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Qutline

» Background: SMC and (Ratios of) Constants
» Some Applications and Variations on a Theme

» Some “Interesting” (Open) Questions
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Essential Problem

» Given a distribution,

(e = 1) _ 20k

» such that y(x) can be evaluated pointwise,

> how can we “estimate” Z = [~y(dx)?
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Importance Sampling
» Simple ldentity, provided v < u:

z= [+t = [ Tooute) = [ Z5utx)ax

» So, if X1,X5, ... g W, then:

N
. _ 1 dy B
unbiasedness VN : E N ;_1 M(X,) =7
N
. 1 dy a.s
slin N|E>noo N ;_1 TIJ(X/) —=Z
1 N dvy d
cde lim VN |5 § =2 Sw
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Sequential Importance Sampling
> Write ;
’Y(Xlzn) = ’Y(Xl) H ’Y(Xp|Xl:p—l)y
p=2
> define, forp=1,...,n

p
Wo(xip) = m(xa) [ v(xalxag-1).
q=2
> then

n

Y(x1:n) _ Y1(x1) H ’Yp(Xlzp)
p(xin)  pi(x) pe2 Yp—1(X1:p—1)bp(Xplx1:p—1)
Wh(x1:n) wi(x1) wp(x1:p)

» and we can sequentially approximate Z, = f’yp(xl;p)dxl;p.
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Sequential Importance Resampling (SIR)

Given a sequence v1(x1), v2(x1:2), . . .:

Initialisation, n = 1:

> Sample X2, ... XN 1y
» Compute :
. X!
ph (X7)

> Obtain Z)Y = £ SN wj

[This is just importance sampling.]
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[teration, n < n+ 1:

» Resample: sample (AL |, ... AN )~ r(|WEN)L.
» Set B}, =i and recursively B’ = Afg"’“.
» Sample X/ ~ q,,(-\XlBA'1 X" ”” !
» Compute
e . fyn((xBﬂl " .xfﬁv"); , _
Y1 (X" X n" ) an(XaIX M X
» Obtain

N
~ ~ 1 ,
ZnN=Z,¢’_1-N§ Wi,

such that P(AL_; = j) oc W/_,
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Ancestral Trees

Y

a5 =1 ay =3 a; =1 a; =3
b313=(1,1.2) b315=(3.3,4) b3,5=(45,6)
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SIR: Theoretical Justification

Under regularity conditions we still have:
unbiasedness
E[ngv] =2y

slin

. S a.s.
lim zZN %= Z,
N—oo

clt For a normal random variable W, of appropriate
variance:

im VN[ZVN - Z,] £ w,
N—oco

although establishing this becomes a little harder (cf., e.g. Del
Moral (2004), Andrieu et al. 2010).
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Simple Particle Filters: One Family of SIR Algorithms

Unobserved Markov chain {X,} transition f.

Observed process { Y, } conditional density g.
The joint density is available:

p(xan Yinl0) = £ (1) (valxa) | £ (xilxio1) 9 (vilxi)-
=2

vyvyy

v

Natural SIR target distributions:
7rZ(Xl:n) ::p(Xl:n‘yl:nx 9) X p(Xl:myl:nw) = Wg(xl:n)

z? :/p(Xl:nvyl:n|9)dX1:n = p(y1:0|0)
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Bootstrap PFs and Similar

» Choosing
Wg(xl:n) ::p(xl:nU/l:ny 6) X P(Xl:nyY1:n|6) = Wg(xl:n)
76 = / p(xtin, Y1:018)dten = p(y1:0]0)

> and gp(Xp|x1.p—1) = FO(xp|Xp—1) yields the bootstrap particle
filter of Gordon et al. (1993),

> whereas qgp(Xp|X1:p—1) = P(Xp|Xp—1. ¥p. 0) yields the “locally
optimal” particle filter.

» Note: Many alternative particle filters are SIR algorithms
with other targets. Cf. J. and Doucet (2008); Doucet and J.
(2011).
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Sequential Monte Carlo Samplers: Another SIR Class

Given a sequence of targets 7y, ..., T, on arbitrary spaces, Del
Moral et al. (2006) extend the space:

1
Tn(X1:n) =Tn(Xn) H Lp(Xps1, Xp)

p=n—1
1

¥n(X1:n) =Yn(Xn) H Lp(Xp+1, Xp)

p=n—1

Z, = / Fn((dez.n)
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A Simple SMC Sampler

Given vy, ..., Yn, on (E, &), fori=1,...,

» Sample X1 s p1 compute Wy = (<) and
1
Zl = N Zi:l Wi

» Forp=2,....n

> Resample: ALY ~ r(:|WH).

» Sample: X/ ~ K,,(XnAff, -), where T,K, = m,.
(X
e L
Yn— 1(X
> And ZN =2ZN - LS wi

» Compute: W/ =
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Rare Events (J., Del Moral and Doucet, 2006)

If Y ~n P(Y € A) =n(A) = n(la).

We're interested in A = {x : V(x) > V}, with n(A) < 1.
If v(x) = n(x)La(x), then Z, = n(A).

Llet a1 =0< ar < --- < aTt = oo, and define

¥n(x) = 1(x)(1 + exp((an(V = V(x))))

vV v v Vv

v

We have v1 =n and y7/n =14 so Zr = n(A).
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An lllustrative Sequence of Targets
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Evidence Evaluation (Chopin, 2001;Del Moral et al.,
20006)

In a Bayesian context:
» Given a prior p(8) and likelihood /(6; y1:m)
» One could specify:
Data Tempering v,(0) = p(8)/(6; y1.m,) for
m=0<m<---<mp=m
Likelihood Tempering 7,(8) = p(8)/(6; y1.m)P> for
Br1=0<Po<--<Pr=1
Something else?
» For such schemes Z1 = [ p(6)/(6; y1.n)db.

» Specifying (mq, ..., mr), (B1, ..., Br)or (v1,---, 1) is not
trivial.
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lllustrative Sequences of Targets
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One Adaptive Scheme (Zhou, J. & Aston, 2016)+Refs

Resample When ESS is below a threshold.
Likelihood Tempering At iteration n: Set a, such that:
N(z W(J)lw,gj))

k
Soher Wah (wh )2

Proposals Follow (Jasra et al., 2010): adapt to keep
acceptance rate about right.

Are there better, practical approaches to specifying a sequence of
distributions?

= CESS.
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Results from Zhou et al. (2016)
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lterative Adaptation (Guaniero, J. and Lee, 2015)
[Poster 7]

> In filtering context

Tp(X1:p) o P(X1:p, Y1:p) P(Vpt1:n1Xp)
N—_————
V5 (xp)
and
Ap(XplX1:p—1) = P(Xp|Xp—1, ¥p:n)
gives better estimates of Z1 than the filtering distributions.

» The iIAPF iteratively targets sequences
7l (x1:0) o P(X1:0, Y1:0)Wh(xn) while estimating /1.

Can we approximate broader classes of transitions?
Are there better approximation schemes?
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A Linear Gaussian Model: Behaviour with Dimension

p=N(50,lq) f(x,)) =N (;Ax, lq)
and g(x,) =N (- x, lg) where Aj; = 0.421=/1+1,
S e
w | O Bootstrap| —~ T
gq,,,‘*...‘,T ........
Ml il
s | _ ; Z
5 5 10 10 20 40 80
Dimension

Box plots of Z/Z for different [X| (1000 replicates; T = 100).

SMC and Constants C Applications, Variations, Questions

Adam M. Johansen



Linear Gaussian Model: Sensitivity to Parameters

Fixing d = 10: Bootstrap (N = 50,000) / iAPF (Ng = 1,000)
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Box plots of % for different values of the parameter o using 1000
replicates.
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Linear Gaussian Model: PMMH Empirical
Autocorrelations

A1l Asg1 Ass
2! [HHHmIHWWTTTTTTTTT"""“““““ = : ! HmHHWWTTTTWTW“°°°°°°°° g : ! HmmmHUUWTTTTTTTTTW%”
In this case:
09 O 0 0O O
d=5 03 07 0 0 0
w=N(0,ly) A=1]1 01 02 06 0 O
F(x,) =N (:; Ax, Iy) 04 0.1 0.1 03 O
and g(x,) = N (- x,0.251y) 0.1 02 05 02 O
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Divide and Conquer (Lindsten, J. et al., 2014)

O 0O0O0O0 o0 OO
ONONONG) o0 OO
o0 OO
o0 OO
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F080 §656

Question

Are there good ways to decompose general models?
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dc-smc(t)

1. ForceC(t):
11 (X1, WIAN L ZN) « de-smc(c).
1.2 Resample {x, w.}", to obtain the equally weighted particle
system {&., 1}V .
2. For particle i =1 : N:

2.1 If B, #0, simulate X} ~ gq(- | %! (%), where

Xeyrooe
(a.c,....cc)=C(t);
else X; + 0.
02 Setx, = (X, ..., % .X).
Ve (xt) 1

2.3 Compute wi = ——4
P £ Tocen 1 (0) a(RIRG - Rp)

~ N : =
3. Compute Z = {ﬁ i W’t} [eeerr zY
4. Return ({xt,wt},_l, M.
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Multilevel modelling of NYC maths test data
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How Wrong is it to Approximate? (Everitt, J. et al.,
2015) [Poster 4]

What if W; can't be evaluated exactly or K, isn't exactly
Tph-invariant?

MSE of log(ZV), weights:
exact (black solid),
unbiased random  (black

dashed),
biased random (grey solid)
biased random — perfect

mixing (grey dashed).

1000 2000 3000 2000 5000
Target

Can we actually say anything practically relevant?

MC and a
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Inconclusive Conclusions

» SMC provides good estimates of many (normalizing)
constants.

» There are many questions left to answer:
» How best to choose sequences of distributions. . .
> “Filtering”

> Generally: Tempering / Data-tempering / not tempering?
» Model-decompositions? Tempering to Independence?

» To what extent can we ever justify using approximate
approximations within SMC?

» How best can we approximate optimal lookahead functions?
» How much can be done adaptively?
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