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Outline

» Background

» Hidden Markov Models / State Space Models
» Particle Filters / Sequential Monte Carlo
» Block Sampling (method and motivation)

» Local SMC
» Motivation
» Formulation
» Examples

» A Toy Linear Gaussian Model
» Stochastic Volatility



The Structure of the Problem
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Hidden Markov Models / State Space Models

» Unobserved Markov chain {X,,} transition f.
» Observed process {Y;,} conditional density g.
> Joint density:

n

P@1n, Y1) = filen)gyilzy) [ F@ilzioa)g(yile:).
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Motivating Examples
» Tracking, e.g. ACV Model:

» States: x, = [s% ul s¥ u¥]
» Dynamics: x, = Az,_1 + €,
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» Observation: vy, = Bz, + v,
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» Stochastic Volatility, e.g.:

f(@ilziot) =N (¢zi-1,07)
9(yilz:) =N (0, 8% exp(x;))



Formal Solutions

» Filtering: Prediction and Update Recursions:

p(‘rn’ylzn—l) :/p(xn—l|y1:n—1)f(xn’xn—1)dxn—l

_ p(xn’ylzn—l)g<yn|xn)
S (@) |y1:0-1)g(ynlzy,)da,

p(-xn’yl:n)

» Smoothing:

p(l'l:nfl |y1:n71)f(xn|$nfl)g(yn|l‘n)
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The Monte Carlo Method

» Given a probability density, p,

I= /E o (@)pla)de

» Simple Monte Carlo solution:
» Sample X,..., Xn irif}p.

~ N
» Estimate I = + Y o(X;).
i=1

» Can also be viewed as approximating n(dz) = p(x)dz with

N

AN () = % S bx, (dx).

i=1



Importance Sampling

» Given ¢, such that
p<q (and p(z)/q(x) < M < 00),

define w(z) = p(z)/q(x) and:

1= [v@plads = [ o).

» This suggests the estimator:

» Sample X1, ... XN lrlgq

ummwfzﬁzmiwmﬂ
=1

» Can also be viewed as approximating m(dz) = p(x)dz with

N

# (dz) = % S w(X:)ox, (dz).

=1



Self-Normalised Importance Sampling

v

Often, p is known only up to a normalising constant.
As Ey(Cwp) = CEp(y). ..
If v(z) = Cw(zx), then
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Estimate the numerator and denominator with the same
sample:




Importance Sampling in The HMM Setting

» Given p(z1.,|y1p) forn=1,2,....

» Choose Qn(xlzn) = Qn($n|x1:n—1>Qn—1(x1:n—l)-

> Weight:
p(ajlzn‘ylzn)
Wy (T1:0) X
n( n) %z(mn’xlzn—l)Qn—l(xlzn—l)
p(xlzn’ylzn)

= Wp—1(T1:n—1
Qn(mn!$1:n—1)P($1;n—1\ylm—l) " ( " )

f(@nl|zn-1)9(Yn|rn)
Qn(mn’-xn—l)

Wn—1 (-’Blznfl)
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Sequential Importance Sampling — Prediction & Update

» A very simple “particle filter”:

» Choose: ql(xl) = fl(xl)a qn(mn|xn71) = f(xn|xn71)
» Hence:

Wi (T1:0) = Wn—1(1:0—-1)9(Yn|Tn)
Initialisation: n <1

» Fori=1,...,n:
» Sample Xf ~ ()
» Weight W7 o g(y1|X7)

Recursion: n < n+1

» Fori=1,...,n:
» Sample X! ~ f(:|X:_,) (prediction)
» Weight W oc Wi _ g(yn|X:) (update)

Actually:
» Better proposals exist. ..

» but even they aren’t good enough.
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Resampling

v

Stabilisation of importance weights.
Given {W}, X1}
» Draw {X!} such that:

v

L3 el

i=1

E

U( Wg,aX%}?zl)] Zn Wi
i=1 n

» Replace {Wi, X:}N | with {%,)?fz N

Simplest approach (multinomial) resampling:

v

» Lower variance options preferable.

_ > i1 Whe(X5)
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Sequential Importance Resampling

Initialisation: n <1
» Fori=1,...,n:
» Sample Xi ~ q(+)
> Weight W7 oc f1(X{)g(y1]X7)/q1(X7)
Recursion: n < n+1
» Resample, obtalmng {1/N, Xi 11}
» Fori=1,. :
> Sample X;L ~ qn (-

nl)

: i XX Dalynl X))
» Weight W, an(XLIT )

Actually:
» Resample efficiently.

» Only resample when necessary.
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Iteration 3
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Iteration 4
8
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Iteration 5
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Iteration 6
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Iteration 7
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Iteration 8
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Iteration 9
8

-2

21



Itera
8

-2

tion 10

22



Block Sampling: An Idealised Approach

At time n, given x1.,—1; discard Zp_r4+1:m-1:

> Sample from Q(xn—L—i—l:n’xn—Lv yn—L+1:n)~
> Weight with

p(mlzn |y1:n)
p(xlzn—L |y1:n71)Q(fL‘n—L+1:n |$n—L7 yl:n—L+1:'rL)

W(xlsn) =
> Optimally,

Q($n7L+1:n|xnfL7 ynfL+1:n) :p($n—L+1:n|$n—La ynfLJrl:n)
p(xlzn—L|y1:n)

W (x1.m) x
p(xlzn—L’ylzn—l

) :p(yn‘xlzn—La yn—L-l—l:n—l)

» Typically intractable; auxiliary variable approach in [4].
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Why Try To Block-Sample?

Explicit motivation from the linear Gaussian case:

Varp(a:’ﬂ*L|yltn71)p(fcn7L+1:n‘xnfLayl:n) [w(Xn_Ln)]

& NQ(:ETLfL; Hn—Lin> 2n—L|’r7,)
= dl‘n_L —1
—00 N(xn—L; Hp—Ln—1; EnfL|nfl)

En—L\n—l

(:un—L|n - :un—L|n—1)2
= exp 5 > — 1.
\/Zn—L\n(2Zn—L|n—1 — Zn—L\n) n—Lln—1 n—Lin
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Particle MCMC

v

MCMC algorithms which employ SMC proposals [1]
SMC algorithm as a collection of RVs
» Values
» Weights
» Ancestral Lines
Construct MCMC algorithms:
» With many auxiliary variables
» FEzactly invariant for distribution on extended space
» Standard MCMC arguments justify strategy

v

v

v

Does this suggest anything about SMC?

» Can something similar help with smoothing?

25



More than one SMC Algorithm?

» Standard approach:

» Run an SIR algorithm with N particles.

» Use
N

N (dwy.) = Z Wf;éxf:n(dajlzn).

i—1
» A crude alternative:

» Run L = | N/M | algorithms with M particles.
» Use

M
Ml (dxy.,) = Z Wfl’iéxi,_il (dxz1.0)-
i=1 '
» Guarantees L i.i.d. samples.
» For small M their distribution may be poor.

26



Toy Model: Linear Gaussian HMM

v

Linear, Gaussian state transition:

falwe1) = N (2201, 1)

v

and likelihood
9(yelxe) = N (yg; 2, 1)

Analytically: Kalman filter /smoother /etc.

v

v

Simple bootstrap PF:
» Proposal:
q(@t|ze-1,yt) = f(@e|zi—1)
» Weighting:
W(wi—1,21) o< g(ye|ze)

» Resample residually every iteration.

27



Covariance Estimation: 1d Linear Gaussian Model
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But we want our samples to interact. . .
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Ancestral Trees

t=1

t=2

t=3

9
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(!

=1 aé =3 a% =1 ag =4
=(1,1,2) b315=(3,3,4) b3,5=(4,5,6)
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SMC Distributions

We'll need:

w%L (En—L+2:nain—L+1:n;E; xn—L)
M n M 7i
—i _ — _i_a -
= [H Q(x;—LJrl‘ an)] H [r(ap|wp1) H q (x;|mpp1>1 7(k|Wn)
i=1 p=n—L+2 i=1

and

M (36k Ok . Tk ~k
7JJn,L (an—LJ,-Q;naXn_LJ,_l;nvxn—L ‘ bn—L+1:n—17 kaxn—L—H:n )

’(/}7]7\,/,[[, (57’L7L+2:na infLJrl:na k; mnfL)

~Eﬁ n—L+1 u Tk 1o ~g§ p jz p—1 ~
a (@ s ) | T 7 (Bhopen ) a (@077, )| (kI

p=n—L+2
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Local Particle Filtering: Current Trajectories




Local Particle Filtering: First Particle




Local Particle Filtering: SMC Proposal

33



Local Particle Filtering: CSMC Auxiliary Proposal

2




Local SMC

» Propose from:
-1 M (7 X k
u?}\l/[ (b1:n72, k>p(m1:n71 |y127’L*1)’¢]’ﬂyL(21717[‘Jr2:77'7 Xn—L+lin, k; xniL)
~M ~Ok SOk .
Untrr-1 (@ L om0 X Lyt 13T r lbne 142m 1 Bnrp1n1)

> Target:

Tk
- bpm L1

u?]?{[ (blzn—L, Bfun—L-i-l:n—lv k)p(xlin—ln xn—L-{-l:n |y1:")

B +k
Bk 7bn,n,7L+1:n
n,n—L-+1:mns xn—L-i-lin

M sok %Sk :
nl/(a"—L+Zn’Xn—L+1m’xn_L

1\[ ~ -~ e
/l/)n—l,L—l (an—L—‘rQ:n—h Xn—L+1in—1, k’ ‘L"_L) :

> Weight: Zn7L+1;n/FZvn7L+1:nfl'
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Key Identity

wé\/’IL (an7L+2:n7 Xn—L+1mn, k7 -TnfL)

p(zn—L+1:7L|~T'n—La va—L+1:n)1//%L(a§EL+2;nvXEEL_H;W ks xn—1 H .- )
bﬁ,n—L«Fl " bk bﬁ,p b:t,pfl k
A\ Tp_L+1 |Zn—1 I1 7‘( n,p|WP—1) g\ |xp—1 r(k[wn)
p=n—L+2

p(xn7L+1:n |£Cn,[,, yn7L+1:n)

- n—L—f—l:n/p(yn—L-i-Ln|xn—L)
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Bootstrap Local SMC

» Top Level:

» Local SMC proposal.
» Stratified resampling when ESS< N/2.

» Local SMC Proposal:
» Proposal:
q(@t|ze-1,yt) = f(@e|zi-1)
» Weighting:
ve|we1)g(ye|we)
f(ze|ze—1)

» Resample multinomially every iteration.

W(zp—1,x4) 1

= 9(yela)
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Bootstrap Local SMC: M=100

N =
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Bootstrap Local SMC: M=1000

N =100, M = 1000
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Bootstrap Local SMC: M=10000

N =100, M = 10000
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Tuned Local SMC

» Top Level:

» Local SMC proposal.
» Stratified resampling when ESS< N/2.

» Local SMC Proposal:
» Proposal:
q(@e|ze—1,9t) = p(zt|Tt-1, Y1)
» Weighting:
Wiz, 2¢) < p(yelwe—1)

» Resample residually every iteration.
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100

Tuned Local SMC: M

100, M =100
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Tuned Local SMC: M=1000

N =100, M = 1000
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Tuned Local SMC: M=10000

N =100, M = 10000
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Optimal Block Sampling

N =100, Exact Block Sampling
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Stochastic Volatility Bootstrap Local SMC

» Model:

f(@ilzio1) =N (¢zi—1,07)
9(yilzi) =N (0, 8% exp(;))

» Top Level:

» Local SMC proposal.
» Stratified resampling when ESS< N/2.

» Local SMC Proposal:
» Proposal:
q(@e|ze—1,y¢) = flae]we-1)

» Weighting:

90t|33t71)9(3/t|33t)
f(@e|ze—1)

» Resample residually every iteration.

W(zi—1,2t) I = g(yt|ze)




SV Simulated Data
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SV Bootstrap Local SMC: M=100

100, M =100
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SV Bootstrap Local SMC: M=1000
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SV Bootstrap Local SMC: M=10000

Average Number of Unique Values

N =100, M = 10000
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SV Exchange Rata Data

Observed Values

Exchange Rate Data
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SV Bootstrap Local SMC: M=100

N =

100, M =100
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SV Bootstrap Local SMC: M=1000

100, M = 1000
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SV Bootstrap Local SMC: M=10000
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SV Exchange Rata Data

Observed Values

Exchange Rate Data
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In Conclusion

» SMC can be used hierarchically.

» Software implementation is not difficult [6].
» Optimal block sampling can be approximated well:

» Little specific tuning is required.
» Minimizes need for resampling.
» Robustness to outliers.

» The computational cost of this strategy is rather high.

» Parallel implementations are natural.

» Actually, similar techniques apply elsewhere [3, 2].

» And we can approzimately Rao-Blackwellise [5].
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