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Discrete Time Filtering

Online inference for Hidden Markov Models:

» Given transition fp(zn—1,%n),
» and likelihood go(xn, yn),

> use pg(xn|y1.n) to characterize latent state, but,

Po(Tnly1m) = S po(@n_1ly1:n—1)fo(Tn-1, Tn)dxn_196(Zn, Yn)
n|Yl:n ffp@(xn—1|y1:n—1)f9($n_1,x‘%)dl’n—lgﬂ(x{myn)dx%

isn’t often tractable.



Particle Filtering

A (sequential) Monte Carlo (SMC) scheme to approximate the
filtering distributions.

A Simple Particle Filter [6]




Online Particle Filters for Offline Systems Identification

Particle Markov chain Monte Carlo (PMCMC) [2]




Twisting the HMM (a complement to [10])

Given (u, f,g) and y1.7, introducing
w = (¢171/}2’ s 7¢T) ,T/Jt S Cb(X7 (07 OO)) and

Do 1=/M($1)¢1 (z1)da1  Py(xy) 3:/f($t,93t+1)1/}t+1 (@41) dpgr
X X

we obtain (M ,{f 1 {g }), with

uf (@) = Wa F i, x) = f (i1, @) Y (1)

o QZ)tfl («’Utfl)

and the sequence of non-negative functions

gt (x1) =g (a1, 1 )Zlg ;@ g () = g (xe, pr)




Proposition

The optimal choice is:

Vf (@) == g (2, ) E H 9(Xpyp) [{Xe =24} |, @ €X|

p=t+1

for t € {1,...,T —1}. Then, Z. = p(y1.7) with probability 1.



Towards Iterative Auxiliary Particle Filters [7]

1p-Auxiliary Particle Filter

Necessary features of )




A Recursive Approximtion

Proposition

Algorithm 1 Recursive function approximations
Fort=1T,...,1:

1. Set 1/)% «—4g (fi»yt) f (gg,”‘pt—kl) for i € {17 s 7N}
2. Choose 9; as a member of ¥ on the basis of £}V and 1}V,




[terated Auxiliary Particle Filters

Algorithm 2 An iterated auxiliary particle filter with parame-
ters (No, k, T)

1. Initialize: set 1, = 1. [ < 0.
2. Repeat:
2.1 Run a ¥'-APF with N, particles; set Z; < Zf/:/}.

2.2 If I > k and sd(Zl_k:l)/mean(Zl_k;l) < T, go to 3.

2.3 Compute 9'T! using Algorithm 1.

2.4 If N;_p = N; and the sequence ZAl,k;l is not monotonically
increasing, set Njy1 < 2Nj.
Otherwise, set Nj11 < V.

2.5 Set I + I+ 1. Go to 2a.

3. Run a §!-APF. Return Z := Z,)".




An Elementary Implementation

Function Approximation .
» Numerically obtain:

2

(m;k7 EZa )‘I) = arg min(m,E ) Z xta m, E A¢§)2
i=1

> Set:
Yi(we) == N (23 mi, 57) + (N, my, Xf).

Stopping Rule .
> k=3 or k=5 in the following examples
» 7=0.5

Resampling .
» Multinomial when ESS < N/2.



A Linear Gaussian Model: Behaviour with Dimension

and g(x,-) =N (-, 1) where A;; = 0.420—71+1,

Box plots of Z/Z for different [X| (1000 replicates; T' = 100).
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Linear Gaussian Model: Sensitivity to Parameters

Fixing d = 10: Bootstrap (N = 50,000) / iAPF (No = 1, 000)

Estimates
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Linear Gaussian Model: PMMH Empirical

Autocorrelations
Al 1 A41 A55
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In this case:

09 0 0 0 0
d=5 03 07 O 0 O
L=N(:0) A=|010206 0 0|,
04 0.1 01 03 0
x,)) =N (- Ax, I
fw, )= NI 2 0.1 02 05 0.2 0
and g(z,-) =N (-;2,0.251,)

treated as unknown lower trian-
gular matrix.



Stochastic Volatility

» A simple stochastic volatility model is defined by:
p() =N(0,0%/(1 — @)?)
fla,) =N(;az,0?)
N (-0, 8% exp()),

and g(z, )

where a € (0,1), 8 > 0 and 02 > 0 are unknown.

» Considered T = 945 observations y1.7 corresponding to the
mean-corrected daily returns for the GBP/USD exchange
rate from 1/10/81 to 28/6/85.



Estimated PMCMC Autocorrelation
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Boostrap N = 1, 000.

iAPF Ny = 100.
Comparable cost.

150,000 PMCMC iterations.
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Block-Sampling and Tempering in Particle Filters

Tempered Transitions [5]

Block Sampling [4]




Block-Tempering [8]

v

We could combine blocking and tempering strategies.

» Run a simple SMC sampler [3] targetting:

(4 sl AL
7-"t,r(wlzt/\T) :Me(.’ﬂl) (t”")gg(yllwl) (tr).
TNt

[T fotwslas—1)*en go(yslas)en, (1)
s=2
where {Bft r)} and {7(515 T)} are [0, 1]-valued
for s € [1,T],r € [1,R] and t € [1,T], with T" =T + L
for some R, L € N.
Can be validly embedded within PMCMC:

» Terminal likelihood estimate is unbiased.
» Explicit auxiliary variable construction is possible.
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Two Simple Block-Tempering Strategies

Tempering both likelihood and transition probabilities

Tempering only the observation density




Tempering Only the Observation Density
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[llustrative Example

v

Univariate Linear Gaussian SSM:

transition  f(2'|x) =N (2';2,1)
likelihood  g(y|z) =N (y;z,1)

Artificial jump in observation
seqeuence at time 75.

Cartoon of model misspecification
— a key difficulty with PMCMC.
Temper only likelihood.

Use single-site Metropolis-Within
Gibbs (standard normal
proposal) MCMC moves.

Observations, yl[t]
i
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N
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True Filtering and Smoothing Distributions
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Estimating the Normalizing Constant, Z
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Relative Error in Z Against Computational Effort
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Conclusions

» To fully realise the potential of PMCMC we should exploit
its flexibility.

» Even very simple variants on the standard particle filter
can significantly improve performance.

» The iAPF can improve performance substantially in some
settings.

» Extending the extent of its applicability is ongoing work.

» In principle any function approximation scheme can be
employed: provided that ftw can be sampled from and gtw
evaluated.

» Other [standard and less standard] ideas including blocking
and tempering can also be readily employed.
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