ❜② t❤❡ ♥♦✐s❡✳ ❍❡♥❝❡✱ ✐t ✐s r❡q✉✐r❡❞ t❤❛t t❤❡r❡ ✐s ❛ ❜❛❧❛♥❝❡ ❜❡t✇❡❡♥

❛ s♠❛❧❧❡r ǫ t♦ r❡❞✉❝❡ t❤❡ ❡✛❡❝ts ♦❢ ♥♦✐s❡ ❛♥❞ ❛ ❧❛r❣❡r ǫ s♦ t❤❛t ❤❡ ♥✉♠❜❡r ♦❢ ♥❡❛r❡st

♥❡✐❣❤❜♦✉rs ✐s ❧❛r❣❡ ❡♥♦✉❣❤✳ ❚❤✐s ✐s ✇❤② ✈❛r✐♦✉s ❞✐✛❡r❡♥t s✐③❡s ♦❢ ǫ ❛r❡ s❛♠♣❧❡❞ ✐♥

❚■❙❊❆◆✳

❚r②✐♥❣ ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ ❡♠❜❡❞❞✐♥❣ ❞✐♠❡♥s✐♦♥m✱ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ❞❡❧❛②

❝♦♦r❞✐♥❛t❡ s♣❛❝❡ ✭s❡❡ s❡❝t✐♦♥ ✷✳✸✮✱ ✐s ❛❧s♦ ✉s❡❢✉❧ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❛s♦♥✳ ■❢

m ✐s t♦♦ s♠❛❧❧ t❤❡♥ t❤❡r❡ ✐s ❛ ♥♦♥✲③❡r♦ ♣r♦❜❛❜✐❧✐t② t❤❛t t✇♦ tr❛❥❡❝t♦r✐❡s ❛r❡ ❝❧♦s❡

✐♥ t❤❡ ❡♠❜❡❞❞✐♥❣ s♣❛❝❡ ❜✉t ♥♦t ✐♥ t❤❡ tr✉❡ ♣❤❛s❡ s♣❛❝❡✳ ■♥ t❤✐s ❝❛s❡ t❤❡✐r ❞✐st❛♥❝❡

✐♥❝r❡❛s❡s str♦♥❣❧② ✉♥t✐❧ τ ✐s ❧❛r❣❡ ❡♥♦✉❣❤ s✉❝❤ t❤❛t τ + m ✐s ❛ ❣♦♦❞ ❡♠❜❡❞❞✐♥❣✳

❋r♦♠ t❤✐s ♣♦✐♥t ♦♥ ✐♥❝r❡❛s❡ ✐♥ ❞✐st❛♥❝❡ ✐s ❛❣❛✐♥ ❞❡t❡r♠✐♥❡❞ ❜② λmax✳ ❍♦✇❡✈❡r✱ t❤❡

✷✶



❋✐❣✉r❡ ✹✳✶✿ ❆♥ ❡①❛♠♣❧❡ ♦❢ ❛ t②♣✐❝❛❧ S(τ) ♣❧♦t✳ ❋♦r τ ✐♥ t❤❡ r❛♥❣❡ 1✕6✱ t❤❡ ❧✐♥❡❛r
♣❛rt ♦❢ t❤❡ ❝✉r✈❡s ❛r❡ ✈✐s✐❜❧❡✳ ❚❤✐s ✐s t❤❡ s❝❛❧✐♥❣ r❡❣✐♦♥✱ ❛♥❞ t❤❡ ❣r❛❞✐❡♥t ♦❢ t❤❡s❡
❧✐♥❡s ❣✐✈❡ ❛♥ ❡st✐♠❛t❡ ♦❢ t❤❡ ▼▲❊✳ ❚❤❡ r❡❞ ❧✐♥❡ ✐s ✉s❡❞ t♦ ❝♦♠♣❛r❡✳

❞✐st❛♥❝❡ ❛t t❤✐s ♣♦✐♥t ❝❛♥ ❛❧r❡❛❞② ❜❡ s♦ ❧❛r❣❡ t❤❛t t❤❡ s❝❛❧✐♥❣ r❡❣✐♦♥ ✐s str♦♥❣❧②

r❡❞✉❝❡❞✳ ❚♦ ❛✈♦✐❞ t❤✐s✱ ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ m ❛r❡ ❛tt❡♠♣t❡❞ ✐♥ ❚■❙❊❆◆ ❜❡t✇❡❡♥ ❛♥

✐♥♣✉t ♠✐♥✐♠✉♠ ❛♥❞ ♠❛①✐♠✉♠ ✭❑❛♥t③ ❬✶✾✾✹❪✮✳

✹✳✷ ❉✐str✐❜✉t✐♦♥ ♦❢ ▼▲❊s

✹✳✷✳✶ ❆✉t♦♠❛t✐♥❣ t❤❡ ▼▲❊ ❊st✐♠❛t✐♦♥

❲❤✐❧❡ ❚■❙❊❆◆ ❣✐✈❡s ❛ ♥✐❝❡ ♠❡t❤♦❞ ❢♦r ❝♦♠♣✉t✐♥❣ t❤❡ ▼▲❊s✱ ✜♥❞✐♥❣ t❤❡ ❣r❛❞✐❡♥t

♦❢ t❤❡ s❝❛❧✐♥❣ r❡❣✐♦♥✱ ✇✐t❤ t❤❡ s❝❛❧✐♥❣ r❡❣✐♦♥ ❢♦✉♥❞ ❜② ❡②❡✱ ❢♦r 101 tr❛❥❡❝t♦r✐❡s ✇♦✉❧❞

❜❡ ❛ ❧❡♥❣t❤② ♣r♦❝❡ss✳ ❚❤❛t ✐s ✇❤② ❛ ✇❛② ♦❢ ✜♥❞✐♥❣ t❤❡ s❝❛❧✐♥❣ r❡❣✐♦♥ ❛♥❞ ♠❡❛s✉r✐♥❣

t❤❡ ❣r❛❞✐❡♥t ❢♦r t❤❡ ▼▲❊ ✇✐t❤✐♥ ❛ ❝♦♠♣✉t❡r ♣r♦❣r❛♠ ♥❡❡❞s t♦ ❜❡ ❢♦✉♥❞ ❢♦r ♠❛♥②

tr❛❥❡❝t♦r② ♣❧♦ts t♦ ❜❡ ❛♥❛❧②s❡❞✳ ❚❤❡ ✇❛② t❤❛t t❤✐s ✐s ❞♦♥❡ ✐♥✈♦❧✈❡s tr②✐♥❣ tr✐❛❧

s❝❛❧✐♥❣ r❡❣✐♦♥s ❛♥❞ ♠❡❛s✉r✐♥❣ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ ❛ ✜tt❡❞ ❧✐♥❡✳ ❯s✐♥❣ t❤✐s ✈❛r✐❛♥❝❡ ❛♥❞

t❤❡ ✐♥t❡r✈❛❧ ♦❢ t❤❡ tr✐❛❧ s❝❛❧✐♥❣ r❡❣✐♦♥ t❤❡ ✜t ✐s ❣✐✈❡♥ ❛ s❝♦r❡✱ ❛♥❞ t❤❡ r❡❣✐♦♥ ✇✐t❤ t❤❡

❜❡st s❝♦r❡ ✐s ❞❡t❡r♠✐♥❡❞ t♦ ❜❡ t❤❡ tr✉❡ s❝❛❧✐♥❣ r❡❣✐♦♥✳ ▼♦r❡ ❞❡t❛✐❧ ✐s ❣✐✈❡♥ ❜❡❧♦✇✱

✇✐t❤ ❲♦❧❢r❛♠ ▼❛t❤❡♠❛t✐❝❛ ❱❡rs✐♦♥ ✶✵✳✶ ✉s❡❞ ❢♦r r✉♥♥✐♥❣ t❤✐s ♣r♦❣r❛♠✱ ❛♥❛❧②s✐♥❣

t❤❡ ♦✉t♣✉t ❛♥❞ ♣r♦❞✉❝✐♥❣ t❤❡ ♣❧♦ts t❤r♦✉❣❤♦✉t✳

❋♦r ❡❛❝❤ tr❛❥❡❝t♦r②✿

✷✷



✶✳ ❘❡❛❞ ✐♥ ❛♥ ✐♥♣✉t ✜❧❡ t♦ ❣❡t ❛♥ ❛rr❛② S ✇✐t❤ ❛ ❣✐✈❡♥ r♦✇ r❡♣r❡s❡♥t✐♥❣ ❛ ❧✐♥❡ ♦❢

S(τ)✱ ❡❛❝❤ ♦❢ ✇❤✐❝❤ ❤❛✈❡ ❞✐✛❡r❡♥t ♥❡✐❣❤❜♦✉r❤♦♦❞ s✐③❡s ♦r ❡♠❜❡❞❞✐♥❣ ❞✐♠❡♥✲

s✐♦♥s✳

✷✳ ●♦ t❤r♦✉❣❤ ❡❛❝❤ ❧✐♥❡ ✐♥ t❤❡ S(τ) ♣❧♦t✳

✭❛✮ ●♦ t❤r♦✉❣❤ t❤❡ st❛rt ♣♦✐♥t ♦❢ ❡❛❝❤ r❛♥❣❡ t♦ ❜❡ tr✐❛❧❧❡❞✱ ✇❤✐❝❤ ✐s ✜①❡❞ ✐♥

❧❡♥❣t❤✳

✐✳ ❋✐t ❛ ❧✐♥❡ t♦ S(τ) ✇✐t❤✐♥ t❤❛t r❛♥❣❡✳

✐✐✳ ❋✐♥❞ t❤❡ ❣r❛❞✐❡♥t ♦❢ t❤❡ ❧✐♥❡ ❛♥❞ ✐ts ✈❛r✐❛♥❝❡ ✇✐t❤ t❤❡ ♣♦✐♥ts ♦❢ S(τ)✳

✐✐✐✳ ❉✐s❝❛r❞ tr✐❛❧ s❝❛❧✐♥❣ r❡❣✐♦♥s ✇❤✐❝❤ ❤❛✈❡ ❛ ♥❡❣❛t✐✈❡ ❣r❛❞✐❡♥t ♦r t❤❡

✈❛r✐❛♥❝❡ ✐s t♦♦ ❧❛r❣❡✳

✭❜✮ ❙❝♦r❡ t❤❡ ♦✉t♣✉t ❧✐st ♦❢ tr✐❛❧ s❝❛❧✐♥❣ r❡❣✐♦♥s ✭✐❢ ❛♥② ❛r❡ ❢♦✉♥❞✮ ❛❝❝♦r❞✐♥❣

t♦ s♠❛❧❧❡st ✉♣♣❡r ❧✐♠✐t ♦❢ t❤❡ r❛♥❣❡ ♦❢ τ ✱ tmax✱ ❛♥❞ s♠❛❧❧❡st ✈❛r✐❛♥❝❡✳ ❙♦

t❤❡ s♠❛❧❧❡st ✈❛r✐❛♥❝❡ ❣❡ts ❛ s❝♦r❡ ♦❢ ♦♥❡✱ t❤❡ s❡❝♦♥❞ s♠❛❧❧❡st ❛ s❝♦r❡ ♦❢

t✇♦✱ ❛♥❞ s♦ ♦♥✳

✭❝✮ ❚❤❡♥ t❤❡ tr✐❛❧ s❝❛❧✐♥❣ r❡❣✐♦♥ ✇✐t❤ t❤❡ ❧♦✇❡st ✭❜❡st✮ s❝♦r❡ ✐s ✉s❡❞✱ ❛♥❞ ✐❢

❛ ❢❡✇ ❛r❡ ❢♦✉♥❞ ✇✐t❤ ❡q✉❛❧ s❝♦r❡ t❤❡♥ t❤❡ ♦♥❡ ✇✐t❤ t❤❡ s♠❛❧❧❡st tmax ✐s

t❛❦❡♥✳

✸✳ ❈❤❡❝❦ ✐❢ ❛ tr✐❛❧ s❝❛❧✐♥❣ r❡❣✐♦♥ ✐s ❢♦✉♥❞ ❢♦r ❛♥② ❧✐♥❡ ♦❢ S(τ)✳ ■❢ ♥♦♥❡ ❛r❡ ❢♦✉♥❞

t❤❡♥ s✐♠♣❧② s❡t t❤❡ r❛♥❣❡ t♦ st❛rt ❛t τ = 0✳

✹✳ ❖t❤❡r✇✐s❡ ✜♥❞ t❤❡ ♠♦st ❝♦♠♠♦♥ r❛♥❣❡ ✉s❡❞ ❜② ❛❧❧ ❧✐♥❡s ♦❢ S(τ)✳ ■❢ t❤❡r❡ ✐s

♠♦r❡ t❤❛♥ ♦♥❡ ♦❢ t❤❡s❡ t❤❡♥ ✜♥❞ t❤❡✐r ♠❡❛♥ ❛✈❡r❛❣❡ ❛♥❞ r♦✉♥❞ t♦ t❤❡ ♥❡❛r❡st

✐♥t❡❣❡r✳ ❚❤✐s ✐s t❤❡ ✜♥❛❧ r❛♥❣❡ ✉s❡❞ ❢♦r ❛❧❧ ❧✐♥❡s ♦❢ S(τ)✳

✺✳ ❋✐♥❞ t❤❡ ❣r❛❞✐❡♥t ♦❢ ❡❛❝❤ ❧✐♥❡ ♦❢ ✜t ❢♦r t❤✐s ✜♥❛❧ r❛♥❣❡✱ ❛♥❞ ❛❧s♦ t❤❡✐r ✈❛r✐❛♥❝❡✳

✻✳ ❋✐♥❞ t❤❡ ♠❡❛♥ ❛✈❡r❛❣❡ ♦❢ t❤❡s❡ ❣r❛❞✐❡♥ts t♦ ❜❡ ✉s❡❞ ❛s t❤❡ ✜♥❛❧ ❡st✐♠❛t❡ ♦❢

t❤❡ ▼▲❊✳

✼✳ ❋✐♥❞ t❤❡ st❛♥❞❛r❞ ❡rr♦r ♦❢ t❤❡ r❡❣r❡ss✐♦♥ s❧♦♣❡ ✉s✐♥❣ t❤❡ ♠❡❛♥ ❛✈❡r❛❣❡ ♦❢ t❤❡

✈❛r✐❛♥❝❡ ❛s t❤❡ ✈❛r✐❛♥❝❡ ✉s❡❞ ✐♥ t❤❡ ❡q✉❛t✐♦♥✿ Serr =
√
variance/

√
∑

i(xi − x̄)2✳

❚❤✐s ❝❛♥ ❜❡ ✉s❡❞ ❢♦r ❡rr♦r ❜❛rs t♦ s❡❡ ✐❢ t❤❡ ❡st✐♠❛t❡❞ ▼▲❊ ✐s ❢r♦♠ ❛ ❣♦♦❞ ✜t✳

❙❡❡ ❆♣♣❡♥❞✐① ❆ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✳

✽✳ ❖✉t♣✉t t❤❡ ▼▲❊ ❛♥❞ t❤❡ st❛♥❞❛r❞ ❡rr♦r ♦❢ t❤❡ r❡❣r❡ss✐♦♥ s❧♦♣❡✱ ❛❧♦♥❣ ✇✐t❤

t❤❡ r❛♥❣❡ ✉s❡❞ ❢♦r t❤❡ s❝❛❧✐♥❣ r❡❣✐♦♥✱ ❢♦r ❡❛❝❤ tr❛❥❡❝t♦r②✳

✷✸



❚❤❡ ♦✉t♣✉t ❝❛♥ ❜❡ ❝❤❡❝❦❡❞ ✉s✐♥❣ ❛♥ S(τ) ♣❧♦t ✇✐t❤ t❤❡ ✜tt❡❞ ❧✐♥❡✱ ❛❧s♦ s❤♦✇✲

✐♥❣ t❤❡ s❝❛❧✐♥❣ r❡❣✐♦♥ ✉s❡❞✱ ❢♦r ❡❛❝❤ tr❛❥❡❝t♦r② ❛s ✐♥ ✜❣✉r❡ ✹✳✶✳ ❆ ♣❧♦t ♦❢ ▼▲❊ ❛❣❛✐♥st

tr❛❥❡❝t♦r② ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥ ❝❛♥ ❜❡ s❤♦✇♥✱ ❛❧s♦ ✇✐t❤ ❡rr♦r ❜❛rs ❢r♦♠ t❤❡ st❛♥❞❛r❞ ❡rr♦r

♦❢ t❤❡ r❡❣r❡ss✐♦♥ s❧♦♣❡✱ ❛♥❞ t❤❡ ❞❛t❛ ✐s ♣r✐♥t❡❞ ❢♦r ❢✉rt❤❡r ❛♥❛❧②s✐s✳

✹✳✷✳✷ ▼▲❊ ❍✐st♦❣r❛♠s

❙✐♥❝❡ ✐t ✐s ♥♦✇ ♣♦ss✐❜❧❡ t♦ st✉❞② ❛ ❧♦t ♦❢ tr❛❥❡❝t♦r✐❡s q✉✐❝❦❧② ✐♥ t❡r♠s ♦❢ t❤❡✐r ▼▲❊✱

✉s✐♥❣ t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ ♣r♦❣r❛♠✱ ❡❛❝❤ tr❛❥❡❝t♦r② ❝❛♥ ❜❡ ❛♥❛❧②s❡❞ ❛❣❛✐♥ ✐♥ ❞✐✛❡r❡♥t

r❡❛❧✐s❛t✐♦♥s ❢♦r t❤❡ s❛♠❡ ✈❛❧✉❡ ♦❢ ❞✐s♦r❞❡r✳ ■♥ t❤❡ s✐♠✉❧❛t✐♦♥ t❤✐s ✐s ❞♦♥❡ ❜② ❝❤❛♥❣✲

✐♥❣ t❤❡ s❡❡❞ ❢♦r t❤❡ r❛♥❞♦♠ ♥✉♠❜❡r ❣❡♥❡r❛t♦r✱ s♦ t❤❛t t❤❡ ❆♥❞❡rs♦♥ ♣♦t❡♥t✐❛❧ ❤❛s

❞✐✛❡r❡♥t r❛♥❞♦♠ ✈❛❧✉❡s ❢♦r t❤❡ ❧❛tt✐❝❡ s✐t❡ ❡♥❡r❣✐❡s✳ ❙♦ ❢♦r 100 r❡❛❧✐s❛t✐♦♥s ♦❢ t❤❡

s②st❡♠✱ t❤❡ ▼▲❊ ♦❢ 101 tr❛❥❡❝t♦r✐❡s ❝❛♥ ❜❡ ❢♦✉♥❞✳ ❚❤❡♥ ❞✐str✐❜✉t✐♦♥s ♦❢ t❤❡ ▼▲❊

❢♦r ❡❛❝❤ tr❛❥❡❝t♦r② ❝❛♥ ❜❡ ♣❧♦tt❡❞✱ ❛♥❞ ❛ ♣❧♦t ♦❢ ❛✈❡r❛❣❡ ▼▲❊ ❛❣❛✐♥st t❤❡ tr❛❥❡❝t♦r②

✐♥✐t✐❛❧ ♣♦s✐t✐♦♥ ❝❛♥ ❜❡ s❤♦✇♥ ❢♦r ❛ ❣✐✈❡♥ ✈❛❧✉❡ ♦❢ ❞✐s♦r❞❡r✳

✹✳✸ ❉✐str✐❜✉t✐♦♥s ❢r♦♠ t❤❡ ❚r❛❥❡❝t♦r✐❡s

❚❤❡ s❡t ♦❢ tr❛❥❡❝t♦r✐❡s ❢r♦♠ ❡❛❝❤ r✉♥ ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ ❝❛♥ ❜❡ ❛♥❛❧②s❡❞ ✐♥ t❤❡ ❢♦r♠

♦❢ ❤✐st♦❣r❛♠s✱ ✇❤✐❝❤ ❝❛♥ s❤♦✇ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❡✐t❤❡r tr❛❥❡❝t♦r② ✜♥❛❧ ♣♦s✐t✐♦♥ ♦r

t❤❡✐r ❛✈❡r❛❣❡ ✈❡❧♦❝✐t② ♦✈❡r t❤❡ s✐♠✉❧❛t✐♦♥ t✐♠❡✳ ❲♦❧❢r❛♠ ▼❛t❤❡♠❛t✐❝❛ ❱❡rs✐♦♥ ✶✵✳✶

✐s ✉s❡❞ ❢♦r ♣❧♦tt✐♥❣✳

❚❤❡ ✜♥❛❧ ♣♦s✐t✐♦♥ ♦❢ ❡❛❝❤ tr❛❥❡❝t♦r② ✐s r❡❝♦r❞❡❞ ❛♥❞ ✉s❡❞ ✐♥ t❤❡ ❞❛t❛ ❢♦r ❛

❤✐st♦❣r❛♠ ♦❢ ✜♥❛❧ ♣♦s✐t✐♦♥s✳ ❚❤✐s ✐s ❞♦♥❡ ❢♦r ❡❛❝❤ ✈❛❧✉❡ ♦❢ ❞✐s♦r❞❡r✱ ✇❤✐❝❤ ❧❡❛❞s t♦

❛ st❛❝❦ ♦❢ ❤✐st♦❣r❛♠s ✇❤✐❝❤ ❝❛♥ ❜❡ s❤♦✇♥ ✐♥ ♦♥❡ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ♣❧♦t✳ ❚❤❡ ♠❡❛♥

❛✈❡r❛❣❡ ♦❢ t❤❡ ✜♥❛❧ ♣♦s✐t✐♦♥ ✐s ❛❧s♦ ❢♦✉♥❞ ❢♦r ❡❛❝❤ ✈❛❧✉❡ ♦❢ ❞✐s♦r❞❡r✱ ✇❤✐❝❤ ❝❛♥ ❛❧s♦

❜❡ s❤♦✇♥ ♦♥ t❤❡ ✜♥❛❧ ♣❧♦t✳ ❚❤✐s ❝❛♥ ❜❡ ✉s❡❞ t♦ t❡st t❤❛t t❤❡ ❇♦r♥ r✉❧❡ ❤♦❧❞s ❜②

✐♥✐t✐❛❧✐s✐♥❣ t❤❡ tr❛❥❡❝t♦r✐❡s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❇♦r♥ r✉❧❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥✳ ❚❤❡

❞✐str✐❜✉t✐♦♥ ♦❢ tr❛❥❡❝t♦r✐❡s ❝❛♥ ❜❡ ❝♦♠♣❛r❡❞ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥✱ ✉s✐♥❣ t❤❡s❡

✜♥❛❧ ♣♦s✐t✐♦♥ ❤✐st♦❣r❛♠s✱ t♦ t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ❣✐✈❡♥ ❜② t❤❡ ❇♦r♥ r✉❧❡✳

❋♦r ❡❛❝❤ tr❛❥❡❝t♦r② t❤❡ ❛✈❡r❛❣❡ ✈❡❧♦❝✐t② ♦✈❡r t❤❡ t♦t❛❧ t✐♠❡ ✐s ❢♦✉♥❞✱ ❛♥❞ t❤✐s

✐s ❛❧s♦ ❞♦♥❡ ❢♦r t❤❡ ❛✈❡r❛❣❡ ✈❡❧♦❝✐t② ♦✈❡r t❤❡ ✜♥❛❧ 2000 t✐♠❡ st❡♣s t♦ ❣✐✈❡ ❛♥ ✐❞❡❛

♦❢ t❤❡ ✜♥❛❧ ✈❡❧♦❝✐t✐❡s ♦❢ ❡❛❝❤ tr❛❥❡❝t♦r② ✐♥ ❣❡♥❡r❛❧✳ ❚❤❡s❡ ❝❛♥ ❜❡ ✉s❡❞ t♦ ♣r♦❞✉❝❡

❤✐st♦❣r❛♠s ♦❢ ❛✈❡r❛❣❡ ✈❡❧♦❝✐t②✳ ❚❤❡ ♠❡❛♥ ♦❢ t❤❡s❡ ❛✈❡r❛❣❡ ✈❡❧♦❝✐t✐❡s ♣❡r ✈❛❧✉❡ ♦❢

❞✐s♦r❞❡r ❝❛♥ ❛❧s♦ ❜❡ ❝❛❧❝✉❧❛t❡❞ ❛♥❞ s❤♦✇♥ ❛❧♦♥❣s✐❞❡ t❤❡ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ st❛❝❦ ♦❢

t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❤✐st♦❣r❛♠s ✐♥ t❤❡ ✜♥❛❧ ♣❧♦t s❤♦✇♥✳
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❈❤❛♣t❡r ✺

❘❡s✉❧ts ❛♥❞ ❉✐s❝✉ss✐♦♥

❚❤✐s ❝❤❛♣t❡r ♣r❡s❡♥ts ❛♥❞ ❞✐s❝✉ss❡s t❤❡ r❡s✉❧ts ❢r♦♠ t❤❡ ♦✉t♣✉t ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥✱

❢♦r t❤❡ t❤r❡❡ ♠❛✐♥ s❡❝t✐♦♥s ♦❢ t❤❡ ♣r♦❣r❛♠ ✇❤✐❝❤ ❛r❡ ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥✱ ❜♦✉♥❞❛r✐❡s

❛♥❞ ❇♦❤♠ ♣❛rt✐❝❧❡ ❡✈♦❧✉t✐♦♥✳ ❆❧s♦ s❤♦✇♥ ❛♥❞ ❛♥❛❧②s❡❞ ❛r❡ t❤❡ r❡s✉❧ts r❡❧❛t✐♥❣ t♦

t❤❡ ▼▲❊s ♦❢ tr❛❥❡❝t♦r✐❡s ❛♥❞ ❤✐st♦❣r❛♠s s❤♦✇✐♥❣ t❤❡ ❞✐str✐❜✉t✐♦♥s ♦❢ tr❛❥❡❝t♦r② ✜♥❛❧

♣♦s✐t✐♦♥s ❛♥❞ ❛✈❡r❛❣❡ ✈❡❧♦❝✐t✐❡s✳

✺✳✶ ❆❝❝✉r❛❝② ♦❢ t❤❡ ❙✐♠✉❧❛t✐♦♥

■♥ ♦r❞❡r t♦ ❝❤❡❝❦ ✇❤❡t❤❡r t❤❡ s✐♠✉❧❛t✐♦♥ ❣✐✈❡s ❛❝❝✉r❛t❡ r❡s✉❧ts s✐♠♣❧❡ ❝❛s❡s ❛r❡

t❡st❡❞✱ ✇❤✐❝❤ ♠❡❛♥s ③❡r♦ ♣♦t❡♥t✐❛❧ ❝❛s❡s ✇❤✐❝❤ ❛r❡ ❡❛s② t♦ s♦❧✈❡ ❛♥❛❧②t✐❝❛❧❧②✳

✺✳✶✳✶ ❲❛✈❡ Pr♦♣❛❣❛t✐♦♥

❋✐❣✉r❡s ✺✳✶✱ ✺✳✷ ❛♥❞ ✺✳✸ ❛❧❧ s❤♦✇ t❤❡ ♦✉t♣✉t ❢r♦♠ t❤❡ s✐♠✉❧❛t✐♦♥ ❢♦r ❛ ❢r❡❡ ✇❛✈❡

♣❛❝❦❡t ❛t t❤❡ ❝❡♥tr❡ ♦❢ t❤❡ ❜❛♥❞ ❡♥❡r❣② ✇✐t❤ ③❡r♦ ♣♦t❡♥t✐❛❧✱ ❢♦r ❜♦t❤ t❤❡ ❋♦✉r✐❡r

❛♥❞ ❈❤❡❜②s❤❡✈ ♣r♦♣❛❣❛t✐♦♥ ♠❡t❤♦❞s✳ ❚❤❡ 〈x〉 ❝❛❧❝✉❧❛t❡❞ ❛♥❛❧②t✐❝❛❧❧② ✐s ❢r♦♠ t❤❡ k2

❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥ ❢♦r ❛❧❧ ♣❧♦ts✳ ❚❤❡ ♥✉♠❡r✐❝❛❧❧② ❝❛❧❝✉❧❛t❡❞ 〈x〉 ✐s ❢r♦♠ t❤❡ r❡❧❡✈❛♥t

❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥✱ ❛s ✐s t❤❡ ❣r♦✉♣ ✈❡❧♦❝✐t②✳ ❚❤❡ ♦✉t♣✉t ✇❛✈❡ ❝❛♥ t❤❡r❡❢♦r❡ ❜❡

❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❦♥♦✇♥ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ ❢♦r ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ✉s✐♥❣ t❤❡ k2

❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥✳ ❯s❡ E0 t♦ r❡♣r❡s❡♥t t❤❡ ❝❡♥tr❡ ♦❢ t❤❡ ❜❛♥❞ ❡♥❡r❣② ❢♦r cos(k)

❞✐s♣❡rs✐♦♥✱ ❛s r❡❢❡r❡♥❝❡✳ ❉✉❡ t♦ ❤♦✇ t❤❡ s✐♠✉❧❛t✐♦♥ ✐s s❡t ✉♣✱ E0 ✐s ♥♦t ③❡r♦ ❛s ✐t

✉s✉❛❧❧② ✐s ❜✉t ✐s ✐♥st❡❛❞ ❛ ♣♦s✐t✐✈❡ ✈❛❧✉❡✱ E0 = 2✳

❋✐❣✉r❡ ✺✳✶❛ s❤♦✇s t❤❡ ❛♥❛❧②t✐❝❛❧ 〈x〉 ♠❛t❝❤✐♥❣ t❤❡ ♥✉♠❡r✐❝❛❧ 〈x〉✱ ❛♥❞ ❛❧s♦ t❤❡

✇❛✈❡ ❛♠♣❧✐t✉❞❡ ♣r♦♣❛❣❛t❡s ✇✐t❤ t❤❡ ✈❡❧♦❝✐t② ♣r❡❞✐❝t❡❞ ❜② t❤❡ ❣r♦✉♣ ✈❡❧♦❝✐t② ❢♦✉♥❞

❢♦r t❤❡ k2 ❞✐s♣❡rs✐♦♥✳ ❚❤✐s s❤♦✇s t❤❛t t❤❡ ✇❛✈❡ ✐s ♣r♦♣❛❣❛t✐♥❣ ❛s ❡①♣❡❝t❡❞ ❢♦r t❤❡

❋♦✉r✐❡r ♣r♦♣❛❣❛t✐♦♥ ♠❡t❤♦❞ ❛♥❞ k2 ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥✳
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✭❛✮ ❋♦✉r✐❡r Pr♦♣❛❣❛t✐♦♥ ✲ k2 ❞✐s♣❡rs✐♦♥ ✲ ■♥✐t✐❛❧ ❑✐♥❡t✐❝ ❊♥❡r❣② ❂ E0

✭❜✮ ❈❤❡❜②s❤❡✈ Pr♦♣❛❣❛t✐♦♥ ✲ cos(k) ❞✐s♣❡rs✐♦♥ ✲ ■♥✐t✐❛❧ ❑✐♥❡t✐❝ ❊♥❡r❣② ❂
E0

❋✐❣✉r❡ ✺✳✶✿ P❧♦ts s❤♦✇✐♥❣ t❤❡ ✇❛✈❡ ❢✉♥❝t✐♦♥ ❛♠♣❧✐t✉❞❡ ✭❞❛r❦ ❧❛②❡r✮ ✐♥ ♦♥❡✲❞✐♠❡♥s✐♦♥
❛t ❡❛❝❤ t✐♠❡ ♣♦✐♥t✱ ❢♦r ❞✐✛❡r❡♥t ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥s✳ ❇❧✉❡ ❙♦❧✐❞ ▲✐♥❡ ❂ ◆✉♠❡r✐❝❛❧
〈x〉✳ ❘❡❞ ❉♦ts ❂ ❆♥❛❧②t✐❝❛❧ 〈x〉✳ ●r❡❡♥ ❉❛s❤❡❞ ▲✐♥❡ ❂ ●r♦✉♣ ❱❡❧♦❝✐t②✳

✷✻



✭❛✮ ❋♦✉r✐❡r Pr♦♣❛❣❛t✐♦♥ ✲ cos(k) ❞✐s♣❡rs✐♦♥ ✲ ■♥✐t✐❛❧ ❑✐♥❡t✐❝ ❊♥❡r❣② ❂
0.005E0

✭❜✮ ❈❤❡❜②s❤❡✈ Pr♦♣❛❣❛t✐♦♥ ✲ cos(k) ❞✐s♣❡rs✐♦♥ ✲ ■♥✐t✐❛❧ ❑✐♥❡t✐❝ ❊♥❡r❣② ❂
0.005E0

❋✐❣✉r❡ ✺✳✷✿ P❧♦ts s❤♦✇✐♥❣ t❤❡ ✇❛✈❡ ❢✉♥❝t✐♦♥ ❛♠♣❧✐t✉❞❡ ✭❞❛r❦ ❧❛②❡r✮ ✐♥ ♦♥❡✲❞✐♠❡♥s✐♦♥
❛t ❡❛❝❤ t✐♠❡ ♣♦✐♥t✱ ❢♦r ❞✐✛❡r❡♥t ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ♠❡t❤♦❞s✳ ❇❧✉❡ ❙♦❧✐❞ ▲✐♥❡ ❂
◆✉♠❡r✐❝❛❧ 〈x〉✳ ❘❡❞ ❉♦ts ❂ ❆♥❛❧②t✐❝❛❧ 〈x〉✳ ●r❡❡♥ ❉❛s❤❡❞ ▲✐♥❡ ❂ ●r♦✉♣ ❱❡❧♦❝✐t②✳

✷✼



✭❛✮ ❋♦✉r✐❡r Pr♦♣❛❣❛t✐♦♥ ✲ cos(k) ❞✐s♣❡rs✐♦♥ ✲ ■♥✐t✐❛❧ ❑✐♥❡t✐❝ ❊♥❡r❣② ❂
0.005E0

✭❜✮ ❈❤❡❜②s❤❡✈ Pr♦♣❛❣❛t✐♦♥ ✲ cos(k) ❞✐s♣❡rs✐♦♥ ✲ ■♥✐t✐❛❧ ❑✐♥❡t✐❝ ❊♥❡r❣② ❂
0.005E0

❋✐❣✉r❡ ✺✳✸✿ P❧♦ts s❤♦✇✐♥❣ t❤❡ ♣❤❛s❡ ♦❢ t❤❡ ✇❛✈❡ ❢✉♥❝t✐♦♥ ✭❞❛r❦ ❧❛②❡r✮ ✐♥ ♦♥❡✲
❞✐♠❡♥s✐♦♥ ❛t ❡❛❝❤ t✐♠❡ ♣♦✐♥t✱ ❢♦r ❞✐✛❡r❡♥t ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ♠❡t❤♦❞s✳ ❇❧✉❡ ❙♦❧✐❞
▲✐♥❡ ❂ ◆✉♠❡r✐❝❛❧ 〈x〉✳ ❘❡❞ ❉♦ts ❂ ❆♥❛❧②t✐❝❛❧ 〈x〉✳ ●r❡❡♥ ❉❛s❤❡❞ ▲✐♥❡ ❂ ●r♦✉♣
❱❡❧♦❝✐t②✳

✷✽



❋✐❣✉r❡ ✺✳✶❜ s❤♦✇s t❤❡ ❛♥❛❧②t✐❝❛❧ 〈x〉 ✇✐t❤ ❛ ❝♦♠♣❧❡t❡❧② ❞✐✛❡r❡♥t ❣r❛❞✐❡♥t t♦

t❤❡ ♥✉♠❡r✐❝❛❧ 〈x〉 ♦♥ t❤❡ ♣❧♦t✳ ❚❤✐s ✐s t♦ ❜❡ ❡①♣❡❝t❡❞✱ s✐♥❝❡ t❤❡ ✐♥✐t✐❛❧ ❦✐♥❡t✐❝ ❡♥❡r❣②

✐s r❡❧❛t✐✈❡❧② ❧❛r❣❡ ❛♥❞ s♦ t❤❡ ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥s ❜❡✐♥❣ ❞✐✛❡r❡♥t ❜❡❝♦♠❡s ❛♣♣❛r❡♥t✳

❚❤✐s s❤♦✇s ❤♦✇ ❛ ✇❛✈❡ ✇✐t❤ t❤❡ cos(k) ❞✐s♣❡rs✐♦♥ ♣r♦♣❛❣❛t❡s ❞✐✛❡r❡♥t❧② t♦ ❛ ✇❛✈❡

✇✐t❤ t❤❡ k2 ❞✐s♣❡rs✐♦♥✳ ❋✐❣✉r❡ ✺✳✶❜ s✉❣❣❡sts t❤❛t t❤❡ ✇❛✈❡ ✇✐t❤ t❤❡ cos(k) ❞✐s♣❡rs✐♦♥

♣r♦♣❛❣❛t❡s ❛s ✐t s❤♦✉❧❞✱ s✐♥❝❡ t❤❡ ♥✉♠❡r✐❝❛❧ 〈x〉 ✐s ✐♥ ❧✐♥❡ ✇✐t❤ t❤❡ ❛♠♣❧✐t✉❞❡ ♦❢ t❤❡

✇❛✈❡ ❢♦r ❤❛❧❢ ♦❢ t❤❡ t✐♠❡✱ t❤♦✉❣❤ ❝✉r✐♦✉s❧② ❞✐✈❡r❣❡s ❢r♦♠ t❤✐s ❛❢t❡r✇❛r❞s✳ ❚❤✐s ❝♦✉❧❞

❜❡ ❞✉❡ t♦ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ♠❡t❤♦❞ ✉s❡❞✱ s✐♥❝❡ ❡✈❡♥ t❤♦✉❣❤ ❛❜s♦r❜✐♥❣ ❜♦✉♥❞❛r✐❡s ❛r❡

✉s❡❞ ❢♦r ❜♦t❤✱ t❤❡ ✇❛✈❡ ✐s ♥❡✈❡r ❢✉❧❧② ❡❧✐♠✐♥❛t❡❞✳ ❚❤❡ ♠❛❥♦r✐t② ♦❢ t❤❡ ❧❡❢t ♦✈❡r ✇❛✈❡

❡♥❞s ✉♣ ❡✐t❤❡r ♣r♦♣❛❣❛t✐♥❣ ♣❡r✐♦❞✐❝❛❧❧② ♦✈❡r t❤❡ ❜♦✉♥❞❛r② ❢♦r ❋♦✉r✐❡r ♣r♦♣❛❣❛t✐♦♥✱

♦r ✐t ✐s r❡✢❡❝t❡❞ ❢♦r ❈❤❡❜②s❤❡✈ ♣r♦♣❛❣❛t✐♦♥✳ ❚❤✐s ❝❛✉s❡s ❞✐✛❡r✐♥❣ ❡✛❡❝ts ♦❢ t❤❡ ✇❛✈❡

♥❡❛r❡r t♦ t❤❡ ❜♦✉♥❞❛r② ❜❡t✇❡❡♥ ♠❡t❤♦❞s✳ ❚❤✐s ❡✛❡❝t ❝❛♥ ❜❡ s❡❡♥ ✐♥ t❤❡ ♣❤❛s❡ ♣❧♦ts

✐♥ ✜❣✉r❡ ✺✳✸✳ ❆❧s♦✱ t❤❡ ❣r♦✉♣ ✈❡❧♦❝✐t② ♦❢ t❤❡ ✇❛✈❡ ♣r❡❞✐❝ts t❤❡ ✈❡❧♦❝✐t② ♦❢ t❤❡ ✇❛✈❡

❝♦rr❡❝t❧② ✇❤✐❝❤ ❢✉rt❤❡r s✉❣❣❡sts t❤❛t t❤❡ ❈❤❡❜②s❤❡✈ ♣r♦♣❛❣❛t✐♦♥ ♠❡t❤♦❞ ✐s ✇♦r❦✐♥❣✳

❙♦ t❤❡ ✇❛✈❡ ❡✈♦❧✉t✐♦♥ ✐s ✜♥❡ ❢♦r t❤❡ k2 ❞✐s♣❡rs✐♦♥✱ ✐♥ ✇❤✐❝❤ ♦♥❧② t❤❡ ❋♦✉r✐❡r

♣r♦♣❛❣❛t✐♦♥ ♠❡t❤♦❞ ❝❛♥ ❜❡ ✉s❡❞✳ ■♥ ♦r❞❡r t♦ ❜❡tt❡r ❞❡t❡r♠✐♥❡ ✐❢ t❤❡ ✇❛✈❡ ✐s ♣r♦♣✲

❛❣❛t✐♥❣ ♣r♦♣❡r❧② ❢♦r t❤❡ ❈❤❡❜②s❤❡✈ ♣r♦♣❛❣❛t✐♦♥ ♠❡t❤♦❞ ✐t ✐s ❛ ❣♦♦❞ ✐❞❡❛ t♦ ✉s❡ ❛

s♠❛❧❧❡r ✐♥✐t✐❛❧ ❦✐♥❡t✐❝ ❡♥❡r❣②✱ s✐♥❝❡ t❤✐s ♠❛❦❡s t❤❡ ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥s s✐♠✐❧❛r✱ s♦ t❤❛t

❛ ❝♦♠♣❛r✐s♦♥ t♦ t❤❡ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ ♦❢ t❤❡ ✇❛✈❡ ❢✉♥❝t✐♦♥ ❢♦r t❤❡ k2 ❞✐s♣❡rs✐♦♥

✐s ♣♦ss✐❜❧❡✳ ❚❤✐s ✐s ✇❤❛t ✐s ❞♦♥❡ ❢♦r t❤❡ ♣❧♦ts ✐♥ ✜❣✉r❡ ✺✳✷✳ ❇♦t❤ t❤❡ ♣r♦♣❛❣❛t✐♦♥

♠❡t❤♦❞s ❣✐✈❡ ♥❡❛r ✐❞❡♥t✐❝❛❧ ❛♠♣❧✐t✉❞❡ ♣❧♦ts✱ ❛♥❞ t❤❡ ❛♥❛❧②t✐❝❛❧ 〈x〉 ♠❛t❝❤❡s t❤❡ ♥✉✲

♠❡r✐❝❛❧ 〈x〉 ❢♦r ❜♦t❤ ♣❧♦ts✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ❣r♦✉♣ ✈❡❧♦❝✐t② ❢♦r ❜♦t❤ ❞✐❛❣r❛♠s ♣r❡❞✐❝ts

❝♦rr❡❝t❧② t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ tr❛✈❡❧ ♦❢ t❤❡ ✇❛✈❡ ✐♥ ♣❤❛s❡ s♣❛❝❡✳ ❆❧s♦ ♥♦t❡ t❤❡ s✐♠✐❧❛r✐t②

♦❢ t❤❡ ♣❤❛s❡ ♣❧♦ts ✐♥ ✜❣✉r❡ ✺✳✸ ❢♦r t❤❡ s❡❝t✐♦♥s ✉♥❛✛❡❝t❡❞ ❜② t❤❡ ❜♦✉♥❞❛r✐❡s✳ ❆❧❧ ♦❢

t❤✐s ♣r♦✈❡s t❤❛t t❤❡ ✇❛✈❡ ♣r♦♣❛❣❛t❡s ❝♦rr❡❝t❧② ❢♦r t❤❡ cos(k) ❞✐s♣❡rs✐♦♥✱ ❛♥❞ t❤❛t ❛

❝❤❛♥❣❡ ✐♥ ♣r♦♣❛❣❛t✐♦♥ ♠❡t❤♦❞ ❞♦❡s♥✬t ❛✛❡❝t t❤❡ ✇❛✈❡ ❡✈♦❧✉t✐♦♥✱ ♠✐♥✉s t❤❡ ❜♦✉♥❞❛r②

❡✛❡❝ts✳

✺✳✶✳✷ ❇♦✉♥❞❛r✐❡s

❚❤❡ ❜♦✉♥❞❛r✐❡s ❛r❡ ❞❡♠♦♥str❛t❡❞ ✐♥ t❤❡ ♣❧♦ts ♦❢ ✜❣✉r❡s ✺✳✹✱ ✺✳✻ ❛♥❞ ✺✳✽ s❤♦✇✐♥❣ ❤♦✇

t❤❡ ❛❜s♦r❜✐♥❣✱ ♣❡r✐♦❞✐❝ ❛♥❞ ❤❛r❞✲✇❛❧❧ ❜♦✉♥❞❛r✐❡s ❛✛❡❝t t❤❡ ✇❛✈❡ ❛♠♣❧✐t✉❞❡ ❛t ❡❛❝❤

❣✐✈❡♥ t✐♠❡ st❡♣✳ ❚❤❡ ♣❤❛s❡ ♦❢ t❤❡ ✇❛✈❡ ❢✉♥❝t✐♦♥ ✐s ❛❧s♦ s❤♦✇♥✱ ❞✉❡ t♦ ❤♦✇ ✐♠♣♦rt❛♥t

t❤❛t ✐s ❢♦r ♣❛rt✐❝❧❡ ❡✈♦❧✉t✐♦♥✱ ❜② t❤❡ ♣❧♦ts ♦❢ ✜❣✉r❡s ✺✳✺✱ ✺✳✼ ❛♥❞ ✺✳✾✳ ❆❧❧ ❜♦✉♥❞❛r✐❡s

❛r❡ s❤♦✇♥ ✐♥ ❛ ③❡r♦ ♣♦t❡♥t✐❛❧ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❜♦①✱ ✇✐t❤ ❛ ❣r✐❞ s✐③❡ ♦❢ 1024 ❛♥❞ t❤❡

♥✉♠❜❡r ♦❢ t✐♠❡ st❡♣s s❡t t♦ 12288✳ ❚❤❡ s②st❡♠ ✐s ❡✈♦❧✈❡❞ ❢♦r t❤❡ ❝❡♥tr❡ ♦❢ t❤❡ ❜❛♥❞

❡♥❡r❣② ✭E = 2✮✱ ✉s✐♥❣ t❤❡ ❈❤❡❜②s❤❡✈ ♣r♦♣❛❣❛t✐♦♥ ♠❡t❤♦❞ ♦❢ t❤❡ ✇❛✈❡ ❢✉♥❝t✐♦♥✳

❋✐❣✉r❡s ✺✳✻ ❛♥❞ ✺✳✼ s❤♦✇ t❤❛t t❤❡ ❤❛r❞✲✇❛❧❧ ❜♦✉♥❞❛r✐❡s ❤❛✈❡ t❤❡ ❞❡s✐r❡❞ ❡❢✲

✷✾



✭❛✮ t = 3000 ✭❜✮ t = 4000

✭❝✮ t = 5000 ✭❞✮ t = 6000

✭❡✮ t = 7000 ✭❢✮ t = 8000

❋✐❣✉r❡ ✺✳✹✿ P❧♦ts ♦❢ ✇❛✈❡ ❢✉♥❝t✐♦♥ ❛♠♣❧✐t✉❞❡ ❛❣❛✐♥st ♣♦s✐t✐♦♥ ❛t ✈❛r✐♦✉s t✐♠❡s✱ ✉s✐♥❣
❛❜s♦r❜✐♥❣ ❜♦✉♥❞❛r✐❡s

✸✵



✭❛✮ t = 0 ✭❜✮ t = 1000

✭❝✮ t = 3000 ✭❞✮ t = 5000

✭❡✮ t = 7000 ✭❢✮ t = 9000

❋✐❣✉r❡ ✺✳✺✿ P❧♦ts ♦❢ t❤❡ ♣❤❛s❡ ♦❢ t❤❡ ✇❛✈❡ ❢✉♥❝t✐♦♥ ❛❣❛✐♥st ♣♦s✐t✐♦♥ ❛t ✈❛r✐♦✉s t✐♠❡s✱
✉s✐♥❣ ❛❜s♦r❜✐♥❣ ❜♦✉♥❞❛r✐❡s

✸✶



✭❛✮ t = 3000 ✭❜✮ t = 4000

✭❝✮ t = 5000 ✭❞✮ t = 6000

✭❡✮ t = 7000 ✭❢✮ t = 8000

❋✐❣✉r❡ ✺✳✻✿ P❧♦ts ♦❢ ✇❛✈❡ ❢✉♥❝t✐♦♥ ❛♠♣❧✐t✉❞❡ ❛❣❛✐♥st ♣♦s✐t✐♦♥ ❛t ✈❛r✐♦✉s t✐♠❡s✱ ✉s✐♥❣
❤❛r❞✲✇❛❧❧ ❜♦✉♥❞❛r✐❡s

✸✷



✭❛✮ t = 0 ✭❜✮ t = 1000

✭❝✮ t = 3000 ✭❞✮ t = 5000

✭❡✮ t = 7000 ✭❢✮ t = 9000

❋✐❣✉r❡ ✺✳✼✿ P❧♦ts ♦❢ t❤❡ ♣❤❛s❡ ♦❢ t❤❡ ✇❛✈❡ ❢✉♥❝t✐♦♥ ❛❣❛✐♥st ♣♦s✐t✐♦♥ ❛t ✈❛r✐♦✉s t✐♠❡s✱
✉s✐♥❣ ❤❛r❞✲✇❛❧❧ ❜♦✉♥❞❛r✐❡s

✸✸



✭❛✮ t = 3000 ✭❜✮ t = 4000

✭❝✮ t = 5000 ✭❞✮ t = 6000

✭❡✮ t = 7000 ✭❢✮ t = 8000

❋✐❣✉r❡ ✺✳✽✿ P❧♦ts ♦❢ ✇❛✈❡ ❢✉♥❝t✐♦♥ ❛♠♣❧✐t✉❞❡ ❛❣❛✐♥st ♣♦s✐t✐♦♥ ❛t ✈❛r✐♦✉s t✐♠❡s✱ ✉s✐♥❣
♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r✐❡s

✸✹



✭❛✮ t = 0 ✭❜✮ t = 1000

✭❝✮ t = 3000 ✭❞✮ t = 5000

✭❡✮ t = 7000 ✭❢✮ t = 9000

❋✐❣✉r❡ ✺✳✾✿ P❧♦ts ♦❢ t❤❡ ♣❤❛s❡ ♦❢ t❤❡ ✇❛✈❡ ❢✉♥❝t✐♦♥ ❛❣❛✐♥st ♣♦s✐t✐♦♥ ❛t ✈❛r✐♦✉s t✐♠❡s✱
✉s✐♥❣ ♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r✐❡s

✸✺



❢❡❝t ♦❢ r❡✢❡❝t✐♥❣ t❤❡ ✇❛✈❡✱ ❛s ✐t s❤♦✉❧❞ s✐♥❝❡ t❤✐s ✐s t❤❡ ♥❛t✉r❛❧ ❜♦✉♥❞❛r② ❡✛❡❝t ❢♦r

❈❤❡❜②s❤❡✈ ♣r♦♣❛❣❛t✐♦♥✳ ❚❤❡ ♣❤❛s❡ ❛❧s♦ s❤♦✇s t❤❡ ✇❛✈❡ r❡✢❡❝t✐♥❣✱ ❛s ❝❛♥ ❜❡ s❡❡♥

✇✐t❤ t❤❡ ♣❛tt❡r♥ ♦❢ t❤❡ ♣❤❛s❡ r❡✈❡rs✐♥❣ ❞✐r❡❝t✐♦♥ ❢♦r t = 9000✳ ❖♥ ❛ s✐❞❡ ♥♦t❡✱ t❤❡

♣❤❛s❡ t❤❛t ❛♣♣❡❛rs ❢r♦♠ t❤❡ ❜♦✉♥❞❛r② ✐♥ t❤❡ ♦♣♣♦s✐t❡ s✐❞❡ ♦❢ t❤❡ ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥

❞✐r❡❝t✐♦♥ ❛♣♣❡❛rs t♦ ❜❡ ❝♦♠♣❧❡t❡❧② ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ✐♥✐t✐❛❧ ♣❤❛s❡✱ ✇❤✐❝❤ ✐s ❛ ❜♦✉♥❞✲

❛r② ❡✛❡❝t ✇❤✐❝❤ ❝♦✉❧❞ ❛❧t❡r t❤❡ ♣❛t❤s ♦❢ tr❛❥❡❝t♦r✐❡s✱ t❤♦✉❣❤ ♠♦st tr❛❥❡❝t♦r✐❡s ✇♦✉❧❞

❜❡ ❛t t❤❡ ♦t❤❡r s✐❞❡ ♦❢ t❤❡ ❣r✐❞ ✐♥ t❤✐s ❝❛s❡✳ ❋♦r ❛ ♥♦♥✲③❡r♦ ♣♦t❡♥t✐❛❧ ❛♥❞ ❛ ❧❛r❣❡r

♥✉♠❜❡r ♦❢ t✐♠❡ st❡♣s t❤✐s ❜♦✉♥❞❛r② ❡✛❡❝t✱ ✇❤✐❧❡ ♥♦t ♥❡❝❡ss❛r✐❧② ♣❤②s✐❝❛❧❧② ✐♥❝♦rr❡❝t✱

✇♦✉❧❞ ❤❛✈❡ ❛♥ ❡✛❡❝t ♦♥ t❤❡ ♣❛t❤s ♦❢ t❤❡ ❇♦❤♠ ♣❛rt✐❝❧❡s ❝♦♠♣❛r❡❞ t♦ ❛♥ ✐♥✜♥✐t❡ ❣r✐❞

s✐③❡✳

❋✐❣✉r❡s ✺✳✹ ❛♥❞ ✺✳✺ s❤♦✇ t❤❡ ❛❜s♦r❜✐♥❣ ❜♦✉♥❞❛r② ❡✛❡❝ts ♦♥ ❛ ✇❛✈❡ ♣❛❝❦❡t

tr❛✈❡❧❧✐♥❣ ✐♥ ③❡r♦ ♣♦t❡♥t✐❛❧✳ ❚❤❡ ✐❞❡❛ ✐s t♦ ♠✐♠✐❝ t❤❡ ❜♦✉♥❞❛r② ❜❡✐♥❣ ❥✉st ❛ ✇✐♥❞♦✇✱

✇✐t❤ t❤❡ ✇❛✈❡ ❝♦♥t✐♥✉✐♥❣ ❜❡②♦♥❞ t❤❡ ❜♦✉♥❞❛r②✱ s✐♥❝❡ ♦❜✈✐♦✉s❧② t❤❡ s✐♠✉❧❛t✐♦♥ ❣r✐❞

❤❛s t♦ ❜❡ ♦❢ ✜♥✐t❡ s✐③❡✳ ❋✐❣✉r❡ ✺✳✹ ❛♣♣❡❛rs t♦ s❤♦✇ t❤❡ ❛❜s♦r❜✐♥❣ ❜♦✉♥❞❛r✐❡s ✇♦r❦✐♥❣

✇❡❧❧ ❢♦r t❤❡ ❛♠♣❧✐t✉❞❡✱ ✇✐t❤ t❤❡ ❜♦✉♥❞❛r✐❡s r❡❞✉❝✐♥❣ t❤❡ ❛♠♣❧✐t✉❞❡ ♦❢ t❤❡ ✇❛✈❡

❢✉♥❝t✐♦♥ t♦ ③❡r♦ ♦♥❧② ❢♦r t❤❡ ♣❛rts ♦❢ t❤❡ ✇❛✈❡ ♥❡❛r t♦ t❤❡ ❜♦✉♥❞❛r②✳ ❚❤❡ ♣❤❛s❡

❛♣♣❡❛rs t♦ ❛❝t ✐♥ ❛ s✐♠✐❧❛r ✇❛② t♦ ❤❛r❞✲✇❛❧❧✱ ✇✐t❤ t❤❡ ♣❤❛s❡ ♣❛tt❡r♥ ❛♣♣❡❛r✐♥❣ t♦

r❡✢❡❝t ♦✛ ♦❢ t❤❡ ❜♦✉♥❞❛r②✳ ❚❤✐s ✐s s❤♦✇✐♥❣ ❛ t✐♥② ♣♦rt✐♦♥ ♦❢ t❤❡ ✇❛✈❡ ♥♦t ❜❡✐♥❣

❝♦♠♣❧❡t❡❧② ❛❜s♦r❜❡❞ ❜② t❤❡ ❜♦✉♥❞❛r②✱ ❛♥❞ s✐♥❝❡ ❈❤❡❜②s❤❡✈ ♣r♦♣❛❣❛t✐♦♥ ✐s ♥❛t✉r❛❧❧②

❤❛r❞✲✇❛❧❧ t❤✐s ✐s ✇❤② ✐t ✐s ♦♥❧② ❜❡✐♥❣ r❡✢❡❝t❡❞✳ ❚❤✐s ❛❧s♦ ❞❡♠♦♥str❛t❡s t❤❛t ❡✈❡♥

t❤♦✉❣❤ t❤❡ ❛♠♣❧✐t✉❞❡ ✐s ❣r❡❛t❧② r❡❞✉❝❡❞ t❤❡ ♣❤❛s❡ ❢r♦♠ t❤❡ t✐♥② ♣♦rt✐♦♥ ♦❢ t❤❡ ✇❛✈❡

❢✉♥❝t✐♦♥ r❡♠❛✐♥✐♥❣ ❛❧t❡rs t❤❡ ♦✈❡r❛❧❧ ♣❤❛s❡ ❛♥❞ ❝♦✉❧❞ t❤❡r❡❢♦r❡ ❛✛❡❝t t❤❡ tr❛❥❡❝t♦r✐❡s✳

❋✐❣✉r❡s ✺✳✽ ❛♥❞ ✺✳✾ s❤♦✇s t❤❡ ♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r✐❡s ✐♥ ❡✛❡❝t ❢♦r ❛ ●❛✉ss✐❛♥

♣❛❝❦❡t ♣r♦♣❛❣❛t✐♥❣ ✐♥ ❢r❡❡ s♣❛❝❡✳ ❇♦t❤ t❤❡ ❛♠♣❧✐t✉❞❡ ❛♥❞ ♣❤❛s❡ ♦❢ t❤❡ ✇❛✈❡ ❛♣♣❡❛r

t♦ ❡✈♦❧✈❡ ❥✉st ❛s ✐♥t❡♥❞❡❞ ❢♦r ♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r✐❡s✳ ❆❞❞✐t✐♦♥❛❧❧② t❤❡ ♣❛tt❡r♥ ♦❢ ♣❤❛s❡

❞♦❡s♥✬t ❝❤❛♥❣❡ ♠✉❝❤ ❛t ❛❧❧✱ ❡✈❡♥ ❢♦r t❤❡ t❛✐❧ ❡♥❞ ♦❢ t❤❡ ✇❛✈❡✱ s✐♥❝❡ t❤❡ ✇❛✈❡ ❥✉st

❛♣♣❡❛rs ♦♥ t❤❡ ♦t❤❡r s✐❞❡ ♦❢ t❤❡ ❣r✐❞ r❛t❤❡r t❤❛♥ t❤❡ ♣❤❛s❡ ❛♣♣❡❛r✐♥❣ s♦♠❡❤♦✇ ❢r♦♠

t❤❡ ❜♦✉♥❞❛r②✳ ❚❤✐s s❤♦✇s t❤❛t ♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r✐❡s ❝♦✉❧❞ ❜❡ ✉s❡❢✉❧ ❢♦r ❤❛✈✐♥❣ ♠✐♥✐✲

♠❛❧ ❡✛❡❝t ♦♥ t❤❡ ♣❤❛s❡✱ ✇✐t❤ ♦♥❧② t❤❡ ✇❛✈❡ ✐♥t❡r❢❡r✐♥❣ ✇✐t❤ ✐ts❡❧❢ ❜❡✐♥❣ ❛ ♣r♦❜❧❡♠✱

❜✉t ❢♦r ❛ s♠❛❧❧ ♥✉♠❜❡r ♦❢ t✐♠❡ ♣♦✐♥ts t❤✐s ❡✛❡❝t ✇♦✉❧❞ ❜❡ ♠✐♥✐♠❛❧✳

❖✈❡r❛❧❧✱ ✉s✐♥❣ ♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r✐❡s ✐s t❤❡ ❜❡st ❜♦✉♥❞❛r② t②♣❡ t♦ ❣♦ ❢♦r ✐♥

t❡r♠s ♦❢ ❛✛❡❝t✐♥❣ t❤❡ ✇❛✈❡ ❢✉♥❝t✐♦♥ ♠✐♥✐♠❛❧❧②✱ ✇❤✐❝❤ ❝❛♥ ❜❡ s❡❡♥ ❜② ❝♦♥s✐❞❡r✐♥❣

t❤❡ ♣❤❛s❡✳ ❍❛r❞ ✇❛❧❧ ♦r ❛❜s♦r❜✐♥❣ ❜♦✉♥❞❛r✐❡s t❡♥❞ t♦ ❛✛❡❝t t❤❡ ♣❤❛s❡ ✐♥ s♦♠❡ ✇❛②✱

✇❤✐❝❤ ✐♥ t✉r♥ ❛✛❡❝ts t❤❡ tr❛❥❡❝t♦r✐❡s✳ ❆❜s♦r❜✐♥❣ ❜♦✉♥❞❛r✐❡s ✇♦✉❧❞ ❜❡ ♣❡r❢❡❝t ✐❢ t❤❡

✇❛✈❡ ✇❡r❡ ❝♦♠♣❧❡t❡❧② ❡❧✐♠✐♥❛t❡❞ ✇❤❡♥ ❛❜s♦r❜❡❞ ❜② t❤❡ ❜♦✉♥❞❛r✐❡s✱ ❜✉t ✐❢ ❡✈❡♥ ❛

s♠❛❧❧ ❛♠♦✉♥t ♦❢ t❤❡ ✇❛✈❡ s✉r✈✐✈❡s t❤❡♥ t❤✐s ✇♦✉❧❞ ❛✛❡❝t tr❛❥❡❝t♦r✐❡s ❞✉❡ t♦ t❤❡✐r

r❡❧✐❛♥❝❡ ♦♥ ♣❤❛s❡ ❛♥❞ ♥♦t ❛♠♣❧✐t✉❞❡✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r✐❡s s❡❡♠

✸✻



✐❞❡❛❧ ❜❡❝❛✉s❡ t❤❡② ❝♦♥t✐♥✉❡ t❤❡ s♣❛❝❡ r❛t❤❡r t❤❛♥ ♣❧❛❝✐♥❣ ❛♥ ♦❜❥❡❝t ❛t t❤❡ ❡❞❣❡ ♦❢

t❤❡ s✐♠✉❧❛t✐♦♥ ❣r✐❞✳ ❚❤❡② ❛❧❧♦✇ t❤❡ ✇❛✈❡ t♦ ♣r♦♣❛❣❛t❡ ♥♦r♠❛❧❧②✱ ✇✐t❤ t❤❡ ♦♥❧② ❡✛❡❝t

❛♣♣❡❛r✐♥❣ ❞✉❡ t♦ t❤❡ ✇❛✈❡ ✐♥t❡r❢❡r✐♥❣ ✇✐t❤ ✐ts❡❧❢ ❜✉t t❤✐s ✐s ♠✐♥✐♠❛❧✳

❍♦✇❡✈❡r✱ ❛❜s♦r❜✐♥❣ ❜♦✉♥❞❛r✐❡s ❛r❡ ✉s❡❞ ❜❡❝❛✉s❡ t❤❡ ♣❧♦ts ❧♦♦❦ ♠♦r❡ ❝♦♥❢✉s✲

✐♥❣ ✇✐t❤ t❤❡ tr❛❥❡❝t♦r✐❡s ❜❡✐♥❣ ♣❡r✐♦❞✐❝ ❢♦r ♣❡r✐♦❞✐❝ ❜♦✉♥❞❛r✐❡s✳ ■t ✇♦✉❧❞ ❜❡ ♠♦r❡

❞✐✣❝✉❧t t♦ ❝♦♥❞✉❝t ❛♥❛❧②s✐s ♦♥ t❤❡ ❧♦❝❛❧✐③❛t✐♦♥ ❧❡♥❣t❤ ✉s✐♥❣ ♣✉r❡❧② t❤❡ tr❛❥❡❝t♦r✐❡s

✐❢ t❤❡ tr❛❥❡❝t♦r✐❡s ♠♦✈❡ ❢r♦♠ ♦♥❡ s✐❞❡ ♦❢ t❤❡ ❣r✐❞ t♦ t❤❡ ♦t❤❡r ❛t t❤❡ ❜♦✉♥❞❛r✐❡s✳

❆❜s♦r❜✐♥❣ ❜♦✉♥❞❛r✐❡s ❛♣♣❡❛r t♦ ✇♦r❦ ✇❡❧❧ ❡♥♦✉❣❤ ❛♥②✇❛②✱ ✇✐t❤ tr❛❥❡❝t♦r✐❡s ♥❡❛r

t❤❡ ❜♦✉♥❞❛r✐❡s ♥♦t ❛♣♣❡❛r✐♥❣ t♦ ❜❡ t♦♦ ❛✛❡❝t❡❞✳ ❚❤❡② ❞♦ ♥♦t ❣❡t r❡✢❡❝t❡❞ ❧✐❦❡ t❤❡②

✇♦✉❧❞ ✐❢ t❤❡ ✇❛✈❡ r❡✈❡rs❡❞ ❞✐r❡❝t✐♦♥✳ ❆❧s♦✱ ❜❡❢♦r❡ t❤❡ ❛❜s♦r❜✐♥❣ ❜♦✉♥❞❛r✐❡s ✇❡r❡

♦♣t✐♠✐③❡❞ t❤❡ tr❛❥❡❝t♦r✐❡s s♦♠❡t✐♠❡s ❥✉♠♣❡❞ ❢r♦♠ ♦♥❡ ♣♦✐♥t t♦ ❛♥♦t❤❡r ✇❤✐❝❤ ♥♦✇

❞♦❡s ♥♦t ♦❝❝✉r✳

✺✳✶✳✸ ❚r❛❥❡❝t♦r② ❊✈♦❧✉t✐♦♥

❋✐❣✉r❡ ✺✳✶✵ s❤♦✇s tr❛❥❡❝t♦r✐❡s ❢♦r ③❡r♦ ♣♦t❡♥t✐❛❧ ❡♥❡r❣② ❛♥❞ ③❡r♦ ❦✐♥❡t✐❝ ❡♥❡r❣②✳ ■♥

t❤✐s ♣❧♦t t❤❡ tr❛❥❡❝t♦r✐❡s ❛r❡ ✐♥✐t✐❛❧❧② s♣❛❝❡❞ ❡q✉✐❞✐st❛♥t❧②✱ ✇✐t❤ t❤❡ ❝❡♥tr❛❧ tr❛❥❡❝t♦r②

❜❡✐♥❣ ❛t t❤❡ ❝❡♥tr❡ ♦❢ t❤❡ ✇❛✈❡ ❛♥❞ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ❡❛❝❤ tr❛❥❡❝t♦r② ❜❡✐♥❣ t❤❡

r♠s ✇✐❞t❤ ♦❢ t❤❡ ✇❛✈❡✳ ❚❤❡ ✇❛✈❡✱ ✇❤✐❝❤ ✐s ❡✈♦❧✈❡❞ ✉s✐♥❣ ❈❤❡❜②s❤❡✈ ♣r♦♣❛❣❛t✐♦♥✱

❤❛s ③❡r♦ ❣r♦✉♣ ✈❡❧♦❝✐t② ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t t❤❡ ✐♥✐t✐❛❧ ✈❡❧♦❝✐t② ♦❢ t❤❡ tr❛❥❡❝t♦r✐❡s ♠✉st

❛❧s♦ ❜❡ ③❡r♦✳ ❙✐♥❝❡ t❤❡ ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥s ❛r❡ s✐♠✐❧❛r ❢♦r ③❡r♦ ❦✐♥❡t✐❝ ❡♥❡r❣②✱ t❤❡

✇❛✈❡ ❢✉♥❝t✐♦♥ ♣r♦♣❛❣❛t❡s ✐♥ t❤❡ s❛♠❡ ✇❛② ❢♦r k2 ❛♥❞ cos(k) ❞✐s♣❡rs✐♦♥s✳ ❚❤❡r❡❢♦r❡

t❤❡ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ ❢♦r t❤❡ ✈❛r✐❛♥❝❡ ❢♦✉♥❞ ❢♦r t❤❡ k2 ❞✐s♣❡rs✐♦♥ ❝❛♥ ❜❡ ✉s❡❞ ❢♦r

t❤❡ ♥✉♠❡r✐❝❛❧ ✇❛✈❡ ✉s✐♥❣ t❤❡ cos(k) ❞✐s♣❡rs✐♦♥✱ ❛♥❞ t❤✐s ❢❛❝t ✐s ✉s❡❞ ✐♥ t❤✐s ♣❧♦t✳ ■♥

♦r❞❡r t♦ s❡❡ t❤❡ ✇❛✈❡ s♣r❡❛❞ t❤❡ s✐♠✉❧❛t✐♦♥ r✉♥s ✇✐t❤ ❛ ❧❛r❣❡r ♥✉♠❜❡r ♦❢ t✐♠❡ ♣♦✐♥ts✱

✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡ ❣r✐❞ s✐③❡ ♠✉st ❜❡ s♠❛❧❧❡r s✉❝❤ t❤❛t ✐t ✐s ♣♦ss✐❜❧❡ t♦ ♣❧♦t t❤❡

r❡s✉❧ts✳ ❚❤❡ r♠s ✇✐❞t❤ ♦❢ t❤❡ ✇❛✈❡ ✐s ❛❧s♦ ♠❛❞❡ s♠❛❧❧❡r s✉❝❤ t❤❛t ✐t ✐s ♣♦ss✐❜❧❡ t♦ ✜t

t❤❡ ✇❛✈❡ r❡❛s♦♥❛❜❧② ✇❡❧❧ ✇✐t❤✐♥ t❤❡ s♣❛t✐❛❧ ❣r✐❞ s✐③❡ ♦❢ 512✳ ❚❤✐s ✐♥ t✉r♥ ♠❛❦❡s t❤❡

✇❛✈❡ s♣r❡❛❞ ❢❛st❡r ♠❡❛♥✐♥❣ t❤✐s ❡✛❡❝t ✐s ❡✈❡♥ ♠♦r❡ ✈✐s✐❜❧❡ ♦♥ t❤✐s ♣❧♦t✳ ❚❤❡ ♥✉♠❜❡r

♦❢ t✐♠❡ st❡♣s ✉s❡❞ ✐s 20000✳

❋✐❣✉r❡ ✺✳✶✵ s❤♦✇s t❤❡ ✇❛✈❡ ❢✉♥❝t✐♦♥ ✈✐s✐❜❧② s♣r❡❛❞✐♥❣✳ ❚❤❡ tr❛❥❡❝t♦r✐❡s ❛r❡

❡①♣❡❝t❡❞ t♦ st❛② ❛t t❤❡ σ(t) s♣❛❝✐♥❣ t❤r♦✉❣❤♦✉t t❤❡ s✐♠✉❧❛t✐♦♥✱ ❛s ❡①♣❧❛✐♥❡❞ ✐♥ s✉❜✲

s❡❝t✐♦♥ ✷✳✶✳✷ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ r❡✈✐❡✇✳ ❋✐❣✉r❡ ✺✳✶✵ s❤♦✇s ❡①❛❝t❧② t❤✐s❀ t❤❡ tr❛❥❡❝t♦r✐❡s

❢♦❧❧♦✇ t❤❡ s♣r❡❛❞✐♥❣ ♦❢ t❤❡ ✇❛✈❡ ♣r❡❞✐❝t❡❞ ❛♥❛❧②t✐❝❛❧❧②✳ ❚❤✐s ✐s ❛ ❣r❡❛t ❞❡♠♦♥str❛✲

t✐♦♥ t❤❛t t❤❡ s✐♠✉❧❛t✐♦♥ ✐s ✇♦r❦✐♥❣ ❛s ✐♥t❡♥❞❡❞ s✐♥❝❡ t❤❡ ✇❛✈❡ ♠✉st ❜❡ s♣r❡❛❞✐♥❣ ❛t

t❤❡ ❝♦rr❡❝t r❛t❡ ❛♥❞ ❤❡♥❝❡ ♣r♦♣❛❣❛t✐♥❣ ❝♦rr❡❝t❧②✱ ❛♥❞ ❛❧s♦ t❤❡ ❇♦❤♠ ♣❛rt✐❝❧❡s ❛r❡

❜❡✐♥❣ ❣✉✐❞❡❞ ♣r♦♣❡r❧② s✐♥❝❡ t❤❡② ❛r❡ ❢♦❧❧♦✇✐♥❣ t❤❡ ♣r❡❞✐❝t❡❞ ♣❛t❤✳ ❚❤❡r❡ ✐s ❛ s♠❛❧❧

❞❡✈✐❛t✐♦♥ ❢r♦♠ t❤❡ ❡①♣❡❝t❡❞ tr❛❥❡❝t♦r✐❡s ✇❤✐❝❤ ✐s ❧✐❦❡❧② ❞✉❡ t♦ t❤❡ ❜♦✉♥❞❛r② ❡✛❡❝ts❀

✸✼



❋✐❣✉r❡ ✺✳✶✵✿ ❚❤✐s ♣❧♦t s❤♦✇s ❛ ✈✐s✐❜❧❡ s♣r❡❛❞✐♥❣ ♦❢ t❤❡ ✇❛✈❡ ❢✉♥❝t✐♦♥ ❢♦r ③❡r♦ ❦✐♥❡t✐❝
❡♥❡r❣② ❛♥❞ ③❡r♦ ♣♦t❡♥t✐❛❧ ❡♥❡r❣②✱ ✇✐t❤ t❤❡ tr❛❥❡❝t♦r✐❡s ✐♥✐t✐❛❧❧② s♣❛❝❡❞ ❜② t❤❡ r♠s
✇✐❞t❤ ♦❢ t❤❡ ✇❛✈❡✳ ❚❤❡ tr✐❛♥❣✉❧❛r ♣♦✐♥ts ♣❧♦tt❡❞ r❡♣r❡s❡♥t t❤❡ σ✲s♣❛❝✐♥❣ ❛t ❡✈❡r②
1000 t✐♠❡ st❡♣s✱ ❢♦✉♥❞ ❛♥❛❧②t✐❝❛❧❧②✳

✸✽



✐♥ t❤✐s ❝❛s❡ t❤❡ ❣r✐❞ s✐③❡ ✐s r❡❧❛t✐✈❡❧② s♠❛❧❧ s♦ t❤❡s❡ ❡✛❡❝ts ✇♦✉❧❞ ❜❡ ♠♦r❡ ♣r♦♠✐✲

♥❡♥t✳ ❆❧s♦✱ t❤❡ ✇❛✈❡ ♣r♦♣❛❣❛t❡s ✐♥ t❤❡ s❛♠❡ ✇❛② ❢♦r t❤❡ k2 ❛♥❞ cos(k) ❞✐s♣❡rs✐♦♥s

s✐♥❝❡ t❤❡ ✇❛✈❡ ❤❛s t❤❡ s❛♠❡ ❞✐s♣❡rs✐♦♥ r❡❧❛t✐♦♥ ❢♦r ③❡r♦ ❦✐♥❡t✐❝ ❡♥❡r❣②✳ ❚❤❡r❡❢♦r❡

t❤❡ ♣r❡✈✐♦✉s❧② ❝❛❧❝✉❧❛t❡❞ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ ❢♦r t❤❡ r♠s ✇✐❞t❤ ♦❢ t❤❡ ✇❛✈❡ ❢♦r t❤❡

k2 ❞✐s♣❡rs✐♦♥ ❛❧s♦ ✇♦r❦s ❤❡r❡ ❢♦r t❤❡ cos(k) ❞✐s♣❡rs✐♦♥✳ ❚❤✐s ♠❡❛♥s t❤❛t ❛♥ ❛❝❝✉✲

r❛t❡ t❡st ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ ❢♦r t❤❡ cos(k) ❞✐s♣❡rs✐♦♥ ✐s ♣♦ss✐❜❧❡✳ ●✐✈❡♥ ❤♦✇ ❞✐✣❝✉❧t

t❤❡ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ ✐s t♦ s♦❧✈❡ ✇✐t❤♦✉t ❛♣♣r♦①✐♠❛t✐♦♥s ❢♦r t❤❡ cos(k) ❞✐s♣❡rs✐♦♥

❝♦♠♣❛r❡❞ t♦ t❤❡ k2 ❞✐s♣❡rs✐♦♥ t❤✐s ✐s ❛ ✉s❡❢✉❧ t❡st✳

✺✳✷ ❆♥❞❡rs♦♥ ▲♦❝❛❧✐③❛t✐♦♥

❋✐❣✉r❡ ✺✳✶✶ s❤♦✇s t❤❡ tr❛❥❡❝t♦r② ♣❧♦ts ❢♦r t❤❡ ❝❡♥tr❡ ♦❢ t❤❡ ❜❛♥❞ ❡♥❡r❣②✱ ✇❤✐❧❡ ✈❛r②✐♥❣

t❤❡ ❞✐s♦r❞❡r ♣♦t❡♥t✐❛❧ ❢♦r w = 0.0, ..., 3.0✱ ✇✐t❤ 2048 x ♣♦✐♥ts ❛♥❞ 12288 t✐♠❡ st❡♣s

✉s❡❞✱ ❛♥❞ ✇✐t❤ ❛❜s♦r❜✐♥❣ ❜♦✉♥❞❛r✐❡s✳ ❆❧❧ ♣❛rt✐❝❧❡s ❛r❡ ✐♥✐t✐❛❧❧② ♣❧❛❝❡❞ ❡q✉✐❞✐st❛♥t❧②

❢r♦♠ ❡❛❝❤ ♦t❤❡r✳

❋✐❣✉r❡ ✺✳✶✶ ❣✐✈❡s ❛♥ ✐♥t✉✐t✐✈❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❤♦✇ ❇♦❤♠ ♣❛rt✐❝❧❡s ❛❝t ❢♦r

t❤❡ ❧♦❝❛❧✐③❡❞ ❛♥❞ ❞✐✛✉s✐✈❡ st❛t❡s✳ ❋♦r w = 0.0 t❤❡ ♣❛rt✐❝❧❡s ❛♥❞ ✇❛✈❡ ❡✈♦❧✈❡ ✐♥ ❢r❡❡

s♣❛❝❡✱ ❛♥❞ t❤❡♥ ❢♦r w = 0.5 t❤❡ ♣❛rt✐❝❧❡s st❛rt ❢❡❡❧✐♥❣ t❤❡ ❡✛❡❝t ♦❢ t❤❡ ❆♥❞❡rs♦♥

♣♦t❡♥t✐❛❧✳ ❚❤❡ t♦♣ ❢❡✇ tr❛❥❡❝t♦r✐❡s ❝❛rr② ♦♥ ❛s ✐❢ t❤❡ ♣♦t❡♥t✐❛❧ ✐s st✐❧❧ ③❡r♦✱ ❛♥❞

t❤❡ ❝❡♥tr❛❧ tr❛❥❡❝t♦r✐❡s ❞❡❝❡❧❡r❛t❡ q✉✐❝❦❧② ❛♥❞ ❜❡❝♦♠❡ ❝♦♥✜♥❡❞ t♦ ❛ s♠❛❧❧ r❡❣✐♦♥✳

❙✐♥❝❡ t❤❡ tr❛❥❡❝t♦r✐❡s ❝❛♥♥♦t ❝r♦ss t❤❡ ❜♦tt♦♠ tr❛❥❡❝t♦r✐❡s ♠✉st ❞❡❝❡❧❡r❛t❡ ❛❧s♦✱ ❛♥❞

✐♥t❡r❡st✐♥❣❧② t❤❡② ❣❡t ❞❡✢❡❝t❡❞ ❜② t❤❡ ❞✐s♦r❞❡r❡❞ ♣♦t❡♥t✐❛❧✳ ❚❤❡s❡ ♦✉t❡r tr❛❥❡❝t♦r✐❡s

❤♦✇❡✈❡r ❛r❡ ✐♥✐t✐❛❧s❡❞ ✐♥ ❛ r❡❣✐♦♥ ✇❤❡r❡ t❤❡ ❛♠♣❧✐t✉❞❡ ♦❢ t❤❡ ✇❛✈❡ ❢✉♥❝t✐♦♥ ✐s ❧♦✇✱

s♦ t❤❡ ♠♦st ❧✐❦❡❧② ♠♦t✐♦♥s ♦❢ tr❛❥❡❝t♦r✐❡s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❇♦r♥ r✉❧❡ ♦❝❝✉r ✐♥ t❤❡

❝❡♥tr❡✳ ❋♦r w = 1.0 t❤❡ tr❛❥❡❝t♦r✐❡s ❜❡❝♦♠❡ ❡✈❡♥ ♠♦r❡ ❝♦♥✜♥❡❞✱ ✇✐t❤ ❡✈❡♥ t❤❡ ♦✉t❡r

tr❛❥❡❝t♦r✐❡s ❞❡❝❡❧❡r❛t✐♥❣✳ ❚❤❡ ✇❛✈❡ ❝❛♥ ❜❡ s❡❡♥ t♦ ❜❡ ♠✉❝❤ ♠♦r❡ ❝♦♥✜♥❡❞ ♥♦✇ ❛♥❞

t❤❡ ❝❡♥tr❛❧ tr❛❥❡❝t♦r✐❡s ❛r❡ ♦♥ ❛✈❡r❛❣❡ ♥♦t ♠♦✈✐♥❣ ✇✐t❤ ❛♥② ✈❡❧♦❝✐t②✳ ❚❤✐s tr❡♥❞

❝♦♥t✐♥✉❡s ❢r♦♠ w = 1.5 t❤r♦✉❣❤ t♦ w = 3.0 ✇❤❡r❡ ❛❧❧ tr❛❥❡❝t♦r✐❡s ❛r❡ ♦♥ ❛✈❡r❛❣❡

♠♦t✐♦♥❧❡ss ❛♥❞ t❤❡ ✇❛✈❡ ❤❛s ③❡r♦ ❣r♦✉♣ ✈❡❧♦❝✐t②✳

✺✳✷✳✶ ▼❛①✐♠❛❧ ▲②❛♣✉♥♦✈ ❊①♣♦♥❡♥ts

❆❧❧ ✜❣✉r❡s ✐♥ t❤✐s s❡❝t✐♦♥ ✐♥✈♦❧✈❡ 2048 ❣r✐❞ ♣♦✐♥ts ❛♥❞ 12288 t✐♠❡ st❡♣s ✐♥ t❤❡

s✐♠✉❧❛t✐♦♥✳ ❲❤❡♥ r✉♥♥✐♥❣ t❤❡ ♣r♦❣r❛♠ t♦ ❛✉t♦♠❛t❡ ▼▲❊ ❡st✐♠❛t✐♦♥ ❢r♦♠ S(τ)

❝✉r✈❡s✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ s❤♦✇ t❤❡ ♣❧♦ts ♦❢ S(τ) ✇✐t❤ t❤❡ ✜tt❡❞ ❧✐♥❡ ❛♥❞ ✜tt✐♥❣ r❛♥❣❡

❢♦r ❡❛❝❤ tr❛❥❡❝t♦r②✳ ❚❤✐s ❝❛♥ ❜❡ ✉s❡❞ t♦ t❡st ✐❢ t❤✐s ♣r♦❣r❛♠ ✇♦r❦s ❛s ✐♥t❡♥❞❡❞✳ ❙♦♠❡

❡①❛♠♣❧❡s ♦❢ t❤❡s❡ ♣❧♦ts ❛r❡ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✺✳✶✷✳ ❚❤❡ tr❛❥❡❝t♦r② ♥✉♠❜❡r r❡❢❡rs t♦

t❤❡ tr❛❥❡❝t♦r② ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥✱ ✇✐t❤ tr❛❥❡❝t♦r② ♥✉♠❜❡r 1 r❡❢❡rr✐♥❣ t♦ t❤❡ tr❛❥❡❝t♦r②

✸✾



✭❛✮ w = 0.0 ✭❜✮ w = 0.5

✭❝✮ w = 1.0 ✭❞✮ w = 1.5

✭❡✮ w = 2.0 ✭❢✮ w = 3.0

❋✐❣✉r❡ ✺✳✶✶✿ P❧♦ts s❤♦✇✐♥❣ ❤♦✇ t❤❡ tr❛❥❡❝t♦r✐❡s ✭♠✉❧t✐✲❝♦❧♦✉r❡❞ ❧✐♥❡s✮ ❝❤❛♥❣❡ ❛s
❞✐s♦r❞❡r w ✐s ✈❛r✐❡❞✳ ❚❤✐s ✐s ❞♦♥❡ ❢♦r t❤❡ ❝❡♥tr❡ ♦❢ t❤❡ ❜❛♥❞ ❡♥❡r❣②✳ ❚❤✐❝❦ ❘❡❞ ▲✐♥❡
❂ ◆✉♠❡r✐❝❛❧ 〈x〉✳

✹✵



✇✐t❤ t❤❡ ❧♦✇❡st x✲♣♦s✐t✐♦♥ ❛♥❞ ✐♥❝r❡❛s✐♥❣ tr❛❥❡❝t♦r② ♥✉♠❜❡r ✐♥❝r❡❛s❡s t❤❡ ✐♥✐t✐❛❧ x✲

♣♦s✐t✐♦♥✳ ❚❤❡ ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥ ✐s ❣✐✈❡♥ ✐♥ t❤❡ s✉❜✲❝❛♣t✐♦♥s ❛♥②✇❛②✳ ❆❧❧ tr❛❥❡❝t♦r✐❡s

❤❡r❡ ✇❡r❡ ❡✈♦❧✈❡❞ ❢♦r t❤❡ ❝❡♥tr❡ ♦❢ t❤❡ ❜❛♥❞ ❡♥❡r❣② ✇✐t❤ w = 0.5✳

❋✐❣✉r❡ ✺✳✶✷ s❤♦✇s t❤❛t t❤❡ s❝❛❧✐♥❣ r❡❣✐♦♥s ❛r❡ ♠✉❝❤ ♠♦r❡ s✉❜t❧❡ t❤❛♥ ♦♥❡

✇♦✉❧❞ ❤♦♣❡✱ ❜✉t t❤❡ ♦♥❡s ❢♦✉♥❞ ❛r❡ ❜❡❧✐❡✈❛❜❧❡✳ ❋✐rst✱ ✜❣✉r❡ ✺✳✶✷❛ s❤♦✇s ❤♦✇ t❤❡

♣r♦❣r❛♠ ✉s❡❞ t♦ ✜♥❞ t❤❡ s❝❛❧✐♥❣ r❡❣✐♦♥ ❝❛♥ ✜♥❞ t❤❡s❡ r❡❣✐♦♥s ❡✈❡♥ ✐❢ t❤❡② ❛r❡ s♠❛❧❧

❛♥❞ s❤❛❧❧♦✇ ✐♥ ❣r❛❞✐❡♥t✱ ❛♥❞ ✜❣✉r❡ ✺✳✶✷❝ s❤♦✇s t❤❛t ✐t ✐s ❝❛♣❛❜❧❡ ♦❢ ✜♥❞✐♥❣ t❤❡

s❝❛❧✐♥❣ r❡❣✐♦♥ ✇❤❡♥ t❤❡ ▼▲❊ ✐s ③❡r♦✳

❋✐❣✉r❡ ✺✳✶✷❜ s❤♦✇s t❤❡ ♣r♦❣r❛♠ ✜♥❞✐♥❣ t❤❡ s❝❛❧✐♥❣ r❡❣✐♦♥ t♦ ❜❡ t❤❡ r❛♥❣❡ ♦❢

τ ✈❛❧✉❡s 200✕300 ❛♣♣r♦①✐♠❛t❡❧②✱ ✐♥st❡❛❞ ♦❢ ❛♥♦t❤❡r ❧✐♥❡❛r ❧♦♦❦✐♥❣ ♣❛rt ❢r♦♠ ❛❜♦✉t

500✕1000✳ ❚❤✐s ✐♥❞✐❝❛t❡s ❤♦✇ t❤❡ ♣r♦❣r❛♠ ♣r✐♦r✐t✐s❡s s❝❛❧✐♥❣ r❡❣✐♦♥s ✇❤✐❝❤ ♦❝❝✉r ❢♦r

s♠❛❧❧❡r ✈❛❧✉❡s ♦❢ τ ✱ ✇❤✐❝❤ s❤♦✉❧❞ ❜❡ t❤❡ r❛♥❣❡ s❡❧❡❝t❡❞ ❛s t❤❡ s❝❛❧✐♥❣ r❡❣✐♦♥✳ ■♥ t❤✐s

❝❛s❡ ✐t ✇♦✉❧❞ ♥♦t ❜❡ ♥❡❝❡ss❛r✐❧② ✐♥❝♦rr❡❝t t♦ ❣♦ ❢♦r t❤❡ ❧❛tt❡r r❛♥❣❡ ❛s t❤❡ s❝❛❧✐♥❣

r❡❣✐♦♥✱ s✐♥❝❡ ✜♥❞✐♥❣ t❤❡ s❝❛❧✐♥❣ r❡❣✐♦♥ ❝❛♥ ❜❡ s♦♠❡✇❤❛t s✉❜❥❡❝t✐✈❡✱ ❡s♣❡❝✐❛❧❧② ❤❡r❡

✇❤❡r❡ t❤❡ ▼▲❊s ❢♦✉♥❞ ❛r❡ ✈❡r② s♠❛❧❧✳

❋✐❣✉r❡ ✺✳✶✷❞ s❤♦✇s ❛♥ ❛tt❡♠♣t ❜② t❤❡ ♣r♦❣r❛♠ t♦ ✜♥❞ t❤❡ s❝❛❧✐♥❣ r❡❣✐♦♥ ❢♦r ❛

✈❡r② ❝✉r✈❡❞ ❧♦♦❦✐♥❣ S(τ) ♣❧♦t ✇✐t❤ ♥♦ ♦❜✈✐♦✉s s❝❛❧✐♥❣ r❡❣✐♦♥✳ ❚❤❡ r❛♥❣❡ ♦❢ τ ✈❛❧✉❡s

400✕1000 s❡❡♠s ❛ ❣♦♦❞ ❝❛♥❞✐❞❛t❡ ❢♦r t❤❡ s❝❛❧✐♥❣ r❡❣✐♦♥✱ ❛♥❞ t❤❡ ♣r♦❣r❛♠ ♣✐❝❦s t❤❡

s❝❛❧✐♥❣ r❡❣✐♦♥ t♦ ❜❡ ✇✐t❤✐♥ t❤✐s r❛♥❣❡✳ ❚❤❡ s❝❛❧✐♥❣ r❡❣✐♦♥ ✐s ❝❤♦s❡♥ t♦ ❜❡ ❢♦r t❤❡

s♠❛❧❧❡st ♣♦ss✐❜❧❡ τ ✈❛❧✉❡s✱ ❛❣❛✐♥ ❞❡♠♦♥str❛t✐♥❣ t❤❡ ♣r♦❣r❛♠s t❡♥❞❡♥❝② t♦ ♣r✐♦r✐t✐s❡

t❤✐s✳ ❋✐❣✉r❡ ✺✳✶✷❡ ❛♣♣❡❛rs t♦ ❤❛✈❡ t❤❡ s❝❛❧✐♥❣ r❡❣✐♦♥ ❛s t❤❡ τ r❛♥❣❡ 500✕1000✱ ❛♥❞

✐s ❛ ✈❡r② s❤❛❧❧♦✇ ❣r❛❞✐❡♥t✳ ❚❤❡ ♣r♦❣r❛♠ ❞♦❡s ♥♦t ❤❛✈❡ ❛ ♣r♦❜❧❡♠ ✜♥❞✐♥❣ t❤❡ s❝❛❧✐♥❣

r❡❣✐♦♥ ❤❡r❡✱ t❤✐s t✐♠❡ ❝❤♦♦s✐♥❣ ❛ r❡❣✐♦♥ ✐♥ t❤❡ ♠✐❞❞❧❡ ♦❢ t❤❡ ♣r♦♣♦s❡❞ r❛♥❣❡✳ ❚❤✐s

✐s ♣r♦❜❛❜❧② ❞✉❡ t♦ t❤❡ s❝♦r❡ ❣✐✈❡♥ ❜② t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ✜tt❡❞ ❧✐♥❡ ✇✐t❤ t❤❡ S(τ)

♣♦✐♥ts✳ ❙♦ ♦✈❡r❛❧❧ t❤❡ ♣r♦❣r❛♠ ❤❛s t❤❡ ❛❜✐❧✐t② t♦ ❤❛♥❞❧❡ ♠♦st ❛♠❜✐❣✉♦✉s ❝❛s❡s✳

▲❛st❧②✱ ✜❣✉r❡ ✺✳✶✷❢ s❤♦✇s t❤❡ ✇♦rst ❝❛s❡ s❝❡♥❛r✐♦✳ ❚❤❡ S(τ) ♣❧♦t ✐s ✉♥✉s✉❛❧✱

✇✐t❤ s✉❞❞❡♥ ❥✉♠♣s ✐♥ ✈❛❧✉❡s✳ ■t ❝♦✉❧❞ ❜❡ s❛✐❞ t❤❛t t❤❡s❡ S(τ) ❧✐♥❡s ❛r❡ ♠♦st❧②

❤♦r✐③♦♥t❛❧ ❛♥❞ t❤❛t t❤❡r❡❢♦r❡ t❤❡ ▼▲❊ ✐s ③❡r♦✳ ❚❤❡ s❝❛❧✐♥❣ r❡❣✐♦♥ ❝❤♦s❡♥ ❜② t❤❡

♣r♦❣r❛♠ ❤♦✇❡✈❡r ✐s ❛♥ ✉♥✇✐s❡ ❝❤♦✐❝❡✱ ❧❛♥❞✐♥❣ ♦♥ ♦♥❡ ♦❢ t❤❡s❡ ❞✐s❝♦♥t✐♥✉✐t✐❡s✳ ❚❤❡

r❡❛s♦♥ t❤❛t t❤✐s r❛♥❣❡ ✐s ❝❤♦s❡♥ ✐s r❡❧❛t❡❞ t♦ t❤❡ ♣r♦❝❡ss ♦❢ ✜♥❞✐♥❣ t❤❡ ✜♥❛❧ s❝❛❧✐♥❣

r❡❣✐♦♥✳ ❘❡❝❛❧❧ t❤❛t ❢♦r ❡❛❝❤ ❧✐♥❡ ❡✈❡r② ♣♦ss✐❜❧❡ r❛♥❣❡ ✐s t❡st❡❞ ❛s ❛ tr✐❛❧ s❝❛❧✐♥❣ r❡❣✐♦♥✱

❛♥❞ t❤❡ ❜❡st ♦♥❡ ✐s t❤❡♥ ♣✐❝❦❡❞ ✉s✐♥❣ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ✜tt❡❞ ❧✐♥❡s ❛♥❞ t❤❡ s✐③❡ ♦❢

t❤❡ ✈❛❧✉❡s ♦❢ τ ✇✐t❤✐♥ t❤❛t r❛♥❣❡✳ ❖♥❝❡ t❤✐s ✐s ❞♦♥❡ ❢♦r ❡❛❝❤ ❧✐♥❡ t❤❡ ♠♦st ❝♦♠♠♦♥

r❛♥❣❡ ✉s❡❞ ❜② ❡❛❝❤ ❧✐♥❡ ✐s ❝❤♦s❡♥✱ ❢♦❧❧♦✇❡❞ ❜② t❤❡ ♠❡❛♥ ✐❢ t❤❡r❡ ✐s ❛ t✐❡✱ ❢♦r t❤❡ ✜♥❛❧

s❝❛❧✐♥❣ r❡❣✐♦♥ ✉s❡❞ t♦ ✜♥❞ t❤❡ ▼▲❊✳ ❚❤❡ ♣r♦❜❧❡♠ ❝♦♠❡s ✐♥ ✇❤❡♥ t❤❡ ♠❡❛♥ ❛✈❡r❛❣❡

✐s ✉s❡❞ t♦ ✜♥❞ t❤❡ ✜♥❛❧ s❝❛❧✐♥❣ r❡❣✐♦♥✱ s✐♥❝❡ t❤✐s ❛❧❧♦✇s ❢♦r t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ t❤❡ ♠❡❛♥

s❝❛❧✐♥❣ r❡❣✐♦♥ ❢❛❧❧✐♥❣ ♦♥t♦ ♦♥❡ ♦❢ t❤❡s❡ ❞✐s❝♦♥t✐♥✉♦✉s ♣♦✐♥ts✳ ❙✐♥❝❡ t❤❡ ▼▲❊ ❢♦r t❤✐s

✹✶
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❋✐❣✉r❡ ✺✳✶✷✿ P❧♦ts ♦❢ S(τ) ✇✐t❤ t❤❡ ✜tt❡❞ ❧✐♥❡ t♦ ♠❡❛s✉r❡ t❤❡ ▼▲❊ ❛♥❞ t❤❡ r❛♥❣❡
❝♦♥s✐❞❡r❡❞ ❛s t❤❡ s❝❛❧✐♥❣ r❡❣✐♦♥✳

✹✷



tr❛❥❡❝t♦r② ✐s ❢♦✉♥❞ ❢♦r ♠❛♥② r❡❛❧✐s❛t✐♦♥s ❛♥❞ t❤❡♥ ❛✈❡r❛❣❡❞ t❤❡s❡ ❛♥♦♠❛❧♦✉s r❡s✉❧ts

s❤♦✉❧❞ ❤❛✈❡ ❧❡ss ✐♠♣❛❝t✱ ✉♥❧❡ss t❤✐s ✐s ❛ r❡❝✉rr✐♥❣ ♣r♦❜❧❡♠ ♦✈❡r ♠❛♥② r❡❛❧✐s❛t✐♦♥s✳

■❢ s♦ t❤❡♥ ✐t s❤♦✉❧❞ ❜❡ s♣♦tt❡❞ ❛s ❛ s♣✐❦❡ ✐♥ t❤❡ ❞❛t❛ ✇✐t❤ ❛♥ ✉♥✉s✉❛❧❧② ❧❛r❣❡ ❡rr♦r

❜❛r ❢r♦♠ t❤❡ st❛♥❞❛r❞ ❡rr♦r ❢♦r t❤❡ r❡❣r❡ss✐♦♥ s❧♦♣❡✱ ❛♥❞ ❤❡♥❝❡ ✐t ❝❛♥ ❜❡ ✐❣♥♦r❡❞✳

❙♦ ♦✈❡r❛❧❧✱ ❞❡s♣✐t❡ ❛ ❢❡✇ ❛♥♦♠❛❧♦✉s r❡s✉❧ts✱ t❤✐s ♣r♦❣r❛♠ s❡❡♠s t♦ ❜❡ ❛❜❧❡

t♦ ❝♦rr❡❝t❧② ✐❞❡♥t✐❢② t❤❡ ❝♦rr❡❝t s❝❛❧✐♥❣ r❡❣✐♦♥ ❢♦r t❤❡ ▼▲❊ ❡st✐♠❛t✐♦♥ ❛♥❞ ✐t s❤♦✉❧❞

❜❡ s✉✣❝✐❡♥t ❢♦r ✜♥❞✐♥❣ t❤❡ ▼▲❊ ❢♦r ♠❛♥② tr❛❥❡❝t♦r✐❡s✱ r❡❛❧✐s❛t✐♦♥s ❛♥❞ ✈❛❧✉❡s ♦❢

❞✐s♦r❞❡r✳

❆❧s♦ s❤♦✇♥ ❜② ✜❣✉r❡s ✺✳✶✸ ❛♥❞ ✺✳✶✹ ❛r❡ ♣❧♦ts ♦❢ ▼▲❊ ❛❣❛✐♥st t❤❡ tr❛❥❡❝t♦r②

✐♥✐t✐❛❧ ♣♦s✐t✐♦♥✱ ❢♦r ❞✐s♦r❞❡r w = 0.5, 1.0, 1.5, 2.0✳ ❚❤❡ ❡rr♦r ❜❛rs r❡♣r❡s❡♥t t❤❡ ✈❛❧✉❡

♦❢ t❤❡ st❛♥❞❛r❞ ❡rr♦r ♦❢ t❤❡ r❡❣r❡ss✐♦♥ s❧♦♣❡✳

❋✐❣✉r❡s ✺✳✶✸ ❛♥❞ ✺✳✶✹ s❤♦✇ t❤❡ ♦✉t♣✉t ▼▲❊ ❛❣❛✐♥st tr❛❥❡❝t♦r② ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥

❢♦r ♦♥❧② ♦♥❡ r❡❛❧✐s❛t✐♦♥✳ ❚❤❡ ❝✉r✈❡ ♦s❝✐❧❧❛t❡s r❛♣✐❞❧② ❢♦r ❛❧❧ ❢♦✉r ✈❛❧✉❡s ♦❢ ❞✐s♦r❞❡r✱

❤❡♥❝❡ ✇❤② ❛♥ ❛✈❡r❛❣❡ ♦✈❡r ♠❛♥② r❡❛❧✐s❛t✐♦♥s ✐s r❡q✉✐r❡❞✳ ❆♥ ✐❞❡❛ ♦❢ t❤❡ r❡s✉❧t ❢♦r

t❤❡ ❛✈❡r❛❣❡❞ ▼▲❊ ♦✈❡r ♠❛♥② ♠♦r❡ r❡❛❧✐s❛t✐♦♥s ❝♦✉❧❞ ❜❡ ❞✐s❝❡r♥❡❞✱ ✇✐t❤ ❛ s♦rt ♦❢

♣❡❛❦ ❢♦r♠✐♥❣ ✐♥ t❤❡ ♠✐❞❞❧❡ ♦❢ t❤❡ tr❛❥❡❝t♦r② r❛♥❣❡ ❢♦r w = 0.1 ✇❤✐❝❤ s♣r❡❛❞s ❛s t❤❡

✈❛❧✉❡ ♦❢ ❞✐s♦r❞❡r ✐♥❝r❡❛s❡s✳ ❆❧s♦✱ ♥♦t❡ t❤❡ ❧❛r❣❡ ❡rr♦r ❜❛rs ❢♦r tr❛❥❡❝t♦r✐❡s 11 ❛♥❞

22 ❢♦r w = 0.5 ❛♥❞ tr❛❥❡❝t♦r② 15 ❢♦r w = 1.0✱ ✇❤✐❝❤ s❤♦✇s t❤❛t t❤❡ ✜tt❡❞ ❧✐♥❡ ✇❛s

♥♦t ✈❡r② ❝❧♦s❡ t♦ t❤❡ S(τ) ♣♦✐♥ts✳ ■♥ ❢❛❝t✱ t❤❡ tr❛❥❡❝t♦r② 22 ♠❡♥t✐♦♥❡❞ ♣r❡✈✐♦✉s❧② ✐♥

✜❣✉r❡ ✺✳✶✷❢ ✐s t❤❡ s❛♠❡ tr❛❥❡❝t♦r② ❛s t❤❡ ♦♥❡ ✐♥ ✺✳✶✸❛✳ ❙♦ t❤❡ ❡rr♦r ❜❛rs ❝❛♥ ❜❡ ✉s❡❞

t♦ ❤❡❧♣ ❞❡t❡r♠✐♥❡ ❛t ❛ ❣❧❛♥❝❡ ✇❤❡t❤❡r t❤❡ s❛♠❡ s✐t✉❛t✐♦♥ ♦❝❝✉rs ❢♦r ❛ tr❛❥❡❝t♦r②

❛s ❢♦r tr❛❥❡❝t♦r② 22 ♠❡♥t✐♦♥❡❞ ♣r❡✈✐♦✉s❧②✳ ❚❤✐s ❤❡❧♣s t♦ ✉♥❞❡rst❛♥❞ ❛♥② str❛♥❣❡

♦s❝✐❧❧❛t✐♦♥s t❤❛t ❝♦✉❧❞ ♦❝❝✉r ❢♦r t❤❡ ❛✈❡r❛❣❡ ▼▲❊ ❛❣❛✐♥st tr❛❥❡❝t♦r② ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥

♣❧♦ts✳

❙♦ ♥♦✇ t❤❡ ♠❡❛♥ ❛✈❡r❛❣❡ ▼▲❊ ❝❛♥ ❜❡ ❢♦✉♥❞ ❢♦r ❡❛❝❤ tr❛❥❡❝t♦r②✱ ✇❤✐❝❤ ❝❛♥

❜❡ ✉s❡❞ t♦ ❝r❡❛t❡ ❛ ♣❧♦t ♦❢ ❛✈❡r❛❣❡ ▼▲❊ ❛❣❛✐♥st tr❛❥❡❝t♦r② ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥ ❛s s❤♦✇♥

✐♥ ✜❣✉r❡s ✺✳✶✺✱ ✺✳✶✻ ❛♥❞ ✺✳✶✼✳

❚❤❡ ❛✈❡r❛❣❡ ▼▲❊ ❛❣❛✐♥st tr❛❥❡❝t♦r② ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥ ♣❧♦ts s✉❝❤ ❛s t❤♦s❡ ♦❢

✜❣✉r❡ ✺✳✶✺ ❞♦ ✐♥❞❡❡❞ s❤♦✇ ❛ ♠♦r❡ s♠♦♦t❤ r❡s✉❧t✱ ❛♥❞ t❤❡ str❛♥❣❡ ♦s❝✐❧❧❛t✐♥❣ ♣♦✐♥ts

❛t t❤❡ ❡❞❣❡s ❛r❡ ♣♦t❡♥t✐❛❧❧② ❡①♣❧❛✐♥❡❞ ❛s ❛ r❡♣❡❛t ♦❢ t❤❡ s✐t✉❛t✐♦♥ ❢r♦♠ ✜❣✉r❡ ✺✳✶✷❢ ❛s

s✉❣❣❡st❡❞ ❜② t❤❡✐r ❧❛r❣❡r ❡rr♦r ❜❛rs✳ ❚❤❡r❡ ❛r❡ ❛❧s♦ ❞✐st✐♥❝t ♣❡❛❦s ❛t t❤❡ tr❛❥❡❝t♦r②

♥✉♠❜❡r r❛♥❣❡s 35✕55 ❢♦r ✜❣✉r❡ ✺✳✶✺❛ ❛♥❞ 35✕65 ❢♦r ✜❣✉r❡ ✺✳✶✺❜✱ ✇❤✐❝❤ s❡❡♠ t♦ ❜❡ ♦❢

s✐❣♥✐✜❝❛♥❝❡✳ ❆s t❤❡ ❞✐s♦r❞❡r ✐♥❝r❡❛s❡s t❤❡ ✇✐❞t❤ ♦❢ t❤❡s❡ ♣❡❛❦s ✐♥❝r❡❛s❡s ❛s s❤♦✇♥ ✐♥

✜❣✉r❡s ✺✳✶✺✱ ✺✳✶✻ ❛♥❞ ✺✳✶✼✳ ❚❤✐s ♠❛❦❡s s❡♥s❡ ✇❤❡♥ ❝♦♠♣❛r✐♥❣ t♦ ✜❣✉r❡ ✺✳✶✶✱ ✇❤❡r❡

❢♦r ❧♦✇❡r ❞✐s♦r❞❡rs t❤❡ ♦✉t❡r tr❛❥❡❝t♦r✐❡s ❝♦♥t✐♥✉❡ ❛s t❤♦✉❣❤ t❤❡r❡ ✐s ③❡r♦ ♣♦t❡♥t✐❛❧✳

❚❤❡♥ ❢♦r ✐♥❝r❡❛s✐♥❣ ❞✐s♦r❞❡r ♠♦r❡ ♦✉t❡r tr❛❥❡❝t♦r✐❡s st❛rt ❞❡✈✐❛t✐♥❣ ❢r♦♠ t❤❡✐r ✉s✉❛❧

♣❛t❤ ❢♦r ③❡r♦ ♣♦t❡♥t✐❛❧✱ ♠❡❛♥✐♥❣ t❤❡✐r ❜❡❤❛✈✐♦✉r ❜❡❝♦♠❡s ❝❤❛♦t✐❝✳
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MLE v Traj No with Error Bars, w=1.

✭❜✮ w = 1.0

❋✐❣✉r❡ ✺✳✶✸✿ ▼▲❊ ✐s ♣❧♦tt❡❞ ❛❣❛✐♥st t❤❡ tr❛❥❡❝t♦r② ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥✱ ✇✐t❤ ❡❛❝❤ tr❛✲
❥❡❝t♦r② ❡q✉❛❧❧② s♣❛❝❡❞✳ ◆♦t❡ t❤❛t t❤❡ ❡rr♦r ❜❛rs r❡♣r❡s❡♥t t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ st❛♥❞❛r❞
❡rr♦r ♦❢ t❤❡ r❡❣r❡ss✐♦♥ s❧♦♣❡✳
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MLE v Traj No with Error Bars, w=2.
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❋✐❣✉r❡ ✺✳✶✹✿ ▼▲❊ ✐s ♣❧♦tt❡❞ ❛❣❛✐♥st t❤❡ tr❛❥❡❝t♦r② ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥✱ ✇✐t❤ ❡❛❝❤ tr❛✲
❥❡❝t♦r② ❡q✉❛❧❧② s♣❛❝❡❞✳ ◆♦t❡ t❤❛t t❤❡ ❡rr♦r ❜❛rs r❡♣r❡s❡♥t t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ st❛♥❞❛r❞
❡rr♦r ♦❢ t❤❡ r❡❣r❡ss✐♦♥ s❧♦♣❡✳
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✭❜✮ w = 0.5

❋✐❣✉r❡ ✺✳✶✺✿ P❧♦ts ♦❢ ❛✈❡r❛❣❡ ▼▲❊ ❛❣❛✐♥st tr❛❥❡❝t♦r② ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥✳

✹✻
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✭❛✮ w = 1.0
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✭❜✮ w = 1.5

❋✐❣✉r❡ ✺✳✶✻✿ P❧♦ts ♦❢ ❛✈❡r❛❣❡ ▼▲❊ ❛❣❛✐♥st tr❛❥❡❝t♦r② ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥✳
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❋✐❣✉r❡ ✺✳✶✼✿ w = 2.0✳ P❧♦t ♦❢ ❛✈❡r❛❣❡ ▼▲❊ ❛❣❛✐♥st tr❛❥❡❝t♦r② ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥✳

■♥t❡r❡st✐♥❣❧② t❤❡ ♣❡❛❦ ❛♣♣❡❛rs t♦ s♣❧✐t ✐♥ t✇♦ ✇❤❡♥ t❤❡ ❞✐s♦r❞❡r r❡❛❝❤❡s w =

2.0✱ ✇❤✐❝❤ ❝♦✉❧❞ ❜❡ ❡①♣❧❛✐♥❡❞ ❜② ❤♦✇ tr❛❥❡❝t♦r✐❡s t❡♥❞ t♦ ❜❡❤❛✈❡ ✐♥ t❤❡ ❝❡♥tr❡ ♦❢ t❤❡

✇❛✈❡ ✐♥ t❤❡ ❆♥❞❡rs♦♥ ♠♦❞❡❧✳ ❆❣❛✐♥ ❜② r❡❢❡rr✐♥❣ t♦ ✜❣✉r❡ ✺✳✶✶❡ ✐t ❝❛♥ ❜❡ s❡❡♥ t❤❛t t❤❡

❝❡♥tr❛❧ tr❛❥❡❝t♦r✐❡s st♦♣ ♠♦✈✐♥❣ ✐♥ x✲s♣❛❝❡ ✈❡r② q✉✐❝❦❧② ❛♥❞ t❤❡♥ r❡♠❛✐♥ st❛t✐♦♥❛r②

❡①❝❡♣t ❢♦r s♦♠❡ s♠❛❧❧✱ s❡❡♠✐♥❣❧② r❛♥❞♦♠ ♦s❝✐❧❧❛t✐♥❣ ❜❡❤❛✈✐♦✉r✳ ❚❤❡ tr❛❥❡❝t♦r✐❡s

✇✐t❤ ❧❛r❣❡r ▼▲❊s ❝♦✉❧❞ ❜❡ t❤♦s❡ ✐♥ ❛ r❡❣✐♦♥ tr❛♥s✐t✐♦♥✐♥❣ ❢r♦♠ t❤❡ tr❛❥❡❝t♦r✐❡s

tr❛✈❡❧❧✐♥❣ ❝❧♦s❡r t♦ t❤❡✐r ♦r✐❣✐♥❛❧ ✈❡❧♦❝✐t② ♦♥ t❤❡ ♦✉ts✐❞❡ ❛♥❞ t❤♦s❡ st❛t✐♦♥❛r② ✐♥ t❤❡

♠✐❞❞❧❡✳ ❚❤✐s ❝♦✉❧❞ ❝❛✉s❡ t❤❡ tr❛❥❡❝t♦r✐❡s ✐♥ t❤✐s r❡❣✐♦♥ t♦ ♦s❝✐❧❧❛t❡ s❧✐❣❤t❧② ♠♦r❡

✉♥♣r❡❞✐❝t❛❜❧②✳ ❚❤r♦✉❣❤ t❤✐s r❡❛s♦♥✐♥❣ ✐t ✐s ♣♦ss✐❜❧❡ t❤❛t t❤❡ s❤❛♣❡ ♦❢ t❤❡ ❝✉r✈❡

❢♦r ❞✐s♦r❞❡r w = 2.0 ❝♦✉❧❞ ❜❡ ♦❝❝✉rr✐♥❣ ❢♦r ❛❧❧ ❞✐s♦r❞❡rs✱ ❣r❛♥t❡❞ ❡♥♦✉❣❤ ✐♥✐t✐❛❧

♣♦s✐t✐♦♥s ❢♦r tr❛❥❡❝t♦r✐❡s ✇❡r❡ tr✐❡❞ ❛♥❞ ♣r♦✈✐❞❡❞ t❤❡ ❣r✐❞ ❤❛s ❡♥♦✉❣❤ ❣r✐❞ ♣♦✐♥ts✳

❚❤❡ t✇♦ ♣❡❛❦s ❝♦✉❧❞ s✐♠♣❧② ❜❡ t♦♦ s♠❛❧❧ t♦ s❡❡ ✐♥ t❤❡ ♣❧♦ts ♣r♦✈✐❞❡❞✳ ■t ✇♦✉❧❞ ❛❧s♦

❜❡ ✐♥t❡r❡st✐♥❣ t♦ ♦❜s❡r✈❡ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ♣❡❛❦s s♣❧✐tt✐♥❣ ❢♦r ❧❛r❣❡r ❞✐s♦r❞❡rs✱ ♦r

♦t❤❡r ❞✐s♦r❞❡rs ❜❡t✇❡❡♥ w = 1.5 ❛♥❞ w = 2.0✳

●❛✉ss✐❛♥ ❝✉r✈❡s ❝❛♥ ❜❡ ✜tt❡❞ t♦ t❤❡s❡ ❛✈❡r❛❣❡ ▼▲❊ ❛❣❛✐♥st tr❛❥❡❝t♦r② ✐♥✐t✐❛❧

♣♦s✐t✐♦♥ ♣❧♦ts✱ ✇✐t❤ t❤❡ r❡s✉❧ts s❤♦✇♥ ✐♥ ✜❣✉r❡s ✺✳✶✽✱ ✺✳✶✾ ❛♥❞ ✺✳✷✵✳ ❚❛❜❧❡ ✺✳✶ s❤♦✇s

t❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ✜tt❡❞ ●❛✉ss✐❛♥ ❝✉r✈❡s ❢♦r ❡❛❝❤ ✈❛❧✉❡ ♦❢ ❞✐s♦r❞❡r✳

❚❤❡ ✜tt❡❞ ●❛✉ss✐❛♥ ❝✉r✈❡s s❤♦✇♥ ✐♥ ✜❣✉r❡s ✺✳✶✽✱ ✺✳✶✾ ❛♥❞ ✺✳✷✵ ❝❛♥ ❜❡ ✉s❡❞

t♦ ❤❡❧♣ ❛♥❛❧②s❡ t❤❡ ♦❜s❡r✈❡❞ ♣❡❛❦s ✐♥ t❤❡ ❛✈❡r❛❣❡ ▼▲❊ ❛❣❛✐♥st tr❛❥❡❝t♦r② ✐♥✐t✐❛❧

♣♦s✐t✐♦♥ ♣❧♦ts✳ ❲✐t❤ t❤❡ ❡①❝❡♣t✐♦♥ ♦❢ ❞✐s♦r❞❡r w = 2.0✱ ✇❤✐❝❤ ❤❛s ❛ ❞♦✉❜❧❡ ♣❡❛❦✱

t❤❡ ✜tt❡❞ ●❛✉ss✐❛♥ ❝✉r✈❡s ♠❛t❝❤ t❤❡ ♣❧♦ts r❡❛s♦♥❛❜❧② ✇❡❧❧✳ ❚❛❜❧❡ ✺✳✶ s❤♦✇s t❤❡ r♠s

✇✐❞t❤ ✐♥❝r❡❛s✐♥❣ ❛s t❤❡ ✈❛❧✉❡ ♦❢ ❞✐s♦r❞❡r ✐♥❝r❡❛s❡s✱ ❛s ❡①♣❡❝t❡❞ ❢r♦♠ ❧♦♦❦✐♥❣ ❛t t❤❡

✹✽
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✭❛✮ w = 0.1
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✭❜✮ w = 0.5

❋✐❣✉r❡ ✺✳✶✽✿ ❆✈❡r❛❣❡ ▼▲❊ ❛❣❛✐♥st tr❛❥❡❝t♦r② ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥ ♣❧♦ts ✇✐t❤ ✜tt❡❞ ●❛✉s✲
s✐❛♥ ❝✉r✈❡s✳

❉✐s♦r❞❡r ❍❡✐❣❤t P♦s✐t✐♦♥ ♦❢ ❈❡♥tr❡ ❲✐❞t❤

✵✳✶ ✵✳✵✵✵✸✷✸✺ ✹✷✳✼✹ ✷✳✼✹✶

✵✳✺ ✵✳✵✵✶✶✾✼ ✹✾✳✺✺ ✻✳✺✹✸

✶✳✵ ✵✳✵✵✶✺✺✼ ✺✵✳✼✼ ✶✷✳✼✽

✶✳✺ ✵✳✵✵✶✹✷✵ ✺✵✳✹✼ ✷✷✳✼✽

✷✳✵ ✵✳✵✵✶✷✶✻ ✺✵✳✺✵ ✸✽✳✻✹

❚❛❜❧❡ ✺✳✶✿ ❚❛❜❧❡ s❤♦✇✐♥❣ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ✜tt❡❞ ●❛✉ss✐❛♥ ❝✉r✈❡s ❢♦r ❡❛❝❤
❞✐s♦r❞❡r✳

✹✾
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✭❛✮ w = 1.0
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✭❜✮ w = 1.5

❋✐❣✉r❡ ✺✳✶✾✿ ❆✈❡r❛❣❡ ▼▲❊ ❛❣❛✐♥st tr❛❥❡❝t♦r② ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥ ♣❧♦ts ✇✐t❤ ✜tt❡❞ ●❛✉s✲
s✐❛♥ ❝✉r✈❡s✳

✺✵
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❋✐❣✉r❡ ✺✳✷✵✿ w = 2.0✳ ❆✈❡r❛❣❡ ▼▲❊ ❛❣❛✐♥st tr❛❥❡❝t♦r② ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥ ♣❧♦ts ✇✐t❤
✜tt❡❞ ●❛✉ss✐❛♥ ❝✉r✈❡s✳

♣❧♦ts✳ ❚❤✐s s❤♦✇s t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ❝❤❛♦t✐❝ tr❛❥❡❝t♦r✐❡s ✐♥❝r❡❛s❡s ❛s t❤❡ ❞✐s♦r❞❡r

✐♥❝r❡❛s❡s✳ ❚❤❡ ❤❡✐❣❤t ♦❢ t❤❡ ●❛✉ss✐❛♥ ❝✉r✈❡s q✉✐❝❦❧② ✐♥❝r❡❛s❡s t♦ ❛❜♦✉t 0.0015 ❛♥❞

t❤❡♥ ❞❡❝r❡❛s❡s ❛❢t❡r t❤❛t st❡❛❞✐❧②✱ s♦ t❤❡ ❧❛r❣❡st ▼▲❊ ❢♦r ❛♥② tr❛❥❡❝t♦r② ✐s ♦❢ t❤❡

♦r❞❡r 10−3✳ ❚❤✐s s❤♦✇s t❤❛t ❤♦✇ ❝❤❛♦t✐❝ t❤❡ tr❛❥❡❝t♦r② ❝❛♥ ❜❡✱ ✐♥ ♦t❤❡r ✇♦r❞s t❤❡

♠❛①✐♠✉♠ ▼▲❊ ♦❜t❛✐♥❛❜❧❡✱ st❛②s ❛t t❤❡ s❛♠❡ ❧❡✈❡❧ ❛❢t❡r ❛ ❝❡rt❛✐♥ ✈❛❧✉❡ ♦❢ ❞✐s♦r❞❡r

❛♥❞ ♦♥❧② t❤❡ ♥✉♠❜❡r ♦❢ ❝❤❛♦t✐❝ tr❛❥❡❝t♦r✐❡s ✐♥❝r❡❛s❡s✳ ❚❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ❝❡♥tr❡

♦❢ t❤❡ ●❛✉ss✐❛♥ ❝✉r✈❡ ❛❧s♦ ✐♥❝r❡❛s❡s✱ ❛❧✇❛②s ❜❡✐♥❣ ❝❧♦s❡ t♦ t❤❡ ❝❡♥tr❡ ♦❢ t❤❡ ❣r✐❞

❛♥❞ ❣❡tt✐♥❣ ❝❧♦s❡r t♦ t❤❡ ❝❡♥tr❡ ❢♦r ❧❛r❣❡r ✈❛❧✉❡s ♦❢ ❞✐s♦r❞❡r✳ ◆♦t❡ t❤❛t ✐t ♥❡✈❡r

q✉✐t❡ r❡❛❝❤❡s t❤❡ ❝❡♥tr❡ ♦❢ t❤❡ ❣r✐❞✱ ❛t tr❛❥❡❝t♦r② ♥✉♠❜❡r 51✳ ❲❤❛t t❤✐s s✉❣❣❡sts ✐s

t❤❛t t❤❡ tr❛❥❡❝t♦r✐❡s ❛r❡ s❧✐❣❤t❧② ♠♦r❡ ❝❤❛♦t✐❝ ❜❡❧♦✇ t❤❡ ❝❡♥tr❡ ♦❢ t❤❡ ❣r✐❞✳ ❚❤✐s ✐s

❡①♣❧❛✐♥❡❞ ❜② t❤❡ ♥♦♥✲③❡r♦ ✐♥✐t✐❛❧ ✈❡❧♦❝✐t②✱ ❛♥❞ ❝❛♥ ❜❡ s❡❡♥ ❜② ❝♦♥s✐❞❡r✐♥❣ ✜❣✉r❡ ✺✳✶✶✳

❋♦r ❛♥② ♥♦♥✲③❡r♦ ✈❛❧✉❡ ♦❢ ❞✐s♦r❞❡r t❤❡ tr❛❥❡❝t♦r✐❡s ✇✐t❤ ❛ s♠❛❧❧❡r ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥

❝❤❛♥❣❡ ❞✐r❡❝t✐♦♥ ❛♥❞ ♠♦✈❡ ✐♥ t❤❡ ♦♣♣♦s✐t❡ ❞✐r❡❝t✐♦♥✳ ❚❤✐s ❝❤❛♥❣❡ ✐♥ ❞✐r❡❝t✐♦♥ ❝♦✉❧❞

❜❡ ❝♦✉♥t✐♥❣ t♦✇❛r❞s t❤❡ ▼▲❊ ❝❛❧❝✉❧❛t✐♦♥✱ ♠❛❦✐♥❣ t❤❡ tr❛❥❡❝t♦r② ♠♦r❡ ❝❤❛♦t✐❝✳ ❙♦

t❤❡ ♦✛✲❝❡♥tr❡ ✈❛❧✉❡s ♦❢ t❤❡ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ●❛✉ss✐❛♥ ❝✉r✈❡s ❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞ ❛s s✐♠♣❧②

❛ s✐❞❡ ❡✛❡❝t ♦❢ t❤❡ ✐♥✐t✐❛❧ ✈❡❧♦❝✐t② ♦❢ t❤❡ tr❛❥❡❝t♦r✐❡s✳

❆❞❞✐t✐♦♥❛❧❧② ❛ ♣❧♦t ♦❢ r♠s ✇✐❞t❤ ❛❣❛✐♥st ❞✐s♦r❞❡r ✐s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✺✳✷✶ ❛❧♦♥❣

✇✐t❤ ❛ ✜tt❡❞ q✉❛❞r❛t✐❝ ❝✉r✈❡✳

❋✐❣✉r❡ ✺✳✷✶ ✐♥❞✐❝❛t❡s ❛ ♣♦ss✐❜❧❡ q✉❛❞r❛t✐❝ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ r♠s ✇✐❞t❤ ♦❢

t❤❡ ✜tt❡❞ ●❛✉ss✐❛♥ ❛♥❞ t❤❡ ✈❛❧✉❡ ♦❢ ❞✐s♦r❞❡r✳ ❚❤✐s ♠❡❛♥s t❤❛t ❜② ❛♥❛❧②s✐♥❣ t❤❡

▼▲❊s ♦❢ tr❛❥❡❝t♦r✐❡s ✐♥ t❤❡ ❆♥❞❡rs♦♥ ♠♦❞❡❧ t❤❡ ❧♦❝❛❧✐③❛t✐♦♥ ❧❡♥❣t❤ ❝♦✉❧❞ ❜❡ ❢♦✉♥❞

✉s✐♥❣ t❤❡ ❚❤♦✉❧❡ss ❋♦r♠✉❧❛❡ ✭s❡❡ ❡q✉❛t✐♦♥ ✭✷✳✷✻✮✱ ❢♦r t❤❡ ❝❡♥tr❡ ♦❢ t❤❡ ❜❛♥❞ ❡♥❡r❣②✮✳

✺✶
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❋✐❣✉r❡ ✺✳✷✶✿ P❧♦t ♦❢ r♠s ✇✐❞t❤ ♦❢ ✜tt❡❞ ●❛✉ss✐❛♥ ❛❣❛✐♥st ❞✐s♦r❞❡r ✭r❡❞✮✱ ❛♥❞ ❛ ✜tt❡❞
q✉❛❞r❛t✐❝ ❝✉r✈❡ ✭❜❧✉❡✮✳

❋✐♥❛❧❧② ❢♦r ❞✐✛❡r❡♥t r❡❛❧✐s❛t✐♦♥s ♦❢ ❡❛❝❤ ❞✐s♦r❞❡r w✱ ❝♦♥tr♦❧❧❡❞ ❜② t❤❡ s❡❡❞ ✉s❡❞

t♦ r❛♥❞♦♠❧② ❣❡♥❡r❛t❡ t❤❡ ♣♦t❡♥t✐❛❧✱ t❤❡ ▼▲❊ ❢♦r ❡❛❝❤ tr❛❥❡❝t♦r② ✐♥ ❛ ❣✐✈❡♥ r✉♥ ♦❢

t❤❡ s✐♠✉❧❛t✐♦♥ ❝❛♥ ❜❡ ❢♦✉♥❞ ❛♥❞ ✉s❡❞ ❢♦r ❢✉rt❤❡r ❛♥❛❧②s✐s✳ ❋♦r ❛ ❣✐✈❡♥ tr❛❥❡❝t♦r② t❤❡

❞✐str✐❜✉t✐♦♥ ♦❢ ▼▲❊s ❝❛♥ ❜❡ ❢♦✉♥❞✱ ✇✐t❤ t❤❡ ❞✐str✐❜✉t✐♦♥s ❢♦r t❤❡ ❝❡♥tr❛❧ tr❛❥❡❝t♦r②

✉s✐♥❣ ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ ❞✐s♦r❞❡r ❣✐✈❡♥ ❜② ✜❣✉r❡ ✺✳✷✷✳

❲❤✐❧❡ t❤❡ ❛✈❡r❛❣❡ ▼▲❊ ❛❣❛✐♥st tr❛❥❡❝t♦r② ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥ ✐s ✉s❡❢✉❧ ❢♦r ❧♦♦❦✐♥❣

❛t t❤❡ ♦✈❡r❛❧❧ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❡♥s❡♠❜❧❡ ♦❢ tr❛❥❡❝t♦r✐❡s✱ t♦ ❧♦♦❦ ❛t ❡❛❝❤ tr❛❥❡❝t♦r②

✐♥❞✐✈✐❞✉❛❧❧② t❤❡ ❤✐st♦❣r❛♠s ♦❢ ▼▲❊s ❢♦r ❡❛❝❤ tr❛❥❡❝t♦r② ❝♦✉❧❞ ❜❡ ✉s❡❞✱ ❧✐❦❡ t❤❡ ♦♥❡s

s❤♦✇♥ ✐♥ ✜❣✉r❡ ✺✳✷✷✳ ■♥ t❤✐s ❡①❛♠♣❧❡✱ t❤❡ ❝❡♥tr❛❧ tr❛❥❡❝t♦r② ✐s ✉s❡❞ s♦ ♦♥❡ ✇♦✉❧❞

❡①♣❡❝t t❤❡ ❛✈❡r❛❣❡ ▼▲❊ t♦ ❣❡♥❡r❛❧❧② ✐♥❝r❡❛s❡ ✉♥t✐❧ t❤❡ ♣❡❛❦s s♣❧✐t ❛♥❞ t❤❡ ▼▲❊

❞✐♣s✳ ❋✐❣✉r❡ ✺✳✷✷❛ s❤♦✇s t❤❛t t❤❡ ▼▲❊ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ ③❡r♦ ❢♦r w = 0.1

✐♥ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ t❤❡ ▼▲❊ ❢♦r ❧❛r❣❡r ✈❛❧✉❡s ♦❢ ❞✐s♦r❞❡r✳ ❚❤❡ ❞✐str✐❜✉t✐♦♥ ❢♦r t❤❡

❝❡♥tr❛❧ tr❛❥❡❝t♦r② s❡❡♠s t♦ ❣❡t ♠♦r❡ s♣r❡❛❞ ♦✉t ❛s t❤❡ ✈❛❧✉❡ ♦❢ ❞✐s♦r❞❡r ✐♥❝r❡❛s❡s✱

❛❣❛✐♥ ✇✐t❤ t❤❡ ❡①❝❡♣t✐♦♥ ♦❢ w = 2.0✳ ❆❞❞✐t✐♦♥❛❧❧②✱ t❤❡r❡ ❛♣♣❡❛rs ✐♥ ❡✈❡r② ♣❧♦t ❛

s♠❛❧❧ s❡❝♦♥❞❛r② ♣❡❛❦ ❛t ❛ s❧✐❣❤t❧② ❧❛r❣❡r ✈❛❧✉❡ ♦❢ ❞✐s♦r❞❡r✳ ❲✐t❤♦✉t ❛ ♥✉♠❡r✐❝❛❧

❛♥❛❧②s✐s ✐t ✐s ❞✐✣❝✉❧t t♦ ❞r❛✇ ❛♥② ❝♦♥❝❧✉s✐♦♥s r❡❧❛t✐♥❣ t♦ t❤❡ ❆♥❞❡rs♦♥ ♠♦❞❡❧ ✇✐t❤

t❤❡s❡ ❤✐st♦❣r❛♠s✱ ❜✉t ✐t ✐s ❡✈✐❞❡♥t❧② ♣♦ss✐❜❧❡ ❞✉❡ t♦ t❤❡ ❢❡❛t✉r❡s ❞❡s❝r✐❜❡❞ ❤❡r❡✳

✺✷
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✭❛✮ w = 0.1
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✭❜✮ w = 0.5
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✭❝✮ w = 1.0
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✭❞✮ w = 1.5
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✭❡✮ w = 2.0

❋✐❣✉r❡ ✺✳✷✷✿ ❉✐str✐❜✉t✐♦♥s ♦❢ ▼▲❊s ❢♦✉♥❞ ❢♦r t❤❡ ❝❡♥tr❛❧ tr❛❥❡❝t♦r②✱ ❢♦r ❞✐✛❡r❡♥t
✈❛❧✉❡s ♦❢ ❞✐s♦r❞❡r✳ ❚❤❡ ✈❡rt✐❝❛❧ ❧✐♥❡ r❡♣r❡s❡♥ts t❤❡ ❛✈❡r❛❣❡ ▼▲❊✳

✺✸



❋✐❣✉r❡ ✺✳✷✸✿ ❚❤❡ ❤✐st♦❣r❛♠s ♦❢ ✜♥❛❧ ♣♦s✐t✐♦♥s ❢♦r 101 tr❛❥❡❝t♦r✐❡s ✐s s❤♦✇♥ ❢♦r ❡❛❝❤
❞✐s♦r❞❡r w = 0.0, ..., 3.0✳ ❚❤❡ ❜❧✉❡ ❧✐♥❡ r❡♣r❡s❡♥ts t❤❡ ♠❡❛♥ ❛✈❡r❛❣❡ ♦❢ ♣♦s✐t✐♦♥s ❢♦r
❡❛❝❤ ❤✐st♦❣r❛♠✳

✺✳✷✳✷ P♦s✐t✐♦♥ ❛♥❞ ❱❡❧♦❝✐t② ❉✐str✐❜✉t✐♦♥s

❚❤❡ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ♣❧♦ts s❤♦✇♥ ✐♥ t❤✐s s✉❜s❡❝t✐♦♥ r❡♣r❡s❡♥t st❛❝❦❡❞ t✇♦✲❞✐♠❡♥s✐♦♥❛❧

s♠♦♦t❤ ❤✐st♦❣r❛♠s✱ ✇✐t❤ ❡❛❝❤ ❤✐st♦❣r❛♠ r❡♣r❡s❡♥t✐♥❣ ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ ❞✐s♦r❞❡r w✳

❋✐❣✉r❡ ✺✳✷✸ s❤♦✇s ❤✐st♦❣r❛♠s ♦❢ t❤❡ ♣♦s✐t✐♦♥s ♦❢ tr❛❥❡❝t♦r✐❡s ❢♦r ❡❛❝❤ ❞✐s♦r❞❡r

❛t t❤❡ ✜♥❛❧ t✐♠❡ st❡♣✳ ❚r❛❥❡❝t♦r✐❡s ❛r❡ ✐♥✐t✐❛❧✐s❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❇♦r♥ r✉❧❡✱ ❛♥❞

t❤❡ ♥✉♠❜❡r ♦❢ x✲♣♦✐♥ts t♦t❛❧s 4096 ✇✐t❤ t❤❡ ♥✉♠❜❡r ♦❢ t✐♠❡ st❡♣s ❜❡✐♥❣ 12288✳ ❇②

s❡tt✐♥❣ r❛♥❞♦♠ ♣♦s✐t✐♦♥s ✭❡q✉❛❧ t♦ t❤❡ ♥✉♠❜❡r ♦❢ tr❛❥❡❝t♦r✐❡s ✉s❡❞✮ ✇✐t❤✐♥ t❤❡ ❣r✐❞

r❛♥❣❡ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❇♦r♥ r✉❧❡✱ s♠♦♦t❤ ❤✐st♦❣r❛♠s ❝❛♥ ❜❡ ♣❧♦tt❡❞ ❛s s❤♦✇♥ ❜②

✜❣✉r❡ ✺✳✷✹ ✇❤✐❝❤ ❡✛❡❝t✐✈❡❧② ❣✐✈❡s ❛ s♠♦♦t❤❡❞ ♦✈❡r ♣❧♦t ❢♦r t❤❡ ❛♠♣❧✐t✉❞❡ ♦❢ t❤❡ ✇❛✈❡

❢✉♥❝t✐♦♥ ❛t ❡❛❝❤ x✲♣♦s✐t✐♦♥ ❢♦r t❤❡ ✜♥❛❧ t✐♠❡ st❡♣✳ ❚❤✐s ❝❛♥ ❜❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ ✜♥❛❧

♣♦s✐t✐♦♥ ❤✐st♦❣r❛♠s✳ ❋✐♥❛❧❧②✱ t❤❡ ❞✐✛❡r❡♥❝❡ ♣❧♦ts ❢♦r t❤❡ tr❛❥❡❝t♦r② ✜♥❛❧ ♣♦s✐t✐♦♥

❤✐st♦❣r❛♠s ❛♥❞ t❤❡ ❇♦r♥ r✉❧❡ ❤✐st♦❣r❛♠s ✐s s❤♦✇♥ ❜② ✜❣✉r❡ ✺✳✷✺✳

❋✐❣✉r❡ ✺✳✷✸ s❤♦✇s ✇❤❛t ❜❡❤❛✈✐♦✉r ❝♦✉❧❞ ❜❡ ❡①♣❡❝t❡❞ ♦❢ ♣❛rt✐❝❧❡s ✇❤❡♥ t❤❡

✇❛✈❡ ❢✉♥❝t✐♦♥ ✐s ✐♥ t❤❡ ❧♦❝❛❧✐③❡❞ ♦r ❞✐✛✉s✐✈❡ st❛t❡✳ ❋♦r ❤✐❣❤ ✈❛❧✉❡s ♦❢ ❞✐s♦r❞❡r t❤❡

✜♥❛❧ ♣♦s✐t✐♦♥ ♦❢ ♣❛rt✐❝❧❡s ✐s ✇✐t❤✐♥ ❛ ✜①❡❞ r❛♥❣❡✱ ✇❤❡♥ t❤❡ s②st❡♠ ✐s ✐♥ ❛ ❧♦❝❛❧✐③❡❞

st❛t❡✳ ❋♦r s♠❛❧❧ ✈❛❧✉❡s ♦❢ ❞✐s♦r❞❡r t❤❡ ♣❛rt✐❝❧❡s tr❛✈❡❧ r♦✉❣❤❧② ♣❛r❛❧❧❡❧ t♦ ❡❛❝❤ ♦t❤❡r

✺✹



❋✐❣✉r❡ ✺✳✷✹✿ ❚❤❡ ❤✐st♦❣r❛♠s ♦❢ 101 ♣♦s✐t✐♦♥s s❡t r❛♥❞♦♠❧② ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❇♦r♥
r✉❧❡ ❛t t❤❡ ✜♥❛❧ t✐♠❡ st❡♣✱ ❢♦r ❞✐s♦r❞❡r w = 0.0, ..., 3.0✳ ❚❤❡ ❜❧✉❡ ❧✐♥❡ r❡♣r❡s❡♥ts t❤❡
♠❡❛♥ ❛✈❡r❛❣❡ ♦❢ ♣♦s✐t✐♦♥s ❢♦r ❡❛❝❤ ❤✐st♦❣r❛♠✳

✺✺



✭❛✮ ❙✐❞❡✲✈✐❡✇

✭❜✮ ❍❡❛❞✲♦♥

❋✐❣✉r❡ ✺✳✷✺✿ ❙❡r✐❡s ♦❢ ❞✐✛❡r❡♥❝❡ ♣❧♦ts ❜❡t✇❡❡♥ tr❛❥❡❝t♦r② ✜♥❛❧ ♣♦s✐t✐♦♥ ❤✐st♦❣r❛♠s
❛♥❞ ❇♦r♥ r✉❧❡ ❤✐st♦❣r❛♠s✳

✺✻



✐♥ str❛✐❣❤t ❧✐♥❡s✱ ❛t ❛♣♣r♦①✐♠❛t❡❧② t❤❡✐r ✐♥✐t✐❛❧ ✈❡❧♦❝✐t②✱ s♦ t❤❡ ♣❛rt✐❝❧❡s st❛② ✇✐t❤✐♥

t❤❡ s❛♠❡ ❞✐st❛♥❝❡ ❢r♦♠ ❡❛❝❤ ❛♥♦t❤❡r ✇❤✐❝❤ ♣r♦❞✉❝❡s t❤❡ ♣❡❛❦ ❛t t❤❡✐r ✜♥❛❧ ♣♦s✐t✐♦♥✳

❇❡t✇❡❡♥ t❤❡ ❧♦❝❛❧✐③❡❞ ❛♥❞ ❞✐✛✉s✐✈❡ st❛t❡s t❤❡ ♣❛rt✐❝❧❡s ❛♣♣❡❛r t♦ ❜❡ ♠♦r❡ s♣r❡❛❞ ✐♥

t❤❡✐r ✜♥❛❧ ♣♦s✐t✐♦♥✳ ❚❤✐s ✐s ❛ ❝r♦ss✲♦✈❡r ❜❡t✇❡❡♥ t❤❡ ❞✐✛✉s✐✈❡ ❛♥❞ ❧♦❝❛❧✐③❡❞ st❛t❡s✱

✇❤❡r❡ t❤❡ ♣❡❛❦ ✐♥ t❤❡ ❤✐st♦❣r❛♠s ❣♦❡s ❢r♦♠ ✇❤❡r❡✈❡r t❤❡ ✜♥❛❧ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ✇❛✈❡

✐s ❢♦r ③❡r♦ ♣♦t❡♥t✐❛❧ t♦ t❤❡ ♣❡❛❦ ❛t t❤❡ ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ✇❛✈❡✳ ❚❤❡ ❜❧✉❡ ❧✐♥❡

r❡♣r❡s❡♥t✐♥❣ t❤❡ ♠❡❛♥ ♣♦s✐t✐♦♥ ❢♦r ❡❛❝❤ ❤✐st♦❣r❛♠ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❤❡❧♣ s❡❡ t❤✐s✱ ✇✐t❤

t❤❡ ❧✐♥❡ ✐♥✐t✐❛❧❧② ❛t t❤❡ ✜♥❛❧ ♣♦s✐t✐♦♥ ♦❢ t❤❡ ✇❛✈❡ ❢♦r ③❡r♦ ❞✐s♦r❞❡r ❝♦♥✈❡r❣✐♥❣ t♦✇❛r❞s

t❤❡ ❝❡♥tr❡ ♦❢ t❤❡ ❣r✐❞✱ ✇❤❡♥ t❤❡ ✇❛✈❡ ✐s ❧♦❝❛❧✐③❡❞✳

■t ❝♦✉❧❞ ❜❡ ❝♦♥s✐❞❡r❡❞ ❜② ❧♦♦❦✐♥❣ ❛t ✜❣✉r❡ ✺✳✷✸ t❤❛t w = 0.0, 0.1 ❛r❡ ❜♦t❤

✐♥ t❤❡ ❞✐✛✉s✐✈❡ ♣❤❛s❡✱ w = 0.2, 0.3 ❛r❡ ❜♦t❤ ✐♥ t❤❡ ❝r♦ss✲♦✈❡r ♣❤❛s❡ ❛♥❞ ✈❛❧✉❡s ♦❢

❞✐s♦r❞❡r ❛t w = 0.4 ❛♥❞ ❛❜♦✈❡ ❛r❡ ✐♥ t❤❡ ❧♦❝❛❧✐③❡❞ st❛t❡✳ ❚❤❡ ✈❛❧✉❡s ♦❢ ❞✐s♦r❞❡r

♦❜s❡r✈❡❞ ❢♦r ❝❤❛♦t✐❝ ❜❡❤❛✈✐♦✉r ✇❡r❡ w = 0.1, 0.5, 1.0, 1.5, 2.0 ✭s❡❡ s✉❜s❡❝t✐♦♥ ✺✳✷✳✶✮✱

♠❡❛♥✐♥❣ t❤❛t t❤❡ ❝r♦ss✲♦✈❡r ♣❤❛s❡ ♠❛② ♥♦t ❤❛✈❡ ❜❡❡♥ ❝♦♥s✐❞❡r❡❞ ❢♦r ❛♥❛❧②s✐s ✇❤✐❝❤

✐s s♦♠❡t❤✐♥❣ ✇❤✐❝❤ ❝♦✉❧❞ ❜❡ ❞♦♥❡ ✐♥ ❢✉t✉r❡✳ ■t ❛❧s♦ s❤♦✇s t❤❛t t❤❡r❡ ✐s ❧❡ss ❝❤❛♦t✐❝

❜❡❤❛✈✐♦✉r ❢♦r s②st❡♠s ✐♥ t❤❡ ❞✐✛✉s✐✈❡ st❛t❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❧♦❝❛❧✐③❡❞ st❛t❡✳

❆❞❞✐t✐♦♥❛❧❧②✱ ✜❣✉r❡ ✺✳✷✸ ❝❛♥ ❜❡ ✉s❡❞ t♦ s❤♦✇ t❤❛t t❤❡ ❇♦r♥ r✉❧❡ r❡♠❛✐♥s

❝♦♥s✐st❡♥t t❤r♦✉❣❤♦✉t t❤❡ s✐♠✉❧❛t✐♦♥ ❛♥❞ t❤❡r❡❢♦r❡ t❤❛t t❤❡ tr❛❥❡❝t♦r② ♣r♦♣❛❣❛t✐♦♥

✐s ❛❝❝✉r❛t❡✳ ❚❤✐s ✐s s✐♠♣❧❡ ❞✉❡ t♦ ❤♦✇ t❤❡ tr❛❥❡❝t♦r✐❡s ❤❡r❡ ❛r❡ ✐♥✐t✐❛❧✐s❡❞ ❛❝❝♦r❞✐♥❣

t♦ t❤❡ ❇♦r♥ r✉❧❡✱ s♦ t❤❡ ❤✐st♦❣r❛♠s ❥✉st ♥❡❡❞ t♦ ❜❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ sq✉❛r❡ ♦❢ t❤❡

❛♠♣❧✐t✉❞❡ ♦❢ t❤❡ ✇❛✈❡ ❢✉♥❝t✐♦♥✳ ❚♦ ❝r❡❛t❡ ❛ s♠♦♦t❤ ♣❧♦t ❛ ❤✐st♦❣r❛♠ ♦❢ ♣♦s✐t✐♦♥s

✐♥✐t✐❛❧✐s❡❞ ❛t t❤❡ ✜♥❛❧ t✐♠❡ st❡♣ ✐s ❝r❡❛t❡❞ ❛♥❞ t❤✐s ✐s s❤♦✇♥ ✐♥ ✜❣✉r❡ ✺✳✷✹✱ ✇❤✐❝❤ ❝❛♥

❜❡ ❞✐r❡❝t❧② ❝♦♠♣❛r❡❞ t♦ ✜❣✉r❡ ✺✳✷✸✳ ❆ ❞✐✛❡r❡♥❝❡ ♣❧♦t s❤♦✇♥ ✐♥ ✜❣✉r❡ ✺✳✷✺ ❜❡t✇❡❡♥

❡❛❝❤ ♣❛✐r ♦❢ ❤✐st♦❣r❛♠s s❤♦✇s t❤❛t t❤❡ ❞✐✛❡r❡♥❝❡ ✐s r❡❧❛t✐✈❡❧② s♠❛❧❧ ❢♦r ❡❛❝❤ ✈❛❧✉❡

♦❢ ❞✐s♦r❞❡r ❛♥❞ t❤❡r❡❢♦r❡ t❤❛t t❤❡ tr❛❥❡❝t♦r✐❡s ❛r❡ st✐❧❧ ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡

❇♦r♥ r✉❧❡ ❛s t❤❡② ✇❡r❡ ✐♥✐t✐❛❧❧②✳ ❚❤❡ ❞✐✛❡r❡♥❝❡ ✐s ❧✐❦❡❧② t♦ ♦r✐❣✐♥❛t❡ ❢r♦♠ t❤❡r❡ ♦♥❧②

❜❡✐♥❣ 101 tr❛❥❡❝t♦r✐❡s ❢♦r ❛ ❣r✐❞ s✐③❡ ♦❢ 4096✳ ❙♦ t❤❡ ❇♦r♥ r✉❧❡ ❤♦❧❞s ❛❝❝♦r❞✐♥❣ t♦ t❤❡

❞✐str✐❜✉t✐♦♥ ♦❢ tr❛❥❡❝t♦r✐❡s✱ s♦ t❤❡ tr❛❥❡❝t♦r✐❡s ❛♣♣❡❛r t♦ ❜❡ ♣r♦♣❛❣❛t✐♥❣ ❝♦rr❡❝t❧②✳

❚❤✐s ❝♦♥❝❧✉s✐♦♥ ✐s ❛❧s♦ s✉♣♣♦rt❡❞ ❜② t❤❡ ❜❧✉❡ ❧✐♥❡ r❡♣r❡s❡♥t✐♥❣ t❤❡ ♠❡❛♥ ♣♦s✐t✐♦♥ ❢♦r

❡❛❝❤ ❤✐st♦❣r❛♠✱ ✇✐t❤ t❤❡ ❧✐♥❡ ❧♦♦❦✐♥❣ ❝❧♦s❡ t♦ ✐❞❡♥t✐❝❛❧ ❜❡t✇❡❡♥ t❤❡ ✜♥❛❧ ♣♦s✐t✐♦♥

❤✐st♦❣r❛♠s ❛♥❞ t❤❡ ❤✐st♦❣r❛♠s ♦❢ ♣♦s✐t✐♦♥s ✐♥✐t✐❛❧✐s❡❞ ❛t t❤❡ ✜♥❛❧ t✐♠❡ st❡♣✳

❙❤♦✇♥ ✐♥ ✜❣✉r❡s ✺✳✷✻ ❛♥❞ ✺✳✷✼ ❛r❡ ❛ s❡r✐❡s ♦❢ s♠♦♦t❤ ❤✐st♦❣r❛♠s ✐♥✈♦❧✈✐♥❣

t❤❡ ❛✈❡r❛❣❡ ✈❡❧♦❝✐t② ♦✈❡r t❤❡ ❡♥t✐r❡ s✐♠✉❧❛t✐♦♥ t✐♠❡ ❢♦r ❡❛❝❤ tr❛❥❡❝t♦r② ❛♥❞ ❛❧s♦ ♦✈❡r

t❤❡ ✜♥❛❧ 2000 t✐♠❡ st❡♣s✳ ❍❡r❡ t❤❡ tr❛❥❡❝t♦r✐❡s ❛r❡ ❛❣❛✐♥ ✐♥✐t✐❛❧✐s❡❞ ❛❝❝♦r❞✐♥❣ t♦

t❤❡ ❇♦r♥ r✉❧❡ ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ t✐♠❡ st❡♣s ❡q✉❛❧ 12288✱ ❜✉t t❤❡ ❣r✐❞ ❝♦♥t❛✐♥s 2048

♣♦✐♥ts✳ ❚❤❡ ✐♥✐t✐❛❧ ✈❡❧♦❝✐t② ❢♦r ❛❧❧ ♣❛rt✐❝❧❡s ✐s v0 = 2✳

❚❤❡ ❛✈❡r❛❣❡ ✈❡❧♦❝✐t② ♦✈❡r t✐♠❡ ❤✐st♦❣r❛♠s ❝❛♥ ❛❧s♦ ❜❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❧♦✲

✺✼



❋✐❣✉r❡ ✺✳✷✻✿ ❆ s❡r✐❡s ♦❢ ❤✐st♦❣r❛♠s ❢♦r t❤❡ ❛✈❡r❛❣❡ ✈❡❧♦❝✐t② ♦✈❡r t✐♠❡ ❢♦r ❡❛❝❤ ✐♥✲
❞✐✈✐❞✉❛❧ tr❛❥❡❝t♦r②✱ ✇✐t❤ ❡❛❝❤ ❤✐st♦❣r❛♠ r❡♣r❡s❡♥t✐♥❣ ❛ ❞✐✛❡r❡♥t ✈❛❧✉❡ ♦❢ ❞✐s♦r❞❡r✳
❚❤❡ ❜❧✉❡ ❧✐♥❡ s❤♦✇s t❤❡ ♠❡❛♥ ❛✈❡r❛❣❡ ♦❢ t❤❡ ❛✈❡r❛❣❡ ✈❡❧♦❝✐t✐❡s ❢♦r ❡❛❝❤ ❤✐st♦❣r❛♠✳

✺✽



❋✐❣✉r❡ ✺✳✷✼✿ ❚❤❡ s❛♠❡ ❛s ❢♦r ✜❣✉r❡ ✺✳✷✻ ❜✉t ♥♦✇ t❤❡ ❛✈❡r❛❣❡ ✐s ♦♥❧② ♦✈❡r t❤❡ ✜♥❛❧
2000 t✐♠❡ st❡♣s✳

✺✾



❝❛❧✐③❡❞ ❛♥❞ ❞✐✛✉s✐✈❡ ♣❤❛s❡s ♦❢ t❤❡ ✇❛✈❡ ❢✉♥❝t✐♦♥✳ ❆♥② ♣❡❛❦ ❛t t❤❡ ✐♥✐t✐❛❧ ✈❡❧♦❝✐t②

❢♦r ❧♦✇ ❞✐s♦r❞❡r s❤♦✇s t❤❡ ❞✐✛✉s✐✈❡ ♣❤❛s❡✱ t❤❡ ♣❡❛❦s ❛t ③❡r♦ ✈❡❧♦❝✐t② r❡♣r❡s❡♥t t❤❡

❧♦❝❛❧✐③❡❞ ♣❤❛s❡ ❛♥❞ t❤❡ ♣❡❛❦s ✐♥✲❜❡t✇❡❡♥ s❤♦✇ s②st❡♠s ✐♥ t❤❡ ❝r♦ss✲♦✈❡r ♣❤❛s❡✳ ❚❤❡

❛✈❡r❛❣❡ ✈❡❧♦❝✐t② ♦✈❡r ❛❧❧ t✐♠❡ st❡♣s ❤✐st♦❣r❛♠s✱ s❤♦✇♥ ✐♥ ✜❣✉r❡ ✺✳✷✻✱ s❤♦✇s ♠♦r❡

❞✐st✐♥❝t ♣❡❛❦s t❤❛♥ t❤❡ ❛✈❡r❛❣❡ ✈❡❧♦❝✐t② ♦✈❡r t❤❡ ❧❛st 2000 t✐♠❡ st❡♣s ❤✐st♦❣r❛♠s✱

s❤♦✇♥ ✐♥ ✜❣✉r❡ ✺✳✷✼✳ ❚❤✐s ✐s s✐♠♣❧② ❞✉❡ t♦ t❤❡ ❧❛r❣❡r s❛♠♣❧❡ s✐③❡ ❢♦r t❤❡ ❛✈❡r❛❣✐♥❣

❢♦r ✜❣✉r❡ ✺✳✷✻✳ ❍♦✇❡✈❡r✱ ✜❣✉r❡ ✺✳✷✼ ♠❛② s❤♦✇ ♠♦r❡ ❛❝❝✉r❛t❡❧② t❤❡ ❞✐r❡❝t✐♦♥ ❛ ❣✐✈❡♥

tr❛❥❡❝t♦r② ✉❧t✐♠❛t❡❧② tr❛✈❡❧s ✐♥✳ ❚❤❡ r❡❧❛t✐✈❡ s✐♠✐❧❛r✐t② ❜❡t✇❡❡♥ t❤❡ t✇♦ ✜❣✉r❡s s❤♦✇s

t❤❛t ♠♦st tr❛❥❡❝t♦r✐❡s tr❛✈❡❧ ✐♥ ❛ ❣❡♥❡r❛❧ ❞✐r❡❝t✐♦♥ ❢♦r t❤❡ ♠❛❥♦r✐t② ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥

t✐♠❡✳

❚❤❡s❡ ❛✈❡r❛❣❡ ✈❡❧♦❝✐t② ♦✈❡r t✐♠❡ ❤✐st♦❣r❛♠s s❤♦✇ t❤❡ ❡①♣❡❝t❡❞ r❡s✉❧t✱ s✐♥❝❡

❧♦❝❛❧✐③❡❞ tr❛❥❡❝t♦r✐❡s ✇♦✉❧❞ ♥♦t ❜❡ ❡①♣❡❝t❡❞ t♦ tr❛✈❡❧ ❛♥②✇❤❡r❡✳ ■❢ t❤❡② ❞✐❞ t❤❡♥

t❤❡② ✇♦✉❧❞ ❡♥t❡r r❡❣✐♦♥s ✇❤❡r❡ t❤❡ ✇❛✈❡ ❛♠♣❧✐t✉❞❡ ✐s ❧♦✇ ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ♣❛rt✐❝❧❡

✐s ✉♥❧✐❦❡❧② t♦ ❜❡ t❤❡r❡✱ ❛♥❞ s✐♥❝❡ tr❛❥❡❝t♦r✐❡s ❝❛♥♥♦t ❝r♦ss ❛ ❧♦t ♦❢ tr❛❥❡❝t♦r✐❡s ✇♦✉❧❞

❡♥❞ ✉♣ ✐♥ t❤❛t r❡❣✐♦♥✳ ❚❤❡ ❝❛s❡ ♦❢ ❧♦✇ ❞✐s♦r❞❡r ✐s ❝❧♦s❡ t♦ ❛ ③❡r♦ ♣♦t❡♥t✐❛❧ s②st❡♠✱

♠❡❛♥✐♥❣ tr❛❥❡❝t♦r✐❡s ❡♥❞ ✉♣ tr❛✈❡❧❧✐♥❣ ❝❧♦s❡ t♦ t❤❡✐r ✐♥✐t✐❛❧ ✈❡❧♦❝✐t②✳

▲♦♦❦✐♥❣ ❛t ✜❣✉r❡ ✺✳✷✻ t❤❡ ✐♥t❡r❡st✐♥❣ ❝❛s❡ ✐s t❤❡ ❝r♦ss✲♦✈❡r ♣❤❛s❡✱ ✇✐t❤ t❤❡

❛✈❡r❛❣❡ ✈❡❧♦❝✐t✐❡s ❤❛✈✐♥❣ ❛ ❧❛r❣❡ s♣r❡❛❞ ♦❢ ✈❛❧✉❡s ❛t w = 0.2 ❜❡❢♦r❡ t❤❡ ❞✐str✐❜✉t✐♦♥

❜❡❝♦♠❡s ♠♦r❡ ♣❡❛❦❡❞ ❛t w = 0.3 ❛t ❛ ✈❛❧✉❡ r❡❧❛t✐✈❡❧② ❝❧♦s❡ t♦ ③❡r♦✳ ❆❢t❡r t❤❛t

t❤❡ ♠❡❛♥ ✈❛❧✉❡ ♦❢ t❤❡ ❛✈❡r❛❣❡ ✈❡❧♦❝✐t✐❡s✱ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❜❧✉❡ ❧✐♥❡✱ s❤♦✇s t❤❛t

t❤❡ tr❛❥❡❝t♦r✐❡s ♦s❝✐❧❧❛t❡ ✐♥ ✈❡❧♦❝✐t② ❛♥❞ t❤❡♥ ❝♦♥✈❡r❣❡ t♦✇❛r❞s ③❡r♦ ✈❡❧♦❝✐t②✳ ❚❤❡

♦s❝✐❧❧❛t✐♦♥ ✐♥ ✈❡❧♦❝✐t② ❞❡s❝r✐❜❡❞ ❤❡r❡ ✐♥ ❛♥ ✐♥t❡r❡st✐♥❣ ❡✛❡❝t t❤❛t ✐s ❞✐✣❝✉❧t t♦ ❡①♣❧❛✐♥

❛♥❞ ✇♦✉❧❞ ♥❡❡❞ t♦ ❜❡ st✉❞✐❡❞ ❢✉rt❤❡r✳
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❈❤❛♣t❡r ✻

❈♦♥❝❧✉s✐♦♥s

❚❤❡ s✐♠✉❧❛t✐♦♥ ✐s ❛❝❝✉r❛t❡ ♦♥ t❤❡ ❡✈✐❞❡♥❝❡ ❣✐✈❡♥✱ ✇✐t❤ t❤❡ ✇❛✈❡ ♣r♦♣❛❣❛t✐♦♥ ♠❡t❤♦❞s

♣r♦❞✉❝✐♥❣ r❡s✉❧ts ♠❛t❝❤✐♥❣ t❤❡ ❛♥❛❧②t✐❝❛❧ s♦❧✉t✐♦♥ ❢♦r ❛ ❢r❡❡ ✇❛✈❡✳ ❚❤❡ ❜♦✉♥❞❛r✐❡s

✇♦r❦ ✇❡❧❧ ❡♥♦✉❣❤ ❢♦r ❛ ❧❛r❣❡ ❣r✐❞ s✐③❡✱ t❤♦✉❣❤ ✐t ✐s ❞✐✣❝✉❧t t♦ ❡❧✐♠✐♥❛t❡ ✉♥✇❛♥t❡❞

r❡✢❡❝t✐♦♥s ❛♥❞ tr❛♥s♠✐ss✐♦♥s ♦❢ t❤❡ ✇❛✈❡ ❢♦r ❛❜s♦r❜✐♥❣ ❜♦✉♥❞❛r✐❡s ✇✐t❤♦✉t ❛❞❞✐♥❣

t♦♦ ♠✉❝❤ ❡①tr❛ ❝♦♠♣✉t❛t✐♦♥✳ ❊✈❡♥ t❤♦✉❣❤ t❤❡ ❛♠♣❧✐t✉❞❡ ✐s ♠♦st❧② ❡❧✐♠✐♥❛t❡❞✱ t❤❡

s♠❛❧❧ ♣❛rt ♦❢ t❤❡ ✇❛✈❡ t❤❛t st✐❧❧ ❡①✐sts ❛❧t❡rs t❤❡ ♣❤❛s❡ ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ tr❛❥❡❝t♦r✐❡s✳

❚❤❡ tr❛❥❡❝t♦r② ❡✈♦❧✉t✐♦♥ ❛❧s♦ ❢♦❧❧♦✇s ♣r❡❞✐❝t❡❞ ♣❛t❤s ❝♦rr❡❝t❧② ❢♦r t❤❡ ③❡r♦ ♣♦t❡♥t✐❛❧

s②st❡♠✳ ❙♦ ♦✈❡r❛❧❧ t❤❡ s✐♠✉❧❛t✐♦♥ ✇♦r❦s ❢♦r t❤❡ ③❡r♦ ♣♦t❡♥t✐❛❧ ❝❛s❡ ❛♥❞ ❤❡♥❝❡ ✐❢ ❛

♣♦t❡♥t✐❛❧ ✐s ❛❞❞❡❞ ❝♦rr❡❝t❧② t❤❡ s✐♠✉❧❛t✐♦♥ s❤♦✉❧❞ ❛❧s♦ ♣r♦❞✉❝❡ t❤❡ ❝♦rr❡❝t r❡s✉❧ts

❢♦r s②st❡♠s ✇✐t❤ ❛ ♥♦♥✲③❡r♦ ♣♦t❡♥t✐❛❧✳ ❚❤❡ r❡s✉❧t✐♥❣ tr❛❥❡❝t♦r✐❡s ❝❛♥ ❜❡ ♣❧♦tt❡❞ ❢♦r

t❤❡✐r ♣♦s✐t✐♦♥ ❛t t❤❡✐r ❝✉rr❡♥t t✐♠❡ ✐♥ ♦r❞❡r t♦ ✈✐s✉❛❧✐s❡ t❤❡ ❇♦❤♠ ♣❛rt✐❝❧❡ ♠♦t✐♦♥✱

❛♥❞ ❣❡t ❛♥ ✐❞❡❛ ❢♦r t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ s②st❡♠ ❢♦r ✈❛r✐♦✉s ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥s ♦❢ t❤❡

♣❛rt✐❝❧❡s✳

❚❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ▼▲❊s ✉s✐♥❣ ❚■❙❊❆◆ ❛♣♣❡❛rs t♦ ✇♦r❦ ❝♦rr❡❝t❧②✱ ❛s

❞♦❡s t❤❡ ♣r♦❣r❛♠ t♦ ✐❞❡♥t✐❢② t❤❡ s❝❛❧✐♥❣ r❡❣✐♦♥ ♦♥ t❤❡ S(τ) ♣❧♦ts ❢♦r ♠♦st ❝❛s❡s✳

❚❤❡r❡❢♦r❡ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ▼▲❊s ❢♦r ♠❛♥② tr❛❥❡❝t♦r✐❡s ✐♥ ❛ s✐♠✉❧❛✲

t✐♦♥✱ ♦✈❡r ♠❛♥② r❡❛❧✐s❛t✐♦♥s ♦❢ t❤❡ s②st❡♠ ❢♦r ❡❛❝❤ ❣✐✈❡♥ ❞✐s♦r❞❡r ✐♥ ❛ r❡❛s♦♥❛❜❧❡

❛♠♦✉♥t ♦❢ t✐♠❡✳ ❚❤❡ r❡s✉❧ts ❢r♦♠ ❝❛❧❝✉❧❛t✐♥❣ t❤❡s❡ ▼▲❊s ❝❛♥ ❜❡ ❛♥❛❧②s❡❞✱ ✇✐t❤

s❡♥s✐❜❧❡ ❞✐str✐❜✉t✐♦♥s ♦❢ ▼▲❊s ♣❡r tr❛❥❡❝t♦r②✳ ■♥ ❢✉t✉r❡ t❤❡s❡ ❞✐str✐❜✉t✐♦♥s ❝♦✉❧❞ ❜❡

❛♥❛❧②s❡❞ ♠♦r❡ q✉❛♥t✐t❛t✐✈❡❧② s♦ t❤❛t t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ✐♥❞✐✈✐❞✉❛❧ tr❛❥❡❝t♦r✐❡s ❝❛♥

❜❡ ❞❡s❝r✐❜❡❞✳ ❚❤❡ ♦✈❡r❛❧❧ ❝❤❛♦t✐❝ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ❡♥s❡♠❜❧❡ ♦❢ tr❛❥❡❝t♦r✐❡s s❤♦✇s

tr❡♥❞s ✇❤✐❝❤ ❝❛♥ ✉♥❞❡rst♦♦❞❀ ❛❢t❡r ♣❧♦tt✐♥❣ t❤❡ ❛✈❡r❛❣❡ ▼▲❊ ❛❣❛✐♥st tr❛❥❡❝t♦r② ✐♥✐✲

t✐❛❧ ♣♦s✐t✐♦♥ ●❛✉ss✐❛♥ ❝✉r✈❡s ❝❛♥ ❜❡ ✜tt❡❞ s♦ t❤❛t t❤❡ ✇✐❞t❤ ♦❢ t❤❡ ♣❡❛❦s ❝❛♥ ❜❡

♠❡❛s✉r❡❞✳ ❚❤❡ r❡s✉❧t✐♥❣ r♠s ✇✐❞t❤s ♠❡❛s✉r❡❞ s❤♦✇ ❛ ♣♦ss✐❜❧❡ q✉❛❞r❛t✐❝ r❡❧❛t✐♦♥

❢♦r t❤❡ r♠s ✇✐❞t❤ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❞✐s♦r❞❡r✱ t❤♦✉❣❤ ♠♦r❡ r❡s✉❧ts ✇♦✉❧❞ ❜❡ ♥❡❡❞❡❞

✻✶



t♦ ❝♦♥✜r♠ t❤✐s✳ ■❢ tr✉❡ t❤❡♥ ❛ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ r♠s ✇✐❞t❤ ❛♥❞ t❤❡ ❧♦❝❛❧✐③❛t✐♦♥

❧❡♥❣t❤ ❝❛♥ ❜❡ ❢♦✉♥❞ ✉s✐♥❣ t❤❡ ❚❤♦✉❧❡ss ❢♦r♠✉❧❛❡✱ ♠❡❛♥✐♥❣ t❤❛t ♣r♦♣❡rt✐❡s ♦❢ t❤❡

s②st❡♠ t❤❛t ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ ❝❛♥ ❜❡ ❢♦✉♥❞ ✉s✐♥❣ ♦♥❧② t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ tr❛❥❡❝t♦r✐❡s

✐♥ ❞❡ ❇r♦❣❧✐❡✲❇♦❤♠ t❤❡♦r②✳

❚❤❡ ♣♦s✐t✐♦♥ ❛♥❞ ✈❡❧♦❝✐t② ❤✐st♦❣r❛♠s ❢♦r t❤❡ tr❛❥❡❝t♦r✐❡s ❝♦✉❧❞ ❜❡ ✉s❡❞ t♦

✐❞❡♥t✐❢② ✇❤❛t st❛t❡ t❤❡ s②st❡♠ ✐s ✐♥✱ t❤♦✉❣❤ t❤❡✐r ✉s❡s ✐♥ st✉❞②✐♥❣ ✐♥❞✐✈✐❞✉❛❧ tr❛✲

❥❡❝t♦r✐❡s ✐s ❧✐♠✐t❡❞✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ ❛ ❧♦t ♦❢ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ❜❡❤❛✈✐♦✉r ♦❢

❡❛❝❤ tr❛❥❡❝t♦r② ✐s ❧♦st✱ ❡s♣❡❝✐❛❧❧② ✐♥ t❤❡ ♣♦s✐t✐♦♥ ❤✐st♦❣r❛♠s✱ ❛♥❞ s♦ ✐t s❤♦✉❧❞ ♦♥❧② ❜❡

✉s❡❢✉❧ ❢♦r ❛♥❛❧②s✐♥❣ t❤❡ ❡♥s❡♠❜❧❡ ♦❢ tr❛❥❡❝t♦r✐❡s✳ ■♥ ❢✉t✉r❡ ❛ ♠♦r❡ q✉❛♥t✐t❛t✐✈❡ ❛♥❛❧✲

②s✐s ♦❢ t❤❡s❡ ❤✐st♦❣r❛♠s ❝♦✉❧❞ ❜❡ ♣❡r❢♦r♠❡❞ ✇❤✐❝❤ ❝♦✉❧❞ ♣r♦✈✐❞❡ ♠♦r❡ ✐♥❢♦r♠❛t✐♦♥

❛❜♦✉t t❤❡ s②st❡♠✳

❚❤❡ ♣r♦❝❡ss ❢♦r st✉❞②✐♥❣ tr❛❥❡❝t♦r✐❡s ✐♥ t❤❡ ❆♥❞❡rs♦♥ ♠♦❞❡❧ ❝♦✉❧❞ ❜❡ t♦ ✉s❡

t❤❡ ♣♦s✐t✐♦♥ ♦r ✈❡❧♦❝✐t② ❤✐st♦❣r❛♠s t♦ ✐❞❡♥t✐❢② t❤❡ ✈❛❧✉❡s ♦❢ ❞✐s♦r❞❡r ❢♦r ✇❤✐❝❤ t❤❡

s②st❡♠ ✐s ✐♥ ❛ ❧♦❝❛❧✐③❡❞ ♦r ❞✐✛✉s✐✈❡ st❛t❡✳ ❚❤❡♥ t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ▼▲❊s ♦✈❡r

♠❛♥② r❡❛❧✐s❛t✐♦♥s ❝❛♥ ❜❡ ❝♦♥❞✉❝t❡❞ ✐♥ ♦r❞❡r t♦ ♠❡❛s✉r❡ ❤♦✇ ❝❤❛♦t✐❝ t❤❡ s②st❡♠ ✐s

✐♥ ❡❛❝❤ st❛t❡ ♦r ✈❛❧✉❡ ♦❢ ❞✐s♦r❞❡r✳ ❊✛❡❝ts t❤❛t ❛r❡ ❡❛s✐❧② ♦❜s❡r✈❡❞ ❝♦✉❧❞ ❜❡ st✉❞✐❡❞

✉s✐♥❣ t❤❡ ❛✈❡r❛❣❡ ▼▲❊ ❛❣❛✐♥st tr❛❥❡❝t♦r② ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥ ♣❧♦ts✳ ❇② ❛♥❛❧②s✐♥❣ t❤❡

▼▲❊ ❞✐str✐❜✉t✐♦♥s ❢♦r s♣❡❝✐✜❝ tr❛❥❡❝t♦r✐❡s ❡✛❡❝ts t❤❛t ❛r❡ ❞✐✣❝✉❧t t♦ ♦❜s❡r✈❡ ❝♦✉❧❞

❜❡ ❢♦✉♥❞✱ ❛❧❧♦✇✐♥❣ ❢♦r ❛ ♠♦r❡ ♠✐❝r♦s❝♦♣✐❝ ✈✐❡✇ ♦❢ t❤❡ s②st❡♠ t❤❛♥ ♣♦ss✐❜❧❡ ✇✐t❤

♦r❞✐♥❛r② q✉❛♥t✉♠ t❤❡♦r②✱ ❛s ✐♥✐t✐❛❧❧② ✐♥t❡♥❞❡❞ ❜② ❇♦❤♠✳ ❚❤❡r❡❢♦r❡ ❞❡ ❇r♦❣❧✐❡✲❇♦❤♠

t❤❡♦r② ❝♦✉❧❞ ❜❡ ✉s❡❞ t♦ st✉❞② ❆♥❞❡rs♦♥ ❧♦❝❛❧✐③❛t✐♦♥✱ t❤♦✉❣❤ ✐t ✐s t♦♦ ✐♥❡✣❝✐❡♥t ❢♦r

st✉❞②✐♥❣ t❤❡s❡ s②st❡♠s ❛s ❛ ✇❤♦❧❡ s♦ ✐ts ✉s❡s ✐♥ r❡s❡❛r❝❤ ✇♦✉❧❞ ❜❡ ❢♦r st✉❞②✐♥❣ t❤❡

s②st❡♠ ♦♥ ❛ s♠❛❧❧❡r s❝❛❧❡✳ ❇❡②♦♥❞ ❆♥❞❡rs♦♥ ❧♦❝❛❧✐③❛t✐♦♥ ✐♥ ♦♥❡ ❞✐♠❡♥s✐♦♥✱ ✐t ✇♦✉❧❞

❜❡ ✐♥str✉❝t✐✈❡ t♦ st✉❞② t❤❡ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ❆♥❞❡rs♦♥ ♠♦❞❡❧ ✐♥ t❤✐s ✇❛②✳ ❚❤❡♥

r❡s❡❛r❝❤ ♦♥ t❤❡ ❝r✐t✐❝❛❧ ♣❤❛s❡ ♦❢ t❤❡ ✇❛✈❡ ❢✉♥❝t✐♦♥ ✐♥ ❞❡ ❇r♦❣❧✐❡ ❇♦❤♠ t❤❡♦r② ❝❛♥

❜❡ ❝♦♥❞✉❝t❡❞✳ ❆❞❞✐t✐♦♥❛❧❧②✱ ❞❡ ❇r♦❣❧✐❡ ❇♦❤♠ t❤❡♦r② ❝❛♥ ❜❡ ✉s❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛②

♦♥ t❤❡ ❆✉❜r②✲❆♥❞ré ♠♦❞❡❧✳

✻✷



❆♣♣❡♥❞✐❝❡s

✻✸



❆♣♣❡♥❞✐① ❆

❙t❛♥❞❛r❞ ❊rr♦r ♦❢ t❤❡ ❘❡❣r❡ss✐♦♥

❙❧♦♣❡

❚❤❡ st❛♥❞❛r❞ ❡rr♦r ♦❢ t❤❡ r❡❣r❡ss✐♦♥ s❧♦♣❡ ✐s ❣✐✈❡♥ ❜②

Serr =

√
σ2

√
∑

i(xi − x̄)2
, ✭❆✳✶✮

✇✐t❤ xi ❜❡✐♥❣ t❤❡ ✈❛❧✉❡s ❢r♦♠ t❤❡ ❞❛t❛ ♣♦✐♥ts✱ x̄ ❜❡✐♥❣ t❤❡ ❛✈❡r❛❣❡ ♦❢ t❤❡ x ❞❛t❛

✈❛❧✉❡s ❛♥❞ t❤❡ ✈❛r✐❛♥❝❡ ❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣

σ2 =

∑

i(yi − ŷi)
2

n− p
. ✭❆✳✷✮

❍❡r❡ yi − ŷi ✐s t❤❡ it❤ r❡s✐❞✉❛❧✱ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ y✲✈❛❧✉❡ ♦❢ t❤❡ ❞❛t❛ ♣♦✐♥t

❛♥❞ t❤❡ y✲✈❛❧✉❡ ♦❢ t❤❡ ❧✐♥❡✳ n r❡♣r❡s❡♥ts t❤❡ ♥✉♠❜❡r ♦❢ ❞❛t❛ ♣♦✐♥ts ❛♥❞ p r❡♣r❡s❡♥ts

t❤❡ ♥✉♠❜❡r ♦❢ ♣❛r❛♠❡t❡rs ✐♥ t❤❡ ♠♦❞❡❧✱ ✇❤✐❝❤ ✐s t✇♦ ✐♥ t❤✐s ❝♦♥t❡①t✳

❚❤❡ st❛♥❞❛r❞ ❡rr♦r ♦❢ t❤❡ r❡❣r❡ss✐♦♥ s❧♦♣❡ s❤♦✇s ❤♦✇ t❤❡ ❛✈❡r❛❣❡ ❞✐st❛♥❝❡ ♦❢

t❤❡ ♦❜s❡r✈❡❞ ✈❛❧✉❡s ❞❡✈✐❛t❡ ❢r♦♠ t❤❡ r❡❣r❡ss✐♦♥ ❧✐♥❡✱ s♦ ✐t ❝❛♥ ❜❡ ✉s❡❞ t♦ ♠❡❛s✉r❡

❤♦✇ ❣♦♦❞ t❤❡ ✜tt❡❞ ❧✐♥❡ ✐s ❢♦r t❤❡ ❣✐✈❡♥ ❞❛t❛ ✭❚❡❛❣✉❡ ❬✷✵✵✼❪✱ ❆♥❞❛❧❡ ❬✷✵✶✸❪✱ ❲♦❧❢r❛♠

❬✷✵✵✽❪✮✳ ❚❤❡ ✈❛r✐❛♥❝❡ ❢♦r ❡❛❝❤ ❧✐♥❡ ✐♥ ❛ S(τ) ♣❧♦t ✐s ❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣ ❡q✉❛t✐♦♥ ✭❆✳✷✮✱

t❤❡♥ t❤❡ ❛✈❡r❛❣❡ ✈❛r✐❛♥❝❡ ✐s ✉s❡❞ ✐♥ ❡q✉❛t✐♦♥ ✭❆✳✶✮✳ ❚❤✐s ❝❛❧❝✉❧❛t❡❞ st❛♥❞❛r❞ ❡rr♦r

❢♦r t❤❡ r❡❣r❡ss✐♦♥ s❧♦♣❡ ✐s ✉s❡❞ ❢♦r t❤❡ ❡rr♦r ❜❛rs ✐♥ t❤❡ ▼▲❊ ❛❣❛✐♥st tr❛❥❡❝t♦r②

✐♥✐t✐❛❧ ♣♦s✐t✐♦♥ ♣❧♦ts✱ ❢♦r ❛ ❣✐✈❡♥ r❡❛❧✐s❛t✐♦♥ ❛♥❞ ❞✐s♦r❞❡r w✳ ❋♦r t❤❡ ❡rr♦r ❜❛rs ✐♥ t❤❡

❛✈❡r❛❣❡ ▼▲❊ ❛❣❛✐♥st tr❛❥❡❝t♦r② ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥ ♣❧♦ts✱ t❤❡ ❛✈❡r❛❣❡ st❛♥❞❛r❞ ❡rr♦r ♦❢

t❤❡ r❡❣r❡ss✐♦♥ s❧♦♣❡ ✐s ✉s❡❞✳

✶



❇✐❜❧✐♦❣r❛♣❤②

❊✳ ❆❜r❛❤❛♠s✱ P✳ ❲✳ ❆♥❞❡rs♦♥✱ ❉✳ ❈✳ ▲✐❝❝✐❛r❞❡❧❧♦✱ ❛♥❞ ❚✳ ❱✳ ❘❛♠❛❦r✐s❤♥❛♥✳ ❙❝❛❧✲

✐♥❣ t❤❡♦r② ♦❢ ❧♦❝❛❧✐③❛t✐♦♥✿ ❆❜s❡♥❝❡ ♦❢ q✉❛♥t✉♠ ❞✐✛✉s✐♦♥ ✐♥ t✇♦ ❞✐♠❡♥s✐♦♥s✳

P❤②s✳ ❘❡✈✳ ▲❡tt✳✱ ✹✷✿✻✼✸✕✻✼✻✱ ▼❛r ✶✾✼✾✳ ❞♦✐✿ ✶✵✳✶✶✵✸✴P❤②s❘❡✈▲❡tt✳✹✷✳✻✼✸✳ ❯❘▲

❤tt♣s✿✴✴❧✐♥❦✳❛♣s✳♦r❣✴❞♦✐✴✶✵✳✶✶✵✸✴P❤②s❘❡✈▲❡tt✳✹✷✳✻✼✸✳

❆♥t❤♦♥② ❆❣✉✐rr❡ ❛♥❞ ▼❛① ❚❡❣♠❛r❦✳ ❇♦r♥ ✐♥ ❛♥ ✐♥✜♥✐t❡ ✉♥✐✈❡rs❡✿

❆ ❝♦s♠♦❧♦❣✐❝❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝s✳ P❤②s✳ ❘❡✈✳

❉✱ ✽✹✿✶✵✺✵✵✷✱ ◆♦✈ ✷✵✶✶✳ ❞♦✐✿ ✶✵✳✶✶✵✸✴P❤②s❘❡✈❉✳✽✹✳✶✵✺✵✵✷✳ ❯❘▲

❤tt♣s✿✴✴❧✐♥❦✳❛♣s✳♦r❣✴❞♦✐✴✶✵✳✶✶✵✸✴P❤②s❘❡✈❉✳✽✹✳✶✵✺✵✵✷✳

❆♥❞❛❧❡✳ ❙t❛♥❞❛r❞ ❊rr♦r ♦❢ ❘❡❣r❡ss✐♦♥ ❙❧♦♣❡✳

❤tt♣✿✴✴✇✇✇✳st❛t✐st✐❝s❤♦✇t♦✳❝♦♠✴❢✐♥❞✲st❛♥❞❛r❞✲❡rr♦r✲r❡❣r❡ss✐♦♥✲s❧♦♣❡✴✱

✷✵✶✸✳ ❆❝❝❡ss❡❞✿ ✷✵✶✼✲✶✵✲✷✸✳

P✳ ❲✳ ❆♥❞❡rs♦♥✳ ❆❜s❡♥❝❡ ♦❢ ❞✐✛✉s✐♦♥ ✐♥ ❝❡rt❛✐♥ r❛♥❞♦♠ ❧❛tt✐❝❡s✳ P❤②s✳

❘❡✈✳✱ ✶✵✾✿✶✹✾✷✕✶✺✵✺✱ ▼❛r ✶✾✺✽✳ ❞♦✐✿ ✶✵✳✶✶✵✸✴P❤②s❘❡✈✳✶✵✾✳✶✹✾✷✳ ❯❘▲

❤tt♣✿✴✴❧✐♥❦✳❛♣s✳♦r❣✴❞♦✐✴✶✵✳✶✶✵✸✴P❤②s❘❡✈✳✶✵✾✳✶✹✾✷✳

❉❛✈✐❞ ❇♦❤♠✳ ❆ s✉❣❣❡st❡❞ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ q✉❛♥t✉♠ t❤❡♦r② ✐♥ t❡r♠s ♦❢ ✧❤✐❞❞❡♥✧

✈❛r✐❛❜❧❡s✳ ✐✳ P❤②s✳ ❘❡✈✳✱ ✽✺✿✶✻✻✕✶✼✾✱ ❏❛♥ ✶✾✺✷❛✳ ❞♦✐✿ ✶✵✳✶✶✵✸✴P❤②s❘❡✈✳✽✺✳✶✻✻✳

❯❘▲ ❤tt♣s✿✴✴❧✐♥❦✳❛♣s✳♦r❣✴❞♦✐✴✶✵✳✶✶✵✸✴P❤②s❘❡✈✳✽✺✳✶✻✻✳

❉❛✈✐❞ ❇♦❤♠✳ ❆ s✉❣❣❡st❡❞ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ q✉❛♥t✉♠ t❤❡♦r② ✐♥ t❡r♠s ♦❢ ✧❤✐❞❞❡♥✧

✈❛r✐❛❜❧❡s✳ ✐✐✳ P❤②s✳ ❘❡✈✳✱ ✽✺✿✶✽✵✕✶✾✸✱ ❏❛♥ ✶✾✺✷❜✳ ❞♦✐✿ ✶✵✳✶✶✵✸✴P❤②s❘❡✈✳✽✺✳✶✽✵✳

❯❘▲ ❤tt♣s✿✴✴❧✐♥❦✳❛♣s✳♦r❣✴❞♦✐✴✶✵✳✶✶✵✸✴P❤②s❘❡✈✳✽✺✳✶✽✵✳
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