–260–

Probability, Convexity, and Harmonic Maps II: Smoothness via Probabilistic Gradient Inequalities. by W.S. Kendall

October 1993

Appeared in Journal of Functional Analysis 126 (1994) 228-257.

Probability, convexity, and harmonic maps II: Smoothness via probabilistic gradient inequalities. Wilfrid S. Kendall Statistics, University of Warwick

Abstract: A conformal change of metric is used to construct a coupling of two time-changed Riemannian Brownian motions, such that there is an upper bound on the probability of no coupling before either process leaves a small geodesic ball, with the bound being linear in the distance between the two starting points if these two points are close enough to the centre of the ball. This coupling is an alternative to that introduced by Cranston (1991), and is more geometric (and probabilistically less technical) than Cranston’s coupling. It is used to provide a probabilistic approach to the regularity of harmonic maps, thus completing the probabilistic construction of solutions to smallimage harmonic map Dirichlet problems described in Kendall (1990). The approach includes a mild generalization to the case of harmonic maps defined using non-Riemannian connections in the target manifold and smooth strictly elliptic second-order differential operators in the domain.

Mathematics Subject Classification (1991): 58G32, 58G20, 60H30.

Keywords: Brownian motion; Conformal change of metric; Connection; Convex geometry; Coupling; Dirichlet problem for harmonic map; Finely harmonic map; Γ-martingale; Gradient inequality; Martingale representation theorem; Parallel transport; Random time-change; Sectional curvature; Semimartingale; Stochastic development.

1: Introduction.

A harmonic map F : M → N between Riemannian manifolds M and N is a smooth map which is a (local) extremal of the energy functional ∫

‖ grad F ‖^2 dν (1.1).

Special cases include harmonic functions (N = R), geodesics (M = R) and a simple version of a class of maps used to model liquid crystals (M ⊂ R^3, N = S^2). Harmonic maps have been much studied in recent years; see for example the surveys of Eells & Lemaire (1983, 1988).

It is now well-known that there is a rich and fruitful interplay between the theory of harmonic functions and the probability theory of Brownian motion and the stochastic calculus. It is therefore natural to ask whether this relationship extends in any way to the more general nonlinear setting of harmonic maps. Statistical expectations are not well-defined for manifold-valued random variables, and so it is not obvious whether there can be such an extension. Nevertheless one exists, starting with an observation (due to Bismut) to the effect that harmonic maps send Brownian motion into a random process which is a Γ-martingale; a manifold-valued process whose stochastic development is a local martingale. (See Kendall, 1987a, 1988, 1993 for surveys explaining these and other terms from stochastic differential geometry; a brief explanation is to be found at the start of Section 3.) This observation was initially used to provide probabilistic proofs of non-existence and uniqueness theorems for harmonic maps: see for example Kendall (1981, 1983), Goldberg & Mueller (1983), Elworthy & Kendall (1986).

More recently this approach has been used to derive existence and uniqueness for solutions to small-image Dirichlet harmonic map problems; see Kendall (1990), Picard (1991b). Strong points of the probabilistic approach include a close relationship with concepts such as convexity and also with linear potential theory (see for example the general Fatou radial limit theorem of Kendall, 1990 Theorem 6.4, also Kendall, 1991a, 1992a,b), and a ready means of generalization of the notion of harmonic map to include nonlinear elliptic systems arising by mild modifications of the Euler-Lagrange variational equations for (1.1) (see the discussion in Section 3 below). However in contrast to the analytic approach to harmonic maps (for example compare Aviles, Choi & Micallef, 1991 to Kendall, 1990), the probabilistic constructions show only that the solutions are continuous and finely harmonic maps; essentially this probabilistic or potential-theoretic definition means that they would be harmonic maps if they were differentiable up to second order.

The present paper gives a probabilistic proof of smoothness for continuous finely harmonic maps (including the mild modifications mentioned above) by using an idea of Cranston (1991); gradient inequalities (in Cranston’s case for harmonic functions) can be obtained by careful construction of couplings for Riemannian Brownian motions (Lindvall, 1992 is a book expounding the general coupling method). Cranston showed that one can construct (on the same probability space) two examples X and Y of a Riemannian Brownian motion which are started from neighbouring points x and y, which are Brownian motions with respect to the same filtration, and which are such that the probability of their not coupling (meeting at some random time) before they leave a small neighbourhood ball(o, R) is bounded above linearly in the distance distM(x, y) if x, y ∈ ball(o, R/2). Cranston’s construction requires a somewhat technical analysis; Section 2 of the present paper shows how to avoid these technicalities by using time-changed Brownian motions referred to a conformal change of metric.

The calculations and constructions of Section 2 may well be of intrinsic interest to readers; for example they show how to deal effectively with the extra drift introduced by certain conformal changes of metric in dimensions other than 2. However the motivation here is to produce a coupling with a simpler probabilistic construction than that of Cranston, so as to allow easy modification to deal with the requirements of the harmonic map case. The probabilistic treatment of gradient estimates for harmonic maps is complicated by the fact that there may not exist a convex function comparable to the Riemannian distance (x, y) → distN(x, y) on the target manifold. Section 3 shows how to modify the coupling construction to deal with this case, by the curious expedient of allowing a limited amount of independent randomness in the coupling construction. When chosen correctly, this does not destroy the linear upper bound on failure of coupling and yet makes the intervening Riemannian distance between the two processes into a submartingale random process. This permits the probabilistic derivation of a gradient inequality and hence (given an appeal to the

1: Introduction. 4

regularity theory of scalar linear second-order elliptic partial differential equations) a probabilistic proof of regularity for finely harmonic maps.

Section 4 concludes the paper with a discussion of related work and some possible directions for future research.

Before turning to the main work of the paper we make a remark about our choice of notation for stochastic calculus. In stochastic differential geometry the symbol “d” tends to be somewhat overloaded (two kinds of stochastic differential, exterior derivative for forms, ...). Consequently we use suffices to indicate Itô differentials (“d_I ”) and Stratonovich differentials (“d_S”). For similar reasons we denote the bracket process or quadratic covariation of two continuous real semimartingales X, Y by “[X, Y ]”, reserving angle brackets for inner products of one kind or another — fortunately we have no need of a notation for Lie brackets in this paper. (Since we deal here only with continuous semimartingales we do not need to distinguish between the two kinds of bracket process).

Acknowledgements: It is a pleasure to acknowledge useful discussions with Alano Ancona (who taught me how to use differential forms effectively in calculations of curvature and connections) and with Michael Cranston. It is also a pleasure to thank Eberhard Schrüfer for his EXCALC package (Schrüfer, 1991) which was of great assistance in checking the calculations in Section 2.

2: A modification of Cranston’s coupling.

Suppose that ball(o, R) is an open geodesic ball of radius R, centred on a reference point o in a complete Riemannian manifold M of dimension d. Let g be the metric tensor of M . Cranston (1991) showed how to construct Riemannian Brownian motions X and Y in ball(o, R), begun at points x and y in the open set ball(o, R/2) and adapted to the same filtration, in such a way as to ensure that the probability of not coupling is bounded above linearly in the distance between starting points:

P[ X, Y fail to couple before one of X, Y exits ball(o, R) ] ≤ constant × dist(x, y) (2.1).

(In fact it suffices for X, Y to be Brownian motions with bounded drift.) The constant in the inequality (2.1) depends only on R, o, and the geometry g of M (and the bounded drift of the Brownian motions if this is non-zero), and not on the choice of x and y in ball(o, R/2). Cranston’s coupling construction is based on the coupling described in Kendall (1986a,b), and the main technical difficulty is to control the probability of exiting from ball(o, R) before coupling has taken place. This is overcome by a somewhat technical analysis of the joint behaviour of the three Riemannian distance processes dist(X, Y ), dist(X, o), and dist(Y, o).

Cranston applied his coupling construction to deduce a Lipschitz property for bounded harmonic functions f : ball(o, R) → R; a martingale argument yields

|f(x) − f(y)| ≤ constant × sup { |f(z)| : z ∈ ball(o, R) } × dist(x, y) (2.2)

for all x, y in ball(o, R/2), for all such bounded harmonic functions f. The constant depends only on R and the geometry g of M (and again on the bounded drift of the Brownian motions if this is non-zero).

The derivation of the coupling inequality (2.1), and hence of the gradient inequality, would be considerably simplified if it were the case that X and Y never left the region ball(o, R). This can be arranged if X and Y are replaced by appropriately time-changed Brownian motions ~X and ~Y , and if the coupling is constructed using the corresponding conformal Riemannian metric. Account must then be taken of the fact that ~X and ~Y are typically Brownian motions with drift when referred to the conformal metric, but if this can be overcome then the Lipschitz property (2.2) can be obtained from a coupling inequality for time-changed Brownian motions just as well as from the coupling inequality (2.1). (In particular it helps that the conformal metric and the original metric turn out to be quasi-isometric on ball(o, R/2).)

In this section we shall show how to fill in the details of this time-change/conformal isometry approach. It makes for a simpler probabilistic set-up than in Cranston’s approach (though at the price of some general geometric calculations). The simpler probabilistic set-up will be helpful in Section 3, when we turn to gradient inequalities for harmonic maps, as it will be much easier to modify than Cranston’s original argument would have been.

We begin by noting the effect that conformal change of metric has on Riemannian curvature.

Theorem 2.1: Let ball(o, R) ⊂ M be an open geodesic ball of centre o and radius R in a complete Riemannian manifold M of metric tensor g, as above. Define the function ϕ : ball(o, R) → (0, R^2] by

ϕ(x) = R^2 − dist(x, o)^2 (2.3)

and suppose that g̃ is a metric which is conformal to g and is given by ∑ i ∑ j g̃_{ij} dx^idx^j = ∑ i ∑ j g_{ij} dx^idx^j ϕ^2(x) (2.4).

Then (i) the Riemannian manifold (ball(o, R), g̃) is (geodesically) complete;

(ii) its sectional curvatures are bounded below (and so it is stochastically complete; see Azencott, 1974, Yau, 1978, Dodziuk, 1983, Hsu, 1989). Moreover, its sectional curvatures are non-positive for all sufficiently small R.

Proof: This is purely a matter of calculation. We use the language of differential forms (the calculations can also be performed — albeit more clumsily — using covariant derivatives).

Part (i). Consider the distance of p from o, for a boundary point p ∈ ∂ ball(o, R). We can write the new, conformal, metric in polar coordinates (based on o and using the old metric g) as

dr^2 + ∑ i ∑ j q_{ij} dθ^idθ^j (R^2 − r^2)^2

and hence ~dist(p, o) = ∫_R 0 dr (R^2 − r^2) = ∞ where ~dist is the distance function for the conformal metric g̃. It follows from the triangle inequality that

~dist(p, x) ≥ ~dist(p, o) − ~dist(x, o) ≥ ∞

for any x ∈ ball(o, R). Thus the boundary ∂ ball(o, R) lies at infinity in the conformal metric, and (geodesic) completeness follows.

Part (ii). Recall the procedure for computing the curvature matrix-valued 2-form. Let Z be an orthonormal frame field in the old metric g. If θ is the coframe field for Z then the Levi-Civita connection form for g is the unique skew-symmetric matrix-valued 1-form ω solving dθ + ω ∧ θ = 0 . The curvature form for g is the skew-symmetric matrix-valued 2-form Ω given by Ω = dω + ω ∧ ω . Now the corresponding orthonormal frame field in the conformal metric g̃ is ~Z = ϕZ, with coframe field ~θ = θ/ϕ. It follows that the Levi-Civita connection form ~ω for the conformal metric is ~ω = ω + α, where α is a skew-symmetric matrix-valued 1-form given by

α_{ij} = 2 ( rr_j ~θ^i − rr_i~θ^j ) . Here r(x) = dist(x, o) and the notation r_i etcetera is an abbreviation for the partial derivative of r determined by ∑ i r_iθ^i = dr. Hence the curvature form ~Ω for the conformal metric is given by ~Ω = Ω + α ∧ ω + ω ∧ α + dα + α ∧ α . The sectional curvatures for the conformal metric are obtained by comparing ~Ω to the coframe field ~θ = θ/ϕ, or equivalently by comparing

ϕ^2 ~Ω = ϕ^2Ω + (ϕα) ∧ (ϕω) + (ϕω) ∧ (ϕα) + ϕ^2(dα + α ∧ α)

to θ. Now ϕα_{ij} = 2(R^2 − r^2) ( rr_j ~θ^i − rr_i~θ^j ) = 2 ( rr_jθ^i − rr_iθ^j ) is bounded on ball(o, R) when compared to the coframe field θ and indeed is O(R) as R → 0, uniformly on ball(o, R). Similarly ϕ^2Ω = (R^2 − r^2)^2Ω is bounded and O(R^4), and ϕω is bounded and O(R^2), again as R → 0 uniformly on ball(o, R) and when compared to the coframe field θ.

These last two computations show that ϕ^2 ~Ω is bounded on ball(o, R) when compared to θ, and hence that the sectional curvatures of the Riemannian manifold (ball(o, R), g̃) are bounded.

We shall need to work only to o(R^2) and so it suffices to consider ϕ^2(dα + α ∧ α) compared to θ in order to assess the size of ϕ^2 ~Ω. Computation reveals (working throughout uniformly on ball(o, R) and comparing to the coframe θ) that:

ϕ^2(dα + α ∧ α)_{ij} = − 4r^2θ^i ∧ θ^j + 2ϕ ( d(rr_j) ∧ θ^i − d(rr_i) ∧ θ^j ) − 2rϕ ∑ k ( r_jω_{ik} ∧ θ^k − r_iω_{jk} ∧ θ^k ) . The last term is O(R^3). To the middle term we apply the fact d(rr_i) = [d(rr_i)]_{r=0} + o(1). This follows by some well-known asymptotics which we repeat here for the sake of completeness of exposition:

[⟨d(rr_i), Z_j⟩]_{r=0} = [ ⟨d(Z_i r^2 2 ), Z_j ⟩ ] r=0 = [ Z_j Z_i r^2 2 ] r=0 = [ (Z_j Z_i − ∇_{Zj} Z_i) r^2 2 ] r=0 since [ ∇_{Zj} Z_i(^{r2}_2 ) ] r=0 = 0. Hence [ Z_j Z_i^{r2}_2 ] r=0 is tensorial in Z_i, Z_j , and so it suffices to consider [( W^2 )_{r2} 2 ] r=0 where W is the vectorfield of a unit speed geodesic γ through o. But [ W^2 r^2 2 ] r=0 = [ d^2 dt^2 dist(γ(t), o)^2 2 ] r=0 = 1 .

Thus d(rr_i) = d ( Z_i r^2 2 ) = θ^i + o(1) .

It follows, ϕ^2(dα + α ∧ α)_{ij} = −4r^2θ^i ∧ θ^j + 2(R^2 − r^2)(θ^j ∧ θ^i − θ^i ∧ θ^j ) + o(R^2) = −4R^2θ^i ∧ θ^j + o(R^2) . Finally we deduce from this that ϕ^2Ω_{ij} = −4R^2θ^i ∧ θ^j + o(R^2) (2.5) which completes the proof of (ii) and hence of this theorem.

Remark: It is immediate from the definition of g̃ that if R < 1 then the map (ball(o, R), g) −→ (ball(o, R), g̃) is a metric contraction.

Remark: It is clear from the proof that as R → 0 so the sectional curvatures of ball(o, R) under the conformal metric ∑ i ∑ j g_{ij} dx^idx^j (1 − r^2/R^2)^2

(2.6)

converge uniformly to −4.

Consider now a random process ~X on ball(o, R), which is time-changed Riemannian Brownian motion with respect to the old metric g, run at a varying rate using the conformality function ϕ so that ~X (∫ ϕ( ~X)^{−2} dt ) = ~X (∫ dt (R^2 − dist( ~X, o)^2)^2 )

is a Riemannian Brownian motion with respect to g. Then ~X will have infinitesimal generator^1/2 ϕ^2Δ where Δ is the Laplace-Beltrami operator for g (so Δf(x) = [∑ i d2 dt2 f ∘ γ^i(t) ] t=0 whenever γ^1, ... , γ^d are orthonormal unit-speed geodesics issuing from x). Except in dimension d = 2 the generator^1/2 ϕ^2Δ will not equal^1/2 ~Δ (half the Laplace-Beltrami operator for the conformal metric g̃). Its description is given in the next theorem.

Theorem 2.2: Using the above notation, and working in the setting of Theorem 2.1,

1/2 ϕ^2Δ =^1/2 ~Δ +^{d−2}_2 ϕ^2 grad log ϕ =^1/2 ~Δ +^{d−2}_2 ~grad log ϕ (2.7)

where grad, ~grad are gradients using metrics g, g̃ respectively. Moreover the norm of^{d−2}_2 ~grad ϕ under the metric g̃ is bounded uniformly over ball(o, R) by (d − 2)R. Proof: For all f, h ∈ C^∞_0 (ball(o, R)) we have ∫ h Δf dν = − ∫ ⟨df, dh⟩ dν where the integration is over the domain ball(o, R), ν is the volume measure for the Riemannian metric g, and ⟨·, ·⟩ is the inner product for g. Now dν = ϕ^d dν̃ , ⟨df, dh⟩ = ϕ^{−2}⟨df, dh⟩_{g̃} where ν̃, ⟨·, ·⟩_{g̃} are the volume measure and inner product for the conformal Riemannian metric g̃. Hence ∫ h Δf dν = − ∫ ⟨df, d(ϕ^{d−2}h)⟩_{g̃} dν̃ + ∫ ⟨df, d(ϕ^{d−2})⟩_{g̃} h dν̃ = ∫ (hϕ^{−2} ~Δ f)ϕ^d dν̃ + (d − 2) ∫ hϕ^{−2}⟨df, d log ϕ⟩_{g̃} ϕ^d dν̃ = ∫ (hϕ^{−2} ~Δ f) dν + (d − 2) ∫ hϕ^{−2}⟨f, ~grad log ϕ⟩ dν = ∫ (hϕ^{−2} ~Δ f) dν + (d − 2) ∫ h⟨f, grad log ϕ⟩ dν . The last two equations above are alternative derivations following from the definitions of the vectorfields ~grad log ϕ = ϕ2 grad log ϕ. The equations (2.7) are thereby established.

The norm of^{d−2}_2 ~grad log ϕ is obtained by noting that ‖X‖ = ϕ‖X‖_{g̃} where ‖X‖, ‖X‖_{g̃} are the norms of a vector X in the metrics g, g̃. Hence

‖ ~grad log ϕ‖_{g̃} = ϕ^{−1}‖ ~grad log ϕ‖ = ϕ^{−1}‖ϕ^2 grad log ϕ‖ = ‖ grad ϕ‖ = ‖2r grad r‖ = 2r ≤ 2R

This obtains the desired bound.

Remark: From these calculations we see that d − 2 2 ~grad log ϕ(x) = −(d − 2)r(x) ~grad_2 ~dist(o, x) .

Thus the effect of this particular conformal change-of-metric is to convert a g-Brownian motion into a timechange of a g̃-Brownian motion with inward-pointing g̃-bounded drift; moreover the drift increases in g̃-length with the distance from the centre-point o.

Remark: We choose to deal with the metric (2.4) rather than the metric (2.6) in order to make ‖ ~grad log ϕ‖_{g̃} bounded on ball(o, R) as R → 0.

Remark: It may be of interest to note that these calculations were checked in special cases by using the

REDUCE computer algebra package (Hearn, 1991) and in particular by using the contributed REDUCE program
EXCALC (Schrüfer, 1991), which provides a syntax which is close to that of the theory of differential forms.

We can now state and prove the main result of this section.

Theorem 2.3: Let ball(o, R) ⊂ M be an open geodesic ball of centre o and radius R in a complete Riemannian manifold M of metric tensor g, as above. For all sufficiently small R (depending only on the geometry of M ) there is a constant c_1 depending only on R and the geometry g of ball(o, R) such that the following holds. For any two x, y ∈ ball(o, R) we can construct time-changed g-Riemannian Brownian motions ~X, ~Y begun at x, y, which are time-changed g-Riemannian Brownian motions with respect to the same filtration, and are such that

P^{[ ~}X,^~Y fail to couple before one of^~X,^~Y exits ball(o, R)^] ≤ c1 ×^~dist(x, y) (2.8)

where ~dist is the Riemannian distance with respect to the conformal metric ∑ i ∑ j g̃_{ij} dx^idx^j = ∑ i ∑ j g_{ij} dx^idx^j ϕ^2 = ∑ i ∑ j g_{ij} dx^idx^j (R^2 − dist(x, o)^2)^2 .

We extend ~X and ~Y beyond the coupling time by setting them equal after that time.

Proof: Start with given x, y ∈ ball(o, R) and ~X constructed as in the discussion before Theorem 2.2, so that ~X( ∫ ϕ( ~X)^{−2}dt) is a g-Riemannian Brownian motion. Theorems 2.1 and 2.2 now allow us to use the method of Kendall (1986b), Cranston (1991) to give a direct construction of a similar diffusion ~Y starting at y for which the probability of not coupling satisfies the required linear upper bound. The construction is as follows.

First set χ =^{d−2}_2 ~grad log ϕ to be the g̃-bounded vectorfield arising in equations (2.7). Then it is a consequence of Theorem 2.2 that ~X satisfies the following Stratonovich differential equations of stochastic development and parallel transport (see for example Kendall, 1987a, 1988, 1993): d_S ~X = ~Ξ d_S B + χ( ~X) dt d_S ~Ξ = ~H~_Ξ d_S ~X (2.9a).

Here ~Ξ takes values in the g̃-orthonormal frame bundle ~O(ball(o, R)) sitting above ~X, while

~H_{ξ̃} : T_{πξ̃} ball(o, R) −→ T_{ξ̃} ~O(ball(o, R))

is the horizontal lift for the Levi-Civita connection for g̃. With ~X given as in the discussion before Theorem 2.2, the process B is ordinary Euclidean Brownian motion. Of course equation (2.9a) requires initial conditions: ~X_0 = x and ~Ξ_0 = ξ̃_0 for some frame ξ̃_0 sitting above x.

The coupled process ~Y is defined by extending the stochastic differential system (2.9a). Suppose that R is chosen small enough to ensure that ball(o, R) is simply-connected and is of bounded non-positive curvature under the conformal metric g̃ (Theorem 2.1 assures us that this second property holds for all R which are sufficiently small!). Then there is a unique geodesic connecting any two points x, y ∈ ball(o, R) under the g̃ metric. Let ~Mx,y : Tx ball(o, R) −→ Ty ball(o, R) be the “mirror-map under g̃”: the g̃-isometry obtained by parallel transport along this geodesic followed by reflection in the plane normal to the tangent vector of the geodesic. The coupled process ~Y is defined as solving d_S ~Y = ~Ψ d_S ( [ ~Ψ^{−1} ~M ~_{X,}~_Y ~Ξ] ∗ B ) + χ( ~Y ) dt d_S ~Ψ = ~H~_Ψ d_S ~Y (2.9b).

Here ~Ψ takes values in ~O(ball(o, R)) sitting above ~Y , while

[ ~Ψ^{−1} ~M ~_{X,}~_Y ~Ξ] ∗ B = ∫ [ ~Ψ^{−1} ~M ~_{X,}~_Y , ~Ξ] d_IB is the Itô integral of the Euclidean isometry [ ~Ψ^{−1} ~M ~_{X,}~_Y ~Ξ] with respect to the Euclidean Brownian motion B (being the Itô integral of an isometry-valued process, it remains a Euclidean Brownian motion). Equation (2.9b) also requires initial conditions: ~Y_0 = y and ~Ψ_0 = ψ̃_0 for some frame ψ̃_0 sitting above y. Note that by Theorem 2.1 we know that ball(o, R) is stochastically complete under g̃, and that ~X, ~Y are g̃-Riemannian Brownian motions with bounded drift; consequently ~X, ~Y stay in ball(o, R) for all time. Hence the system (2.9a, b) defines ~Y up to the coupling time (at which ~M ~_{X,}~_Y is no longer defined). The construction is continued after coupling by setting ~Y = ~X.

Following Kendall (1986a,b) and Cranston (1991), we can use a geometric form of the Itô formula and comparison arguments for Jacobi vectorfields to show that if the sectional curvatures under g̃ are bounded below by some constant −κ^2 depending on g and R (as is guaranteed by Theorem 2.1) then the distance between ~X and ~Y satisfies the following Itô stochastic differential equation up to the coupling time:

d_I ~dist( ~X, ~Y ) = 2 d_IA + dΛ .

The process A is a real-valued Brownian motion begun at 0, while Λ is a scalar process of locally bounded variation satisfying the upper bound

Λ_t ≤ (d − 1) ∫_t 0 1 κ tanh (_κ 2 ~dist( ~X, ~Y ) ) ds + ∫_t 0 ( ‖χ( ~X)‖_{g̃} + ‖χ( ~Y )‖_{g̃} ) ds ≤ 2c̃ × t (2.10)

(recall that Theorem 2.2 informs us that ‖χ‖_{g̃} ≤ (d − 2)R). In the above, κ and hence the constant c̃ are positive and depend only on R and on the original geometry g of ball(o, R). (It is important here for ease of argument that g̃ makes ball(o, R) into a simply-connected manifold of bounded non-positive sectional curvatures — though see the Remark at the end of this section.)

We have shown that until coupling the (conformal) distance process ~dist( ~X, ~Y ) is bounded above by a real Brownian motion of rate 4 and constant positive drift 2c̃, begun at ~dist(x, y). But this proves the theorem, since for a positive constant c_1 depending only on c̃ we have

P^[ 2At + 2c̃ t +^~dist(x, y) > 0 for all t^] = 1 − exp^(−c1^~dist(x, y)^) ≤ c1^~dist(x, y) .

But the event that 2A_t + 2c̃ t + ~dist(x, y) fails ever to hit zero is implied by the event ~dist( ~X, ~Y ) also will not hit zero, and therefore has larger probability. This establishes the required result.

Remark: In the theory of stochastic simulation, constructions such as that of ~Y from ~X are classified as using the method of antithetic variates. See Ripley (1987, Chapter 5).

Cranston (1991) establishes the gradient inequality even when the underlying Brownian motion has superimposed bounded drift, and the above approach allows for this also. This means that the results of Section 3 also cover, for example, the case of the Hermitian-harmonic maps of Jost & Yau (1993). Corollary 2.4: The conclusion of Theorem 2.3 still holds if we add a g-bounded drift vectorfield ζ to the underlying g-Riemannian Brownian motion (except that now the constant c_1 depends also on the supremum g-norm ‖ζ‖_g of the bounded drift): we still obtain a bound of the form of (2.8) for similar time-changes of g-Riemannian Brownian motion with g-bounded drift.

Proof: The supremum g̃-norm of ϕ^2v is bounded above by R^2‖ζ‖_g. Therefore the only modifications required to the proof of Theorem 2.3 are:

(i) equations (2.9a, b) are modified to include a drift term: d_S ~X = ~Ξ d_S B + χ( ~X) dt + ζ( ~X)dt d_S ~Ξ = ~H~_Ξ d_S ~X (2.9a^′) d_S ~Y = ~Ψ d_S ( [ ~Ψ^{−1} ~M ~_{X,}~_Y ~Ξ] ∗ B ) + χ( ~Y ) dt + ζ( ~Y )dt d_S ~Ψ = ~H~_Ψ d_S ~Y (2.9b^′)

(ii) the bound (2.10) is modified to include a bounded contribution from the drift term:

Λ_t ≤ (d − 1) ∫_t 0 1 κ tanh (_κ 2 ~dist( ~X, ~Y ) ) ds + ∫_t 0 ( ‖χ( ~X)‖_{g̃} + ‖χ( ~Y )‖_{g̃} ) ds + 2R^2‖ζ‖_g × t ≤ 2c̃^′ × t (2.10^′)

Thus we obtain a linear upper bound on the probability of no coupling, as required.

For the purpose of gradient bounds we need not suppose any smoothness for the drift vectorfield ζ, though we must then use a compactness argument to obtain weak solutions to the construction of equations (2.9a, b). However the smoothness argument of Theorem 3.2 does require smoothness of ζ.

Note that any strongly elliptic diffusion with smooth coefficients can be represented as a Riemannian Brownian motion with added drift. (See the discussion in Ikeda & Watanabe, 1981, pages 273-274.) Consequently the coupling argument above applies to this general case.

The metrics g, g̃ are quasi-isometric on ball(o, R/2). Hence we obtain the following:

Corollary 2.5: In Theorem 2.3 and Corollary 2.4 we may replace the conformal metric distance ~dist by the original metric distance dist so long as we restrict x, y to lie in ball(o, R/2):

P^{[ ~}X,^~Y fail to couple before one of^~X,^~Y exits ball(o, R)^] ≤ c2 × dist(x, y) (2.11)

for all x, y ∈ ball(o, R/2). (The constant c_1 changes to c_2, but still depends only on R and the geometry g of ball(o, R) and, in the case of nonzero bounded drift, the supremum g-norm ‖ζ‖_g of the drift vector.)

It will be useful in Section 3 to consider the consequence of using perfect correlation rather than the method of antithetic variates.

Corollary 2.6: In the setting of Theorem 2.3 (and of Corollary 2.4, if the drift is smooth), suppose that R is small enough for the conformal metric g̃ to have non-positive curvatures. Then we can modify the coupling of ~X, ~Y so that the mean distance between them grows at a fixed exponential rate: if X̂, Ŷ are the new coupled processes then

E^{[~}dist(^^Xt,^^Yt)^] ≤ exp^{( d−1}_2 t^) ×^~dist(^^X0,^^Y0) (2.12)

in the case of Theorem 2.3 (in the case of smooth nonzero bounded drift replacing^{d−1}_2 by some positive constant not depending on X̂_0, Ŷ_0).

Proof: The modified construction simply replaces ~M_{x,y} by parallel transport along the intervening geodesic: ~Tx,y : Tx ball(o, R) −→ Ty ball(o, R) . With X̂, Ŷ defined using the corresponding modifications of (2.9a, b) the Itô analysis of ~dist(X̂, Ŷ ) shows that it has zero martingale part, and its drift Λ̂ is bounded above by

Λ̂_t ≤

(d − 1) ∫_t 0 1 κ tanh (_κ 2 ~dist(X̂, Ŷ ) ) ds + ∫_t 0 ( ⟨χ(X̂), ~grad_1 ~dist(X̂, Ŷ )⟩_{g̃} + ⟨χ(Ŷ ), ~grad_2 ~dist(X̂, Ŷ )⟩_{g̃} ) ds .

(Add a term ∫_t 0 ‖Dζ‖_g × ~dist(X̂, Ŷ ) ds in the case of smooth nonzero bounded drift ζ.) Now we can compute

χ(X̂) = d − 2 2 ( ~grad log ϕ ) (X̂) = −(d − 2)r(X̂) ~grad_2 ~dist(o, X̂)

(see the Remark at the end of the proof of Theorem 2.2). The g̃ metric has non-positive curvatures, so we can use comparison with Euclidean trigonometry (via Toponogov’s theorem Cheeger & Ebin, 1975, Chapter 2) to show that the integrand of the second term

⟨χ(X̂), ~grad_1 ~dist(X̂, Ŷ )⟩_{g̃} + ⟨χ(Ŷ ), ~grad_2 ~dist(X̂, Ŷ )⟩_{g̃} = − (d − 2) ( r(X̂)⟨ ~grad_2 ~dist(o, X̂), ~grad_1 ~dist(X̂, Ŷ )⟩_{g̃} + r(Ŷ )⟨ ~grad_2 ~dist(o, Ŷ ), ~grad_2 ~dist(X̂, Ŷ )⟩_{g̃}

) (2.13)

is non-positive.

To see this, consider the geodesic triangle with vertices at o, X̂, Ŷ . By Toponogov’s theorem, the angles at X̂, Ŷ (of cosines ⟨ ~grad_2 ~dist(o, X̂), ~grad_1 ~dist(X̂, Ŷ )⟩_{g̃} and ⟨ ~grad_2 ~dist(o, Ŷ ), ~grad_2 ~dist(X̂, Ŷ )⟩_{g̃} ) must sum to less than π in radians. If both are no larger than π/2 then both terms of the sum in (2.13) must be non-positive.

On the other hand, suppose (without loss of generality) that the angle at X̂ is greater than π/2 then, again by Toponogov’s theorem, ~dist(o, X̂) < ~dist(o, Ŷ ). Hence r(X̂) < r(Ŷ ) and this together with the angle-sum inequality means again that the quantity in (2.13) must be negative.

The bound (2.12) follows directly, since d_I ~dist(X̂, Ŷ ) = dΛ̂

So the effect of the conformal change-of-metric is actually to bring coupled time-changed g-Brownian motions still closer together in the g̃-metric!

Remark: Further consideration of the methods of Kendall (1986b), Cranston (1991) shows that it is not necessary to restrict R to be “sufficiently small” in Theorem 2.3 and its corollaries. The only problem that may arise for large R is that the geodesic between x and y may no longer be unique, in which case the construction of the system (2.9a, b) will break down. However it is shown in these two references how to apply the methods of Kendall (1987b) to extend the construction to deal with this kind of phenomenon (it should be noted that Cranston, 1991 gives the more elegant treatment), and its effect is essentially only to decrease the drift differential of ~dist( ~X, ~Y ) still further. This refinement is not required in the local considerations of Section 3 and so we do not discuss it further here.

3: Gradient inequalities for harmonic maps.

In Section 1 it was briefly indicated how probability may be applied to harmonic maps. We now describe this relationship in a little more detail.

We say that a finely harmonic map F : M → N, from one Riemannian manifold to another, is a measurable map such that for quasi-almost all x ∈ M the random process F (X) is a Γ-martingale whenever X is a Brownian motion on M begun at x. Recall that a Γ-martingale Y is a semimartingale whose stochastic development is a local martingale; equivalently ϕ(Y ) is a submartingale in any domain for which the map

ϕ : N → R is convex. (Hence ϕ ∘ F is subharmonic wherever F maps into a domain of convexity of ϕ, yielding

a definition of finely harmonic maps in which probability does not appear.) In Kendall (1990) it was shown how to construct continuous finely harmonic maps as solutions to small-image Dirichlet problems.

If a finely harmonic map F is twice continuously differentiable then an application of the Itô formula shows that it must satisfy the nonlinear elliptic system of partial differential equations M_{ΔF} α_+ M_gij N_Γα_{βγ}^{∂F β}_{∂xi}^{∂F γ}_{∂xj =} M_gij^{{ ∂F α}_{∂xi∂xj −} M_Γk_{ij}^{∂F α}_{∂xk +} N_Γα_{βγ}^{∂F β}_{∂xi}^{∂F γ}_{∂xj}^}_{= 0 (3.1).} (Here and in the formula below we use the Einstein convention of summing over repeated indices.) These are actually the Euler-Lagrange variational equations for the energy functional (1.1). In such a case we say that F is a harmonic map. In this section we shall explore a way in which the coupling ideas of Section 2, together with standard regularity results for scalar linear elliptic partial differential equations, can be used to derive a probabilistic proof of regularity for continuous finely harmonic maps.

Of course there is an analytic theory of regularity for continuous weakly harmonic maps between Riemannian manifolds: see for example Hildebrandt (1985), also Aviles, Choi & Micallef (1991). However notice that the definitions of finely harmonic map and of harmonic map, as given above, make sense when the codomain N is furnished only with a connection which need not be compatible with any metric. Moreover we may replace the Brownian motion on M by a strictly elliptic diffusion with smooth coefficients, or equivalently replace the M -Laplace-Beltrami part of equation (3.1) M_{ΔF} α_=^{∂F α}_{∂xi∂xj −} M_Γk_{ij}^{∂F α}_{∂xk} by the action on F^α of a strictly elliptic second-order differential operator L with smooth coefficients. As indicated in Section 2, any such L may be represented as L = MΔ + ζ, where MΔ is the Laplace-Beltrami operator derived from a suitable Riemannian metric on M and ζ is a smooth vectorfield on M . From this we obtain the notions of finely L-harmonic map and L-harmonic map.) As noted in Kendall (1991a), the probabilistic method of Kendall (1990) applies to these generalizations essentially without change. We shall see that the probabilistic proof of regularity also generalizes easily to cover these extensions.

We begin by considering the simpler case of a Riemannian target N for which all the sectional curvatures are everywhere non-positive.

Theorem 3.1: Suppose that F : M → N is a continuous finely L-harmonic map between complete Riemannian manifolds M and N (M perhaps with boundary), where L = MΔ + ζ is the Laplace-Beltrami operator MΔ with superimposed locally bounded drift ζ. Suppose that N has non-positive sectional curvatures. Then F is locally Lipschitz in the interior of M .

Proof: We describe the proof only for the case of zero superimposed drift ζ; the changes required to prove the general case are straightforward, involving reference to Corollary 2.4 rather than Theorem 2.3.

First notice that here (and also in the general case) we are concerned with an essentially local situation, so that we need consider only the case of a continuous finely harmonic map

F : ball(o, R) −→ U

where ball(o, R) is an open geodesic ball contained in M and the codomain U is a bounded open subset of N, and both ball(o, R) and U may be taken as small as may be required. Moreover we need show the Lipschitz property of F only in the smaller ball(o, R/2) (say).

The curvature assumption means that the distance function distNon N is convex as a function on the Riemannian product manifold N × N. (In the terminology of Kendall, 1990, compact balls of N have convex geometry.) Suppose that ~X, ~Y are time-changed Brownian motions begun at x, y ∈ ball(o, R/2) as in Theorem 2.3. Then the stochastic developments of ~X, ~Y are time-changed Brownian motions and thus those of F ( ~X), F ( ~Y ) are time-changed local martingales. But the local-martingale property is preserved under time-change, and so F ( ~X), F ( ~Y ) are both Γ-martingales on N. Consequently (F ( ~X), F ( ~Y )) is a Γ-martingale

on N × N (using the product Riemannian metric) and so distN(F (^~X), F (^~Y )) is a submartingale.

It follows from Theorem 2.3 that

distN(F (x), F (y)) = distN(F ( ~X_0), F ( ~Y_0))

≤ E^[distN(F (^~X∞), F (^~Y∞))^] ≤ c2 diam(U ) × distM(x, y) .

Here distMis the distance for M , the constant c_2 is the constant which appears in Corollary 2.5, and the limits F ( ~X_∞), F ( ~Y_∞) are interpreted via Γ-martingale convergence of F ( ~X), F ( ~Y ) (the Γ-martingales must converge because of a convexity argument; see for example Huang & Kendall, 1991, Theorem 4A). Thus F satisfies a Lipschitz condition on ball(o, R/2) as required.

Remark: for this case the original Cranston coupling (using g-Brownian motions without time-changes) could have been used.

Once we know that F is a locally Lipschitz finely harmonic map then we can use probability to reduce the problem of regularity to the scalar linear case. Note that the local Lipschitz property is not a metric property and so applies to maps between smooth manifolds without metric structure.

Theorem 3.2: Suppose that F : M → N is a locally Lipschitz finely L-harmonic map from a complete Riemannian manifold M (perhaps with boundary) to a manifold N furnished with a geodesically complete connection, where L = MΔ + ζ is the Laplace-Beltrami operator MΔ with superimposed smooth drift ζ. Then F is a smooth map in the interior of M .

Proof: As before, we describe the proof only for the case of zero superimposed drift ζ, since the changes required to prove the general case are straightforward.

Again we can specialize to F : ball(o, R) → U , where R and U can be taken as small as required. We choose an arbitrary reference Riemannian metric for N.

From the local Lipschitz property it follows that F has a weak first derivative DF in ball(o, R), which is bounded when we use the reference metric on N and the given Riemannian metric on M (see for example Ziemer, 1989, Theorem 2.1.4). We set c_{lip} = sup{‖DF (x)‖ : x ∈ ball(o, R)}.

If X is Brownian motion on ball(o, R) (using the given metric on M ) with stochastic development B (a stopped Brownian motion) then F (X) is a Γ-martingale on U with stochastic development N a local martingale. Since the Euclidean Brownian motion B generates the underlying filtration, we may use the martingale representation theorem (as discussed in Section 9 of Kendall, 1990) to deduce the existence of a predictable random process η mapping T_X M linearly to T_{F (X)}N, and such that N can be expressed as the Itô integral N = [ Ψ^{−1} η Ξ ] ∗ B where Ψ is the parallel transport in O(N) for F (X) and Ξ is the parallel transport in O(M ) for X. (In fact arguments based on the Markov property can be used to show that η is a measurable section of T M ⊗_F T N over X.)

We will now show that η = DF (X) (3.2)

P-almost-surely for almost all time until X exits ball(o, R).

For suppose that s is a smooth convex function on U . Then u = s ∘ F is subharmonic and Lipschitz, with weak first derivative (grad s) ∘ DF . If ~X is a time-changed Brownian motion as in Theorems 2.3, 3.1 above then regularity theory for its heat kernel shows us that

p^ϵ(x) = E [ s ∘ F ( ~X_ϵ) | | ~X_0 = x ] defines a function p^ϵ which is smooth on ball(o, R) and which converges uniformly to s∘F on compact subsets of ball(o, R). Furthermore p^ϵ( ~X) is a submartingale (by a direct computation using iterated conditional expectations), and satisfies a Lipschitz estimate with respect to the g̃ metric on ball(o, R). To establish the Lipschitz estimate we use Corollary 2.6: |p^ϵ(x) − p^ϵ(y)| = | | |E^[s ∘ F (^^Xϵ) − s ∘ F (^^Yϵ)^{|^}X0 = x,^^Y0 = y^{]|} ≤ c_{lip}‖ grad(s)‖_∞ exp ( d − 1 2 ϵ ) × ~dist(x, y) . On compact subsets of ball(o, R) we know that ~dist is comparable with dist. Consequently Dp^ϵ is bounded on such compact subsets.

The convergence p^ϵ → s ∘ F holds uniformly on compact regions in ball(o, R), and Dp^ϵ is bounded on such regions, so we may use weak compactness methods to select a subsequence (which we will still denote by {p^ϵ}) such that (using now the Brownian motion X rather than the time-changed Brownian motion ~X) E [∫_T 0 ⟨Dp^ϵ(X) − (grad s) ∘ DF (X), h(X)⟩ dt | | X_0 = x ] −→ 0 as ϵ → 0 ,

for any vectorfield h such that E [∫_T 0 ‖h(X)‖^2 dt | X_0 = x ] < ∞, when x is in a given compact region of ball(o, R) and T is the exit time from this region. Over such stochastic intervals [0, T ] we may consider the Itô decomposition d_I p^ϵ(X) = [Dp^ϵ(X) Ξ] d_I B +^1/2 trace Hess p^ϵ(dX, dX)

and deduce that the integral of the left-hand side converges to s ∘ F (X) in L^2, the integral of the first term on the right-hand side converges to ∫ [(grad s) ∘ DF (X) Ξ] d_I B weakly in L^2, and thus the integral of the second term on the right-hand side must also converge weakly in L^2, say to V . The limit V is the weak limit of increasing processes (recall that p^ϵ is subharmonic), so itself is increasing, and we have therefore identified an Itô decomposition for s ∘ F :

d_I (s ∘ F (X)) = [(grad s) ∘ DF (X) Ξ] d_I B + dV .

However the Itô decomposition for s ∘ F (X) can be obtained directly: using the geometric form of the Itô formula and our formula for N the stochastic development of the Γ-martingale F (X) we can show that

d_I (s ∘ F (X)) = [(grad s) ∘ η Ξ] d_I B +^1/2 trace Hess s(dX, dX) .

It follows, E [∫_T 0 ‖(grad s) ∘ η − (grad s) ∘ DF (X)‖^2 dt | | X_0 = x ] = 0 .

For sufficiently small U the supply of smooth convex s is rich enough (use squares of coordinate functions) to allow us to deduce that η = DF for almost all time, P-almost-surely, as required.

Consider the Itô formula applied to f(F (X)) for a smooth function f : U → R. Taking expectations we find that

E [f(F (Xσ ))] = f(F (X0)) +^1/2 E^{[∫ σ}_0 trace Hess f(DF (X), DF (X)) dt^]

for any stopping time σ. Hence we may deduce that u = f ∘ F is a weak solution of the scalar linear elliptic partial differential equation Δu = [ trace Hess f(DF, DF ) ] (3.3),

and the right-hand side is an L^∞ function on ball(o, R/2).

We can now apply the regularity theory of scalar linear elliptic partial differential equations. It follows from Theorem 8.34 and Corollary 8.35 of Gilbarg & Trudinger (1983) that equation (3.3) has a unique solution in W^{1,2} which is also C^{1,α}. Since u = f ∘ F is W^{1,∞} ⊂ W^{1,2} we deduce that u is C^{1,α}. Since f is an arbitrary smooth function of compact support, it follows that F is also C^{1,α}, and hence that DF and hence trace Hess f(DF, DF ) are C^α. The theory of scalar linear elliptic partial differential equations with C^α coefficients applies, so that we may deduce u = f ∘ F is C^2 (and indeed C^∞ by repeating this procedure). It follows immediately that F is smooth (since f is an arbitrary smooth function), and so the proof is completed.

If N is permitted to have some positive curvatures then the distance function distNneed no longer be

convex. Even if the connection is not Riemannian, we can choose U to be small enough to have convex geometry: to support a function Φ : U × U −→ [0, 1]

which is convex and vanishes only on the diagonal (Emery & Meyer, 1989, Lemma (4.59), Kendall, 1990, 1991). However in general such functions behave like distNraised to a power greater than 1. Consequently the obvious extension of the above methods can only supply a Hölder condition, rather than a full Lipschitz property. For example,

Corollary 3.3: Suppose that F : M → N is a continuous finely L-harmonic map (for L, M , N as in Theorem 3.2). Then F is locally Hölder(^1/2) in the interior of M .

Proof: Following Lemma (4.59) of Emery & Meyer (1989), choose R small enough that F restricted to the closed region ball(o, R) has codomain U of convex geometry: supporting a convex function

Φ : U × U −→ [0, 1]

which is convex and vanishes only on the diagonal, and such that

Φ(m, n) ≥ constant × distN(m, n)^2 (3.4)

for m, n ∈ U . For example in the Riemannian case Φ can be chosen of the form Φ(m, n) = ( α^2 + distN(m, k)^2 + distN(n, k)^2 ) distN(m, n)^2 (3.5)

for some reference point k ∈ U , and suitable α. (Emery gives a similar construction for manifolds with general connections.)

Using the coupling construction of Theorem 2.3 and Corollary 2.4 we see that for all x, y in ball(o, R/2)

distN(F (x), F (y))^2 ≤ constant × Φ(F (x), F (y)) ≤ constant × E [ Φ(F ( ~X_∞), F ( ~Y_∞)) ] ≤ constant × diam(U ) × ~dist(x, y) ≤ constant × diam(U ) × dist(x, y)

where the constant varies from formula to formula but does not depend on the choice of x, y ∈ ball(o, R/2). (Note also that F ( ~X_∞), F ( ~Y_∞) are defined as Γ-martingale limits in U , using for example Huang & Kendall, 1991, Theorem 4A.) The local Hölder(^1/2) condition follows.

However we see below that it is possible to recover regularity for continuous finely L-harmonic maps

F : M → N where the codomain N is entirely general (and L is a strictly elliptic second-order differential

operator with smooth coefficients), by varying the coupling and by using the Hölder(^1/2) result of Corollary 3.3.

Theorem 3.4: Suppose that F : M → N is a continuous finely L-harmonic map, where L is a strictly elliptic second-order differential operator with smooth coefficients and N is a manifold with geodesically complete connection. Then F is smooth in the interior of M and in particular is a harmonic map.

Proof: Give M the Riemannian metric such that L = MΔ + ζ, where ζ is a vectorfield (the intrinsic drift of L). Furnish N with a reference Riemannian metric.

Because of Theorem 3.2 it suffices to show that F is locally Lipschitz. As before, we can localize to the case F : ball(o, R) −→ U

for U a small open subset of N and for R small. The method of proof of Theorem 3.1 applies directly so long as we can show the existence for each x, y ∈ ball(o, R/2) of a coupled pair ~X, ~Y of time-changes of Riemannian Brownian motions with drift ζ in M , beginning at x, y and such that (i) there is a constant not depending on the choice of x and y such that

P^{[ ~}X,^~Y fail to couple before either one exits from ball(o, R)^] ≤ constant ×^~dist(x, y) ;

(ii) the distance process distN(F ( ~X), F ( ~Y )) is a submartingale up to the first time that F ( ~X) = F ( ~Y ).

We begin by working on part (ii) of the requirements. First note that for sufficiently small U there is a positive constant c_3, depending only on the upper bound of sectional curvatures in U , and such that

Hess distN(m, n)((v_1, v_2), (v_1, v_2)) ≥ − c_3 distN(m, n) {( ‖v_1‖^2 − ⟨v_1, grad_1 dist(m, n)⟩^2 ) + ( ‖v_2‖^2 − ⟨v_2, grad_2 dist(m, n)⟩^2 )} (3.6)

for v_1 ∈ T_mN, v_2 ∈ T_nN. (Of course this is working in the reference metric for N. It uses standard estimates on Jacobi vectorfields, as found for example in Hildebrandt, 1985.)

There is also a positive constant c_4, depending only on the lower bound of sectional curvatures in U , such that Hess distN(m, n)((v_1, 0), (v_1, 0)) ≥ c_4 ×

‖v_1‖^2 − ⟨v_1, grad_1 dist(m, n)⟩^2 distN(m, n)

Hess distN(m, n)((0, v_2), (0, v_2)) ≥ c_4 ×

‖v_2‖^2 − ⟨v_2, grad_2 dist(m, n)⟩^2 distN(m, n)

(3.7)

for v_1 ∈ T_mN, v_2 ∈ T_nN. (Again, use standard estimates on Jacobi vectorfields from, for example, Hildebrandt, 1985.)

Fix α ∈ (0,^1/2) and choose R < 1 small enough so that U can be chosen small enough to ensure that

c_4 c^{2α}_5 distN(m, n)^{2α−1} > c_3 distN(m, n) + ‖δ‖_∞ (3.8)

for all m, n ∈ U , m ≠ n, where c_5 is the constant for the Hölder(^1/2) property for F following from Corollary 3.3:

distN(F (x), F (y)) ≤ c_5 dist(x, y)^{1/2} (3.9)

for all x, y ∈ ball(o, 1) (say), and δ_ξ is a vector-valued bilinear form, bounded for all orthonormal frames ξ ∈ O(U ), representing the effect of the disagreement between specified and reference connections, so that if F ( ~X) is a Γ-martingale on N using the specified (non-Riemannian) connection for N then

d_S F ( ~X) = Ξ^∗ d_S M + δ_Ξ� (d[M, M ])

d_S Ξ^∗ = H_Ξ� d_S F ( ~X)

where Ξ^∗ is the parallel transport over F ( ~X) using the reference Riemannian metric, and M is a martingale (in fact d_I M = [(Ξ^∗)^{−1}Θ^∗] d_I M^∗ where Θ^∗ is the stochastic parallel transport over F ( ~X) using the specified, non-Riemannian connection and M^∗ is the corresponding stochastic development). The quantity δ_ξ can be represented in terms of the difference of traces of Hessians built up from the specified and reference connections.

We now modify the coupling construction (2.9a, b) as follows. Suppose that A, B, C are independent d-dimensional Euclidean Brownian motions. Construct ~X, ~Y starting at x, y ∈ ball(o, R/2) with initial frames ξ̃_0, ψ̃_0 in ~O(ball(o, R)) to solve the system

d_S ~X = ~Ξ d_S W^( ~^{X)} + χ( ~X) dt + ζ( ~X) dt d_S ~Ξ = ~H~_Ξ d_S ~X (3.10a)

d_S ~Y = ~Ψ d_S W^(~^{Y )} + χ( ~Y ) dt + ζ( ~Y ) dt

d_S ~Ψ = ~H~_Ψ d_S ~Y (3.10b)

d_I W^( ~^{X)} = dist( ~X, ~Y )^{α/2} d_IA + √ ( 1 − dist( ~X, ~Y )^α ) d_I B d_I W^(~^{Y )} = dist( ~X, ~Y )^{α/2} d_IC + √ ( 1 − dist( ~X, ~Y )^α ) [ ~Ψ^{−1} ~M ~X,~Y ~Ξ ] d_IB (3.10c)

The point is that only 1−dist( ~X, ~Y )^α of the quadratic variations of ~X, ~Y are held in common via the “mirrormap” ~M ~_{X,}~_Y : the remainders derive from independent Brownian motions. As ~X, ~Y draw together so the common quadratic variation increases; the exponent α is chosen so that the probability of not coupling is subject (as we will shortly see) to a bound which is linear in ~dist(x, y). Nevertheless the independent variation supplies sufficient repulsion between F ( ~X), F ( ~Y ) to overcome the nonconvexity of the distance function in N, and also to overcome the disagreement between the specified connection for N and the Levi-Civita connection for its reference Riemannian metric.

An Itô analysis of distN(F ( ~X), F ( ~Y )) reveals the drift of its Itô differential to be

trace [ Hess distN(F ( ~X), F ( ~Y )) · ((Ξ^∗ dM, Ψ^∗ dN ), (Ξ^∗ dM, Ψ^∗ dN )) ] + grad_1 distN(F ( ~X), F ( ~Y ))δ_Ξ� (d[M, M ]) + grad_2 distN(F ( ~X), F ( ~Y ))δ_Ψ� (d[N, N ])

(3.11)

where M , N are the (local) martingale parts of the stochastic developments of F ( ~X), F ( ~Y ), and Ξ^∗, Ψ^∗ are their stochastic parallel transports (using the reference metric for N). But we may apply the martingale representation theorem to deduce the existence of matrix-valued processes J ~^X , J ~^Y such that d_IM = J ~^X [ dist( ~X, ~Y )^{α/2} d_I A + √ ( 1 − dist( ~X, ~Y )^α ) d_I B ]

d_IN = J ~^Y [ ~Ξ^{−1} ~M ~Y , ~X ~Ψ ] [ dist( ~X, ~Y )^{α/2} d_IC + √ ( 1 − dist( ~X, ~Y )^α ) [ ~Ψ^{−1} ~M ~X,~Y ~Ξ ] d_I B ] (3.12).

(This is shown for J ~^X by working in the filtration generated by ~X alone, for J ~^Y by working in the filtration generated by ~Y alone.)

From equations (3.11), (3.12) we deduce that the drift of the Itô differential of distN(F ( ~X), F ( ~Y )) is

dist( ~X, ~Y )^α trace [ Hess_1 distN(F ( ~X), F ( ~Y )) · ( Ξ^∗J ~^X dA, Ξ^∗J ~^X dA )]

+ ( 1 − dist( ~X, ~Y )^α ) × × trace [ Hess distN(F ( ~X), F ( ~Y )) · ( (Ξ^∗J ~^X dB, Ψ^∗J ~^Y dB), (Ξ^∗J ~^X dB, Ψ^∗J ~^Y dB) ) ]

+ dist( ~X, ~Y )^α trace [ Hess_2 distN(F ( ~X), F ( ~Y )) · ( Ψ^∗J ~^Y dC, Ψ^∗J ~^Y dC )] + grad_1 distN(F ( ~X), F ( ~Y ))δ_Ξ� (d[M, M ]) + grad_2 distN(F ( ~X), F ( ~Y ))δ_Ψ� (d[N, N ])

(3.13)

Using the representation (3.12) of M , N in terms of A, B, C, and noting that A, B, C are all Brownian motions, the nonnegativity of this expression follows by employing the bounds (3.6), (3.7), which show that the quantity in (3.13) is bounded below by ( c_4 dist( ~X, ~Y )^α distN(F ( ~X), F ( ~Y )) − ‖δ‖_∞ ) dt × ∑ v { ‖J ~^X v‖^2 + ‖J ~^Y v‖^2 }

− c_3 distN(F ( ~X), F ( ~Y )) dt × ∑ v { ‖J ~^X v‖^2 − ⟨Ξ^∗J ~^X v, grad_1 distN(F ( ~X), F ( ~Y ))⟩^2

+ ‖J ~^Y v‖^2 − ⟨Ψ^∗J ~^Y v, grad_2 distN(F ( ~X), F ( ~Y ))⟩^2 } where the sum is taken over an orthonormal basis of vectors {v}. The sum is an absolutely continuous nonnegative random measure, and its density is bounded below because of the following:

c_4 dist( ~X, ~Y )^α distN(F ( ~X), F ( ~Y )) − c_3 distN(F ( ~X), F ( ~Y )) − ‖δ‖_∞ ≥ c_4 c^{2α}_5 dist(F ( ~X), F ( ~Y ))^{2α−1} − c_3 distN(F ( ~X), F ( ~Y )) − ‖δ‖_∞ ≥ 0

using the bounds (3.8), (3.9). Of course this analysis breaks down as soon as F ( ~X) = F ( ~Y ). However we see that distN(F ( ~X), F ( ~Y )) is a submartingale up to the first time that F ( ~X) = F ( ~Y ). This establishes part (ii) of our requirements.

Part (i) follows from an Itô analysis of the distance process ~dist( ~X, ~Y ). The drift of its stochastic differential is bounded above by

(d − 1) { ( 1 − dist( ~X, ~Y )^α ) κ^{−1} tanh ( κ ~dist( ~X, ~Y ) 2 )

+^1/2 dist( ~X, ~Y )^ακ coth ( κ ~dist( ~X, ~Y ) ) } dt + 2‖χ‖_∞ dt + 2‖ζ‖_∞ dt ≤ (d − 1) { κ^{−1} tanh ( κ ~dist( ~X, ~Y ) 2 )

+^1/2 ~dist( ~X, ~Y )^ακ coth ( κ ~dist( ~X, ~Y ) ) } dt + 2(‖χ‖_∞ + ‖ζ‖_∞) dt (using the Remark about metric contraction following the proof of Theorem 2.1: recall that R < 1) while its martingale part is of quadratic variation bounded above by 4 dt. The probability of it failing to hit zero is bounded above by the probability p(r_0) of ρ failing to hit zero before hitting the level 1, where ρ solves the stochastic differential equation ρ_0 = ~dist( ~X_0, ~Y_0) = r_0

d_I ρ = d_I W + c_6 2ρ^{1−α} dt (3.14)

for W a (scalar) Brownian motion and for some positive c_6 not depending on x, y. But then the Itô formula may be applied to show p^{′′} + c_6 r^{1−α} p^′ = 0 ; p(0) = 0 , p(1) = 1 ,

which can be solved to give p(r) = ∫_r 0 exp(−αc_6s^α) ds ∫_1 0 exp(−αc_6s^α) ds . So p is C^1 and moreover p^′(0) = 1 ∫_1 0 exp(−αc_6s^α) ds > 0 and so p(r_0) ≤ constant × ~dist(x, y) .

This deals with Part (i) as required, and so the Theorem is proved.

4: Conclusion.

The probabilistic approach to regularity described here covers the mild modifications of the Euler- Lagrange variational equations for (1.1) mentioned above; these modifications correspond to replacing the Riemannian Brownian motion by a strongly elliptic diffusion with smooth coefficients, and replacing the geometric datum of a Riemannian metric on the target manifold by that of a general connection. Hence these results are more than mere probabilistic variations on the analytic approach to harmonic maps (but see Wahl, 1981). A further possible generalization is hinted at by the recent work of Ben Arous, Cranston & Kendall (1993), which has derived coupling results holding for certain nilpotent diffusions. It seems at least possible that the probabilistic approach may therefore generalize to cover some nonlinear hypoelliptic partial differential systems. However it is not yet at all clear how the results of Ben Arous et al. can lead to gradient inequalities and hence to regularity results of the form described above. Note that the results of Picard (1991a, 1993) and also of Arnaudon (1993) (using the methods of Emery & Mokobodzki, 1991; see also Cohen, 1992) provide very general existence results for considerable probabilistic generalizations of harmonic maps (related to analytic work of Jost (1993) on generalizations of harmonic maps to metric spaces). However in general these maps need not be continuous; coupling theory (where it applies) should provide a convenient way of establishing continuity.

At the time of writing there are many other workers undertaking various probabilistic investigations into nonlinear partial differential equations. Of these, the nearest in spirit to the Γ-martingale approach to harmonic maps is provided by the work of Pardoux and Peng (see for example Peng, 1991). This constructs solutions to quasilinear partial differential systems by solving stochastic control reachability problems, and in this is similar in spirit to the approaches of Kendall (1990), Picard (1991b). However Pardoux and Peng require a global Lipschitz condition for their approach, and this is not available for harmonic maps because of the quadratic term M_gij N_Γα_{βγ}^{∂F β}_{∂xi}^{∂F γ}_{∂xj} Perhaps one should seek for a synthesis of one of the Γ-martingale approaches and the Pardoux-Peng approach, combining (a) the Γ-martingale techniques for dealing with non-globally Lipschitz coefficients with (b) the greater generality (within the global Lipschitz context) of the Pardoux-Peng method.

In addition to the application described here, coupling methods have found recent use in other areas of stochastic analysis: linear partial differential equation theory (Kendall, 1989 established a partial domain monotonicity result for Neumann heat kernels), in stochastic differential geometry (for example Cranston, 1992), in spectral gap problems (see for example Chen, 1994), and in treatments of diffusions on fractals (see Barlow & Bass, 1993). It would be of great interest to determine to what extent coupling methods of the kind described here might be similarly applicable to gradient estimates for infinite-dimensional diffusions. (Of course the general coupling method is a well-established tool for general investigation of infinite dimensional random systems; see for example Liggett, 1985.) Preliminary calculations suggest that concepts such as Cameron-Martin space will arise in a very natural way.

Author’s address: W.S. Kendall Statistics Department University of Warwick Coventry CV4 7AL UK Author’s email: w.s.kendall@warwick.ac.uk

References:

Arnaudon, M. (1993), “Sur l’existence dans une variété de martingales de valeur terminale donné,” IRMA and Univ. Louis Pasteur Preprint, Strasbourg.

Aviles, P., H. Choi & M. Micallef (1991), “Boundary behavior of harmonic maps on non-smooth domains and complete negatively curved manifolds,” J. Funct. Anal. 99, 293–331.

Azencott, R. (1974), “Behaviour of diffusion semigroups at infinity,” Bull. Sci. Math. (2) 102, 193–240. Barlow, M.T. & R. Bass (1993), “Coupling and Harnack inequalities for Sierpinski carpets,” Univ. of Washington Dept. Mathematics Preprint, Seattle.

Ben Arous, G., M. Cranston & W.S. Kendall (1993), “Coupling constructions for hypoelliptic diffusions: Two examples,” Warwick Univ. Dept. of Statistics Research Report 261.

Cheeger, J. & D.G. Ebin (1975), Comparison theorems in Riemannian geometry, North-Holland, Amsterdam. Chen, M.-F. (1994), “Optimal couplings and application to Riemannian geometry,” in Probability theory and Mathematical Statistics, B. Grigelionis et al., ed. 1, VPS/TEV, 15 pp.

Cohen, S. (1992), “Géometrie différentielle avec sauts,” C. R. Acad. Sci. Paris Sér. I Math. 314, 767–770. Cranston, M. (1991), “Gradient estimates on manifolds using coupling,” J. Funct. Anal. 99, 110–124. Cranston, M. (1992), “A probabilistic approach to Martin boundaries for manifolds with ends,” Univ.

Rochester Dept. Mathematics Preprint.

Dodziuk, J. (1983), “Maximum principle for parabolic inequalities and the heat flow on open manifolds,” Indiana Univ. Math. J. 32, 703–716.

Eells, J. & L. Lemaire (1983), Selected topics in harmonic maps, American Mathematical Society, Providence, RI. Eells, J. & L. Lemaire (1988), “Another report on harmonic maps,” Bull. London Math. Soc. 20, 385–524. Elworthy, K.D. & W.S. Kendall (1986), “Factorizations of Brownian motions and harmonic maps,” in From local times to global geometry, control, and physics, K.D. Elworthy, ed., Pitman Research Notes in Mathematics 150, Longmans, 75–83.

Emery, M. & P.A. Meyer (1989), Stochastic calculus in manifolds, with an appendix by P.A. Meyer, Springer- Verlag, New York–Heidelberg–Berlin.

Emery, M. & G. Mokobodzki (1991), “Sur le barycentre d’une probabilité dans une variéte,” in Sém. Probab.

XXV , Lect. Notes in Math. 1485, Springer-Verlag, New York–Heidelberg–Berlin, 220–233. Gilbarg, D. & N. Trudinger (1983), Elliptic partial differential equations of second order (Second Edition), Springer-Verlag, New York–Heidelberg–Berlin.

Goldberg, S. & C. Mueller (1983), “Brownian motion, geometry, and generalizations of Picard’s little theorem,” Ann. Probab. 11, 833–846.

Hearn, A.C. (1991), REDUCE user’s manual, version 3.4. RAND publication CP78 (Rev 7/91), The RAND corporation, Santa Monica.

Hildebrandt, S. (1985), “Harmonic mappings of Riemannian manifolds,” in Harmonic mappings and minimal immersions, E. Giusti, ed., Lect. Notes in Math. 1161, Springer-Verlag, New York–Heidelberg– Berlin, 1–117.

Hsu, E.P. (1989), “Heat semigroup on a complete Riemannian manifold,” Ann. Probab. 17, 1248–1254. Huang, H. & W.S. Kendall (1991), “Correction note to “Martingales on manifolds and harmonic maps,” Stochastics 37, 253–257.

Ikeda, N. & S. Watanabe (1981), Stochastic differential equations and diffusion processes (First Edition), North-Holland / Kodansha, Amsterdam / Tokyo.

Jost, J. (1993), “Equilibrium maps between metric spaces,” Ruhr-Universität Bochum, Fac. Math. Preprint.

Jost, J. & S.T. Yau (1993), “A nonlinear elliptic system for maps from Hermitian to Riemannian manifolds and rigidity theorems in Hermitian geometry,” Acta Math. 170, 221–254.

Kendall, W.S. (1981), “Brownian motion, negative curvature, and harmonic maps,” in Stochastic Integrals, Proceedings, LMS Durham Symposium, 1980, D.Williams, ed., Lect. Notes in Math. 851, Springer- Verlag, New York–Heidelberg–Berlin, 479–491.

Kendall, W.S. (1983), “Brownian motion and a generalised little Picard’s theorem,” Trans. Amer. Math. Soc.

275, 751–760.

Kendall, W.S. (1986a), “Stochastic differential geometry, a coupling property, and harmonic maps,” J. London Math. Soc. (2) 33, 554–566.

Kendall, W.S. (1986b), “Nonnegative Ricci curvature and the Brownian coupling property,” Stochastics 19, 111–129.

Kendall, W.S. (1987a), “Stochastic differential geometry: an introduction,” Acta Appl. Math. 9, 29–60, also published as article in Stochastic and Integral Geometry, R.V.Ambartzumian, ed., Reidel, Dordrecht, 1987, 29–60.

Kendall, W.S. (1987b), “The radial part of Brownian motion on a manifold: semimartingale properties,” Ann. Probab. 15, 1491–1500.

Kendall, W.S. (1988), “Martingales on manifolds and harmonic maps,” in The Geometry of Random Motion, R. Durrett & M. Pinsky, eds., American Mathematical Society, Providence, RI, 121–157, (but see Huang and Kendall, 1991).

Kendall, W.S. (1989), “Coupled Brownian motions and partial domain monotonicity for the Neumann heat kernel,” J. Funct. Anal. 86, 226–236.

Kendall, W.S. (1990), “Probability, convexity, and harmonic maps with small image I: Uniqueness and fine existence,” Proc. London Math. Soc. (3) 61, 371–406.

Kendall, W.S. (1991a), “Convex geometry and nonconfluent Γ-martingales I: tightness and strict convexity,” in Stochastic Analysis, Proceedings, LMS Durham Symposium, 11th – 21st July 1990, M.T. Barlow & N.H. Bingham, eds., 163–178.

Kendall, W.S. (1991b), “Convexity and the hemisphere,” J. London Math. Soc. (2) 43, 567–576. Kendall, W.S. (1992a), “The Propeller: a counterexample to a conjectured criterion for the existence of certain convex functions,” J. London Math. Soc. (2) 46, 364–374.

Kendall, W.S. (1992b), “Convex geometry and nonconfluent Γ-martingales II: well–posedness and Γ-mart-ingale convergence,” Stochastics 38, 135–147.

Kendall, W.S. (1993), “Brownian motion and partial differential equations: from the heat equation to harmonic maps,” in Proc. ISI 49th session, Firenze 3, 85–101.

Liggett, T.M. (1985), Interacting Particle Systems, Springer-Verlag, New York–Heidelberg–Berlin. Lindvall, T. (1992), Lectures on the Coupling Method, John Wiley & Sons, New York, NY. Peng, S. (1991), “Probabilistic interpretation for systems of quasilinear parabolic partial differential equations,” Stochastics and Stochastic Reports 37, 61–74.

Picard, J. (1991a), “Calcul stochastique avec sauts sur une variété,” in Sém. Probab. XXV , Lect. Notes in Math. 1485, Springer-Verlag, New York–Heidelberg–Berlin, 196–219.

Picard, J. (1991b), “Martingales on Riemannian manifolds with prescribed limit,” J. Funct. Anal. 99, 223– 261.

Picard, J. (1993), “Barycentres et martingales sur une variété,” Univ. Blaise Pascal Dept. Mathematics preprint, Clermont-Ferrand.

Ripley, B.D. (1987), Stochastic simulation, John Wiley & Sons, New York, NY.

Schrüfer, E. (1991), “EXCALC: A system for doing calculations in the calculus of modern differential geometry,” in REDUCE 3.4 Miscellaneous Documentation, The RAND corporation, Santa Monica, CA, 21–52.

Probability, Convexity, and Harmonic Maps II References 24

Wahl, W. von (1981), “Klassiche Lösbarkeit im Grossen für nichtlineare parabolische Systeme und das Verhalten der Lösungen für t → ∞,” Nachr. Akad. Wiss. Göttingen Math.-Phys. Kl. II.

Yau, S.-T. (1978), “On the heat kernel of a complete Riemannian manifold,” J. Math. Pures Appl.. Ziemer, W.P. (1989), Weakly differentiable functions, Springer-Verlag, New York.

Contents:

1: Introduction. 3 2: A modification of Cranston’s coupling. 5 3: Gradient inequalities for harmonic maps. 13 4: Conclusion. 21 References 22

i

Department of Statistics University of Warwick Research Reports authored or co–authored by W.S. Kendall.

161: The Euclidean diffusion of shape.

162: Probability, convexity, and harmonic maps with small image I: Uniqueness and fine existence. 172: A spatial Markov property for nearest–neighbour Markov point processes. 181: Convexity and the hemisphere.

202: A remark on the proof of Itô’s formula for C^2 functions of continuous semimartingales. 203: Computer algebra and stochastic calculus.

212: Convex geometry and nonconfluent Γ-martingales I: Tightness and strict convexity. 213: The Propeller: a counterexample to a conjectured criterion for the existence of certain convex functions. 214: Convex Geometry and nonconfluent Γ-martingales II: Well–posedness and Γ-martingale convergence. 216: (with E. Hsu) Limiting angle of Brownian motion in certain two–dimensional Cartan–Hadamard manifolds.

217: Symbolic Itô calculus: an introduction.

218: (with H. Huang) Correction note to “Martingales on manifolds and harmonic maps.” 222: (with O.E. Barndorff-Nielsen and P.E. Jupp) Stochastic calculus, statistical asymptotics, Taylor strings and phyla.

223: Symbolic Itô calculus: an overview.

231: The radial part of a Γ-martingale and a non-implosion theorem. 236: Computer algebra in probability and statistics.

237: Computer algebra and yoke geometry I: When is an expression a tensor? 238: Itovsn3: doing stochastic calculus with Mathematica. 239: On the empty cells of Poisson histograms.

244: (with M. Cranston and P. March) The radial part of Brownian motion II: Its life and times on the cut locus.

247: Brownian motion and computer algebra (Text of talk to BAAS Science Festival ’92, Southampton Wednesday 26 August 1992, with screenshots of illustrative animations).

257: Brownian motion and partial differential equations: from the heat equation to harmonic maps (Special invited lecture, 49th session of the ISI, Firenze).

260: Probability, convexity, and harmonic maps II: Smoothness via probabilistic gradient inequalities. 261: (with G. Ben Arous and M. Cranston) Coupling constructions for hypoelliptic diffusions: Two examples.

If you want copies of any of these reports then please mail your requests to the secretary of the Department of Statistics, University of Warwick, Coventry CV4 7AL, UK.