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Estimating 7
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Monte Carlo

The Monte Carlo Method
» Given a probability density, p,

I= /E p(@)p(z)dz

Simple Monte Carlo solution:
» Sample Xq,..., Xy %ip.

. N
» Estimate / = & > ¢(Xn).
i=1

v

v

Justified by the law of large numbers. ..
and the central limit theorem.

vy

Can also be viewed as approximating 7 (dx) = p(z)dx with

N
Ny ]
w (dm)_N;cSXi(da:).



Introduction
[e]e] Tele]

Monte Carlo

Importance Sampling

» Given ¢, such that
» p(x) >0=q(z) >0
» and p(x)/q(z) < oo,
define w(z) = p(x)/q(x) and:

1= [ el = [ pwyita)d.

» This suggests the importance sampling estimator:
» Sample Xq,..., Xy %jq.
A N
» Estimate / = + ;w(X,)go(Xz)
» Can also be viewed as approximating 7(dz) = p(z)dz with

n

(dar) = % S w(e:)ox, (da).

=1
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Monte Carlo

Variance and Importance Sampling

» Variance depends upon proposal:

» For positive ¢, minimized by:

q(x) < p(a)p(x) = wlz)p(r) oc 1
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Monte Carlo

Self-Normalised Importance Sampling

» Often, p is known only up to a normalising constant.
> As E,(Cwyp) = CE,(p). ..
If v(z) = Cw(x), then

Eq(vp)  Eg(Cwp)  CEp(y)
1

v

E,(vl)  E,(Cwl)  CE,(1) =E,(p).

v

Estimate the numerator and denominator with the same

sample:
N

> v(Xi)p(Xi)

=1
I= N
;v(Xi)

Biased for finite samples, but consistent.
Typically reduces variance.

vy
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Hidden Markov Models

Hidden Markov Models / State Space Models

» Unobserved Markov chain {X,,} transition f.
» Observed process {Y,,} conditional density g.
» Density:

n

P10, Y1) = Fi(z0)g(yrlan) [ [ £@slwion)g(yilzs).

=2
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Hidden Markov Models

Inference in HMMs

» Given yi.,:
» What is z1.,,,
» in particular, what is z,,,
» and what about x,17

» f and g may have unknown parameters 6.

» We wish to obtain estimates for n =1,2,....
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Hidden Markov Models

Some Terminology
Three main problems:
» Given known parameters 6, what are:
» The filtering and prediction distributions:

p(xnlyln) = /p(x1:n|y1:n)dxl:n—1

pansalynn) = [ pensalen)plenlyin)d,
» The smoothing distributions:

P(T1nly1n) = P(Y1:n)

» And how can we estimate static parameters:

p(9|yln) and p($1:n, alyl:n)?
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Hidden Markov Models

Formal Solutions

» Filtering and Prediction Recursions:

($n|y1n 1) (Ynlzn)
nly1m—1)9(ynlx), )dx),

(-'L'n‘yln fp

(@i lyim) = / D@ nlyion) f (@os |0n)darn
» Smoothing:

P(T1n—1Y1:n—1)f(@n]|Zn—1)9(Yn|2n)
[ 9(yalel) F (@ en—1)p(al,_[y1n—1)d2), 1,

P(T1:n|Y1:m)
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Particle Filtering

Importance Sampling in This Setting

» Given p(x1.n|y1m) forn=1,2,....

» We could sample from a sequence gy, (x1.,) for each n.

» Or we could let Qn(xlzn) = Qn($n|$1:n—1)Qn—1(xl:n—l) and
re-use our samples.

» The importance weight decomposes:

p(~r1:n|y1:n)
Qn(xn|x1:n—1)qn—1(l'l:n—l)
p(ml:n|y1:n)
= Wp—1\T1:n—1
Qn(xn|x1:n—1)p($1:n—l|y1:n—1) " ( " )
_ f(@n|Tn—1)9(yn|Tn)
Qn(xn|xn—l)p(yn|y1:n—l

wn(xlzn) X

)wn—l (xlzn—l)
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Particle Filtering

Sequential Importance Sampling — Prediction & Update

» A first “particle filter”:
» Simple default: g, (zp|zn_1) = f(zn|Tn_1).
» Importance weighting becomes:

wn(xlzn) - wn—l(xlzn—l) X g(yn|xn)

» Algorithmically, at iteration n:
» Given {W}_,, X}, _}fori=1,...,N:
» Sample X,i ~ f(~_|XfL_1) (prediction)
> Weight W, « Wy, _19(yn|X..) (update)
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Particle Filtering

Example: Almost Constant Velocity Model
> States: x, = [s% uZ s up)”

» Dynamics: z, = Axp_1 + €,

At

VA
()
V)

n 1 0 n—1
x x
G0 0 1 s |||
uf) 0 0 0 1 uf
» Observation: y, = Bz, + v,
Sn
x x
oo o] | e
n

g
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Particle Filtering

Better Proposal Distributions

» The importance weighting is:

f(@nl|zn-1)9(Yn|Tn)
Adn (xn|xn—1)

Wy (T1:m) X Wp—1(Z1:-1)

» Optimally, we’d choose:

qn(Tn|Tn-1) < f(Tn]|Tn-1)g(Yn|Tn)

» Typically impossible; but good approximation is possible.
» Can obtain much better performance.
» But, eventually the approximation variance is too large.
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Particle Filtering

Resampling

» Given {W}, X! 1 targetting p(w1.,|y1:0)-

» Sample
N
Xin~> W,ZicSX{m.
j=1

» And {1/N, X, } also targets p(z1.m|y1m)-
» Such steps can be incorporated into the SIS algorithm.

17
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Particle Filtering

Sequential Importance Resampling

» Algorithmically, at iteration n:
» Given {W}_;, X! }fori=1,...,N:
> Resample, obtaining {1/N, X} _,}.
> Sample X}, ~ q(-|X;_1)

> Weight W, dXIIXT )

» Actually:

» You can resample more efficiently.
» It’s only necessary to resample some of the time.
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Particle Filtering

What else can we do?

Some common improvements:
» Incorporate MCMC (7)

» Use the next observation before resampling — auxiliary
particle filters (11, 9)

» Sample new values for recent states (6)

» Explicitly approximate the marginal filter (10)
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Particle Smoothing

Smoothing:

» Resampling helps filtering.
» But it eliminates unique particle values.

» Approximating p(z1.n|Y1:m) o p(zm|y1m) fails for large n.
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Particle Smoothing

Smoothing Strategies
Some approaches:

» Fixed-lag smoothing:

p(wn—L‘yl:n) ~ p(xn—Lk’Jl:n—l)
for large enough L.
» Particle implementation of forward-backward algorithm:

n—1

p(x1:n|y1:n) = p(xnkl/l:n) H p(xn—1|xn7y1:n)

m=1
Doucet et al. have developed a forward-only variant.
» Particle implementation of two-filter formula:
p(xm|y1:n) (o8 p(xm|y1:m)p(ym+1:n’xm)
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Parameter Estimation

Static Parameters

If f(xn|zn—1) and g(yn|xy,) depend upon 6:

» We could set 2, = (2, 60,,) and

flaplan 1) = f(@nlzn-1)d,_, (0n)

» Degeneracy causes difficulties:

» Resampling eliminates values.
» We never propose new values.
» MCMC transitions don’t mix well.
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Parameter Estimation

Approaches to Parameter Estimation

v

Artificial dynamics:
0, = 0,1+ €.

Iterated filtering.
Sufficient statistics.

Various online likelihood approaches.

vV v.v Yy

Practical filtering.
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SMCTC: C++ Template Class for SMC Algorithms

v

Implementing SMC algorithms in C/C++ isn’t hard.

v

Software for implementing general SMC algorithms.

v

C++ element largely confined to the library.
Available (under a GPL-3 license from)

www2.warwick.ac.uk/fac/sci/statistics/staff/
academic/johansen/smctc/

v

or type “smctc” into google.

v

Example code includes simple particle filter.

25
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Summary

In Conclusion (with references)

v

Sequential Monte Carlo methods (“Particle Filters”) can
approximate filtering and smoothing distributions (5).

v

Proposal distributions matter.

v

Resampling:
> is necessary (2),
» but not every iteration ,
» and need not be multinomial (4).

v

Smoothing & parameter estimation are harder.

v

Software for easy implementation exists:
» PFLib (1)
» SMCTC (8)

Actually, similar techniques apply elsewhere (3)

v
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SMC Sampler Outline

» Given a sample {X 914}1]\;1 targeting 7,1,
> sample X7(LZ) ~ Kn(Xr(Lzlp ')7

» calculate

(X)) Loy (X5, X0 )

-1 (X DKL (X, X )

» Resample, yielding: {X{ZZL i]\il targeting 7,,.
» Hints that we’d like to use

nn—l(xn—l)Kn(xn—laxn)
L, 1) = .
R PSP T A
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