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The paper is devoted to the study of Markov processes in finite-dimensional convex cones (especially R¢ and Ri)
with a decomposable generator, i.e. with a generator of the form L = zlnvzlAn Y, where every A, acts as a
multiplication operator by a positive, not necessarily bounded, continuous function a,(x) and where every s,
generates a Lévy process, i.e. a process with iid. increments in R?. The following problems are discussed:
(i) existence and uniqueness of Markov or Feller processes with a given generator, (ii) continuous dependence of the
process on the coefficients a,, and the starting points, (iii) well posedness of the corresponding martingale problem,
(iv) generalized solutions to the Dirichlet problem, (v) regularity of boundary points.
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INTRODUCTION, MAIN RESULTS AND CONTENT OF THE PAPER

Basic Notations

For a subset M C R?, we shall denote by C(M) (respectively, C,(M), C.(M), Co(M)) the
space of continuous functions on M (respectively its subspace consisting of bounded
functions, functions with a compact support, functions tending to zero as x € M tends to
infinity). All these spaces are equipped with the usual sup-norm ||-||. If M is an open set and T’
is a subset of the boundary dM of M, we denote by C*(M U I') (respectively, C;,(M U I")) the
space of functions having continuous (respectively, continuous and bounded) derivatives in
M up to and including the order s that have a continuous extension to M U I'. If M is omitted,
it will be tacitly assumed that M = RY, i.e. we shall write, say, Cs to denote Coo(Rd).
We shall use all three standard notations f'(x), VA(x), and 9f/dx (x) to denote the gradient
field of a smooth function. Similarly, f”(x) denotes the matrix of the second derivatives.
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For a locally compact space M (usually R, or its one-point compactification RY, or its
subdomains) we shall use the standard notation Dy,[0, o) to denote the Skorokhod space of
cadlag paths in M.

We shall usually denote by the capital letters E and P the expectation and respectively
the probability defined by a process under consideration.

General Description of Results

Let ¢i,, n =1,...,N, be a finite family of generators of Lévy processes in R, i.e. for each n

2

i )f(x) + (3"7 f—x> F00 + J(f(x +3) = ) — VFy) ¥ (dy)

U f(x) = tr (G" Y%

+J(f(x+y) = f())n" (dy), (1.1)

where G" = (Gl’.J‘.) is a non-negative symmetric d X d-matrix, 8" € R?, v" and u" are Radon
measures on the ball {|y] = 1} and on RY, respectively (Lévy measures) such that

JIyIZV"(dy) < 0, Jmin(l, lyhu"(dy) < oo, 2"({0}) = n"({0}) =0 (1.2)

(such a partition of the Lévy measure in two parts makes our further assumptions on this
measure more transparent), and where

9 d 0%f
w(G—=f=Y" G; —L—.
r( 6x2>f ijz T ox; 0x;

=1

The function
pa(€) = (G"&, &) — i(B", &) + J (1 —e™® +i&y)v"(dy) + j (1=e®)u"dy) (1.3)

is called the symbol of the operator — ¢;,. This terminology reflects the observation that
Y, is in fact a pseudo differential operator of the form

d d
l/Jn = —pn(—l'V)7 V = (V],. . .,Vd) = < . >

8x1 Y axd

We shall denote by p;, p* the corresponding integral terms in Eq. (1.3), e.g. pk(§) =
[(1 = e®)u(dy). We also denote po = S°_, p,.

Let a, be a family of positive continuous functions on R“. Denote by A,, the operator of
multiplication by a,. In the extensive literature on the Feller processes with pseudo-
differential generators (see e.g. Ref. [13] for a recent review), special attention was given to
the decomposable generators of the form ELVZIA,, Y, because analytically they are simpler to
deal with, but at the same time their properties capture the major qualitative features of the
general case. On the other hand, the decomposable generators appear naturally in connection
with the interacting particle systems (see Refs. [18—21]). In fact, the results of this paper
(mainly the last Theorems 9, 10) supply the corner stones to the proof of the main result of
Ref. [19]. In the context of interacting particle systems, the corresponding functions a,, are
usually unbounded but smooth.
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This paper addresses all fundamental issues of the theory of processes with decomposable
generators (with possibly unbounded a,), namely the problems of the existence and
uniqueness of Markov process with a given generator (Theorems 1 and 3 (i)), the continuous
dependence of the process on the coefficients a, and the starting points (Theorems 2-5), the
restriction of such processes to a subdomain of R (Theorems 6 and 7) and the corresponding
Dirichlet problem (Theorem 8), and the application of these results to the analysis of
processes in Ri (Theorems 9 and 10). In Appendix we give some general results on the
existence of a solution to the martingale problems with pseudo-differential generator (not
necessarily decomposable) and on the classification of the boundary points.

We use a variety of techniques both analytic (perturbation theory, chronological or
T-products, Sobolev spaces) and probabilistic (martingale problem characterization of
Markov semigroups, stopping times, coupling, etc).

Existence and Uniqueness of Processes in R (Perturbation Theory, the T-product
Method and the Martingale Problem Approach)

After a large amount of work done by using different deep techniques, the results obtained on
the existence of Markov processes with decomposable generators are still far from being
complete. The two basic assumptions under which it was proved that to a decomposable
operator there corresponds a unique Markov process (see Ref. [8]) are the following:

(al) reality of symbols: all p,(§) are real;
(a2) non-degeneracy: Zf:’zlpn(f) = c|£]|® with some positive c, a.

Moreover, it was always supposed that a, € C;(Rd ) for all n and some s (depending on the
dimension d). As indicated in Ref. [12], using the methods from Refs. [8,11] condition (al)
can be relaxed to the following one:

(al”y |Imp,(&€)| = c|Rep,(§)| for all n with some ¢ > 0.

Clearly these conditions are very restrictive. For example, they do not include even
degenerate diffusions. Notice however, that one-dimensional theory is fairly complete by
now (see e.g. the pioneering paper [1] and also [18] for more recent developments). Some
other related results can be found in Ref. [25].

In the present paper, we start by proving the existence and uniqueness of the Markov
process with generator ZnN:IAn i, under the following assumptions on the symbols p,;: there
exists ¢ > 0 and constants «, > 0, B, < «, such that foreachn=1,....N

(A1) |ImpH(&€) + ImpX(E)| = clpo(é),

(A2) Repl(&) = c ' pr, (&) and () '(&)] = clpr,(&)I”", where pr,» is the
orthogonal projection on the minimal subspace containing the support of the
measure v".

Remarks (1) Clearly the condition |[Imp,| = cRep, (of type (al’) above) implies
[Imp,| = c|pol, but is not equivalent to it. (2) Condition (A2) is practically not very
restrictive. It allows, in particular, any a-stable measures v (whatever degenerate) with o =1
(the case @ < 1 can be included in w,,). Moreover, if f |§|1+/3 "y, (d€) < oo, then the second
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condition in (A2) holds, because |e™ — 1| < clxyIB for any B =1 and some ¢ > 0.
In particular, the second inequality in (A2) always holds with 8, = 1. Hence, in order that
(A2) holds it is enough to have the first inequality in (A2) with «,, > 1. (3) As no restrictions
on the differential part of p,, are imposed, all (possibly degenerate) diffusion processes with
symbols are covered by our assumptions.

To formulate our results on existence that include possibly unbounded coefficients
we shall also use the following conditions:

(A3)  a,(x) = O(|x|*) as x — oo for those n where G" # 0 or " # 0, a,(x) = O(|x|) as
x — oo for those n where 8" # 0,
(A3') there exists a positive function f € C?(R¢) with bounded first derivatives such
that f(x) — oo and

62
L= 00y (1 + 1y

" —
|f ol = "

as |x| — oo, and a,(x) ¥, f(x) =< ¢ for some constant ¢ = 0 and all n,
(A4) a,(x) is bounded whenever u" # 0,
(A4")  [Iylu"(dy) < oo for all n,
(A4 a,(x) = O(]x|) whenever u" # 0.

THEOREM 1  Suppose (A1), (A2) hold for the family of operators i, and suppose that all a,,
are positive functions taken from C’RY fors>2+d /2.

(1) If (A3) and (A4) hold, then there exists a unique extension of the operator L =
SV A, (with the initial domain being C2(R?) N C.(R%)) that generates a Feller
semigroup in Coo(R).

(ii) If (A3’) and (A4') hold, then there exists a unique strong Markov process whose
generator coincides with the operator L = S__ A1, on C2(R%) N C.(R?). Moreover,
its semigroup preserves the set C,(R“), the process f: X7 — ﬁ)L f(X7) ds is a martingale
and

Ef(X7) = f(x) + Nct (1.4)

for all ¢ and x, where X} denotes the process with the initial point x.

Remarks

1. Some information on the domain of the generators of the Markov processes obtained
is given in the corollary to Theorem A1 of Appendix 1 for case (A3) and at the end of
“Martingale problem approach” section for case (A3").

2. Clearly, condition (A3) allows examples with coefficients increasing arbitrary fast
(see “Processes in Ri” section).

3. Statement (ii) still holds if instead of condition a,,(x)s, f(x) = c for all n, one assumes
the more cumbersome but more general condition that ZnNzlizn(x)lpn f(x) = c for all
a, such that 0 = a,, = a,.

4. Statement (i) of Theorem 1 is a natural generalization to processes with jumps of a
well known criterion for non-explosion of diffusions that states that a diffusion
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process does not explode and defines a Feller semigroup whenever its diffusion
coefficients grow at most quadratically and the drift grows at most linearly.

The proof of this theorem will be given in the next three sections (using also Appendix 1),
each of which is based on different ideas and techniques, which seemingly can be used
for more general Feller processes. In second section, we shall prove (see Proposition 2.1)
the result of Theorem 1 subject to some additional bounds for coefficients a, and under
the additional assumption

(A1") [Im p,(&)] = c|po(&)]

on the symbols p,,. Clearly (Al’) is a version of (Al) for the whole symbol, which thus
combines (A1) and some restrictions on the drift. The proof will be based on the perturbation
theory representation for semigroups in Sobolev spaces (as in Ref. [17], and not for
resolvents as in Refs. [8,9,11,12]), which shall give us other nice properties of the semigroup
constructed, e.g. that C 2N C, is a core for the generator.

In third section, we shall use the methods of T-products and of the “interaction
representation” to get rid of the additional assumption (A1).

In fourth section, we shall get rid of the bounds on the norms ||, || and complete the proof
of Theorem 1 using the martingale problem approach. This last part of the proof of Theorem 1
has three ingredients: a general existence result for the solution to a martingale problem
proved in Appendix 1, standard localization arguments for proving the uniqueness of these
solutions (see e.g. Ref. [8] in the similar context of Feller processes and Ref. [5] in general),
and a simple argument to prove the Feller property in case (A3).

Continuity Properties by the Coupling Method

Theorems 2—5 formulated below are proved in “Coupling for processes with decomposable
generators” section. We are going to use the coupling method to relax the smoothness
assumptions on the coefficients a,(x) and to prove the continuous dependence of the process
on these coefficients. Unfortunately, we are able to do it only under very restrictive
assumptions on the measures »", namely, we shall assume that for all n

(AS5) if v" # 0, then a,(x) = a, is a constant.

Remark The following results and their proofs are still valid if instead of (A5) one assumes
that d = 1 (one-dimensional case), a,(x) is an increasing function of x (respectively,
decreasing) and v, has a support on (0,00) (respectively on (— 00,0)).

Let us recall the notion of coupling (for details, see e.g. Ref. [4]). For a probability
measures P, P, on Rd, a measure P on R%? is called a coupling of Py, P, if

P(BXR?Y) = P,(B), PR’XB)= Py(B)
for all measurable B C R?. The W,-metric between P, and P, (sometimes called also

Kantorovich or Wasserstein metric) is defined by the formula

1/p
Wy(Py, P2) = il;f{JHl —lepP(dxl,dxz)} , p=1, (1.5)
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where inf is taken over all couplings P of P, P,. We shall write simply W for W,. For the
application of coupling the most important fact is that the convergence of distributions in any
of W,-metric implies the weak convergence. For given R“valued processes X,, ¥, t = 0,
a process Z; valued in R is called a coupling of X, and Y,, if the distribution of Z, is a
coupling of the distributions of X, and Y, for all . In other words, the coordinates of the
process Z; have the distributions of X, and Y, so that one can write Z, = (X;, Y;). With some
abuse of notations, we shall denote by W(X,,Y,) the W-distance between the distributions of
X, and Y,. For X,, Y,, Z, being Feller processes with generators Ly, Ly, L, respectively, the
condition of coupling can be written as Ly fx(x,y) = Lxf(x) and Lz fy(x,y) = Ly f(y) for all
f from the domains of Ly and Ly, respectively, where fx(x,y) = f(x) and fy(x,y) = f(y).

The following result reflects the continuous dependence of Feller processes with
decomposable generators on their coefficients and initial conditions.

THEOREM 2 Let (A1), (A2), (A4') hold and let a,,, @, be two families of positive functions
from C*(R%) withs > 2 +d /2 such that (A3), (A4), (A5) hold for both of them (see also the
Remark after (A5)), @ = max,||la, — &,|| < oo,

= < .
K m%g%Wﬁmw%%%wmQ , 1.6

and @, = a, if v, # 0. Let X7° be the Feller process with generator (1.1) starting from some
point x, and let ¥}° be the Feller process with generator (1.1) where all a,, are replaced by a,
and starting from yo. Then for any € > 0 and T > 0 there exists a coupling Z& = (X°, ¥7°) of
X7 and Y7° which is a Feller process with a decomposable symbol starting from (xo,yo) such
that for all r € [0, T ]

E€|IX — Y| = C(T, K) (Ixg = yol + € + max(w, /o)) (1.7)

with some constant C(7, K) depending on T, K and the bound in (A4'). Here E € denotes the
expectation with respect to the coupling process Z;. In particular, taking € — 0 and using
definition (1.5) yields

WX, ) = C(lxo — yol + max(w, Vw)). (1.8)
If additionally all measures w" have a finite second moment, i.e. if
%4M%%w<% (1.9)
then
E€|X} — Y§y0|2 = C(T,K) (|X0 —yol* + Ixo — yol + e + 0 + wz)- (1.10)
It is not difficult now to get the following improvements of the results obtained.

THEOREM 3 (i) The statement of Theorem 1 still holds under assumptions (A1), (A2), (A3),
(A4), (A4"),(A5) if the positive functions a,, are not necessarily smooth but such that Jay,
(respectively a,,) are Lipschitz continuous whenever G" # 0 (respectively whenever 8" or
1" do not vanish). (ii) The statement of Theorem 2 still holds if a,, and @, are not necessarily
smooth and instead of Eq. (1.6) the functions a,, satisfy condition (i). Moreover, in Eq. (1.7)
one can take € = 0, i.e. there exists a coupling Z, = (X}°, ¥7°) obtained as the limit € — 0
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from the couplings Z; such that
E°IX} — Y| = C(T, K)(lxo — yol + max(w, Vo)) (1.11)

holds, and analogously Eq. (1.10) holds with € = 0.
In the following theorem we collect some useful estimates describing in various ways the
continuous dependence of the process under consideration on their starting points.

TueoreM 4 Let PY and E° denote the probability and the expectation given by the coupling
Z? = (X ,X7) described in Theorem 3. Under the assumptions of Theorem 3 (i)

lim P°<sup IX* — X2 >r> =0 (1.12)
[x=y[—0 0=s=¢
for all » > 0,
| _li{n 0E0 (luX)) — uX)Hl) =0 (1.13)

for any bounded continuous function u and

lim P<Os<L§E[|X’S‘ — x| > r) =0, }lrgP(OiLtgthﬁ — x| > r) =0, (1.14)
the first limit being uniform for all x from any compact set and 0 = ¢t = T and the second
limit being uniform for all x from any compact set and r = ry with any ro > 0. If all
coefficients of the generator L are bounded, all limits above are uniform with respect to all x.

We are going to generalize the main results obtained under condition (A3) to a more
general case of condition (A3").

THEOREM 5 Let a, € C*(RY) fors > 2 + d/2 and let conditions (A1), (A2), (A3'), (Ad),
(A5) hold. Then for any € > 0, there exists a coupling Z¢ = (X7, X7) such that

lim lim PO( sup|X* — x| > r) =0 (1.15)
£=0 |x—y[—0 0=s=<t
for all » > 0, and
lim lim E°(u(X?) — u(X))) =0 (1.16)

&=0 |x—yl—0

for any bounded continuous function u. Moreover, Eq. (1.14) holds.

Processes in Cones and the Dirichlet Problem

We shall turn now to the study of the processes reduced to an open convex cone U C R
(with the vertex at the origin). We shall denote by U and 9 U the closure and the boundary of
U, respectively. The dual cone {v:(2,w) > 0 for all non-vanishing w € U} will be denoted
by U*.

Remark More general domains could be considered, but for decomposable generators
defined in cones all results are much more transparent, the main example being surely R‘i
considered below in more detail.
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To further simplify the formulation of the results, we shall assume that the cone U is proper,
ie.U" N Uisalsoan open convex cone. Let e denote some (arbitrary chosen) unit vector in
UNU™. Let L denote a decomposable operator in U, i.e. L = ZHNZIA,, Y, with ¢, of type
(1.1) and with A,, being the operators of multiplications by the real functions a,, on U. We shall
widely use the following notion that has its origin in the theory of branching process.

DeriNniTION If [ € U *, we shall say that L is [-subcritical (respectively, [-critical), if
U fi = 0 (respectively, ¢, f; = 0) for all n, where f;(x) = (I,x). (Notice that ¢, f; is a
constant.) We say that [-subcritical L is strictly subcritical, if there is n such that i, f; < 0.

From now on, we shall use the classification of the boundary points, the definition of exit
times and stopped processes together with the general characterization of the stopped
processes in terms of the martingale problem formulation, which are given in Appendix 2.
Here we shall study the continuity property (Feller property) of the corresponding
semigroups under the following conditions:

(B1) a, € C,(D) for all n and they are (strictly) positive and smooth (of class C*(U)
with s > 2 + d/2 in case of a non-vanishing v, and of class C "(U) for vanishing »,))
in U;

(B2) the support of the measure n” + v" is contained in U for all n (this condition
ensures that U is transmission admissible as discussed in Appendix 2);

(B3) thereexistsl € U * such that L is [-subcritical.

Occasionally we shall use the following additional assumptions:

(B4) all g, are extendable as smooth (strictly ) positive functions to the whole R< in this
case we shall assume that this extension is made in such a way that a,, are uniformly
bounded outside U — e.

Example The operator x(d?>/dx?) on R, can not be extended to R_ as a diffusion operator
with a (positive) smooth coefficient.
The following result is simple.

PrROPOSITION 1.1

(i) Suppose (Al), (A2), (A4"), (B1)—(B4) hold for L. Then there exists a function
f € C?(R?) that coincides with f; inside U up to an additive constant and such that
condition (A3’) of Theorem 1 holds, and hence the martingale problem is well posed
for L and its solution uniquely defines a strong Markov process X, in R<
In particular, condition (Ul) of Appendix 2 holds. Moreover, L¢$ € Co, whenever
pEC’NC,.

(i) If (A1), (A2), (A4"), (B1)—(B3) hold, then the operator L and the domain U satisfy
the condition (U2) of Appendix 2 with U,, = U + (1/m)e. Moreover, Lo € Co(U)
whenever ¢ € C2 N C..

Proof (i) Choose a positive constant K such that f; 4 K is strictly positive in U — e. Then let
us extend the restriction of this function to U — e as a smooth positive function ¢ on R¢ such
that ¢’ is bounded and ¢” = O(1 + |x|"). Then L = 0 in U — e by subcriticallity, and
L¢ = c everywhere with some ¢ > 0 because all a,, are bounded outside U — e. (ii) Similarly
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one can extend the restrictions of a,, on U,, to the whole R%insucha way that they are bounded
outside U and Theorem 1 can be applied. The last statements in both (i) and (ii) are
obvious. (I

Hence Proposition Al from Appendix 2 holds under assumptions of Proposition 1.1,
so that the stopped process X;'® in U is correctly defined and is uniquely specified as a
solution to the corresponding martingale problem.

The semigroup 7' of the process stopped on the boundary and the semigroup of the
corresponding process killed on the boundary are defined as

(T3Pu) () = Ext (X)) (T5"0) () = Ex(u(X0)xi<r,) (1.17)

on the space of bounded measurable functions on U.

An important question is whether the semigroups (1.17) are Feller or not (whether they
preserve the class of continuous functions and the class of functions vanishing at infinity).
Clearly the second semigroup preserves the set of functions vanishing on the boundary d U and
actually coincides with the restriction of the first semigroup to this set of functions. Hence the
Feller property of the first semigroup would imply the Feller property for the second one.

Some criteria for boundary points to be r-regular, inaccessible or an entrance boundary
(that can be used to verify the assumptions in the following results) are given in Appendix 3.
The estimates for the exit times are discussed at the end of “Processes in Rfﬂ” section
(Propositions 7.2—7.4).

THEOREM 6 Under assumptions of Proposition 1.1 (ii), suppose that all v, vanish, that X,
leaves U almost surely, and 0 UNO Uy, is an inaccessible set. Then

(i) the set Cp(U U 9Uyreg) of bounded continuous functions on U U 0 Uy is preserved by
the semigroup 7;'*; in particular, if 9U = 8 Uy and (A3), (A4") hold, the semigroup
73" is a Feller semigroup in U;

(ii) the subset of C;(U U 0 U ) consisting of functions vanishing at 9 Uy is preserved by
T%(il,

(iii) for any continuous bounded function & on d Uy, the function E,i(X; ) is continuous in
U U 8Uyeg and for any u € C;(U U dUyee) and x € U there exists a limit

lim T3 Pu(x) = Exu(X+,); (1.18)

@iv) if P,(ty > t) — 0 uniformly in x (in particular, if sup, E, 7y << 00), then the limit in
Eq. (1.18) is uniform (i.e. it is a limit in the topology of C;(U U dU\,)), and moreover,
the function E,h(X,) is invariant under the action of 77" for any & € Cy(dUyeg).

It is not difficult to give an example when T}'®® does not preserve the whole space
C,(U U oU). However, if (B4) holds and the inaccessible set U\O Uy, consists of the
entrance boundary points only, one can consider a natural modification of T5'?, where the

process is supposed to stop only on 9U\g, i.€. one can define a stopping time
Ty = inf{t : X7 € 0Uyeq) (1.19)

and the corresponding semigroups

stop

(T3Pu) (¥) = Extt(Xminir))s (Tr ) (0) = Ex (u(X D) xe<7,) (1.20)

on the space of bounded measurable functions on U.
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A simple example that illustrates the difference between 7°°P and 75 is given by the
process in U= Ri = {(x,y): x>0,y >0} with Fhe generator —a/f_)x. Here ay_ltreg =
{(x,y) € U : x = 0}. One sees by inspection that T;'*" is not Feller in U, whereas T, " is.

This example makes the following result not surprising.

THEOREM 7 Let the assumptions of Theorem 6 and condition (B4) hold, and let the
inaccessible set 9 U\0 Uyreg consist of the entrance boundary points only. Then (i) the space
Cy(D) is preserved by T3P in particular, if (A3), (A4’) hold, the semigroup 75'® and the
corresponding process on U are Feller; (ii) for any continuous bounded function / on O Uyreg,
the function E,i(X7,) is continuous in U, coincides with Eh(X;) for x € U, and for any
u € Cp(U) there exists a limit

5-Stop

,li,% T, " u(x) = Exu(Xz,).

A natural application of Theorems 6 and 7 is in the study of the Dirichlet problem.

DEFINITION  Let h € Cp(Uyeg). A function u € Cp(U U dUye) is called a generalized
solution of the Dirichlet problem for Lin U if (i) u coincides with /2 on 0 Uyyeg, (i) u belongs to
the domain D(L **°P) of the generator L *°P of the semigroup 7*°? and L¥°Py = 0.

To show that this definition is reasonable, one should prove that any classical solution (i.e.
a function u € Cp(U U 0Uye,) which satisfies the boundary condition, is two times
continuously differentiable and satisfies Lu = 0in U), is also a generalized solution. This
question as well as the well posedness of the problem are addressed in the following theorem.

THEOREM 8 Suppose the assumptions of Theorem 6 hold. Then

(i) a generalized solution exists, is unique, and is given by the formula
u(x) = Eh (XTU)

for any h € Cp(Uyreg);
(ii) any classical solution is a generalized solution;

(iii) if, in addition, the conditions of Theorem 7 hold, the generalized solution u is
continuous (or can be extended continuously) on U, belongs to the domain of L8P and
LsoPy = 0.

Some bibliographical comments on the Dirichlet problem for the generators of Markov
processes seem to be in order here. For degenerate diffusions the essential progress was
begun with the papers [14] and [6]. In particular, in Ref. [6] the Fichera function was
introduced giving the partition of a smooth boundary into subsets 2,2 ,23,24 which in one-
dimensional case correspond to natural boundary, entrance boundary, exit boundary and
regular boundary, respectively, studied by Feller (see e.g. Ref. [23] for one-dimensional
theory). A hard analytic work was done afterwards on degenerate diffusions (see e.g. Refs.
[15,16,26], or more recent development in Refs. [28,31]). However, most of the results
obtained by analytic methods require very strong assumptions on the boundary, namely that it
is smooth and the four basic parts 2,2 ,23,24 are disjoint smooth manifolds. Probability
theory suggests very natural notions of generalized solutions to the Dirichlet problem that
can be defined and to be proved to exist in rather general situations (see Ref. [27] for
a definition based on the martingale problem approach, [2] for the approach based on
the general Balayage space technique, [10] for comparison of different approaches and



DECOMPOSABLE GENERATORS 11

the generalized Dirichlet space approach), however the interpretation of the general
regularity conditions in terms of the given concrete generators and domains becomes a non-
trivial problem. Usually it is supposed, in particular, that the process can be extended beyond
the boundary. For degenerate diffusions some deep results on the regularity of solutions can
be found e.g. in Refs. [7,27]. But for non-local generators of Feller processes with jumps, the
results obtained so far seem to be dealing only with the situations when the boundary is
infinitely smooth and there is a dominating non-degenerate diffusion term in the generator
(see e.g. Refs. [29,30]). Theorem 8 above (in combination with criteria from Appendix 3)
clearly includes the situations without a dominating diffusion term and also the situations
when the process is not extendable beyond the boundary. The most important example with
U= R‘i is considered in more detail below. Our definition of the generalized solution to the
Dirichlet problem is the same as used in Ref. [7] for degenerate diffusions (the only
difference is that we included the continuity of the solution in the definition). Similar results
can be obtained by generalizing to jump processes the martingale problem definition from
Ref. [27].

Processes on R%

There is a variety of situations when the state space of a stochastic model is parametrized by
positive numbers only. This happens, for instance, if one is interested in the evolution of the
number (or the density) of particles or species of different kinds. In this case, the state space
of a system is Ri. Consequently, one of the most natural application of the results discussed
above concerns the situation when D = Ri. We shall discuss this situation in more detail.
Theorems 9 and 10 formulated below are proved in seventh section.

From now on, let a co-ordinate system {x',...,x?} be fixed in R and let U= Ri be
the set of points with all co-ordinates being strictly positive. Then U * = U and one can
take as a unit vector e used above the vector e = (1,...,1). We shall suppose that the
assumptions (and consequently the conclusions) of Proposition 1.1 (i) or (ii) hold. We
shall denote by U; the subset of the boundary of U where x/ =0 and all other x* are
strictly positive.

As Rf’F is a proper cone, Theorems 6—8 in combination with the criteria established in
Appendix 3 (in particular, see Remark 2 following Proposition A6) can be applied to
construct processes in that cone. In the next Theorem we are going to single out some
important particular situations which ensure also that the corresponding semigroup is a
Feller one.

THEOREM 9

(i) Suppose (Al),(A2),(A4"),(B1)—(B3) hold for a decomposable pseudo-differential
operator L in U. For any j=1,...,d and n=1,...,N, let a,(x) = O((x')?) in a
neighbourhood of U ; uniformly on compact sets whenever GZ # 0 or J"(xj Vv (dx) # 0,
and a,(x) = O(x/) uniformly on compact sets whenever B;‘ < 0. Then the whole
boundary dU is inaccessible, and Proposition A5 is valid that ensures that there exists
aunique solution to the martingale problem for L in U, which is a Markov process whose
semigroup 7, preserves the space C,(U).

(ii) Suppose additionally that a,(x) = O(x/) uniformly on compact sets whenever either
B]” # 0 or ij w"(dx) # 0. Then T, preserves the subspace of C,(U) of functions
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vanishing on the boundary. If additionally conditions (A3), (A4") on the growth of
a, hold, then T, is a strongly continuous Feller semigroup on the Banach space
of continuous function on U vanishing when x approaches infinity or the boundary
of U.

Our last purpose is to study a natural class of processes which have possibly accessible
boundary but which do not stop on the boundary but stick to it as soon as they reach it. For
any subset / of the set of indices {1,...,d}, let Uy = NjegU;.

DEerFINITION  Let us say that the boundary subspace U; is gluing if for all j € I, x € U;
and all ¢

N

> an@)pu(€) = 0.

d
ag] n=1
Clearly if the boundary U, say, is gluing, the values Lf(x) for x € U; do not depend on the
behavior of f outside U;. This is the key property of the gluing boundary that allows the
process (with generator L) to live on it without leaving it. In the Theorem below, we shall call
U; accessible if it is not inaccessible.
Our main result on gluing boundaries is the following.

TueoreM 10 Let (A1), (A2), (B1)—(B3) hold.

(i) Suppose that for any j, the boundary U, is inaccessible or gluing and the same hold for
the restrictions of L to any accessible U}, i.e. for the process on U; defined by the
restriction of L to U; (well defined due to the gluing property) each of its boundaries U,
i # j is either inaccessible or gluing, and the same holds for the restriction of L to each
accessible U}; and so on. Then there exists a unique Markov process Y, in U with sample
paths in Dy[0, o) such that

dY1) — Px) — JOL¢(Y3) ds

is a P,-martingale for any x € U and any ¢ € C*(R?%) N C.(R?) and moreover such
that Y, € U; for all + = s almost surely whenever Y, € D;. Moreover, this process
coincides with the process X, which is uniquely defined as follows: for any x € U, the
process X, is defined as the (unique) solution to the stopped martingale problem in U up
to the time 7, when it reaches the boundary at some point y € U;, with some j; such
that U;, is not inaccessible and hence gluing. Starting from y it evolves like a unique
solution to the stopped martingale problem in U; (with the same generator L) till it
reaches a boundary point at U; N U;, with some j,, hence it evolves as the unique
solution of the stopped martingale problem in U; M U}, and so on, so that it either stops
at the origin or ends at some U; with an inaccessible boundary.

(ii) If additionally all v, vanish and 0 U\0 Uy, is an inaccessible set (for all restrictions of L
to all accessible boundary spaces), then the corresponding semigroup preserves the set
of functions Cp(U U 8 Uyg). In particular, if either U = 9 Uyyeg 0r U\ Uy cONSists
of entrance boundaries only, then the space C,(U) is preserved, and if condition (A3),
(A4") hold, then the corresponding semigroup is Feller in U.
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(iii) Inorder that condition (i) holds itis sufficient that a,(x) = O wheneverx € U; and either
G} # 0, 0r B # 0, or [(/)?*v"(dx) # 0, or [x/p"(dx) # 0. Then all U, are gluing.

Remark Surely the condition in (iii) is just a simplest reasonable criterion for (i) to hold.
Other conditions for (i), as well as various conditions for (ii) follow from Propositions
A6-A10 of Appendix 3.

The end of the “Processes in Ri” section is devoted to some simple estimates for exit
times from U.

PERTURBATION THEORY IN SOBOLEV SPACES

Recall first that a Sobolev space H * is defined as the completion of the Schwarz space S(R“)
with respect to the norm

1717 = J(l +162) |7 de

where f (&) = (277)7‘1/ 2 fe —ixg f(x) dx is the Fourier transform of f. In particular, H 0 (with the
norm ||-||o) is the usual L *-space.
Let a, and ¢, be as in Theorem 1. Let Ly = ZnNzlll/n and

N
L=Lo+» Ay 2.1

n=1

(the pseudo-differential operator with the symbol —ZnN:I(I ~+ a,(x)) py(£€)). In this section
we shall prove the following result.

PROPOSITION 2.1  Suppose (Al1’) and (A2) hold for the family of operators s,, all a, €
Ci(RY) for s > 2 +d/2 and

N
2c+ DY lall <1, (22)

n=1

where the constant c is taken from condition (A1’) (let us stress that [|-|| always denotes the
usual sup-norm of a function). Then the closure of ZLIA”% (with the initial domain
C. N C?) generates a Feller semigroup in Co(R¥) and the (strongly) continuous semigroups
in all Sobolev spaces H s = s, including H® = L2,

From now on, we shall suppose that the assumptions of Proposition 2.1 are satisfied.

We shall start with defining an equivalent family of norms on H°. Namely, let
b= {b;} be any family of (strictly) positive numbers parametrized by multi-indices
I={iy,...,ig} such that 0 <|I| =i +...+i; = s and i; = 0 for all j. Then the norm

II-lls,, defined by
=\[|1roraer S oy freriiera
0 0<|l|=s

1]
Oy

sbh = b
1Al = Il fllo + Z oy

0<|I|=s
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where [8% = |&1*". .. |&1% for I = {i,... iz}, is a norm in S(R?) which is obviously
equivalent to norm ||-||;. We shall denote by H*" the corresponding completion of S(R¢)
which coincides with H*® as a topological vector space.

Lemma 2.1 Let a(x) € CZ(Rd). Then for an arbitrary € > 0 there exists a collection
b= {b;},0 < |I| = s, of positive numbers such that the operator A of multiplication by a(x)
is bounded in H *** with the norm not exceeding ||a|| + € (i.e. the bounds on the derivatives of
a(x) are essentially irrelevant for the norm of A).

Proof To simplify the formulas, we shall give a proof for the case s = 2, d = 1. In this case
we have

1A 1l2,6 = 11fllo + Bullfllo + b2l £ "llo

and
WA Sl = (llall + billa’ll + Bolla" )N £llo + (Billall + 262 lla’ )L f Ml + Ballall 11 llo.

Clearly by choosing b;, b, small enough we can ensure that the coefficient of || f|ly is
arbitrary close to ||a|| and then by decreasing (if necessary) b, we can make the coefficient at
[ /"Il arbitrary close to b,||al||. The proof is complete. |

We are going to construct a semigroup in L and H* with generator L which is considered
as a perturbation of L. To this end, for a family of functions ¢,, s € [0,7], on R? let us define
a family of functions F(¢), s € [0,7], on R as

s N
Fo(d) = J ey (L= Ly-dr 23)

0 n=1
From the perturbation theory one knows that formally the solution to the Cauchy problem
b=Lp, $0)=f 2.4)

is given by the series of the perturbation theory
d=(1+F+F+--)¢° ¢ =elof. (2.5)

In order to carry out a rigorous proof on the basis of this formula, we shall study carefully
the properties of the operator . We shall start with the family of operators F, on the Schwarz
space S(RY) defined as

F($) = JteSLO(L — Ly)ds.

0

LEMMA 2.2 F, is a bounded operator in L*(R%) for all > 0. Moreover, for an arbitrary
€ > 0, there exists ty > 0 such that for all ¢ = ¢,

IF Ml = 2(c+ DD llall + e

and hence ||F,||p < 1 for small enough €.

Proof As

N ot Nt
F, = ZJ 67SL0¢[nA11 ds — ZJ eiﬂlo[dfnvAn] ds

n=170 n=170
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one has for f € S(RY) :

[ A1) = (W) (D) + 2(G" Ve, T)()
[ (@9 = a,0) (F65-43) = 10) (7 + (@)
=23 W (GUTan)) 0+ J S W (Vean 0+ ) = (Tean )P (A)
+ (@) — 2;Vk<cz,vzan>) x)f ()

+ [ (anx +y) = an@) = (Vau(x),y) (f&x +y) = f@) V" (dy)

— | D (Vkanx + ) = Vian () £(x + 3) yev"(dy)
k

+ | (an(x + ) = @) (f&x+y) = f0)) " (dy).

Apart from the first two terms, all other terms in the last expression define bounded
operators of fin L>. Hence

N
FH=Y Jo o A (f) ds + 2ZJ oSV (Gl i) ds
]

n=1 n=1

+ Z J ko dsZJ (€™ = 1)yiv"(@dy) (Veanf) + 0@ Il fllo-

n=1

We can estimate the first term using

(due to (A1), the second term as

1
= lla| UeSpo<f>pn<g>ds'<||an|| 21— em)| =20+ ol
0 0

0

1
J el A, ds
0

1
J 1Y, (Gl(Vianf) ds ‘ — 0(")IVallllG]
0

(to get the latter estimate one should decompose R in the orthogonal sum of the two sub-
spaces such that G" is non-degenerate on the first subspace and vanishes on the other one),
and the last term using

(which holds due to (A2)). These estimates prove the Lemma. ([l
It turns out that the same holds in H*.

l
J el dsJ (ei(y"v) - l)yk v"(dy)

1
J e SRero [Viprlds
0

1
0(1)J s Pleds= 0@ Pl
0

0

0
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Lemma 2.3 For an arbitrary € > 0 there exists 7, > 0 and a family of positive numbers
b={b;},0<|I| =s>suchthatforallt=t)and s’ <s

IF s =2+ 1Y lla"ll +

Proof Follows by the same arguments as the proof of Lemma 2.2 with the use of Lemma 2.1
and the definition of the norm [|-[]; . O

LemmA 2.4 The family F, is strongly continuous in H*'™ for all s' <3, ie. Fiif —
F,f—0in H*"? for any f € H*"?.

Proof From the estimates on F, obtained in the proof of Lemma 2.2, we conclude that
we only need to prove that fée“‘“ Y, f ds — 0 as t — 0 (because the other terms in F, tends to 0
uniformly). By (A1), it is sufficient to show that (1 — e*)f — 0 as t — 0, i.e that the family
of operators of multiplication the Fourier image foff by the function 1 — e ~7(®) is strongly
continuous, but this is obvious (in a bounded region of & the function 1 — e ~°(¢) tends to 0
uniformly, and we can always choose a bounded domain such that outside of it the function f
is small).

We can now deduce the necessary properties of the operator F.

For a Banach space B of functions on R let us denote by C([0, 7], B) the Banach space of
continuous functions ¢, from [0,7] to B with the usual sup-norm supe(o |l ¢sllz. We shall
identify B with a closed subspace of functions from C([0, 7], B) which do not depend on
s € [0,r]. O

LeMMA 2.5 Under conditions of Lemma 2.3, the operator F defined by Eq. (2.3) is a
continuous operator in C([0,¢],H*?) and || F|| < 1 for small enough .

Proof The statement about the norm follows from Lemma 2.3. Let us show that F(¢) €
C([0,¢], H*") whenever ¢ € C([0, ], H*"). One has

Frrdd) = Fid) = J (eI — )L — Lo)dpeds
0

1+T
+ J (e V) (L — Ly) ¢y ds (2.6)
t
The first integral in this expression tends to zero as 7— 0, because (1 — ¢ ™) converges to
zero strongly as 7— 0 (see proof of Lemma 2.4). Next, writing ¢; = ¢; + (¢; — ¢,) in the
second integral and again using Lemma 2.4, we conclude that the second integral also tends
to zero as 7— 0.

As a consequence of Lemma 2.5 (and the assumptions of Proposition 2.1) we get the
following result. (|

LEMMA 2.6 Under the conditions of Lemma 2.3, there exists #, such that the series (2.5)
converges in C([0, 7], HS/’b) forall s’ = sandt =< ty. Moreover, the r.h.s. of Eq. (2.5) defines
a strongly continuous family of bounded operators f +— T, f in all H sl =

Proof of Proposition 2.1 By the Sobolev lemma, H* can be continuously imbedded in
Ce N C! whenever s > [+ d/2. Hence, T, defines also a strongly continuous family of
bounded operators in Ce. Next, as s >2+d/2, F(¢) is differentiable in ¢ for any
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¢ € C([0,t],H*") and

SF) = T (Fuudd) — Fi) = LoF, + (L~ Loy, @)
where the limit is understood in the norm of H* 2. Therefore, one can differentiate the series
(2.5) to show that for f € H*, the function 7,f gives a (classical) solution to the Cauchy
problem (2.4). Since a classical solution in C,, for such a Cauchy problem is always positivity
preserving and unique, because L is an operator with the positive maximum principle (PMP)
property (see e.g. Ref. [17], section 8), we conclude that 7, defines a positivity preserving
semigroup in each H sl = s, and in C, for all ¢ (using the semigroup property one can
prolong 7; to all finite > 0 thus taking away the restriction t = fy). By the standard
arguments one can now deduce that 7; defines a contraction semigroup (and thus a Feller
semigroup) in Ce, for example using Hille-Yosida theorem and the fact that the resolvent
R\f = jgoe_’AT, fdt is defined on the whole C,, for all sufficiently large A > 0. ]

T-PRODUCTS FOR FELLER GENERATORS

Let By C B, be two Banach spaces with norms |||z, = ||-l|s,, such that B, is dense in B,.
Let L; : By — B, t = 0, be a family of uniformly (in 7) bounded operators such that the
closure in B, of each L, is the generator of a strongly continuous semigroups of bounded
operators in B,. For a partition A = {0 =1y < t; < --- < ty =t} of an interval [0, ¢] let us
define a family of operators Ux(T,s), 0 = s = 7 = ¢, by the rules

UA(Tv s) = eXP{(T_ S)L{f}7 L =s=T7= liv1,

Ua(r,r) = Up(7,9)Ur(s,r), O0=r=s=r1=t.
Let At; = tjy1 — t; and 8(A) = max; At;. If the limit
Uls,nf = 8&)1110 Ua(s,nf (3.1
exists for some f and all 0 =r = s =1 (in the norm of B,), it is called the 7-product

(or chronological exponent of L,) and is denoted by T exp{ ﬁLT dr}f. Intuitively, one expects
the T-product to give a solution to the Cauchy problem

d
Ed):Ltd)a d’O :f7 (32)

in B, with the initial conditions f from B;. In particular, the following (not very hard)
statement is proved in Ref. [24] (Lemma 1.1). If the T-product exists for f € B; and the
following basic assumption holds:

(C) the limit

exp{7L)f —f _

T

lim
7—0

Lf|| =0 (3.3)

By

is uniform on the bounded sets of By, then T exp{ fiL.r dr}f is a solution of the problem (3.2).
From this fact, we shall deduce now the following simple statement.
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Lemma 3.1 If (i) L,f is continuous in ¢ locally uniformly in f (i.e. for f from
bounded domains of Bj), (ii) all exp{sL,} preserve B; and define a strongly
continuous in s,¢ and a uniformly bounded family of operators in By, (iii) condition (C)
holds, then

(i) the T-product (3.1) exists for all f € B,
(ii) the convergence in Eq. (3.1) is uniform for f from any bounded set of B,
(iii) the obtained T-product defines a strongly continuous (in #,s) family of uniformly
bounded operators both in B, and B,
@iv) Texp{f‘;LTdT}f is a solution of the problem (3.2) for any f € B;.

Proof Due to the above stated result from Ref. [24], the statement (iv) follows from
(1)—(iii). Next, since B, is dense in B,, it is enough to prove only the claims from (i)—(iii)
concerning B,. But they follow from the formula

Ua(s,r) = Uni(s,r) = Uni(s, DUA(T, |10

s

A d S
- J UG5, U (7,7 dr = J Us(s, ®) (Liny,, — Liny)Ua/(7, P ds

(where we denoted [s ]y = ¢; for t; = s < ;) and the uniform continuity of L,.
The aim of this section is to apply Lemma 3.1 to a particular example of Feller generators
and to prove the following result. |

ProrosiTION 3.1 The statement of Proposition 2.1 still holds if we assume (Al) instead
of (Al").

Proof The difference between (Al) and (Al’) concerns only the drift terms of L. So,
our statement will be proved, if we will be able to show, that if L is as in Proposition
2.1 and y be an arbitrary vector field of the class Cj(R9), then the statements
of Proposition still holds for the generator L + (y(x),V). Let S, be the family of
diffeomorphisms of R? defined by the equation x = —7y(x) in R?. With some abuse of
notation we shall denote by S, also the corresponding action on function, i.e.
S:f(x) = f(S/(x)). In the interaction representation (with respect to the group S)),
the equation

d=(L+ (), V), $0) =71, (3.4)
has the form
g=Lg=(S"LS)g, g0)=Ff, (3.5)

i.e. Egs. (3.4) and (3.5) are equivalent for g and ¢ = S;g. We shall now apply Lemma
3.1 to the operators L, from Eq. (3.5) using the pair of Banach spaces B; = H®, s >
2+4d/2, and B, = H*72. The only non-obvious condition to be checked is (C). For this
we observe that (i) the convergence in Eq. (2.7) is uniform on the “localized” subsets
M C H* 2, i.e. on such subsets M that for any e there exists a compact set K such that
Jrae(1 + |§|‘Y72)|f(§)|d§< € for all f €M, and (ii) the bounded subsets of H® are
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localized subsets in H* 2. Hence the validity of (C) follows. Consequently
the T-product yields the classical solutions of Eq. (3.5) (and hence of Eq. (3.4))
for any f from H°®. But as we mentioned before, the uniqueness of the classical
solution follows directly from the PMP property. Hence we obtain a semigroup in both
H*® and C. |

MARTINGALE PROBLEM APPROACH

Proof of Theorem 1 Let us first prove the well posedness of the martingale problem for the
operator L = > A,i, under the assumptions of Theorem 1 (see Appendix 1 for the
definition of the martingale problem). It follows from Theorem Al (given in Appendix 1)
that under conditions (A3), (A4) the martingale problem for the operator L = > A, s, with
sample paths in Dg«[0, ©) has a solution. Moreover, in a neighbourhood of any point in R¢
one can represent the operator »_ A, i, in the form > a,(x0)i, + > (a,(x) — a,(x0))¥, in
such a way that Proposition 3.1 can be applied, and hence in this neighbourhood L
coincides with an operator for which the martingale problem is well posed (because for
generators of the Feller processes the martingale problem is known to be well posed, see
Ref. [5]). Consequently, assuming (A3), (A4) the uniqueness of the solution of the
martingale problem with sample paths in Dg«[0, 00) (and hence the well-posedness) follows
from the standard localization procedure (see Theorem 7.1 in Ref. [8] or Theorems 6.1, 6.2
in Chapter 4 of Ref. [5]).

Assume now that (A3’), (A4’) hold. For each n, let us choose an increasing sequence of
continuous positive bounded functions a)'(x) converging to a,(x) and let L,, denote the
operator Y A", where A" denote the multiplication by a/'. Due to Theorem A1l (ii) from
Appendix, the processes

1

J&X — JOme(XT)dS 4.1

is a martingale for all m. Moreover, from our assumptions it follows that a}'(x)i, f(x) = ¢
for all m and n. Hence

0 =Ef(X}") = f(x)+tNc.

Moreover, since the negative part of the martingale (4.1) is uniformly bounded by tNc,
we conclude that the expectation of its magnitude is bounded by f(x) + 2Nct and hence
by Doob’s inequality

}Lrglon(Osupf(Xg’) > r> =0 “4.2)
=s5=f

uniformly for x from any compact set and t = T with arbitrary 7. This clearly implies
the compact containment condition and the relative compactness of the family X7
(similar arguments are given in more detail in the proof of Theorem Al of Appendix).
Hence, taking a converging subsequence we obtain as a limit a solution to the
martingale problem for the operator L which satisfies Eq. (1.4). Uniqueness again
follows by localization as above. Moreover, as the limit in Eq. (4.2) is uniform on x
from compact sets, it follows that for arbitrary r > 0 and € > 0 there exists R > 0 such
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that for the solution P, of the martingale problem with an arbitrary initial probability
measure 7

Pn( suplX,| = R, [Xo| = ) = (1 — ey n({I%] = ). 4.3)

O=s=t

Due to this estimate one can apply Theorem 5.11 (b), (¢) from Chapter 4 of Ref. [5] to deduce
that the family P, of the solutions to the martingale problem is a family of measures on
Dga[0,0) that depends weakly continuous on x and that the corresponding semigroup
preserves the space Cb(Rd).

Since it is well known (Theorem 4.2 from Chapter 4 of Ref. [5]) that the well posedness of
the martingale problem implies that its solution is a strong Markov process, to prove
Theorem 1 it remains to show that under condition (A3) the set of functions vanishing at
infinity is preserved by the corresponding semigroup. But this follows from a more general
Corollary to Theorem Al from Appendix.

Let us give now some information on the domain of the generator of the (generally
speaking not a Feller) contraction semigroup of the Markov process given by Theorem 1 with
condition (A3"). |

ProrosiTION 4.1  Let X, be a Markov process given by Theorem 1 under conditions (Al),
(A2), (A37), (A4"), let T, denote the corresponding contraction semigroup on Cy, and let C(L)
denote the “classical domain” of L, i.e. the space of functions f &€ C? N Cp such that
L¢ € C,. Then

(i) if ¢ € C(L), then the pair (¢, L¢p) belongs to the domain of the full generator of 7, i.e.

t

Tip—f= JOTS L¢ ds; 4.4)

(ii) the mapping ¢ — T;¢ is strongly continuous for any ¢ from the closure C(L) of C(L)
in Cp;

(iii) if ¢ € C(L) and L¢p € C(L), then T,p is differentiable with respect to t and
(d/d0)T;¢p = T,L¢ for all 7; in particular, such ¢ belongs to the domain D(L) of the
generator L in the sense that lim,—(T;¢ — ¢)/t exists in the uniform topology of Cj,
and equals L.

Proof

(i) Let ¢ € C(L), and let ¢,, = dxm, m = 1,2, ..., where y,, is a smooth function R? —
[0, 1] such that x,(y) =1 (respectively 0) for |y| = m (respectively |y| = m+ 1).
As ¢, € C? N C,, it follows that ¢,,(X;) — ¢p(x) — ﬂ)qum(Xs) ds is a martingale with
respect to any P,. To get the same property for ¢ itself from the dominated convergence
theorem we need the uniform boundedness of L¢,,, which does not seem to be obvious.
To circumvent this difficulty let us apply Doob’s option sampling theorem to
conclude that

min(z,7,,)
Gt k) Xmin(t,5,0) — ko) (X) — J Lpikxom(Xs)ds
0
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is a P,-martingale, where K(m) is chosen in such a way that

1 —1
w"(yl = K(m)) = ;( sup Ia,-(x)l> ;

Jilxl=m

and 7, is the exit time from the ball |y| < m. Hence

min(?, 7,)

min(z,7,,)
EXJ L¢m+K(m)(Xx) ds = ExJ L¢(Xs) ds + O(I/I/l)
0 0

and a random variable under the integral is uniformly bounded. Hence by the
dominated convergence theorem as m — o0 we get that

Ed(X)) — o) = JOExd)(XS) ds.

This yields Eq. (4.4).

(i1) From Eq. (4.4) and due to the contraction property of 7, (which ensures that 7,L¢ is
uniformly bounded) it follows that ¢ — T,¢ is continuous for ¢ € C(L). One extends
this property to all ¢ € C(L) by a standard €/3 trick.

(iii) If Lé € C(L), then the function under the integral in Eq. (4.4) is continuous by (ii).
Hence the statement follows from Eq. (4.4). (]

Remark One can find examples where C(L) is rather poor. However, in many reasonable
situations it is pretty obvious that C(L) contains C> N C, and hence C(L) contains C..
For instance, this is the case if all u" have a finite support, or in the case of processes on
cones considered in “Processes in cones and the Dirichlet problem” and “Processes in
Ri” sections.

COUPLING FOR PROCESSES WITH DECOMPOSABLE GENERATORS

Here we shall prove Theorems 2-5 essentially by the coupling method.

Proof of Theorem 2 We shall omit here for brevity the upper subscripts in the
notations of the process X3 and Y;". Moreover, also for brevity we shall assume
that all », =0 noting that if there exists a 7 such that »; # 0 (and then a; is a
constant), one only needs to include in the coupling operator L. given below the extra
term
a | (f(x Foyto) =1y~ 2y - %(x,yw) V' (do)
X ay

to get the same result.

For an arbitrary € > 0 let M. denote a regularized function of minimum, i.e. M, is
an infinitely smooth function on R? such that M(b,c) =min(b,c) for |b—c|=¢€
and min(b,c) — € = M. = min(b,c) for all b,c. As a coupling Z; let us take
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the Feller process in R/ with the generator

u 9? d
Lefr,y) = (an(x) tr (G” W)f(x, ») +an(yt (G” a_> Jx,y)

2
n=1 _)72
92 9
+ 2/anan () tr <G" m)f(x, ) + a0 (B'ﬂ a)f(x,y)
() (B", aa—y ) FO0Y) + Mo(an(), () J(f(x +oy+ o)

— fG, )" (do) + (an(x) — M(a,(x), an(y))) J(f(x +9,y)
= fO, )" (do) + (a,(y) — Me(a,(x), a,(y)))

X J(f(x,y + ) — f(x, y))/w”(dv)) .

5.1)

This is a sort of the combination of a regularized marching coupling for the jump part of
the generator with the standard coupling of the diffusion processes coming from their
representations as solutions to the Ito stochastic equations. The existence of the Feller
process with the generator L, follows from Theorem 1. The key property of the generator L.
is the following: if a function f(x,y) depends only on the difference (x — y), then L. f(x,y)

equals

N

92 9
Z ((\/an(x) - \/Zzn(y))ztr (G"@>f(x,y) + (a,(x) — a@n(y)) (Bn,a)f(x,y)

n=1

+ (an(x) = Me(an(x), an(y))) J(f(x +2,y) = f(x, y)p"(dv)

+ (@n(y) — M(an(x), a,(y))) J(f(x, y+2o) = flx, y)),u"(dv)> .

Now let ps denote a regularized amplitude function on R, i.e.

|1, bl = &

ps(b) =
b2+ bl <8

and let f5(x,y) = ps(lx — y|) denote the corresponding regularized distance on R?.
By Theorem Al (ii) of the Appendix, the process

1
120~ | Lefs(@ras
0
is a martingale. Consequently, using Eqgs. (1.6), (5.2) and the trivial formula

IVa = Vbl = max Vx + o = V0 = Vo

max
a,b=0, la—b|=w

(5.2)

(5.3)

54



DECOMPOSABLE GENERATORS 23

yields

! A 1
Efs(X1, Y1) = f(x0,¥0) + C(T, K)J E€((IXs = Yl 4+ Vo)’ min{ <, ——
0 ) |Xs - Ysl
+ (X, = Y|+ 0+ €)) ds. 0
Remark Notice that one seemingly can not obtain a similar estimate for non-trivial measure
v" (and a,(x) being not a constant).

Choosing é = \/w yields

EX(X, = Y.|) = EZ f5(X,, Y))
t
= Ixo = yol + @ + CJ (E2(X, — V) + max(y/a, w) + €)) ds,
0

and one gets (1.7) by the standard application of the Gronwall lemma. The proof of (1.10) is
quite analogous. Namely, one applies the martingale property of the process (5.4) with
[, y)=|x— y|2 (which is possible due to Eq. (1.9) and Theorem Al (iii) of the Appendix)
to get the estimate

t

E€IX, — YiI* < Ixo — yol* + C(TJ()J E<(IX, = Y,IP + X, = Yil(@+ 1) + o> + €) ds.
0

Estimating here E€|X; — Y| by Eq. (1.7) and then using Gronwall’s lemma yields
Eq. (1.10).

Proof of Theorem 3 (i) Approximating Lipshitz continuous functions a,, by smooth functions
ay such that Eq. (1.6) holds and noticing that (due to Theorem 2) the family of process Y}’
(constructed from the family &) is fundamental in W-metric as w — 0, one concludes that there
exists a limiting process Y; (in W-metric and hence in the sense of the weak convergence)
that does not depend on the approximating family a. (ii) The first part of this statement is
now obvious. To get the coupling with e = 0 one needs only to notice that the only reason to have
€ > 0 in the proof of Theorem 2 is the necessity to have smooth coefficients in the coupling in
order to get the existence of the coupling process from Theorem 1. Since the Lipschitz continuity
of the coefficients a,(x) and their square roots ,/a,(x) is now proved to be sufficient for the
existence of the process, everything works fine with € = 0 and with the (non-smooth) function
min instead of its regularized version M. used in the proof of Theorem 2. (]

Proof of Theorem 4 This proof borrows some ideas from the proofs of the analogous results
on degenerate diffusions from Ref. [7], the essential difference being the use of Dynkin’s
formula and the coupling Z instead of the use of stochastic equations and Ito’s formula in
Ref. [7]. Let F ? denote the martingale (4.4) where f = fs(x,y) as in the proof of Eq. (1.7)
above, where € = 0 (which is possible due to Theorem 3) and where Y] = X;. From the
estimates obtained when proving Eq. (1.7), it follows that E°(|F,|) = C(|x — y| + 8) for all
s =t and EO(IGILOJ%(Zg)I ds = C(lx — y| + 8) with some constant C = C(r). Hence by
a standard martingale inequality

P (()sup |Fy| > r> =Cr)(lx—yl+9)

=s5=t
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and by the Chebyshev inequality
!
P° (J |Lof5(Z0)] ds > r> = C(x =yl +9)
0

with some constant C(r). This implies that

P"( sup X! — X} > ) = P°< sup_po(IXS — X3) > ) = Clx—yl+9)
O=s=t O=s=t
with some (may be different) constant C. This implies Eq. (1.12) since & can be chosen
arbitrary small.

Next, due to the continuity and boundedness of the function u, for any € > 0 one can find
a r > 0 such that |u(x;) — u(x»)| = € whenever |x; — x»| = r and max(|x|, |[x2]) = €.

Hence E°|u(X¥) — u(X])| does not exceed
e+ 20ull(PO(IX; =X > r) + PO(IX]] > € )+ PO(IX)] > €71))
= e+ 2llull(r "E°(IX] — X}1) + €E(IX]]) + €E(IX}])).

This expression can be made arbitrary small by choosing first small € and then small |x — y|
(because of Eq. (1.11) and the boundedness of E|X7| that follows from Theorem Al (ii) of
the Appendix). This proves Eq. (1.13). ]
First limit in Eq. (1.14) is obvious, because it just expresses the non-explosion property of
the process. For the case of bounded coefficients a,, the second limit in Eq. (1.14) follows
from a more precise and a more general formula (Ap7) of the Appendix. For general situation
one observes that changing the generator L outside a domain does not change the behaviour
of the process inside this domain (see e.g. Theorem 6.1 of Chapter 4 from Ref. [5] for a
precise formulation of this result). Hence using the first limit in Eq. (1.14) one can first
reduce the situation to the set of trajectories living in a ball, then change L to L having
bounded coefficients &, that coincide with a, inside this ball and then again apply (Ap7).

Proof of Theorem 5 We define the coupling by the same operator (5.1). The corresponding
process is well defined as a strong Markov process due to Theorem 1 (ii) (see also Remark 3
after this theorem), where as a function fin condition (A3') one can take f(x) + f( y). From
(1.4) and the martingale property of f(X,) — ﬂ) f(X,)ds it follows (by Doob’s inequality) that

Pe <)SHP (X + 1Y) > V) =o(l) (5.5

O=s=t

as r — 00, Again as in the proof of Theorem 4, one can change the generator L, to L, having
bounded coefficients &, that coincide with a,, inside the ball of radius r centered at the origin
without changing the behaviour of the process inside the ball. Hence, Egs. (1.14)—(1.16) are
obtained by first choosing r to make the r.h.s. of (5.5) arbitrary small and then using
Eqgs. (1.12)—(1.14) for a suitable modification of L. outside the ball of radius r. O

PROCESSES IN CONES AND THE DIRICHLET PROBLEM
Proof of Theorem 6 (i) Let u € Cyp(U U dUreg). Then

() ~ (o)

|EcuXipr,) — Eyt(X;nr,)| = E€
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We need to show that this can be made arbitrary small by choosing |x — y| small
enough. Taking into account that the process leaves U almost surely, and hence
limr—o P(7}, > T) = 0, one concludes that one can assume additionally that both 7;} and 7
do not exceed some large (but fixed) 7 and that their trajectories lie in some fixed compact
set, because one can ensure that these properties hold with probability arbitrary close to one.

By the definition of t-regularity, for arbitrary positive ¢ and €, and any z € 0 Uyeg, there
exists a ball V. centered at z such that P(7j, > t) < € for all v € V.. Choosing a dense
denumerable subset of 0U,.,, we can get a denumerable covering of 9 Uy, by these V.. Now by
the countable additivity of probability measures, we can choose a finite number of these
subsets V;, j = 1,...,¢, such that P(Xr & V) is arbitrary small for V = U;IZIV_,-. Next, by
Proposition Al and again by the countable additivity of probability measures one concludes
that by choosing m large enough one can ensure that X; € V for all s € [7,, 7y] with
probability arbitrary close to one. Since for any fixed m, Theorem 5 is applicable, one deduces
that for arbitrary positive ¢ and €, there exists 6 > 0, an integer m, and an open subset
V € U U 09Uy such that P(7], > 1) < e forallo € Vandforanyy: |y — x| = §, X“::-n eV
with probability not less than €. As 75 and 7;; are both less than some large (but fixed 7') fory
near x, the trajectories X7 and X; are uniformly close to each other till the time 7, A 7, (again
with probability arbitrary close to one). Hence by the above, one can ensure that 7}, and 7}, are
arbitrary close to each other with probability arbitrary close to one and hence by Eq. (1.14),
X7 and X 7, are also arbitrary close (notice that we use the fact that the estimates (1.14) are
uniform for all L,,, because their coefficients are uniformly bounded in any compact domain).
Hence E€ Iu(XfM.D) — u(Xf ’\T‘z))l tends to zero as y tends to x for any continuous u.

Thus we have proved that 7} ®®u(x) is continuous inside U, but exactly the same argument
shows that it is continuous for x € dUy.,. At last, the Feller property (i.e. that the set of
functions vanishing at infinity is preserved by the semigroup) in case (A3), (A4) follows
directly from Theorem 1. In case (A4"), we notice that condition (Ap4’) from Appendix
holds in U and the corresponding result follows from Theorem Al, if one observes that its
proof works also in the situation when (Ap4’) holds on a cone and (Ap4) holds outside it.

Statement (ii) is obvious.

(iii) and (iv). The continuity of EA(X; ) is proved in exactly the same way as above.
To prove that the limit (1.18) exists, we write

TEPu(x) = E(uX) =) + Eu(Xo,) 7<), D

where as usual 1, for an event M means the indicator of M that equals 1 if M holds and
vanishes otherwise. The first term here tends to zero, because we assumed that the process
leaves the domain almost surely in a finite time, and second term tends to the r.h.s.
of Eq. (1.18) by the dominated convergence theorem. If P,(7y = 1) — 0 as t — oo uniformly
in x, then the first term tends to zero uniformly and

E(u(Xr)ry<i) — Exu(X7,)) = Ex(u(X7,)17,=1)

also tends to zero uniformly in x. The invariance of E.(u(X; )) is now obtained by the
application of T3 to both sides of Eq. (1.18). O

Proof of Theorem 7 One just observes that all arguments given in the proof of Theorem 6
hold for 7, for all x € U. O

We shall give now some information on the generator of the stopped process similar to
the one given for 7, in Proposition 4.1. Similar to the space C(L) used in Proposition 4.1, we
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now define the space Cy(L) (the classical domain of L in U) as the space of functions
b E CXU)N Cp(U U 0U\reg) such that L € Cp(U U dU ).

ProrosITION 6.1 Let the assumptions of Theorem 6 hold. Then

(i) if ¢ € Cy(L), then T;'P¢ is a continuous function 7 — Cy(U U dUyey);

(i) if ¢ € Cy(L), L € Cy(L), and Lp(x) = 0 for all x € 0U\reg, then ¢ belongs to the
domain of the generator of the semigroup 7;'® in the sense that lim,_o(T; "¢ — ¢)/t
exists in the uniform topology of Cp(U U 0Uy,) and equals Le.

Proof
(1) If ¢ € Cy(L), then

min (,fy)
TP p(x) — (x) = E"J Lp(X,)ds. (6.2)
0

Since L € Cp(U), it implies that T3¢ depends continuously on 7. For general
¢ € Cy(L), one gets the assertion by the usual e/3-trick.

(i1) Since L¢ vanishes on the boundary, one concludes that the r.h.s. of Eq. (6.2) can be
written as

t t
EJ L (Ko 5707) s = J TN (L) (x) ds.
0 0

By (i), the function T;'P(L¢) depends continuously on . Consequently, one gets (ii) by
differentiating Eq. (6.2). ]

Remark Similar result can be obtained under assumptions of Theorem 7.

Proof of Theorem 8

(i) From Theorem 6,
u(x) = Exh(XTu) eC,(UU aUtreg)~

Next, T5'Pu = u. In case supy Ex(7y) < o0, it is already proved in Theorem 6 (iv).
In general case, this is a consequence of the strong Markov property of X, quite similar to
the case of diffusions (see Ref. [7], p.224). Consequently u € D(L*°P) and L*"Py = 0.
Hence u is a generalized solution. To show uniqueness, suppose u is a solution vanishing
at 0Dyyeg. Hence T;Pu = u and from Eq. (1.18), it follows that u = lim,—« 7} Pu = 0.
(i) Ifu € CARY) N Co(RY), Lu = 0, thenu € D(L*P) and L¥°Py = 0 by Proposition 6.1 (i)
(or simply because T;'®u = u). If u € C(U) only, consider a sequence of functions
Uy € C?2 N Cp, Lu € Co such that u,, coincide with « in U,, and vanishes outside U,,,1.
Hence
min(z,7,,)
EtXoinn) 00 = B Lt ds =0,
0
where 7, denote the exit times from U,,, and by the dominated convergence theorem
T3Py = u, which again implies u € D(L%°?) and L¥u = 0.
(iii) Is the same as (1). O
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PROCESSES IN R
Proof of Theorem 9

(i) This follows directly from Theorem 1 and Propositions A4, A5 (ii).

(i) The last statement follows from Theorem Al (see proof of Theorem 6 above). Let us
prove that T, preserves the space of bounded functions vanishing on the boundary.
To this end, let us choose an arbitrary j € {1,...,d} and let us show that

lim P(E<pn=0, (7.1)

R—0, x—xg, x€EU

t >0, € >0, uniformly for xy from an arbitrary compact subset K of U;, where
Br = {x0 € U; : |xo|l = R} and 7¥ denotes the exit time from V¥ = {x : d(x,Bg) < €}
(d denotes the usual distance, of course). By Eq. (1.14), by taking R large enough one
can ensure that the process does not leave the domain {x € U : |x| = R} with the
probability arbitrary close to 1 when started in xo € K. Let fix) be a function
from C2({x : x/ > 0}) such that f(x) = (x/)” with some y € (0, 1) in a neighbourhood
of Vf and vanishes outside some compact set. Then |Lf(x)| = ¢f in a neighbourhood of
VR with some constant ¢ and as in the proof of Proposition A6 from Appendix 3
(and taking into account that the whole boundary dU is inaccessible) one shows that

Eof (Xmin(r.5)) = f(x)e

for x from VE. As (up to an arbitrary small probability which allows the process to leave
the domain {x : |x| = R}) the Lh.s. of this inequality can be estimated from below by

Po(te < Hmin {f(x) : x/ = €} = Py(7e < 1)€”,

the limiting formula (7.1) follows. This formula implies that for any given time ¢, if the
initial point of the process tends to a boundary point, the process is obliged to stay near
the boundary the whole time ¢. This clearly implies that T, f(x) = E, f(X;) tends to zero
as x tends to a boundary point whenever f(x) vanishes on the boundary. Consequently
the proof of Theorem 9 is completed. ]

Proof of Theorem 10

(1) Notice first that the process X, described in the Theorem is well (and uniquely) defined
due to Theorem 1, Proposition Al and Proposition 1.1. If Y; solves the martingale
problem and does not leave U; after reaching it, then applying the option sampling
theorem we conclude that

min(7j+12,7)

E d)(Ymin(n +t2,7'2)) - ¢(Ymin(71+tl,72)) - J Ld’(Ys) dslymin(71+t1,72) =0

min(7;+t1,72)
for any t; < t,, which is precisely the condition that Y, coincides with X, between
stopping times 7, and 7,. Similar formulas are valid for 7, k = 1,...,d and hence Y,
coincides with X;. Similar arguments show that conversely, X, then solves the global
martingale problem, which completes the proof of (i).
(i) This is obtained by the same argument as in the proof of Theorem 6 by analyzing
separately the cases with t € [, Tk41].
(iii) Follows from the definition of a gluing boundary. (]
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We shall conclude this Section with three Propositions that give some criteria for the exit times
from U that can be used to verify the corresponding assumptions from Theorem 6-8. Let us
assume for the rest of this Section that the assumptions of Proposition 1.1 (i) or (ii) hold and
U=R4.

The following statement shows that the deterministic case (when the generator has only
drift terms) is quite special for the treatment of the exit from Ri.

PROPOSITION 7.2 The process X, leaves the domain U almost surely, if there exists n such
that a,(x) is (strictly) positive up to the boundary dU and either G" # 0 or w, # 0.

Proof A key argument in the proof is based on the observation that (due to subcriticallity), the
process Z; = f1(Xmin(,7,)) 1 a positive supermartingale, and hence it has a finite limit as r — oo
almost surely. Hence almost surely, there exists a compact subset U?"?2 = {x: by = (I,x) =
by} in U where the process lives all the time starting from some time f,. Consequently, to
prove the statement, one only needs to show that the process leaves any subset U ”*> almost
surely using Proposition A2 from Appendix 2. If there exist n and j such that GJ'; # 0, one takes
as a barrier function a positive function that equals f(x) = A ~'(e*® — ™) in U”, where R
and A are large enough. Next, suppose G = 0 for all n. As w,, # 0, it follows that there exists
J such that f(l,x)un(dx) > 0. Hence, by subcriticallity ZnNzl(Bn’ ) < 0. Consequently, one
proves that X, leaves U ”'*> almost surely as in Proposition A8 of Appendix 3.

Let us give now some estimates on the expectation of the exit time considering separately
the subcritical and critical cases.

ProposITION 7.3 Let L be strictly [-subcritical and let n be such that ¢, f; = —c < 0. Then
() if a,(x) = a > 0 for all x, then E 7y = (I,x)/(ac); (i) if a,(x) = a(1 + |x|*) with some
a>0, a>1,then

E.m7y = Kmin(1,(l,x)) (7.2)

for some K > 0; in particular, the expectation of the exit time is uniformly bounded in U.

Proof

(i) Follows from Proposition A2 of Appendix 2 with the barrier function f;(x) = (I, x).
(i) Asabarrier function, let us take the function f(x) = g,(f((x)), where g is areal function
such that g,(0) = 0 and g’ (y) = (1 +y)”*. Since f is positive increasing and does
exceed f}, itis easy to show that it satisfies the martingale condition and hence Proposition
A2 from Appendix is applicable. Next, as g7 (y) < 0forally, it follows that the results of
the application of the diffusion part of L and the integral part depending on v" to f is
always non-positive. As g’(y) is positive decreasing it follows that the result of the
application of the integral part of i, depending on " to fis positive and does not exceed
g'(f1(x) f(l , V)" (dy) at the point x, and hence, as g/,(y) is of order y ~ ¢, it follows that
Lf(x) = —b < 0 uniformly for all x. Hence, the statement follows from Proposition A2
and the observation that f(x) = C min (1, f,(x)) for some C. O

PROPOSITION 7.4 Let L be [-critical and let there exists n such that G" # 0 and a,(x) >
a(l + |x|"**) with some & > 0.

(i) If a > 1, then again Eq. (7.2) holds.
@) If @ € (0, 1), then E,7y = K min ([, x)%, (I, x)).
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Proof 1Is the same as for Proposition 7.5 above: one uses Proposition A2 from Appendix 2
and the barrier f = g,(f(x)) taking into account that

62
tr (G” J (f)) — (GL D" (f1()

is negative and of order x|, O
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APPENDIX 1: ON THE EXISTENCE OF SOLUTIONS TO MARTINGALE
PROBLEMS

Here we prove a rather general existence result for the martingale problem corresponding to
a pseudo-differential (or integro-differential) operator of the form
92
Lu(x) = tr (G(x) w) u(x) + (B(x), Vyu(x)

(Apl)
+ J(u(x 1) = () — Lyt O, Vo) ),

where 1,,(y) is an indicator function for a set M (that equals one or zero respectively for
yE M and y & M), v(x,) is a Lévy measure for all x (i.e. it is a Borel measure on R such
that v(x, {0}) = Oand | min (1,y?)v(x,dy) < ), and G(x) = (G;(x)), B(x) = (B;(x)),i,j =
1,...,d, are respectively non-negative matrix and vector valued functions on R?.

We shall denote by X,(w)= w(t), w € Dj.[0,0), the canonical projections of
the Skorokhod space and by F, = o(X; : s = t) the corresponding canonical filtration.
For a given probability measure 1 on R a probability measure P, on Dg«[0, )
(respectively on Dy.[0, 00)) is called a solution to the martingale problem for L and the initial
measure 1) with sample paths in Dg«[0, 00) (respectively in Dg.[0, 00)) if the distribution of
Xo under P, coincides with n and if for all $ € C. N C 2 the process

H(X,) — JOL¢<XS> ds (Ap2)

is an F-martingale with respect to P,,. If for all initial distributions 7 there is a unique solution,
then the martingale problem is called well-posed. For some abuse of notations we shall
write shortly P, for Ps forany x € R, and we shall denote by E, the corresponding expectation.

The following result (and its proof) generalizes Theorem 3.2 from [Ho2], where the case of
bounded real symbols was considered.

THEOREM A1l

(i) Suppose that the symbol

p(x, &) = (G)E &) — i(B), &) + J(l — e il (NEY)vix,dy)  (Ap3)
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of the operator (— L) is continuous, |G(x)| = O(x?), Jﬂylgl y2u(x, dy) = O(x?), |B(x)| =
O(|x]) as x — oo and either )

X

SUDJ v(x,dy) < oo (Ap4)
[yI>1
or
JI | [ylv(x,dy) = O(lx]), suppv(x,) N {ly| >1} C{y:ly+x|l>|xl}. (Ap4’)
y[>1

Then the martingale problem corresponding to L has a solution P,, with sample paths in
Dgu[0, o0) for any initial probability distribution 7.
(ii) If (i) with (Ap4’) holds, or (i) with (Ap4) holds together with a stronger condition

sup J Iylv(x,dy) < oo, (ApS)
[yI>1

X
then
EdX,| = (14 |x[)e™ (Ap6b)

forall xand ¢ > 0 with some constant C, and for any (strictly) positive ¢ € C? such that
|¢'(x)| is bounded and |$”(x)| = O(1)(1 + |x])~!, the process (Ap2) is a P,-martingale.
(iii) If (i) holds and moreover

X

SHPJ Iyl v (x, dy) < oo,
Iy[>1
then

E(X, — ) =+ ) (e = 1) (Ap7)

for all ¢ and process of type (Ap2) is a martingale for any ¢ € C? with uniformly
bounded second derivative. Moreover, if all coefficients are bounded, i.e. G(x), B(x),
»rlvlil y2v(x,dy) are bounded, then for any 7 > 0 and a compact set K C R?

t
P (sup X7 — x| > r) =-C(T,K) (Ap8)
S=t r
for all 1 = T and x € K with some constant C(7, K).

Proof
(1) Writing L = Ly + L, with

Liu(x) = J " (u(x +y) — u(x))v(x,dy),
{Iyl=1}

and using a perturbation theory result (Proposition 10.2 from Chapter 4 of Ref. [5])

one concludes that if (Ap4) holds, the existence of the solutions to the martingale

problem for the operator L, with sample paths in Dg«[0, o) implies the existence for

the same martingale problem for the operator L. This reduces the proof of Theorem Al
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to the case when either the support of all measures v (x,-) is contained in a unit ball or
(Ap4’) holds. But in this case it is known (see Theorem 5.4 from Chapter 4 of
Ref. [5]) that there exists a solution to the martingale problem with the sample paths
in Dy4[0,00). So, one needs to prove only that the paths of this solution lie in
Dga[0, 0) almost surely. Notice also that it is enough to prove this for initial measures
of type 6, only.

First suppose that the coefficients of the generator L are bounded, i.e. (A5) holds,
and the functions G(x), B(x) and \ﬂy|51 Iylzv(x, dy) are bounded. Choose a positive
increasing smooth function fi, on R, such that f}, (y) = Iny for y = 2. We claim that
the process (Ap2) is a martingale for ¢(y) = fi, (Iy]) under any P,. Here one needs to
be a bit cautious because the function fi, (|y|) does not belong to C. N C 2. However,
approximating it by the increasing sequence of positive functions g,(y)=
S yhx(yl/n), n=1,2,..., where y is a smooth function [0, o) [0, 1) which
has a compact support and equals 1 in a neighborhood of the origin, noticing that
|Lg,(x)| is a uniformly bounded function of x and n (because g, and g/, are uniformly
bounded and the coefficients of L are uniformly bounded) and using the dominated
convergence theorem we justify the martingale property of (Ap2) with ¢ = f1, (|y]).
Hence E, f1, (X;) = fin (x) 4+ ct with some constant ¢ > 0. From Doob’s martingale
inequality we conclude that

Clt+fn
P, (Oil}g[ FOXD) = r> < UH (Ap9)

for all » > 0 and some C > 0. This clearly implies that, almost surely, the paths do
not reach infinity in finite time, which completes the proof for the case of bounded
coefficients.

In general case, we approximate G(x), 3(x) and v (x,-) by a (uniformly on compact sets)
converging sequence of bounded G,,, 3,,, ¥, such that all estimates required in (i) are
uniform for all m and all operators L,, obtained from L by changing G, B, vby G,,,, B,.., ¥,
respectively have bounded coefficients. It follows that |L,, ¢(x)| is a uniformly bounded
function of m and x for ¢( y) = f1, (Iy]). But the processes (Ap2) with this ¢ and with L,
instead of L is a martingale (as was shown above). Hence we conclude that E''f, (X,) =
Jin (x) + ct uniformly for all m. Again by Doob’s inequality it implies that (Ap9) holds
uniformly for all processes X" defined by L,,. In turn, this implies the so called compact
containment condition for the family of processes X}" (or the corresponding measures P7'),
i.e. that for every € > 0 and every T > 0 there exists a compact set I'. 7 C R? such that

ipanZ’{X, €l rforallt € [0,T]} =1 — €. (Apl0)

Hence by a well known criterion (see Lemma 5.1 and Remark 5.2 from Chapter 4 of

X, m

Ref. [5]) the family of measures P’ on Dg«[0, 00) or the corresponding processes X, is
relative ly compact, and its limit will solve the martingale problem for the operator L.

(ii) Process (Ap2) is surely a martingale for ¢ € C2> N C. and for their shifts on

constants. Let
|xl, x| =1

pEx) = (1 n |x|2) 2 k=1 (Apll)
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and for n > 1
p(x), x| =n

pu(x) = { 21, el = 2n (Ap12)

2n — (x| —2n)?/n, n=<|x| =2n

Then each p, can be obtained by shifting a function with a compact support by a
constant and hence (Ap2) is a martingale for each p,. (Strictly speaking, the second
derivative of p, is not continuous everywhere, but one can approximate it by
infinitely smooth functions having the same estimates on its first and second
derivatives.) Hence

t

Eupn(X)) = pul®) +J E.Lp,(X,) ds (Ap13)
0

As |p! (x)| are uniformly bounded and |p”(x)] = C(1 + |x|)~! with some C for all n
and x, one concludes that

Lp,(x) = Kpy(x)

with some K > 0 uniformly for all n and x (by inspection, considering separately
the cases when |x| =n, |x| =2n and n = |x| = 2n and the three terms in the
expression for L). Hence from Eq. (Ap13) and Gronwall’s lemma one gets

Epa(X;) = pa(x)e™ (Apl14)

with some K > 0 uniformly for all #» and x. As p,(x) is an increasing sequence of
functions converging to p(x) this implies by the monotone convergence theorem
that

EX| = E.p(X) = p)eX = (1 + Ix]) eX.

Next, for any ¢ from the condition (ii) of the theorem, let us take a sequence
gn(x) = d(x)x(|x|/n) where y is an infinitely differentiable non-increasing function
on Ry with a compact support taking value in [0,1] and equal to 1 in a
neighborhood of the origin. Then all g, have compact support and the process
(Ap2) with g, for ¢ is a martingale. As one sees by inspection |Lg,(x)| =
K(1 + |x|) with some constant K > 0 uniformly for all n. As E.(1 + |X;]) is already
proved to be bounded, one can apply the dominated convergence theorem to the
sequence g, to obtain the required result for its limit ¢.

(iii) This is quite similar to (ii). Namely, one first gets the result for the function
é(x) = 1 + |x|* approximating it by the sequence

1+ x2, x| = n
d)n(x) = {

1 —n?+2nx |xl=n

and then for general ¢(x) approximating it by ¢(x)x(|x|/n). One gets (Ap7) picking
up ¢(y) = (y — x)* and then using Gronwall’s lemma.

At last, to prove (Ap8), picking up ¢(y) = (y — x)* and using the martingale
property yields now E.(|X; —xlz) = O(t) uniformly for all x and then applying
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Doob’s inequality yields the estimate

rP, (sup(lXS — x>+ oIX, — xI* + 0@t)) > r)
S=t

=3 supEx(lX, — x>+ owIx, — x* + 0(:)),
S=t

which implies Eq. (Ap8) for small enough f. For finite ¢ the result is
straightforward.

COROLLARY Under conditions of Theorem Al (i) suppose additionally that the
solution to the martingale problem is unique, and hence this problem is well defined.
Then

(i) the corresponding process is a Feller process, i.e. its semigroup 7, preserves the
space Coo(Rd);

(i) if ¢ € C? N Cy is such that x?¢” € Co and |x|¢p’ € Cw, then Lp € Co and ¢
belongs to the domain D(L) of the generator L, i.e. lim,—q (T;¢ — ¢)/t = L¢ in the
uniform topology of the space Ce.

Proof

(i) Suppose first that the function (Lg,)(x) is uniformly bounded as a function of two
variables, where g,(x) = p(x —y) with p from Eq. (Apl1) (this holds, say, if the
coefficients of L are bounded). Then, applying the statement of Theorem Al (ii) to
the function g, yields the estimate Ey|X, — y| = KeX" with some K > 0 uniformity
with respect to all y. Hence P(supo=s=,|X; —y| > r) tends to zero as r— o
uniformly for all y. Consequently, for a f € Cw(R?), one has E,f(X;)—0 as
y— 0.

Returning to the general case, first observe that due to the standard perturbation
theory result (if A generates a Feller semigroup and B is bounded and satisfies the
positive maximum principle, then A + B generates a Feller semigroup), it is enough
to prove the statement under additional assumption that either all measures w(x,)
have a support in the unit ball or (Ap4’) holds. In this case, changing the variable
x+— X where %(x) is a diffeomorphism of R such that % = x for |x| =1, &/|%| =
x/lx| for all x, and |%| = In|x| for |x| = 3 allows to reduce the problem to the case
of an operator L defined as (Lg)(X) = (Lf)(x(%)) that has the same structure as L but
has bounded drift and diffusion coefficients. Moreover, one observes that I:gy(fc) is
uniformly bounded as a function of two variables y and X. In fact, this is equivalent
to the statement that Lf,(x) is uniformly bounded, where f,(x) = p(X — z), and the
latter follows from the fact f/(x) = o(xl™H uniformly for all z. Hence the previous
arguments work for L, which completes the proof. U

(i) If, say, Eq. (ApS) holds, it follows that

1
supw (x, RNy : bl >r}}) = —sup lylv(x,dy)—0

* JR"\{yzl,v|>r}



DECOMPOSABLE GENERATORS 35

as r— oo, which implies that

J dx + y)v(x,dy) =0

RA{y:|y|>1}

as x— oo for any ¢ € Cw. This implies that L € Co for any ¢ from the
conditions (ii). Next, using the martingale property (statement (ii) of Theorem Al),
we find that

Exp(X)) — px) = JOEx L (Xs)ds

and hence
Ton) — bx) = JOTS (L) (x) ds.

As Lo € Cx, Ty(Lep) is a continuous function s+ Ce, which implies that
lim—o(T;¢p — ¢)/t = L. The proof is complete. |

Remarks (1) The statement (i) of this corollary is a particular case of a result claimed in
Ref. [3]. However, the general result from Ref. [3] seems to be erroneous as can be seen
already on a simple deterministic process with generator —x3(9/0x) on the line, whose
martingale problem is well posed but the corresponding group is not Feller in the sense that it
does not preserve the set of functions vanishing at infinity. (2) Clearly statement
(ii) still holds if instead of (Ap5) one assumes only that sup, v(x, {R\{y : |y| >r}})—0
as r— 0.

APPENDIX 2: EXIT FROM DOMAIN AND CLASSIFICATION OF BOUNDARY
POINTS

Let U be an open subset of R%and let L be given by Eq. (Apl)in U, i.e. G(x), B(x), v(x,-) are
well defined continuous functions on U. Let U, be define as

Uext = { Uxeu supp v(x, )} uu
We shall say that U is transmission admissible (with respect to L), if U = Uey.

Remark This terminology stems from the observation that L satisfies the so called
transmission property (see e.g. [10] and references therein) in U whenever U is transmission
admissible by our definition.

From now on, we shall fix some U and L assuming that at least one of the following two
conditions holds.

(U1) The domain U is transmission admissible and the operator L can be extended to an
operator on the whole R“ of form (Ap1) (which we shall again denote by L) in such a way
that its symbol is continuous and the corresponding martingale problem is well-posed
(for instance, Theorem 1 or the results from Refs. [17,18] or Ref. [12] are applicable).
As above, we shall denote by X, the corresponding strong Markov process with sample paths
in Dga[0, 0) and by P, the corresponding distribution on the path space when the process
starts at x.
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(U2) There is a sequence of transmission admissible subdomains U,, of U such that
U, C U, for all m, U,-_, U,y = U and the operator L,, obtained from L by the restriction
to U,, can be extended to an operator on R of form (Apl) (which we again denote by L,,) in
such a way that (i) its symbol is continuous, (ii) the corresponding martingale problems are
well posed, (iii) for any compact set K C R?

sup J min (y,y?)v(x,dy) < oo
XEKNU,
(iv) for the corresponding Markov processes X;, the following uniform compact
containment condition holds: for any € > 0, T > 0 and a compact set K C R, there exists
a compact set I'c 7 x C R¥ such that

Px(Xt,m € Fe.T,KVt € [O,T]) =1—-¢€

holds for all m and all x € K.

There is a large variety of notions of regularity for boundary points of U. This Appendix is
devoted to a discussion of the basic notions of regularity, where we are going to be more general
than in usual texts on diffusions (see e.g. Refs. [7,27]), but at the same time more concrete than in
general potential theory (see Ref. [2]). In particular, we shall propose some generalization of
the notion of the entrance boundary from the theory of one-dimensional diffusions
(see e.g. Ref. [23]) to the case of processes with general pseudo-differential generators. Notice
also that (Ul) is a usual simplifying assumption for dealing with subdomains, for example,
the results of Refs. [7,10] are formulated subject to this assumption. For our purposes,
a generalization to (U2) is of vital importance (see Refs. [18,19]).

For an open D C U (including D = U) the exist time 7p from D is defined as

p=1,=inf{t=0: X €D or X, &D} (Apl5)
if (U1) holds or as 7p = lim,,—« Tpny,, if (U2) holds. Clearly, if D itself is transmission
admissible and (U1) holds, then
7p = inf{t : X7 € aD} (Apl6)
(where 0D is the boundary of D), and the trajectories of X} are almost surely continuous at
t = 7p. We need a similar characterization of 7p for the case (U2).

ProrosITION Al

(i) Under condition (U2), if 7y = lim,,—c Ty, < o0, then almost surely there exists a
limit lim,,—co X, 7, and it belongs to dU.
(ii) The stopped process X;'® in U is correctly defined by
(1) X" = Xmin(.z) in case (U1),
(2) X;P =X, fort = 7y, for some m and X;'*® = lim,;—.c X,5,.5,, for t = lim,,—c0 7
in case (U2).

(iii) In case (U2) suppose additionally that L¢ € C;, whenever ¢ € C? N C.. The stopped
process in (ii) is the unique solution of the stopped martingale problem in U, i.e. for any
initial probability measure 1 on U it defines a unique measure Psﬂ“’p on Dg[0, o) such
that X, is distributed according to 1, X; = Xmin(,7,) almost surely and

m

min(z,7y)
HX,) — b(Xo) = L L(X,) ds

is a Pi;"p-martingale for any ¢ € C2(RY) N C.(RY).
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Proof

(i) The compact containment condition reduces the problem to the case when the
coefficients of all L, are uniformly bounded. In fact, since changing the generator
outside a domain does not change the behaviour of the process inside this domain
(see e.g. Theorem 6.1 from Chapter 4 of Ref. [5] for a precise formulation of this
result), one can change L to some L by multiplying by an appropriate smooth function
a(x) outside a given compact set to get an operator with bounded coefficients with all
other conditions preserved. Next, again by the compact containment condition there
exists, almost surely, a finite limit point of the sequence X,,,, ,, which clearly belongs
to 0U. At last, it follows from Eq. (Ap8) that this limit point is unique, because if one
suppose that there are two different limit points, y; and y,, say, the process must
perform infinitely many transitions from any fixed neighbourhood of y; to any fixed
neighbourhood of y, and back in a finite time, which is impossible by (Ap8) and
condition (iii) of (U2) that ensures that (Ap8) holds uniformly for all processes X, .
In fact, the probability of at least n jumps is of order ¢"/n!.

(i1) This is a direct consequence of (i).

(iii) In case (Ul) this is a consequence of a general Theorem 6.1 from Chapter 4 of
Ref. [5]. In case (U2), from the same general result, it follows that the stopped (at
U,,) processes X?f,?,p give unique solutions to the corresponding stopped martingale
problem in U,,, and by the dominated convergence theorem we get from (i) that X}

is a solution to the stopped martingale problem in U. Uniqueness is clear, because

the (uniquely defined) stopped processes X;r defines X;'° uniquely for < 7, and
hence up to 7 inclusive (due to (i)). After 7, the behaviour of the process is fixed
by the definition. Thus, Proposition is proved. (]

We shall say that the process X, leaves a domain D C U almost surely (respectively with
a finite expectation) if P,(7p < o) = 1 for all x (respectively if E,p < oo for all x € D).

DEerFINITION  We shall say that

(1) a point xo € 90U is t-regular if for all ¢
dim P.(7y > 1) = 0; (Ap17)

(i1) a point xo € aU is normally regular, if there exists a neighborhood V of x, such that

E.7
xUﬁV<oo

lim sup
x—xo,x€U |)C - X()l

s

(iii) a subset I' C 9U is inaccessible if Py(X,y € I', 7y < 00) = 0 for all x € U;

(iv) apointxy € dU is called an entrance boundary if for any positive t and e there exist an
integer m and a neighbourhood V of x, such that P(ﬁ]\um > 1) < € and P(T’l‘j\Um =
7)) < € for all x € V. N U, where U, are the domains from condition (U2), if (U2)
holds, or U,, = {x € U : p(x,0U) > 1/m} in case (Ul) holds (p denotes the usual
distance).

We shall denote by Uy, the set of z-regular points of U (with respect to some given
process).
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Remarks Notice that a point from an inaccessible set can be nevertheless normally regular.
The notion of z-regularity is the key notion for the analysis of the continuity of stopped
semigroups (see Theorems 1.6, 1.7) and the corresponding boundary value problems. The
normal regularity of a point is required if one is interested in the regularity of the solutions to
a boundary value problem beyond the simple continuity (see e.g. Ref. [7] for the case of
degenerate diffusions under condition (U1)).

For the analysis of the exit times from a domain and for the classification of the boundary
points, the major role is played by the method of barrier (or Lyapunov) functions, which is
essentially contained in the following simple statement.

We shall say that ¢ € C? satisfies the martingale condition, if (Ap2) is a martingale for all
measures P, in case (Ul) or the same holds for all L,, in case (U2). By definition, all
¢ € C? N C, satisfy the martingale condition, but not vice versa.

PROPOSITION A2 Method of barrier function. Let f € C? satisfy the martingale condition
and be non-negative in Dy, for some D C U.

(1) If Lf(x) = 0 for x € D, then for all t > 0 and x € D
J() = Ex(f Xmin (1,7)))-

If, moreover, f is bounded and the process leaves D almost surely, then also f(x) =

Ex(f(Xz,)).
(i) If Lf(x) = —c for x € D with some ¢ > 0, then

f(x) = cE(min (¢, 7p)).

In particular, the process leaves the domain D almost surely and E,(7p) = f(x)/c.

Proof Consider the case (U2) only (the case (Ul) being clearly simpler). Let D,, =
D N U,. As fsatisfies the martingale condition,

min (¢,7p,, )
Exf(Xmin(t,T,)m)) :f()C) + EXJ Lf(Xv) dS,
0

which implies the statements of the Proposition concerning min (#,7p) (using also Fatou’s lemma
for the statement (i)). To get the corresponding results for 7, one takes a limit as r — oo and
uses the dominated convergence theorem in (i), and the monotone convergence theorem in (ii).

From Proposition A2, one can deduce some criteria for transience and recurrence for
processes with pseudo-differential generators (see e.g. Ref. [22]). We shall use it now to
deduce some criteria of 7-regularity and inaccessibility generalizing the corresponding results
from Ref. [7] devoted to diffusion processes under condition (U1).

PRrOPOSITION A3 Suppose xo € 90U, f € C*(U) satisfies the martingale condition (or, in
case (U2), the restrictions of fto U,, can be extended to C 2(Rd) functions that satisfy the
martingale conditions for L,,), f(xo) = 0, and f(x) > 0 for all x € U\{xo}. Suppose there
exists a neighbourhood V of x such that Lf(x) = —c forx € U N V with some ¢ > 0. Then
Xo 1s a t-regular point and

Ex(tyau) = f(0)/c (Ap18)

for x € V. N U. In particular, if f(x) = |x — xo| for x € V N U, then x, is normally regular.
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Proof Proposition A2 implies (Ap18). Hence E,(Tyny) — 0 as x— 0. And consequently
P.(tyny > t)— 0 as x — xq for any ¢ > 0. Next, by Proposition A2 (i), forxe UNV

f(‘x) = EXf(X’TVﬁU) = Ex(f(XTU)lTVﬂU:'TU) + EX(f(XTVﬁU)ITVﬁU<TU)

Zyren[i]{lv FP(tyny < TU),

where 1;, for an event M denotes the indicator function of M. Hence P (tyny < 7y) — 0 as
x — xo. Consequently,

P(tyay <t and 7yny=T1)—1
as x— xg, x € VN U, and so does

P(ry<t)>P(ry <t and 7yny=1T1y)=P(tvny <t and 7Tyny =7y). O

ProprosiTION A4

(i) Let I" be a subset of the boundary dU. Suppose there is a neighbourhood V of I" and a
twice continuously differentiable non-negative function f on U such that f vanishes
outside a compact subset of R¢, Lfx)=0forx&€ VNU,and f(x) =00 as x— 1T,
x € VN U. Then T is inaccessible.

(i) Suppose xp € 0U and V is a neighbourhood of xqy such that the set VN aU is
inaccessible. Suppose for any 6 > 0, there exist a positive integer m and a non-negative
function f € C? N C. such that f(x) € [0,8] and Lf(x) = —1 for x € V. N (U\U,,).
Then x, is an entrance boundary.

Proof

(1) As U is transmission admissible, it is enough to prove that I' is inaccessible for the
domain V N U. Let us give a proof in case of the condition (U2) only (the other case
being similar). For any m, let us choose a function f,, € C*> N C, that coincides with f
in U, For any r > 0 there exists a neighbourhood V, of T such that V, C V and
inf {f(y) : y€ V, N U} = r. By Proposition A2, forx e U,, NV,

F@) = fn() = Exfn(Xmin.70,000) = min {(fu(y) 1y €V, NoU,)
Ptu,nvy =1, Xey 0y €V5)
Hence
P(tw,nvy =1, Xry oy €E V) =f0)/r
for all ¢, and consequently
P(twnvy =t, Xnyoy €V, NOU) = f(x)/r.
Hence

PX(T(UQV)SOO, X EV,ﬂaU) Sf(x)/r

TUNvV

Since N2, V, D T, the proof of (i) is complete.



40 V.N. KOLOKOLTSOV

(ii) First by reducing ¢, if necessary one can ensure that the probability of leaving V N U in
time 7 is arbitrary small (because V M 9 U is inaccessible and because the coefficients of
L are uniformly bounded which implies Eq. (1.14)). Next, by the Chebyshev inequality
and Proposition A2 we conclude that

1 1 1)
P(ﬂ(/ﬂ(U\U,”) = t) = ;EX (vaaww,) = ?f(x) = n

for x € V. N (U\U,,), which can be made arbitrary small because 6 is arbitrary small.

In Appendix 3, we shall show how one can use the general results obtained above in order
to obtain more concrete criteria (in terms of the coefficients of L). Now we shall give only the
following simple (but important) consequences to Proposition Al.

PROPOSITION A5

(i) Under conditions of Proposition Al (iii) suppose that I' € U is inaccessible and
L(x) = 0 for any x € 9U\I" and any ¢ € C> N C,.. Then for any x € U, the stopped
process X;'P defines the unique distribution P, on D[0, ) such that X, = x and
X, = Xmin (1,7, almost surely, and Eq. (Ap2) is a martingale for any ¢ € c’nc,.

Gi) If

Jim P(7, = 1) =0 (Ap19)
almost surely for any ¢ and any initial probability measure on U (in particular, (Ap19) is
satisfied, if for any xop € oU there exists a neighbourhood I" of xy in dU such
that Proposition A4 holds), then for any measure 1 on U there exists a unique measure
P,, on the Skhorohod space D[0,%) such that Eq. (Ap2) is a P,-martingale for any
¢ € C*(U) N Cp(U) vanishing outside a bounded domain of R“. Moreover, this measure
defines a strong Markov process where the semigroup 7, preserves the space Cy,(U).

(iii) Under condition (ii), if both (U1) and (U2) hold, then the semigroup T of the corresponding
Markov process in U preserves the subspace C,(U).

Proof

(i) It follows from Proposition Al (iii) and the observation that

min (¢,7,) t
J Lo(X,)ds = J Lo(X,)ds
0

0

under conditions from (i).

(ii) For ¢ € C? N C, the required martingale property follows again from Proposition A1,
or in this particular case, it is in fact a direct consequence of Theorem 6.3 from
Chapter 4 of Ref. [5]. For ¢ € C*(U) N C,(U) N C.(R), it follows by first considering
the stopped martingale problems in U,, and then as usual by the dominated convergence
theorem. The last statement follows from Theorem 5.11 (b), (c) from Chapter 4 of
Ref. [5],

(iii) By the same theorem 5.11 (b), (c¢) from Chapter 4 of Ref. [5], under (U1), (U2), the
semigroup 7, of the process defined by L preserves the space C,(R“). Since T, ¢ = T}'® ¢
forallx € Uandall ¢ € C2R?) N C.(RY), it follows that 7'’ ¢ € C,(D) for these ¢.
As C2(R%) N C.(RY) is dense in C,(D), the required statement follows. O
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APPENDIX 3: EXAMPLES OF BARRIER FUNCTIONS

In this Appendix, we shall show how one can choose barrier functions in Propositions
A2—A4 above in order to obtain the corresponding criteria in terms of the coefficients of the
generator L of form (Apl). More precisely, we shall consider the operator L given by

Lfx) = LG + J(f(x ) — () i, dy) (Ap20)

where w is a Borel measure on R\{0} such that | lylm(x, dy) is finite for all x and L is of form
(Apl). Surely L can be written in form (Ap1), but it is convenient to have special criteria for
integral terms written in a form with w above (which is possible to do when a Lévy measure
has a finite first moment).

We are going to give local criteria for points lying on smooth parts of the boundary
(however, they can be used also for piecewise smooth boundaries, see Remark 2 after
Proposition A6). Since locally all these parts look like hyper-spaces (can be reduced to them
by an appropriate change of the variables), we shall take U here to be the half-space

U=R xR"'={(zv)eR!:2>0, vER"}

and we shall denote by S, and 3, the corresponding components of the vector field 8 and by
G_.(x) the first entry of the matrix G(x). We shall assume that the supports of all »(x,?) and
u(x,) belong to U and that condition (U2) holds with U,, = {z > 1/m}. Let us pick up
positive numbers a and 7, and for any € > 0 let

Ve =1{z € (0,a),|v] = r+¢€). (Ap21)

ProrosiTiION A6 If
B.(x) = 0(z), G (x) = O(z?), Jzzvoc, dx) = 0(z%), (Ap22)

in Vg, then the ball {(0,v) : |v| = r} belongs to the inaccessible part of the boundary dU.
Remark 1  As one could expect, the measure u does not enter this condition at all.

Remark 2 This criterion can also be used for piecewise smooth boundaries. For example,
let U =UN {v: o' >0} and condition (Ap22) holds in V. N U. Then the same proof as
below shows that {|v] =7} N {v : ! > 0} is inaccessible. The same remark concerns
other Propositions below.

Proof A direct application of Proposition A4 is not enough here, but a proof given below is
in the same spirit. Let a non-negative f € C2(U) be such that it is decreasing in z, equals 1/z
in V. and vanishes for large v or z. By f,, we denote a function f € C,. N C? that coincides
with fin U,,. Let 7, denote the exit time from V N U,,. Condition (Ap22) implies that
Lf(x) = cf(x) for all x €V and some constant ¢ = 0. Hence, considering the stopped
martingale problem in V N U,, and taking as a test function f,, € C> N C, one obtains that

min (,7,,) B
Eof (Xningn) — f00) = EJ Lf(x,) ds
0

min (¢,7,,)

1
= cExJ F(X,)ds = cExJ F i) s,
0 0
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Consequently, applying Gronwall’s lemma yields the estimate
E o f Xnin 1.7,)) = f(x)e".
Hence
Pty =t, X, €0U, NV = %f()c)e”7
which implies that (a neighbourhood of) I' is inaccessible by taking the limit as m — co. [

ProPOSITION A7  Suppose there exist constants 0 = §; < 8 = 1 such that
G(x) = 0(z'**), Jzzvoc, d¥) = 0(z'*%)

in V. and also either
Bin) = wz”

or Bj(x) = 0 and

J Zu(x, d¥) = wz®
VeN{z=2=3z/2}

in V., with some w > 0. Then the ball {(0,v) : |v| = r} belongs to the inaccessible part of
the boundary.

Proof This is a direct consequence of Proposition A4, if one takes the same function f from
Proposition A6 above to be a barrier function and observes that under the given conditions
the diffusion term and the integral term depending on v in L are both of order O(z>~2) and
either the drift term is negative of order z® 2 and the integral term depending on w is
negative (because f is decreasing in z) or the drift term is negative and the integral term
depending on u is negative of order z% 2. g

PrOPOSITION A8  Suppose that for |2| = r + € either G..(0,v) does not vanish, or

J Zv((0,),d%) = wb?®
VepN{Z=b)

with some 6 > 0, @ > 0 and all sufficiently small b, or 3,(0,v) < 0. Then the origin 0
belongs t0 0 Uyeg.

Proof Let us prove that 0 € 0Uye. Let f be defined as

cvr+z—bz% 7<1/2b
S = 2 1 > L

1 1
TR =12

in V, and belongs to C 2 and is bounded from below and above by some positive constants.
Then

1/(0,) = B0, %) — 26G..(0,0) + Jmin (z = b2, 2 )p((0, ), 49

+ Jmin (Z — bZz,z—lb - Z) v((0,v),dx) + O(c).
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Clearly the integral term depending on u tends to zero as b — oo, the integral depending on v
over the subset Z = 1/2b is negative. Hence

(0,0) = B(0,0) ~ 26G.0.9) ~ | 20((0,0),d9) + o(1),
VeN{z=1/2b}
where o(1) tends to zero if c— 0, b— o0, and z— 0. Clearly, if B, < 0, this expression
becomes negative (for small ¢ and large b), and otherwise, other two assumptions of the
Proposition ensure that this expression becomes negative for large enough b > 0. By
continuity, it will be negative also for (z,v) with small enough z. Consequently, the
application of Proposition A3 completes the proof. ]

PROPOSITION A9 Suppose G (z,v) = k(v) z(1 + o(1)) as z— 0 in V.. () If k(v) > Bi(v)
for [o| = r + €, then the ball {|ov| = r} belongs to 8 Uye,. (ii) If k(v) < B1(v) for |v| = r + €,
then the ball {|o| = r} belongs to the inaccessible part of the boundary.

Proof (i) As a barrier function, let us take fthat equals z¥ + cov? witha y € (0, 1) in V. and
is smooth and bounded from below and above by positive constants outside. Then near the
boundary the sum of the drift and the diffusion terms of Lf is

v (B — (1 = yx+o(1)),

which can be made negative by choosing small enough 7. The integral term
depending on v is negative and the integral term depending on u can be made small by
changing f outside an arbitrary small neighbourhood of the boundary. Then the origin
belongs to d Uy, by Proposition A3, and similarly one deals with other points of {|o| = r}.
(i1) This follows from Proposition A4 if one uses the same barrier function as in Propositions
6 and 7 above.

The set where k(v) = B1(v) is known to be a nasty set for the classification even in the case
of diffusions (see e.g. Refs. [7,27,31]). The following simple result is intended to show what
kind of barrier function can be used to deal with this situation.

ProposiTioNn A10 Let the boundary of the open set I' = {v : B,(0,v) > 0} in aU is
smooth, the vector field B(x) on 9I" has a positive component in the direction of outer normal
1 to 8T, and diffusion term and the integral terms vanish in a neighbourhood of T" in U.
Then the closed subset I'=T" U aT" of the boundary aU is inaccessible.

Proof Consider the barrier function f = (z> + p(v)*)” !, where p denotes the distance to I".
Then

. B (Bo(x), M)
2T dp(0)
22 + (p(v)) 22+ (p(v))
and the second term dominates in a neighbourhood of the boundary of I, because S.(x) is of

order p(v). Hence the proof is completed by the application of Proposition A4. (|
We conclude with a criterion for a point to be an entrance boundary.

Lf =

PRrROPOSITION A1l Let V. be defined by (Ap21) and let the ball {(0,v) : |v| = r+ €} is
inaccessible. Suppose 3.(x) = ¢ > 0 and jzzv(x, dx) = O(z) in V.. Then all points from the
ball {(0,2) : |o| =< r} are entrance boundaries.
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Proof Clearly it is enough to prove the statement for the origin. Suppose for brevity that
v(x,) vanishes in V. (the modifications required in the general case are as above). Then our
claim is a consequence of Proposition A4 (ii), if as a barrier function one takes a function f(x)
that equals 6 — z/c for z < ¢8/2 and which is non-negative and decreasing in z. Then
fx) € [8/2,8]forz = ¢8/2 and Lf(x) = —1 for these z, because the contributions from the
diffusion part of L and the integral part depending on w are clearly negative. |



