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Outline

I Background: SMC and (Ratios of) Constants

I Some Applications and Variations on a Theme

I Some “Interesting” (Open) Questions

SMC and Constants
Adam M. Johansen

Background
Applications, Variations, Questions

References



Essential Problem

I Given a distribution,

π(dx) =
γ(dx)

Z
=
γ(x)dx

Z
,

I such that γ(x) can be evaluated pointwise,

I how can we “estimate” Z =
∫
γ(dx)?
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Importance Sampling
I Simple Identity, provided γ � µ:

Z =

∫
γ(dx) =

∫
dγ

dµ
(x)µ(dx) =

∫
γ(x)

µ(x)
µ(x)dx

I So, if X1,X2, . . .
iid∼ µ, then:

unbiasedness ∀N : E

[
1

N

N∑
i=1

dγ

dµ
(Xi)

]
=Z

slln lim
N→∞

1

N

N∑
i=1

dγ

dµ
(Xi)

a.s.→Z

clt lim
N→∞

√
N

[
1

N

N∑
i=1

dγ

dµ
(Xi)− Z

]
d→W

where W ∼ N
(

0,Var
[

dγ
dµ(X1)

])
.
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Sequential Importance Sampling

I Write

γ(x1:n) = γ(x1)

n∏
p=2

γ(xp|x1:p−1),

I define, for p = 1, . . . , n

γp(x1:p) = γ1(x1)

p∏
q=2

γ(xq|x1:q−1),

I then

γ(x1:n)

µ(x1:n)︸ ︷︷ ︸
Wn(x1:n)

=
γ1(x1)

µ1(x1)︸ ︷︷ ︸
w1(x1)

n∏
p=2

γp(x1:p)

γp−1(x1:p−1)µp(xp|x1:p−1)︸ ︷︷ ︸
wp(x1:p)

,

I and we can sequentially approximate Zp =
∫
γp(x1:p)dx1:p.
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Sequential Importance Resampling (SIR)

Given a sequence γ1(x1), γ2(x1:2), . . .:

Initialisation, n = 1:

I Sample X 1
1 , . . . ,X

N
1

iid∼ µ1

I Compute

W i1 =
γ1(X

i
1)

µi1(X
i
1)

I Obtain ẐN1 = 1
N

∑N
i=1W

i
1

[This is just importance sampling.]
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Iteration, n ← n + 1:

I Resample: sample (A1
n−1, . . . ,A

N
n−1) ∼ r(·|W 1:N

n−1)
1.

I Set B in,n = i and recursively B in,p = A
B in,p+1
p .

I Sample X in ∼ qn(·|X
B in,1
1 , . . . ,X

B in,n−1

n−1 )

I Compute

W in =
γn((X

B in,1
1 , . . . ,X

B in,n
n ))

γn−1((X
B in,1
1 , . . . ,X

B in,n−1

n−1 )) · qn(X in|X
B in,1
1 , . . . ,X

B in,n−1

n−1 )

I Obtain

ẐNn = ẐNn−1 ·
1

N

N∑
i=1

W in.

1such that P(Ain−1 = j) ∝W j
n−1
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Ancestral Trees

t=1

t=2

t=3

a1
2 =1 a4

2 =3 a1
1 =1 a4

1 =3

b2
3,1:3 =(1, 1, 2) b4

3,1:3 =(3, 3, 4) b6
3,1:3 =(4, 5, 6)
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SIR: Theoretical Justification

Under regularity conditions we still have:

unbiasedness

E[ẐNn ] = Zn

slln

lim
N→∞

ẐNn
a.s.
= Zn

clt For a normal random variable Wn of appropriate

variance:

lim
N→∞

√
N[ẐNn − Zn]

d
=Wn

although establishing this becomes a little harder (cf., e.g. Del

Moral (2004), Andrieu et al. 2010).
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Simple Particle Filters: One Family of SIR Algorithms

x1 x2 x3 x4 x5 x6

y1 y2 y3 y4 y5 y6

I Unobserved Markov chain {Xn} transition f .
I Observed process {Yn} conditional density g.
I The joint density is available:

p(x1:n, y1:n|θ) = f θ1 (x1)gθ(y1|x1)
n∏
i=2

f θ(xi |xi−1)g
θ(yi |xi ).

I Natural SIR target distributions:

πθn(x1:n) :=p(x1:n|y1:n, θ) ∝ p(x1:n, y1:n|θ) =: γθn(x1:n)

Z θn =

∫
p(x1:n, y1:n|θ)dx1:n = p(y1:n|θ)
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Bootstrap PFs and Similar

I Choosing

πθn(x1:n) :=p(x1:n|y1:n, θ) ∝ p(x1:n, y1:n|θ) =: γθn(x1:n)

Z θn =

∫
p(x1:n, y1:n|θ)dx1:n = p(y1:n|θ)

I and qp(xp|x1:p−1) = f
θ(xp|xp−1) yields the bootstrap particle

filter of Gordon et al. (1993),

I whereas qp(xp|x1:p−1) = p(xp|xp−1, yp, θ) yields the “locally

optimal” particle filter.

I Note: Many alternative particle filters are SIR algorithms

with other targets. Cf. J. and Doucet (2008); Doucet and J.

(2011).
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Sequential Monte Carlo Samplers: Another SIR Class

Given a sequence of targets π1, . . . , πn on arbitrary spaces, Del

Moral et al. (2006) extend the space:

π̃n(x1:n) =πn(xn)

1∏
p=n−1

Lp(xp+1, xp)

γ̃n(x1:n) =γn(xn)

1∏
p=n−1

Lp(xp+1, xp)

Z̃n =

∫
γ̃n(dx1:n)

=

∫
γn(dxn)

1∏
p=n−1

Lp(xp+1, dxp) =

∫
γn(dxn) = Zn
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A Simple SMC Sampler

Given γ1, . . . , γn, on (E , E), for i = 1, . . . ,N

I Sample X i1
iid∼ µ1 compute W i1 =

γ1(X i1)

µ1(X i1)
and

ẐN1 = 1
N

∑N
i=1W

i
1

I For p = 2, . . . , n
I Resample: A1:N

n−1 ∼ r(·|W 1:N
n−1).

I Sample: X in ∼ Kn(X
Ain−1

n−1 , ·), where πnKn = πn.

I Compute: W i
n =

γn(X
Ai
n−1
n−1 )

γn−1(X
Ai
n−1
n−1 )

.

I And ẐNn = ẐNn−1 · 1
N

∑N
i=1W

i
n.
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Rare Events (J., Del Moral and Doucet, 2006)

I If Y ∼ η, P(Y ∈ A) = η(A) = η(IA).
I We’re interested in A = {x : V (x) ≥ V̂ }, with η(A)� 1.

I If γ(x) = η(x)IA(x), then Zn = η(A).

I Let α1 = 0 < α2 < · · · < αT =∞, and define

γn(x) = η(x)(1 + exp((αn(V̂ − V (x))))−1

I We have γ1 = η and γT/η = IA so ZT = η(A).
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An Illustrative Sequence of Targets
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Evidence Evaluation (Chopin, 2001;Del Moral et al.,

2006)

In a Bayesian context:

I Given a prior p(θ) and likelihood l(θ; y1:m)

I One could specify:

Data Tempering γp(θ) = p(θ)l(θ; y1:mp) for

m1 = 0 < m2 < · · · < mn = m
Likelihood Tempering γp(θ) = p(θ)l(θ; y1:m)

βp for

β1 = 0 < β2 < · · · < βT = 1

Something else?

I For such schemes ZT =
∫
p(θ)l(θ; y1:n)dθ.

I Specifying (m1, . . . ,mT ), (β1, . . . , βT ) or (γ1, . . . , γT ) is not

trivial.
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Illustrative Sequences of Targets
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One Adaptive Scheme (Zhou, J. & Aston, 2016)+Refs

Resample When ESS is below a threshold.

Likelihood Tempering At iteration n: Set αn such that:

N(
∑N
j=1W

(j)
n−1w

(j)
n )2∑N

k=1W
(k)
n−1(w

(k)
n )2

= CESS?

Proposals Follow (Jasra et al., 2010): adapt to keep

acceptance rate about right.

Question

Are there better, practical approaches to specifying a sequence of

distributions?
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Results from Zhou et al. (2016)

Model.Order
1

2

3

Model.Order
1

2

3

Model selection results using AIC (above) / Evidence (below).
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Iterative Adaptation (Guaniero, J. and Lee, 2015)

[Poster 7]

I In filtering context

πp(x1:p) ∝ p(x1:p, y1:p)p(yp+1:n|xp)︸ ︷︷ ︸
ψ?p(xp)

and

qp(xp|x1:p−1) = p(xp|xp−1, yp:n)

gives better estimates of ZT than the filtering distributions.

I The iAPF iteratively targets sequences

πln(x1:n) ∝ p(x1:n, y1:n)ψln(xn) while estimating ψl+1
n .

Question

Can we approximate broader classes of transitions?

Are there better approximation schemes?
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A Linear Gaussian Model: Behaviour with Dimension

µ = N (·; 0, Id) f (x , ·) = N (·;Ax , Id)

and g(x , ·) = N (·; x , Id) where Aij = 0.42|i−j |+1,
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Box plots of Ẑ/Z for different |X| (1000 replicates; T = 100).
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Linear Gaussian Model: Sensitivity to Parameters

Fixing d = 10: Bootstrap (N = 50, 000) / iAPF (N0 = 1, 000)
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Linear Gaussian Model: PMMH Empirical

Autocorrelations
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d = 5

µ = N (·; 0, Id)
f (x , ·) = N (·;Ax , Id)

and g(x , ·) = N (·; x , 0.25Id)

In this case:

A =


0.9 0 0 0 0

0.3 0.7 0 0 0

0.1 0.2 0.6 0 0

0.4 0.1 0.1 0.3 0

0.1 0.2 0.5 0.2 0

 ,
treated as unknown lower triangu-

lar matrix.
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Divide and Conquer (Lindsten, J. et al., 2014)

Question

Are there good ways to decompose general models?
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dc-smc(t)

1. For c ∈ C(t) :
1.1 ({X ic ,W i

c}Ni=1, Ẑ
N
c )← dc-smc(c).

1.2 Resample {xic ,wic}Ni=1 to obtain the equally weighted particle

system {x̂ic , 1}Ni=1.

2. For particle i = 1 : N:

2.1 If X̃t 6= ∅, simulate x̃it ∼ qt(· | x̂
i
c1
, . . . , x̂icC ), where

(c1, c2, . . . , cC ) = C(t);
else x̃it ← ∅.

2.2 Set xit = (x̂ic1
, . . . , x̂icC , x̃

i
t).

2.3 Compute wit =
γt (xit )∏

c∈C(t) γc (x̂
i
c )

1

qt (̃x
i
t |x̂
i
c1
,...,x̂icC

)
.

3. Compute ẐNt =
{

1
N

∑N
i=1w

i
t

}∏
c∈C(t) Ẑ

N
c .

4. Return ({xit ,wit}Ni=1, Ẑ
N
t ).
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Multilevel modelling of NYC maths test data
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How Wrong is it to Approximate? (Everitt, J. et al.,

2015) [Poster 4]

What if W ip can’t be evaluated exactly or Kn isn’t exactly

πn-invariant?

MSE of log(ẐNn ), weights:

exact (black solid),

unbiased random (black

dashed),

biased random (grey solid)

biased random — perfect

mixing (grey dashed).

Question

Can we actually say anything practically relevant?
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Inconclusive Conclusions

I SMC provides good estimates of many (normalizing)

constants.

I There are many questions left to answer:
I How best to choose sequences of distributions. . .

I “Filtering”
I Generally: Tempering / Data-tempering / not tempering?
I Model-decompositions? Tempering to Independence?

I To what extent can we ever justify using approximate

approximations within SMC?
I How best can we approximate optimal lookahead functions?
I How much can be done adaptively?
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