EQUALITY OF CRITICAL POINTS FOR POLYMER DEPINNING
TRANSITIONS WITH LOOP EXPONENT ONE
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ABSTRACT. We consider a polymer with configuration modeled by the trajectory
of a Markov chain, interacting with a potential of form u + V,, when it visits a
particular state 0 at time n, with {V,,} representing i.i.d. quenched disorder. There
is a critical value of w above which the polymer is pinned by the potential. A
particular case not covered in a number of previous studies is that of loop exponent
one, in which the probability of an excursion of length n takes the form ¢(n)/n for
some slowly varying ¢; this includes simple random walk in two dimensions. We
show that in this case, at all temperatures, the critical values of u in the quenched
and annealed models are equal, in contrast to all other loop exponents, for which
these critical values are known to differ at least at low temperatures.

1. INTRODUCTION

A polymer pinning model is described by a Markov chain (X,,),>0 on a state space
containing a special point 0 where the polymer interacts with a potential. The space-
time trajectory of the Markov chain represents the physical configuration of the poly-
mer, with the nth monomer of the polymer chain located at (n, X,,) (or just at X,
for an undirected model.) When the chain visits 0 at some time n, it encounters a
potential of form u+V,,, The i.i.d. random variables (V},),>1 typically model variation
in monomer species. We study the phase transition in which the polymer depins from
the potential when u goes below a critical value. We denote the distribution of the
Markov chain (started from 0) in the absence of the potential by PX and we assume
that it is recurrent. This recurrence assumption is merely a convenience and does not
change the essential mathematics; see [Al08], [GT05]. Of greatest interest is the case
when the excursion length distribution decays as a power law:

excursion_law‘ (1.1) PX(E =n)=n ‘(n), n > 1.

Here the loop exponent is ¢ > 1, £ denotes the length of an excursion from 0 and ¢ is
a slowly varying function, that is, a function satisfying ¢(kn)/¢(n) — 1 as n tends to
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infinity, for all £ > 0. Without loss of generality we will assume that ¢(n) converges
to 0, as n converges to infinity.

A large part of the existing rigorous literature on such models omits the case ¢ = 1,
because it is often technically different and not covered by the methods that apply to
¢ > 1; see e.g. [Al08], [GTO7], [To08¢|, [To08a]. That omission is partially remedied
in this paper, and we will see that the behavior for ¢ = 1 can be quite different from
¢ > 1. The case ¢ = 1 includes symmetric simple random walk in two dimensions, for
which ¢(n) ~ 7/(logn)? [JP72]. The essential feature of ¢ = 1 is that PX(€ > n) is a
slowly varying function of n, so that for example the longest of the first m excursions
typically has length greater than any power of m. This in effect enables the polymer
to (at low cost) bypass stretches of disorder in which the values V,, are insufficiently
favorable, and make returns to 0 in more-favorable stretches.

The quenched version of the pinning model is described by the Gibbs measure

1 u
llymer_measure‘ (1.2) d,u]ﬂ\;u’v(x) = Z—eﬁHN(X’V) dP¥(x)
N
where x = (z,)n>0 is a path, V = (V},),>0 is a realization of the disorder, and
N
(13) HY (V) = S0+ Vo).
n=1

The normalization
T = ZN(ﬁ,u,V) _ X [eﬁH}(;(x,V)}

is the partition function. The disorder V is a sequence of i.i.d. random variables with
mean zero, variance one. We denote the distribution of this sequence by PY. We
assume that V] has exponential moments of all orders and we denote by My (3) the
moment generating function of PV,

Let

N
LN = LN(x) =Y _ bo()
n=1
denote the local time at 0, and define the quenched free energy
1 1
fq(ﬁau) = B]\}LnioﬁlogZN<5au7V)

The fact that this limit exists and does not depend on V (except on a null set) is
standard; see [Gi07]. In fact, one has by an easy subadditivity argument, that a.s.
the following equality holds
1 1
fq(ﬁ7u) = E lim NEVIOgZN(Ba,UﬂV)

N—oo

The parameter u € R can be thought of as the mean value of the potential, while
the parameter 3 > 0 is the inverse temperature. It is known that the phase space in
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(B,u) is divided by a critical line u = u?(3) into two regions: the localized and the
delocalized one. In the delocalized region u < ul(8) we have f,(3,u) = 0 PV-as.,
while in the localized region u > u%(3) we have f,(3,u) > 0 PY-a.s. It is proved in
[GT06] that f,(5,-) is infinitely differentiable for all u > u.(/). An alternate, more
phenomenological, characterization of the two regions is as follows. From convexity
we have for fixed § that

Ly\"" 19 (1 )
(14) W = B% N log ZN(ﬁ,U,V) — %fq(ﬂ, U) for all u,

[0,N]

PV-a.s. This limiting value is called the contact fraction, denoted C(3,u), and it is
positive in the localized region and zero in the delocalized region. When the contact
fraction is positive we say the polymer is pinned.

The effect of the quenched disorder on the phase transition is quantified by com-
paring the quenched model to the corresponding annealed model, which is obtained
by averaging the Gibbs weight over the disorder to give

BV (ePHK(V)) = (BALNGO,

where A = u + 8~ !log My (), so the corresponding annealed partition function is
23 = 23(8,u) == B (70%)

and the Gibbs measure is
1

(1.5) A3 () = P00 1PX ().
N

The corresponding annealed free energy is denoted f,(f,u). The annealed critical
point is readily shown to be u%(8) = —3~'log My (3) for all 3 > 0 (see [AS06]), so
A =u—ul(B). It is a standard consequence of Jensen’s Inequality that f,(3,u) >
fo(B,u), so ul(B) < wi(B). The effect, or lack of effect, of the disorder on the
depinning transition may be seen in whether these two critical points actually differ,
and whether the specific heat exponent (describing the behavior of the free energy as
u decreases to the critical point) is different in the quenched case.

Though most mathematically rigorous work is relatively recent, there is an exten-
sive physics literature on polymer pinning models—see the recent book [Gi07] and
surveys [Gi08], [To08b] and the references therein. In [AlO8] (see also [To08a] for a
slightly weaker statement with simpler proof) it was proved that for 1 < ¢ < 3/2, and
forc=3/2with Y > 1/n(¢(n))* < oo, for sufficiently small 3, one has u?(3) = u(3)
and the specific heat exponents are the same. Both works considered Gaussian dis-
order, though the method in [Al08] can be extended to accommodate more general
disorder having a finite exponential moment.

By contrast, it follows straightforwardly from the sufficient condition ([To08c],
equation (3.6)) that for ¢ > 1, if V} is unbounded, or if V] is bounded and its es-
sential supremum v satisfies PV (V; = v) = 0, then for sufficiently large 3 one has
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ud(B) > ul(B); the method is based on fractional moment estimates. These results
together with [Al08] suggest that for 1 < ¢ < 3/2 there should be a transition from
weak to strong disorder, i.e. there should exist a value 5y > 0 below which the an-
nealed and quenched critical curves coincide, i.e. u?(f) = u2(3), for 5 < By, while for
B > o, one has u?(3) < ul(/3), but this has not been proved.

For 1 < ¢ < 3/2 and certain choices of bounded Vi (necessarily with P(V}, = v) >
0), it is known that the quenched and annealed critical points are equal for all 5 > 0
[DGLTO8]. But in these examples Var(e®V1) /[E(e?"1)]? stays bounded as 3 — oo, so
there is no true “strong disorder” regime.

For ¢ > 3/2 it follows from [GT05] that the quenched and annealed specific heat
exponents are different, and it was proved in [DGLTO07] that the critical points are
strictly different for all 8 > 0, that is, fy = 0. In [AZy08] the distinctness of critical
points at high temperature was extended to include ¢ = 3/2 with p(n) — 0 asn — oo,
and the asymptotic order of the gap ud(3) — u%(f) was given. Recently in [GLT08]
the critical points were shown to be distinct for all 3 > 0 for the case of ¢ = 3/2
and ¢(n) asymptotically a positive constant, a case about which physicists had long
disagreed ([DHV92], [FLNOS8S].)

Here we show that even with true strong disorder, the critical points remain the
same in the case ¢ = 1.

Theorem 1.1. Consider the quenched model (1.2) and suppose E(e™') < oo for all
t € R and (1.1) holds with ¢ = 1. For all B > 0 and all uw > u®([3), the quenched free
energy f,(B,u) >0, and thus ul(B) = u2(B) for all 5 > 0.

2. NOTATION AND IDEA OF THE PROOF.

Denote the local time at zero over a time interval I by
21) 1 = Y bl
nel
so Ly = Lf& N The overlap between two paths X, X’ in an interval I is defined as
(2.2) B =" ()8 ().
nel

We denote by PXX’ the measure corresponding to two independent copies X, X’ of
the Markov chain. The “energy gained over an interval I” is

(2.3) Hy(x, V)= (u+V,)do(z).

nel

The annealed correlation length is defined to be M = M(B,u) = 1/(8f.(3,u)).
From (1.5), both Bf,(3,u) and M are functions of only the product SA. Moreover,
the annealed contact fraction can be defined analogously to (1.4), for the annealed
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system. Using Laplace aymptotics and the large deviations for the local time Ly, one
can deduce the asymptotics of M and C,(8,u), for BA ~ 0. Specifically, letting

W) = [ ete) ds
t
we obtain

BA ~ U(logM) and C,(6,u) ~ as 0A — 0.

1
Mp(M)
For example, if p(n) ~ K(logn)~® for some o > 1 then

1 a—1_ O\ Ve

log M =log ——F— ~ (—ﬁA) as A — 0,
Bfa(B,u) K

so fo(0,+) is C* even at u = u%((3). The details are similar to the case ¢ > 1 carried

out in [Al0O8], but we do not include them here as they are not required for our

analysis.

We use length scales K1(5, M), Ky(5, M) related as follows, for 3, M > 0. Let
Ay (B) = log My (253) — 2log My (). By our convention, see below (1.1), we have
that p(z) — 0 as x — oo. For a slowly varying function ¢(x) — 0, we have

log x
— — 00 as T — 00.
lOg m

Therefore we can choose K, K, satisfying
(2.4) 32K, < elvOK:
and

1 1 K,
2.5 4(MV1)lo < Ky < ————log —.
22 Ve Sy < T a0

For fixed 5, as A — 0 (i.e. M — oo) we then have M <« Ky, < K;. We assume
henceforth that K, Ky are even integers.

Define intervals

for 0 < v < 1. For an interval I, let 7, = inf{n € I: z,, = 0} and o; = sup{n €
I: 1z, =0} Weset 7 = 0; = oo if the path does not visit the interval I. We denote
by Enk, the set of all paths of length NK; which have the following property : if

71, < oo for some ¢ < N, then 74, € [Z-l/2 and o7, — 77, < K.
Idea of the proof. We will look at a scale NK; and restrict the partition function
Znk, (u, 8, V) to paths that belong to the set g, . Further we will restrict attention

to paths within =y, which bypass bad blocks of length K;. Roughly speaking a bad
block is defined to be a block for which the quenched partition function of a path
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starting at a random , uniformly distributed, point in the block, and not spending
more than K5 units of time in this block, is less than half the corresponding annealed
partition function. In Lemma 3.2 we control the probability of having a bad block.
What is left is to make an energy-entropy balancing of the paths that belong into
Enk, and bypass bad blocks, and show that for 3 > 0 and A = u+ 3" log My (3) > 0
this balance is uniformly (in V) bounded away from zero. For this we will use the fact
that in a good block the free energy gained is of the order Ky/M (this is essentially
Lemma 3.1), and the fact that because PX(€ > k) is a slowly varying function of k
the cost of bypassing bad blocks is small.

3. PROOF OF THE THEOREM

e_correlation| Lemma 3.1. Let 3 > 0,u € R,A = u+ 3 log My (3) and M = M(B,u). Then for

all N > 28AM,

correlations| (3.1) logEX [eﬁALN] >

+ N | =
==

Proof. 1t is observed in [Al08] that ay := SA
Since ay /N — [f.(6,u), it follows that

log EX [ePAEN] is subadditive in N.

BA +log EX [eP2N] > NBf(B,A) =

Elz

and the result is immediate. O

The block I; is called good if it satisfies

U x 1 X
Z EX [eﬁH[b,b+K2]( 7V)|$b :O:| > 2 Z EVEX [ be+K2( VV)‘ZL‘b _ 0}
berl)/? ver!/?
15"
2
and bad otherwise. Let py, ;= P (I;is good) and py,, := P (I;is bad).
Proposition 3.2. For Ky, K, satisfying (2.4), (2.5) we have p},,; > 1/2.
Proof. By Chebyshev’s inequality,
<Zbg1/z EX [e b ey) 0 V) ‘:Eb = 0])
2
(Zbg[_l/2 EVEX [eﬁH{vaKzl(x’V){xb = OD

v px,x' | BHj |, V)+BH '
> :bb,ef_l/z Lpwi<x, B E [ [b.b+Ko] (b7, 4 K] \ xp =2, =0
’ 7

Wi lpx [ BALK2]

9

p;;d§4

/ /
Sy ez BV EXX [ BH G b1 1cy) VIO FBHL, 474 ey (6 )| T =), = ()]
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Here we used the fact that whenever the two independent paths x,x’ visit zero at
points b, b’ such that [b—b'| > K, then the energies Hy ,, ., (X, V) and Hyp, g, (X', V)
are independent.

An easy calculation shows that the above is equal to

X’ x,x’
Zb perl/? 1‘b,b/|<K2EX’XI { ”BA(L[" biro) T, b’+K2]) V(ﬂ)B[b,b+K2]n[b’,b'+K2] ‘ Tp = IZ, — 0}

4

ALY +LX
Zb blell/Q EX’XI |: B ( [b,b+ K] [b/ b/+K2] | xb — ’:Cb’ — O:|
’ i

’ BA +LX
Y pwerts2 Lpowi<, eMvRe pXX { st b i) |2y = 2, = 0]

<4

X/
Zb yert/? EXX [ 5A(L[b b+Ko] L[b/yb’+K2])| Ty = xg, = O:|
,0' € i

4
VAL Y Lpwizr, MO
5] bber/?

< == v(B) K2
K ©
1 2A

< — v(B) K2
K

1
27

for K, Ky satsifying (2.4), (2.5). In the third line we have used the fact that the
expectations in the second line do not depend on b and b'. 0

We now return to the proof of Theorem 1.1. Let
={i < N: Ljis good} U {0} = {i1 < -+ <y }-

By convention we let Iy 41 := {N}. Under PV, the sequence (i; — i;_1)j>2 is an
i.i.d. sequence of geometric random variables with parameter p;/wd.

We denote by 2% K, = :}{,NK (V) the set of paths that belong to En g, and make no
returns to 0 in bad blocks after the first block. In the following computation a; and
b; are the starting and ending points, respectively, of the excursion from [;; to I, ,.

For notational convenience we denote by p, = PX(€ = n), as this is 1ntroduced in
(1.1). By convention we set by := 0 and by, :== N. Also, Zyg, (HﬁK ) denotes the

CRiSM Paper No. 09-22, www.warwick.ac.uk/go/crism



partition function restricted on the set of paths = N %,

2. 2 2

Znk, (E0%,) =

a1<K> b1€Ii12/2 a2—b1 <K> b
[Jn|
H Y |
CLISKZ blEI,}Q/Q as—b1<Ks b

[In|

[Te [
j=1

KENNETH S. ALEXANDER AND NIKOS ZYGOURAS

We then have

2. ).

1/2a) gy =bly|-1<K
11 €L | IV TN S
et ® V50 =0
5~ 0 SUaJ Ly;_y = Y| Pbj—a;
2 ap g =y —1<K
|JN|,1€[Z|JN| [INITPIINI-1<K2
Yaj](x,V)

» Olbj—1,bj—1+Ka] = U ‘ Loj1 = 0} Dbj~a;-

Moreover, on the set {op,_, b, +Kz) = a;} wehave that Hy (%, V) =Hp o p (%, V),
and therefore for some C' the above is bounded below b
Yy
usKopep/2aa-biske oy erlf? Gy by i1k
il oH (xV)
X (b 1.b x,V) .
H E [6 [bj—1,bj—1+K2] } Ol _1bj14+Ka] = j | Ty = O} 3/?122[1/2 Pb—a
j=1 i1
= EX |: [bo 50+K2](X’V)] min _
a1€1 3/4 b1€Il/2pb] “
[Jn]
H Z EX [ fb; 1., +K2](x,v)|$bj_1 _ O} .
=2, e a613/4 belj/fl
j—1€ ij
J 1/2
x [ BHE |, (xV) : L X [ BALk :
> F [e [bg:bo+K2] ] min = Py, H —F [e 2} min Pb—a
acry/* ber)? iy act}/* ber/?
j+1
> EX |:€5H bo» bO+K2](X7V)] CQD((ZQ B il + l)Kl)
(ig — i1 + 1)/
[IN] 1/2
H Cgp((Z]Jrl 1)K1) |Il] | EX [eﬁALKZ]
=2 (ZjJrl - Zj 1)K1 2
1 I (i — i+ 1) E)
= —EX [ pH [bo bo+K2 ] H C il ! (EX [eﬂALKQ} )‘JNl_l
Kl Z]-i-l - ij + 1)
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In the second inequality we used the fact that the interval I;; is good, while the last
equality makes essential use of ¢ = 1 in the cancellation of factors K;. We then have
that

1 1 _
NK1 IOg ZNKI > NKl 1Og ZNKl (:'J(]Vj\gﬁ)
]‘ 1 u X J - 1
> NE, log (EEX [eﬁH[bo,meg]( ’V)]> i % log EX [eﬁﬁLm}
ln| . )
1 Co((ij41 — i+ 1)K
ok 3 tog P 2 2 DR
NK1 4(’Lj+1 — 1 + 1)

Letting N — oo we get that the left hand side converges to the quenched free energy
f4(B,u), while the right hand side converges to

1 1

Ep;)od log B¥ [e7%hr ] 4 K7 goot £ log
where C' is a constant different from what appears above. Recall that i — 1 is a
geometric random variable under PV with parameter pgood. For K sufficiently large
we have

C(,D(ZQKl)

12

bl

D) }
C, :=inf x> 1,k>K 3 >0,
? { (k)

and we may assume K; > K. We then have

f.(Bu) > Lp;/;wd (log EX [¢#5li: ] + BV log CCwi(K1)>
Kl 3
1 )
- EP;‘J/ood <log EX [ePA1%2 ] 4 1og (C’Cg,go(Kl)) —2EY[log 22]>
1 1
> Ly, (m B (6035 ] 1 g (CCp(K,)) — 21 (p + 1))

and by Lemma 3.1 and Proposition 3.2 this is bounded below by

1 Ko

Then using (2.4), (2.5) we get that provided M is sufficiently large, i.e. A is small,

1 Ky CCy
fo(Bu) > 2_K1 (m-FlOg 9 ) > 0.

CRiSM Paper No. 09-22, www.warwick.ac.uk/go/crism



=

=
n
o
(0}

1

0]

=
N
<

DGLTO7

DHV92

Gi08

GLTO8

GTO5

GTO6

GTO7

JP72

To0O8a

To0O8b

" o
-] [ ()]
Q Q = £
o - o =3
Q0 (@} (0] o
a < o o

10 KENNETH S. ALEXANDER AND NIKOS ZYGOURAS

REFERENCES

[A108] Alexander, K. S. (2008). The effect of disorder on polymer depinning transitions. Commaun.
Math. Phys. 279 117-146. MR2377630

[AS06] Alexander, K. S. and Sidoravicius, V. (2007). Pinning of polymers and interfaces by random
potentials. Ann. Appl. Probab. 16 636 - 669. MR2244428

[AZy08] Alexander, K.S. and Zygouras, N. (2008). Quenched and annealed critical points in polymer
pinning models. Preprint. arXiv:0805.1708v1 [math.PR]

[DGLTO07] Derrida, B., Gicaomin, G., Lacoin, H. and Toninelli, F. L. (2007). Fractional moment
bounds and disorder relevance for pinning models. Preprint. arXiv:0712.2515v1 [math.PR]
[DGLTO08] Derrida, B., Giacomin, G., Lacoin, H. and Toninelli, F. L. (2008). Personal communica-

tion.

[DHV92] Derrida, B., Hakim, V. and Vannimenus, J. (1992). Effect of disorder on two-dimensional
wetting. J. Stat. Phys. 66 1189-1213. MR1156401

[FLNOS88] Forgacs, G., Luck, J.M., Nieuwenhuizen, Th. M. and Orland, H. (1988). Exact critical
behavior of two-dimensional wetting problems with quenched disorder. J. Stat. Phys. 51 29-56.
MR0952745

[Gi07] Giacomin, G. (2007). Random polymer models. Imperial College Press, London. xvi+242 pp.
MR2380992

[Gi08] Giacomin, G. (2008). Renewal sequences, disordered, potentials, and pinning phenomena.
Preprint. arXiv:0807.4285v1 [math-ph]

[GLT08] Giacomin, G., Lacoin, H. and Toninelli, F. L. (2008). Marginal relevance of disorder for
pinning models. Preprint. arXiv:0811.0723v1 [math-ph]

[GT05] Giacomin, G. and Toninelli, F. (2005). Smoothing effect of quenched disorder on polymer
depinning transitions. Commun. Math. Phys. 266 1-16. MR2231963

[GT06] Giacomin, G. and Toninelli, F. (2006). The localized phase of disordered copolymers with
adsorption. ALEA Lat. Am. J. Probab. Math. Stat. 1 149-180. MR2249653

[GTO07] Giacomin, G. and Toninelli, F. L. (2007). On the irrelevant disorder regime of pinning
models. Preprint. arXiv:0707.3340v1 [math.PR]

[JP72] Jain, N. C. and Pruitt, W.E. (1972). The range of random walk. In Proceedings of the Sixth
Berkeley Symposium on Mathematical Statistics and Probability (Univ. California, Berkeley,
Calif., 1970/1971), Vol. III: Probability Theory, 31-50. Univ. California Press, Berkeley, Calif.
MR0410936

[To08a] Toninelli, F. L. (2008). A replica-coupling approach to disordered pinning models. Commaun.
Math. Phys. 280 389-401. MR2395475

[ToO8b] Toninelli, F. (2008). Localization transition in disordered pinning models. Effect of
randomness on the critical properties. To appear in Lecture Notes in Mathematics.
arXiv:math/0703912v2 [math.PR]

[To08¢] Toninelli, F. L. (2008). Disordered pinning models and copolymers: beyond annealed
bounds. Ann. Appl. Probab. 18 1569-1587. MR2434181

DEPARTMENT OF MATHEMATICS KAP 108, UNIVERSITY OF SOUTHERN CALIFORNIA, LOS
ANGELES, CA 90089-2532 USA

E-mail address: alexandr@usc.edu

DEPARTMENT OF STATISTICS, UNIVERSITY OF WARWICK, COVENTRY CV4 7TAL, UK
E-mail address: N.Zygouras@warwick.ac.uk

CRiSM Paper No. 09-22, www.warwick.ac.uk/go/crism



