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1. Introduction.

1. Aims of the paper. This paper is the third in the series of papers devoted to the
Markov models of k-nary interacting particle systems and their measure-valued limits (see
[Kol], [Ko2]). It deals with a special kind of interaction, which are intensively studied in
the current mathematical and physical literature, namely to the coagulation-fragmentation
models, and to more general mass exchange processes. The classical examples of these
models are given by the Smoluchovski model of binary coagulation and its modifications
which are characterized by various coagulation kernels and also by the possibility of the
inverse process, i.e. fragmentation of a particle into a pair of smaller ones (see e.g. [Al]
and [No2| for recent results and a bibliography on these models). In the present paper we
shall extend these models to include not necessary binary coagulations (i.e. any number of
particles can coagulate in one go), the fragmentation of particles to any number of pieces,
and also more general processes, where, say, the rate of coagulation or fragmentation of
two particles can be increased or decreased by the presence of a third particle, or where
a particle can split another particle in pieces and coagulate with one of them. These
and similar possibilities lead to a general kind of processes which could be called mass
exchange processes. The aim of the paper is to show that as a number of particles go
to infinity and under an appropriate (in fact, uniform) scaling of interaction rates, these
processes converge to a measure-valued deterministic processes (hydrodynamic or mean
field limits) described by a system of kinetic equations (system (1.7) below) that generalize
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Smoluchovski’s equations (and its modifications that include possible fragmentation). We
shall prove some existence and uniqueness results for these equations which constitute a far
reaching generalization of the corresponding results obtained recently for the Smoluchovski
equations. At the end of the paper we show that a different (non-uniform) scaling can lead
to non-deterministic limits (e.g. of diffusion type) of our mass exchange processes.

Let us notice that the kinetic equations we obtain and analyze here represent a particu-
lar case of more general equations obtained formally (i.e. without any rigorous convergence
or existence results) and by a different method in [BK]. In fact, in [BK] we developed two
such methods, one was suggested in [Be] and was based on the study of the evolution of
the generating functionals and another was based on the idea of propagation of chaos (see
e.g. [Sz]).

It is worth mentioning some other related works on non-binary interactions. Namely,
in [Pi] the coalescence with multiple collisions were studied and the corresponding models in
which many of these multiple collisions can occur simultaneously were considered in [MS],
[BL], [Sc|]. The fragmentation processes in which particles can break into any number of
pieces were discussed in [Brl], [Br2].

When analyzing Smoluchovski’s equations, it often occurred that the basic results
were first obtained for a simplified model of discrete mass distribution and then were
generalized to a more difficult models of continuous mass distribution. We shall adhere to
this tradition considering here only discrete mass distribution and leaving the continuous
models for the future work (see e.g. [Ko3]). Notice that for the simplified discrete models
considered here, the measure-valued limits are described by processes on the spaces of
sequences (measures on the set of natural numbers), but for more natural models with a
continuous mass distribution, the same procedure will lead to processes with values in the
spaces of Borel measures on R* or on more general measurable spaces (see e.g. [No2] for
binary coagulations).

A further development of the theory should also include, of course, spatially non-trivial
models, where the particles are characterized not only by their masses but also by their
position in space (or other parameters), which is changing according to some given law,
for example as a Brownian motion. In case of classical coagulation-fragmentation process,
such spatially non-trivial models have been investigated recently in several papers, see e.g.
[BW], [CP], [W] and references therein for discrete mass distribution and [Am]|, [LM] for
continuous masses. Another important problem for the mass exchange processes considered
here that should be addressed in the future is the estimate of the gelation times and the
asymptotics of the large time behavior, see e.g. [CC]|, [Je] and [LW] for this question in
the context of the standard coagulation- fragmentation models.

2. Some notations. We list here a few notations that will be used throughout the
paper without further reminder:

Ck =r(r—1)..(r — k+1)/k! is a standard binomial coefficient defined for any real
r and any positive integer k; in particular, it vanishes whenever k£ > r and r is a positive
integer; 47 is the Kronecker symbol denoting 1 for i = j and 0 otherwise;

R (respectively RY®) is a linear space of all sequences {1, 2, ...} of real numbers
(respectively its subset with all z; being non-negative); R*> is considered to be a measur-
able space equipped with the usual o-algebra of subsets generated by its finite-dimensional
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cylindrical subsets;

¢p, p > 1, denotes the Banach space of real sequences x = {1, 2, ...} equipped with
the norm [z, = (3272, |, 17)1/7;

Coo denotes the Banach spaces of real sequences with lim,, ., x, = 0 equipped with
the sup-norm |[|z[|c = sup,, |z,|;

Z> (respectively Z3°) is the set of sequences N = {ni,ng, ...} of integer numbers n;
(respectively its subset with all n; being non-negative) equipped with the usual partial
order: N < M = {mq, my, ...} means that n; < m; for all j;

& pin and 25 4, are the subsets of R and Z3° respectively with only finite number
of non-vanishing coordinates; we shall denote by {e; } the standard basis in R ;;,, and will
occasionally represent the sequences N = {ny,no,...} € Zr fin 8S the linear combinations
N =377 njej;

by M we shall denote the Banach space of real sequences © = {z1,z2,...} with the
norm pu(z) = |x1| + 2|xa| + ... (letters M and p come from the interpretation of p(z) as
the mass of the state = for x € R ,,);

For a measurable space X, B(X ) denotes the Banach space of real bounded measurable
functions on X equipped with the usual sup-norm; if X is a topological space, Cy(X)
denotes the Banach subspace of B(X) consisting of continuous functions.

3. Discrete mass exchange model and its hydrodynamic limit. Suppose a particle is
characterized by its mass m that can take only integer values. A collection of particles is
then described by a vector N = {ni,na, ...} € Z3, where a non-negative integer n; denotes
the number of particles of mass j. The state space of our model will be the set Z 4, of
finite collections of particles (i.e. of vectors N with only a finite number of positive n;).
We shall denote by |N| = ny + ng + ... the number of particles in the state N, by u(N) =
ni + 2ng + ... the total mass of the particles in this state, and by supp (N) = {j : n; # 0}
the support of N considered as a measure on {1,2,...}. By a mass exchange we shall mean
any transformation ¥ — ® in Z° ., such that u(¥) = p(®). For instance, if ¥ consists of
only one particle, this transformation is pure fragmentation, and if ® consists of only one
particle, this transformation is pure coagulation (not necessarily binary, of course). By a
process of mass exchange with a given profile W = {11, q, ...} € 27 ;;, we shall mean the

(conservative) Markov chain on 27 ;;, specified by the Q-matrix QY with the entries

where Oy = [],¢ Supp (V) CYi and {Pg} is any collection of non-negative numbers paramet-

rized by ® € Z5° ;,,, such that P2 = 0 whenever u(®) # u(¥). Observe that since the mass
is preserved, this Markov chain is effectively a chain with a finite state space (specified
by the initial condition) and hence it is well defined by the matrix (1.1) and does not
explode in finite time. Clearly, the behavior of the process defined by @-matrix (1.1) is
the following: (i) if N > ¥ does not hold, then N is a stable state, (ii) if N > ¥, then any
randomly chosen subfamily W of N, i.e. any 1 particles of mass 1 from a given number
ny of these particles, any 1y particles of mass 2 from a given number ny etc (notice that
the coefficient Cy in (1.1) is just the number of these choices) can be transformed to a

collection ® with the rate Pg.



Equivalently (and more appropriate for our purposes), the Markov chain with the Q-
matrix (1.1) can be specified by a Markov semigroup on the space B(ZS° ,,,) of bounded
functions on ZF ,,, with the generator

Guf(N)=C% Y PP(f(N—T+®)— f(N)). (1.2)

(@) =4 (V)

More generally, if k is a natural number, a mass exchange process of order k (or k-
nary mass exchange process) is a (conservative) Markov chain on Z%;,, defined by the

Q-matrix of the type QF = Z‘IHI‘I/KIC QY with QY given by (1.1) or equivalently by the
generator G = Z‘P:I\PK » Gw. More explicitly

Gef(N)= > Cx Y, PRJ(N-V+2)— f(N)), (1.3)

V|| <k, T<N Q:p(2)=p(¥)

where Pg is an arbitrary collection of non-negative numbers that vanish whenever u(¥) #
1(®). As in case of a single U, for any initial state IV, this Markov chain lives on a finite
state space of all M with u(M) = u(N) and hence is always well defined.

We shall now perform the following scaling. Choosing a positive real h, we shall
consider instead of a Markov chain on Z° Fins & Markov chain on hZ3° fin C R with the
generator

GHON =7 S AMeE S PRGNR - Wht @)~ f(NB), (14)

T[T |<k,U<N D:pu(®)=pu(P)

which can be considered as the restriction to B(RZS ;) of an operator in B(RS® ;) that
we shall again denote by G and that acts as

@nNw=7 S b)Y PR -whien) - f@),  (15)

W[ <k ©:(®)=p(T)
where the function Cff, is defined as

C‘}llj(x) _ H xj(xj — h)(zjj'_ (1/)] — 1)h)

J€ Supp (V)

in case z; > (; — 1)h for all j and C%(x) vanishes otherwise. Clearly, as h — 0, operator
(1.5) converges formally (justification will be given in Section 4) to the operator A on
B(Rj’?fm) given by

Arf(a %j S Za—f - (L6)

D ipu(®)=p(V) =1
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where

2V = H :c;.bj, Ul = H ;.

J€ Supp (V) J€ Supp (V)

Operator (1.6) is an infinite dimensional first order partial differential operator, whose
characteristics are described by the following infinite system of ordinary differential equa-

tions
Bi= > T > PR —w). j=12. (1.7)

TW[<k " P:u(@)=p(P)

This is the general system of kinetic equations describing the hydrodynamic limit (in the
terminology of [Nol], say) of k-nary mass exchange processes with discrete mass distribu-
tions. In other contexts such a limit is also called mean-field or McKean-Vlasov limit (see
e.g. [Da] or [Sz]). System (1.7) is the main object for analysis in this paper.

4. Ezxamples of kinetic equations (1.7). In case of pure coagulation or fragmentation,
P2 # 0 only if either |¥| =1 or |®| = 1. Denoting Py with |®| = 1 by Qg and P¢ with
|¥| =1 by P?, we can rewrite (1.6) as

p(P)—1 of
(A f)(x @%M%(CD)P ]2_: 830] & - Oz,9)
v af p(¥)—1 of
+qj:§<k@@1’ e ; ‘bﬂ'a?j : (1.8)

and system (1.7) takes the form

i Tm Z P@gbj—xj Z P(I)

m=j+1 P:pu(P)=m P (P)=yj
ZL’\II
+ > Qugy — > Q\I} ’% (1.9)
VU <k, pu(P)=j U0 <k, (P) >

In particular, in the case of binary coagulation-fragmentation, i.e. if P® and Q¢ do not
vanish only for |¥| = 2 and |®| = 2, one can write P® = P% = PJ% for & consisting of
two particles of mass ¢ and j and similarly Q¢ = Q;; = Q;; for ¥ consisting of only two
particles of mass ¢ and j. Hence (1.9) takes the form

=Y a P i L, Zpu !

m=j5+1

1 -
1 J
+§ Zl Qi,j—lwzwj - Z Qm_j,jxm_jxj, (1_10)

m=j+1
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where we introduced the notations PY = P¥ for i # j and P" = 2P%. System
(1.10) is a usual system of equation describing the mean field limit of binary coagulation-
fragmentation models (see e.g. [BC]), which turns to classical Smoluchovski’s equation for
a particular choice of coagulation-fragmentation kernels P% and Q;;.

Another important particular case of (1.7) is obtained if one supposes that only binary
interactions are allowed, i.e. if Py # 0 only for |¥| = 2, which one can interpret as an
assumption that any mass exchange can happen only as a result of a collision of two
particles. Parametrizing profiles ¥ with || = 2 by pairs (ij) (two particles of the mass i
and j) we can then rewrite (1.7) as

Tj =3 S wm Y PR —wy), j=1,2,. (1.11)
=1 1=1 Bop(@) =14k

A further natural restriction (or simplification) of the model is an assumption that any two
particles can either coagulate forming one particle or exchange masses and be transformed
again in two particles (i.e. fragmentation into three or more particles is not admissible).
Then non-vanishing P are either PIZ‘LZ or Py} with i+ j = k+1 and equations (1.11) can
be rewritten in the form

oo i—1

‘ 1 o

S 59 yeE
i=j+1 k=1

1 7j—1 o)
. (D ,
—1—5 Zmixj_in_i’i — Zxkxj Z Po, j=12,.. (1.12)
i=1 k=1 P (P)=k+j

which is a well known system of coagulation equations with collision breakage, see e.g.
[Sa] and [Wi] for physical discussion and [LW] for basic mathematical results. As noted in
[LW], particular cases of (1.12) are given by (a discrete version of) the nonlinear breakage
model studied in [CR] and by a model of the evolution of raindrops size spectra discussed
in [Sr]. Another particular case of (1.12) is a model when the masses ¢ and j of new
particles formed after the collision of particles with masses k, [ are some given functions of
min(s, j). This model is considered in [Du] (equation (7) there) as an intermediate model
connecting Smoluchovski’s equations and a discrete mass version of the Oort-Hulst model
in Safronov’s form [Sa]. Let us notice at last that only slight modification in Markov model
(1.5) and in given below mathematical proofs are needed to include a model with random
injections of monomers from [DKW] or the Oort-Hulst model discussed in [Du] and [LLW].

Finally let us observe that the main equation (1.7) can be written in the following
equivalent form

=Yy S e Y P60, (113)

=1 ii=1 4=1 (D) =iy +... 44

which is sometimes more convenient to deal with.

5. Content of the paper. In Section 2 we prove two results (Theorems 2.1 and 2.2) on
the existence of the global solutions to system (1.7) subject to additional assumptions on

6



the growth of the rates Py. Conservation of mass in these solutions is also discussed. In
Section 3 we prove (Theorems 3.1 and 3.2) the uniqueness and continuous dependence on
the initial data for the solutions of (1.7) under assumptions of Theorem 2.2 from Section 2.
Then we discuss some consequences for the corresponding contraction semigroups on B(M)
(Theorem 3.3). The main result of the paper (Theorem 4.2) is given in Section 4, where
we prove the convergence of the Markov process with generator (1.4) to a deterministic
process in M C R described by (1.7). In passing, we are giving here an alternative
(probabilistic) proof of the main existence results of Section 2 (Theorem 4.1). Section
5 is devoted to a short discussion of the diffusion approximations to the discrete mass
exchange processes which are available only for models with k£ > 2. Theorem 5.1 there is
a consequence of the theory developed in [Ko2], [Ko5].

2. Existence of solutions for the kinetic equations.

For our mathematical study of kinetic equations we need some additional assumption
that prevents the creation of a large number of equal (in particular, small) particles in
one go. From now on, we shall assume that ¢; < k for all ® = {¢1,....,¢}, 7 = 1,...,1,
and ¥ such that P$ # 0 (the use of the same constant k for the bound of ¢; and the
maximal order of interaction is surely not essential and is made only to reduce the number
of constants).

This section is devoted to the problem of the existence of the global solutions to system
(1.7) which we shall write in the vector form

i=f@), J@={h= Y 5T X PRe-v)) (21

VW|<k T @:pu(@)=p(¥)

We shall say that a function z(t) on [0,7) is a solution of (2.1) in the Banach space
cp or a cp-solution, if x(t) € ¢, for all t € [O,T), and moreover, the r.h.s.of (2.1) is well
defined, and (2.1) holds, where & is defined with respect to ¢,-norm. We say that z(t) is
a solution of the integral version of (2.1) with initial conditions z(0), or a weak solution, if
z(t) = {x1(t), x2(t), ...}, where all x; are continuous functions such that

.%'j(t>:£ll'](0)+/0 fj(.%'(T))dT

holds with the integrals being well-defined as Lebesgue integrals. We shall say that z(t)
is a global solution, if T' = oco. Clearly if z(t) is a c¢p-solution of (2.1), then it is also a
cq-solution for any ¢ > p and also a weak solution.

In the future, we shall often use the following sets of sequences with masses not
exceeding or equal to a given positive number c:

Mece={ze MNRT : p(z) <c}, M.={xec MNRF: u(r)=c}
By P,, we shall denote the natural finite-dimensional projections in R*>® defined by
Pn({xl, o, }) = {Il, ceey Ly 0, 0, }
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Our first existence result is the following.

Theorem 2.1. (i) Suppose Pg are such that

>, P=HW]]™. (2.2)

:p(P)=p(¥)

where H(V) is a function of U that tends to zero as u(V) — oo. Then for any xy € ¢
such that p(zg) < oo there exists a global ¢ -solution x(t) of (2.1) with the initial condition
xo and such that x(t) € M<,(z,) for all t.

(ii) Suppose P are such that

S <o) (2.3)

Bipu(®)=p1(W) j=1

for all ¥, where C' > 0 and o € (0,1) are some constants. Then for any p > 1/(1 — )
and an arbitrary xo € ¢, such that p(zo) < oo there exists a global c,-solution x(t) of (2.1)
with the initial condition xo and such that x(t) € M<,(z,) for all t.

Remarks. 1) In case of binary pure coagulation, i.e. in case of Smoluchovski’s equation
(1.10) with vanishing P%, the estimate (2.2) reduces to the estimate Q;; = o(1)ij as
i,jJ — 00, which is the best known condition that implies the existence of the global
solution for this model, see e.g. [Je]. On the other hand, for equation (1.12) our estimate
(2.2) reduces to the estimate under which the global existence of the solutions to (1.12) is
proved in [LW]. 2) The results on ¢,-solutions in (i), (ii) may be new even for the classical
equations (1.10), because usually one proves the existence of a weak solution (see e.g.
[BC], [Je], [LW], [Nol], [No2]). 3) Y4 Pg is the rate of decay of the profile ¥ and hence
a natural quantity to impose an upper bound on it. Notice also that []j%/ in (2.2) is the
product of masses of all particles in the profile W.

The proof of Theorem 2.1 will be based on the two simple facts from calculus, which
we formulate and prove here for completeness as Lemmas 2.1 and 2.2.

Lemma 2.1. Let B be a Banach space and K be its compact subset. Let f and
", n=1,2, .., be a uniformly bounded family of continuous functions K — B such that
lim,, oo || f™(z) — f(2)|| = 0 in B uniformly for all v € K. Moreover, suppose for any n
and an x{ € K there exists a global solution z™(t) of equation & = f"(z) in B with the
initial condition ™(0) = x{ and such that z™(t) € K for all t. Suppose the sequence x{
converges in B to some xg € K. Then there exists a global solution of equation & = f(x)
in B with the initial condition x(0) = xo and such that x(t) € K for all t.

Proof. As all z™ take values in a compact set, and the derivatives " (t) are uniformly
bounded, one can choose a subsequence, of the sequence of functions x™(t), which we shall
again denote by x", that converges to a function z(t) uniformly for ¢ < T with an arbitrary
T. Clearly x(t) also takes values in K. Moreover, as

17 (@™ (@) = fle@) < " (@) — f @O+ 1@ @) = f@)],
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and since f is continuous and hence uniformly continuous in K, we conclude that the
sequence of derivatives 2" (t) = f™(z™(t)) converges to f(x(t)) uniformly on ¢t < T for all
T'. Hence #(t) exists in B and equals f(z(t)).

Lemma 2.2. For any finite ¢ > 0 the set M<. is a compact subset of ¢, (in the
topology of cp, of course, and not in the topology of M) for any finite p > 1 or p = co.

Proof. (i) Let us prove that M« is closed. Suppose 2™, n =1,2,..., is a sequence in
cp " Mc<. and = = lim,,_, 2" in ¢,. Then pu(Pz™) < p(z™) < c. As the convergence of a
sequence z" in each ¢, implies the convergence of all finite-dimensional projections P;z",
it follows that p(P;x) < c¢. This clearly implies pu(x) < ¢, i.e. that z € M<..

(ii) Let us prove that M« is a pre-compact set. Let z™ be a sequence in ¢, N M<..
By dlagonal process one can choose a subsequence x" " and an element z € R™ such that
Pz converges to Pz for all . But such a convergence for a sequence from M« implies
its convergence in any c, with p > 1, because by choosing large enough [ one can ensure
that ™ — Pjax™ are uniformly small in Cp-

Proof of Theorem 2.1. (i) Let us first prove that f(z) from (2.1) is uniformly bounded
on any compact set M<., ¢ < co. Due to (2.2) and since ¢; < k, ¢; < k for all j, ¥, ®,

k k
@l <o 3 DI =03 Huta Z

0| W<k 'g 1 =1

Nl@

on M<., where o = 2k supy o(1).
Next, f(x) € coo Whenever p(z) < co. In fact, as ¢; # 0 or ¢; # 0 implies p(¥) > j,
it follows that

N4 k
Gal<t S S T e = o D ()
=1

|| <k,u(¥)>j i€ supp (V)

We shall now apply Lemma 2.1 in the Banach space c,, with the compact set K =
M <. using the finite-dimensional approximations f" to f defined by

f@= > T X PRei—v). (2.4)

|| <k,u(V)<n T B:p(@)=p(T)

Clearly f™(x) = f™"(Pn(x)) = Pp(f"(z)) for all x with a finite mass. Hence equations & =
f™(x) are finite-dimensional, i.e. x(t) — P, (x(t)) are constants along the solutions of these
equations and P, (x(t)) satisfy the n-dimensional differential equations. Consequently,
equations & = f™(z) have unique solutions in M<, for any ¢ < oo and xy € M<. (notice
that the vector field f™(z) is nowhere pointing outside M<. on its border and hence a
solution is forced to stay in M<, whenever o € M<.). As all f™ are uniformly bounded
on each M« (the same proof as for f above), to deduce the statement (i) from Lemma
2.1 it remains to show that || f"(x) — f(2)|lcc — 0 as n — oo uniformly for z € M<.. This
is true because of the estimate

Nes k
1@ - @l <k Y S %0 = oD 3 gy l))
j=1 =1

WL <k, (W) >0



(ii) We shall follow the same line of argument as in (i) and will use the same approx-
imation (2.4) and Lemma 2.1 in the Banach spaces ¢, with p > 1/(1 — «). First let us
show that under (2.3), f and f" are uniformly bounded in ¢,. As |¥| < k, it follows that if
¢;j #0or y; # 0, then u(V) = u(P) > j and hence there exists ¢ > j/k such that v; # 0.

Hence
T

HOES % IT )"

|| <k,u(¥)>j i€ supp (V)

$\I’
< 2kC > i T @

U0 |<k,31>5/k:py >0 i€ supp (¥)

Since for any ¥ such that v, # 0 for some | > j/k,

I[I @o)r=qm = lane <kt [
1€ supp (¥) £l i€ supp (V)
we conclude that
x¥ k 1
fl <20kt 30 o [ =20kt Y o (u@), (25)
U || <k 1€ supp () =1

and hence || f(x)]|, is uniformly bounded in M<. for any p > 1/(1 — a) and ¢ < oc.
Similarly all || f"||, are bounded. To deduce statement (ii) from Lemma 2.1 it remains to
show that || f"(z) — f(z)||, — 0 as n — oco. To this end we estimate

£ (@) = fi(@)] < 2kC > N | BGOR

| W[ <k,u(¥)>max(n,j) i€ supp (V)

k
< 20K max(n, )]~ Y 1 (u(2)),
=1 "

and hence

| =

If™(@) = f(@)llp < 20K [ PUZ7D 4 3 7 jmplme]l/ey 7

i>n =1

(@), (26)

o~

which tends to zero as n — oo for p > 1/(1 — «). Proof of Theorem 2.1 is complete.

We shall discuss now the existence of the mass preserving solutions by a generalization
of a (rather standard by now) method of higher mass moments in the spirit of papers [LW]
and [Nol]. For brevity, we shall use only the second mass moments (generalization to other
moments of order 57 > 1 with the corresponding modifications and improvements of final
results are more or less straightforward). The second moment for a z € RS is defined as

pale) = 3 % (2.7)
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The corner stone in the proof of the next theorem is given by the following estimate on
the evolution of the second mass moments.

Lemma 2.3. Suppose

> Py <CouD) (2.8)

:p(P)=p (V)

for some constant C. Let z(t) be a solution of the finite-dimensional system & = f"(x)
with fy, given by (2.4) and with the initial point xo € RT.. Then

pa(@(t)) < e (pz(wo) +b) (2.9)

with constants a, b depending only on C' from (2.8), k and u(xg).
Proof. For brevity, we shall write simply = for z(t). From (2.4) it follows that

d z¥ ,

Euz( T) = > 57l > PEY i,
U |<k,u(T)<n — Dip(@)=p(T) J

The first key observation (which is easily seen by inspection) is that

pptax o H2(®) = (u())%, (2.10)

which together with (2.8) implies that

Smw<e Y T ®)? - ()] (211)

dt
Wi <y pu(9) <

To make another step, let us use the multinomial formula to rewrite this estimate in the
following equivalent but more explicit form

dt,uz CZZ,Z Z%l g, (1 A e+ )G+ e+ 507 = G+ 4 5]

= Jji=1 j;=1
and then use the explicit symmetry of indexes ji, ..., j; to again rewrite it as
k
—Mz Z =1 Z Z%l 2+ 5 = GE+ 57 (212)
i=2 =1 ji=1
The next step is now to use the obvious equality
(14 e+ 5i)% = GF + oo+ 57) = Juda oo i 2z e G2di

and the symmetry of indexes jo, ..., j; in (2.12) to rewrite (2.12) as

Z ijl %Jﬂz

|
1=2 Jji=1  g3;=1

k
d

— < (C
dtuz(x) >

11



k
+% Z (i —3 12 ijl X4, J17273

Jl 1 ]7.—1

Increasing the r.h.s. of this inequality one obtains

k
Z Z_QIZ th %131]2 Ji

=2 J1=1 ji=1

k
+% Z (i—3 ‘Z Zx]1 T J1J2--Ji

Ji=1 Ji=1

k k
=0 @) ) T S Y )

(i —2) — (i—3)!
Hence .
%/LQ( ) < CLN2($) + 0 (2.13)
with
=C : 1 i1 _C i 1 .
a= Zz:; = 2)!(,“(:80)) , B= B Zz:; (=3 (p(zo))".

Clearly (2.13) implies (2.9) with b = a/( (say, by Gronwall’s lemma), and Lemma 2.3 is
proved.

We can now prove our second result on the existence of solutions to (1.7). To this
end, let us denote by M? (for any positive finite ¢) the set of all sequences from M, with
a finite second mass moment, i.e.

M2 ={z e MNRY : u(z) = ¢, pa(z) < o0}

Theorem 2.2. Suppose (2.8) holds and x € M? with some ¢ > 0. Then for allp > 1
there exists a global c,-solution of (2.1) with the initial condition zo such that x(t) € M?
for all t; in particular, the conservation of mass equation holds, i.e.

(b)) = o). (2.14)

Remarks. 1) Notice that (2.8) does not imply (2.2) and hence even the existence
of a solution does not follow directly from Theorem 2.1. 2) Seemingly it is possible to
prove the existence of a mass conserving solution without the assumption that us(x) < 0o
by generalizing the corresponding arguments from [LW] or [BC]. We choose here more
restrictive assumptions which, on the one hand, require a much shorter proof, and on the
other hand, coincide with the assumptions that we need to prove uniqueness in the next
section. 3) In the case of binary coagulation-fragmentation models, our conditions (2.2)
and (2.8) coincide with the usually used growth conditions, see e.g. [No2].

12



Proof. We shall prove the existence of the solutions on ¢ € [0,7] with an arbitrary
fixed T' by again using Lemma 2.1 in the Banach space ¢, with any p > 1, with the same
approximations f"™ from (2.4), and with the compact set

Kr={z€cp:p(x) <plro), pa(r) < e pa(xo) + b}

(a proof that K is a compact set is done by precisely the same arguments as in the proof
of Lemma 2.2 above).

Let 2 = P,xo. Then there exists a unique solution x™(t) of & = f"(x) in RY} with
the initial condition z{j. By Lemma 2.3, 2"(t) € Kp for all n and t < T'. As clearly

wwy <ol [ (2.15)

1€ supp ()

for any profile ¥ € Z%° ;. (2.8) implies (2.3) with a =1 and we get

xlll
TACIET S SRS § I

|| <k,u(¥)>j i€ supp ()
for any x and then by the same argument as used when proving (2.5) we estimate the r.h.s.
of this inequality by

k

v
20kt Y %1 11 12¢i:2Ck3%le'(u2(sc))l.

U:|w|<k 7 i€ supp (¥) =1

Hence for any p > 1, the norms || f"(x)||, are uniformly bounded for = € K. Let us prove
that || f"(x) — f(x)||, tends to zero as n — oo uniformly for all x € K. As in the proof
of estimate (2.6) we get

)

f@-hei<we Y L
U | 0| <k,u(¥)>max(n,j) 1€ supp (P)
i
3 -1
< 2Ck’[max(n, j)] Z ﬁ 7
=1
and hence
i

17 (@) = F@)llp < ACK 00 + 377 S (@)

j>n =1

which tends to zero as n — oo for p > 1. As T is arbitrary, we get the existence of a global
solution by Lemma 2.1. As K7 is a compact set, the obtained solution belongs to Kt on
[0,7] and consequently it always has the finite mass moment po(x(t)).

13



It remains to show (2.14). This is simple. In fact, as the conservation of mass holds
for the approximations x”, it is enough to prove that

lim [p(2"(t)) — p(z(t))] = 0.

n—oo

This is true, because on the one hand,

Tim_ [u(Pia™ (1)) — pu(Pra(t))] = 0
for any [, and on the other hand, both pu(z,(t) —Px™(t)) and p(xz(t) —Pix(t)) can be made
uniformly (in n) arbitrary small by choosing large enough [ due to the uniform bound on
the second mass moment. Theorem 2.2 is thus proved.
We shall conclude this section by proving a lower bound for the growth of pa(x) on
the solutions of & = f"(z) (similar to the upper bound (2.13)) that we shall use in the
next section.

Lemma 2.4. Under assumptions of Lemma 2.3 suppose additionally that there exists
a constant w > 0 such that either

p2(®) — p2(V) 2 —wp(P) (2.16)

whenever PE # 0, or that for all ¥

Y Pp<w (2.17)
Bipu(@)=p(¥)

Then for any solution x(t) of the equation & = f"(x) one has

Sialal0) = ~apa(a(t)) - 5 (2.18)

and hence i .
o (t)) = € pa(ao) b (2.19)

with some non-negative constants a, l;, B

Remark. Of course, condition (2.16) is restrictive. However, it holds in many impor-
tant situations. For example, it holds for processes of pure coagulation with w = 0. It
holds for Becker-Doring equations (see [BC| and references therein) and for the generalized
Becker-Déring models introduced in [Je]. Roughly speaking, condition (2.16) forbids frag-
mentation into very small pieces in one go. A discussion of the applicability of condition
(2.17), is given in [Am].

Proof. 1t is similar to the proof of Lemma 2.3. Using (2.16) instead of (2.10), or
(2.17), yields instead of (2.11) the estimate

4 (@)>-C > ﬁ( (¥))?
Wi | <k, (W) <n

14



where C' = Cw in case (2.16) or C' = w in case (2.17). Consequently

k n
d ~ 1 .
—pp(x) > —C> =N Z Tjy g (57 + o+ G7 + 20002 + 2413 + -+ Jads + .,
=1 ji=1 =1

d k n
gph2(®) 2 — I R T
i=1 =1 gi=1
1 k
IO SE Sl SR
1=2 Ji=1 Jji=1

M|Qz

k
i
2 s ,

=2

_ 1
> —02 (= 1)!M2(90)(

which is precisely (2.18). Clearly (2.19) is a consequence of (2.18).
3. Uniqueness and continuous dependence on initial data.

The main objective of this section is to prove the following result.
Theorem 3.1. Suppose (2.8) holds. Let & = {&1,&a,...} € M2, n={n1,n2,...} € M2

with some positive ¢ and ¢. Let x(t),y(t) be any global weak or co-solutions of (2.1) with
the initial conditions £ and n respectively and such that ps(x(t)) and pa(y(t)) are uniformly
bounded on t € [0,T] for any T > 0 (the existence of these solutions is ensured by Theorem
2.2). Then for all t

pla(t) —y(t) < C(T)uE —n), (3.1)

where C(T) is a constant depending on T, and on ¢,k and the bounds for ps(x(t)) and
p2(y(t)) on [0,T].

Remark. Recall that (& —n) = Y o, i|& — ni|; this function clearly defines a metric
on M? and M. with respect to which both these spaces are complete metric spaces.

The main idea of the proof of Theorem 3.1 is the same as used in [BC] and [LW] for
equations (1.10) and (1.12) respectively. Two basic technical ingredients of this proof are
obtained below as Lemmas 3.1 and 3.2. We shall use the obvious observation that the
uniform boundedness of ps(z(t)) implies the uniform boundedness of p(z(t)).

Lemma 3.1. Suppose (2.8) holds. Let x(t) be a solution of (2.1) that satisfies the
assumptions of Theorem 3.1. Then for all T

T n N\
Jim | S Y ('r(;)') S PRysdt=o, (3.2)

i=1 W W[<k,u(¥)>n L Pqu(R)=p(T)

15



lim Tiz‘ > (z(t)* > Py¢idt=0 (3.3)
00 0 \If' \A . .

i=1 WU |<k,pu(¥)>n T D) =p(P)

Proof. First let us show that (3.3) is a consequence of (3.2). As

n n n T
oimlt) = Y ig+ Y / fia(t)) dt,

(2.1) and (2.13) imply that

lim Tzn:z' 3 (z(t)* S PR —wi)dt=0 (3.4)
O = P (b — . .

n—o00 _ !
i=1 W:|¥|<k P:p(DP)=p(T)

But

~ (z(t)” B
ZZ Z Ul Z P\I/((rbz @/}z)

i=1 0| W|<k,u(¥)<n T Ppu(P)=p(T)
(z(t)"
= > o > P(u(®) — p(¥)) =0.
0|0 | <k,u(¥)<n Q:p(P)=p(¥)
Consequently, (3.4) implies

lim Ti:i 3 (2(1))" S P i) dt=0
| 1 ? 1 — Y

i=1 W W[<k,u(¥)>n L Bu(R)=p(Y)

and hence (3.2) and (3.3) are equivalent.
Now let us prove (3.2). By (2.8) and the uniform boundedness of po(x(t)), it is enough

to show that
v

lim Y iy %u(‘l’)wi =0 (3.5)

i=1 W U|<k,u(¥)>n

uniformly for all x with uniformly bounded us(x) (and hence also p(x)). As ¢; < k and
as z; are supposed to be uniformly bounded, to prove (3.5) it is sufficient to show that

n .CE\I/
lim_ > i > il u(®) =0 (3.6)

i=1 W W|<k—1,u(V)>n—ki,h; =0

We shall represent the Lh.s. of (3.6) as the sum of two terms by writing the sum Y ., as
the the sum of two sums over i > n/(2k) and over i < n/(2k) respectively. To prove that
the first term tends to zero it is enough to show that

Tim Yim Y. %(Hﬂ(m)) —0, (3.7)
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and to prove that the second term tends to zero it is enough to show that

o0

Tim Y i 3 %(i + u(1)) = 0. (3.8)

=1 W<k, u(P)2n,3;=0

Now (3.7) holds, because the sum on the Lh.s. of (3.7) can be estimated by

= 5 ¥ K. z"?
Zz x; Z E#—szi Z E,u(\lf)

i=n U<k di=n | U|<k

and both terms here tends to zero as n — 00, since in each term the first multiplier tends to
zero and the second is bounded (because po(x) is bounded). Similarly (3.8) holds, because
the sum on the L.h.s. of (3.8) can be estimated by

:C‘II

o) o8] v
DL I DI SU D S %u(\p)
i=1 )

U <k,u(W)>n =1 W W[<k,u(V)>n

and again both terms here tend to zero as n — o0, since in each term the second multiplier
tends to zero and the first is bounded.

Lemma 3.2. Let x = {x1,22,...} and y = {y1,y2,...} have bounded second moments
pa(x) and pa(y). Let z; = x; —y; and o; = sign(x; — y;) (i.e. o; is 1, zero, or —1
respectively if x; — y; is positive, zero, or negative). Then

> iofi (@) = Fw) <o il (39

where fI' are defined by (2.4) and where the constant o depends only on ¢, k, pa(x), pua(y)

and not on n.
Proof. By (2.4), the L.h.s. of (3.9) can be written as

- a? — 3/‘11 @
Qi > 2. Pei—v),
=1 WU |<k,p(P)<n D (P)=p(¥)
or using (1.13) even more explicitly as

k

1
E ﬁ E (a:il...xil _yil"'yil>
=1~

i]_ ..... il:il—f—...—l—ilgn

n
@ . . ,
X E P¢161+A..+ilel(§ i0¢; — 1104, — ... — 10;,)
i=1

P:p(P)=t1+...+%
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l

k
= Z % Z Z Liy oLy 1 Ziy Y1+ Yy
=1 "

il ..... il:il—f—...—l—ilgn m=1
X > Py e (Z i0i¢; — 1105, — .o — ilail> : (3.10)
P:p(P)=t1+4...+1%4
Using the inequality
n n
=1 =1
and (2.8) we can estimate
6>} . . .
Z P11€1+---+izel(z Zai¢i — 1104, — ... — ZlO’il)Zim
P:p(P)=t1+...41% =1
< (il 4 ... +’il)(i1 +...+19y —ildil —... _ilail)az’m |Zlm| < 2(i1 +... +il)(’i1 +...47 _im)|zim |

(3.11)
From (3.10) and (3.11) we conclude that

sz (fi(z) — fM(y)) < A+ B, (3.12)

l
Z Liy oLy 1 Yimpr - Yiy ’Zlm“m(zl +.o o1+ Z'm—|-1 + .t Z'l)a

k n n l
1 . ) ) .
B = 42 i Z Tiy oo Tin, 1 Yinsr Yy |Zin (11 oo Fime1)® + (fmg1 + oo +131) ).
=1 " i1=1 i=1m=1
By (2.15)
k 1 n n l
AS2Y e D DY Ty i Yt i L (111 )
1=1 (-1 ii=1 iy=1m=1
n k 1 l
<2 ilz] Y =] > (@)™ (uly)
i=1 =1 " m=1
n k 1
<23 il Y gy (o) + u))'T 2 3 i)
=1 =1 i=1
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Similarly

n k n
1 ) o
4D Jal 3P gy (e (e) i (9) T 4P Y et ).
=1

i=1 i=1
These estimates together with (3.12) clearly imply (3.9).
Proof of Theorem 3.1. Denoting o;(t) = sign (z;(t) — y;(t)) we can write
t
|zi(t) — ()] = |& — il +/O oi(T)(filz(7)) = fily(7))) dr.

Consequently

(P (z(t)) = Pa(y(t)) = Zz‘m(t) — (1) < Zz‘l@ — i

+;/0 oi(T)i(fi" (z(7)) — f?(y(T)))dTJr;/o il fi(2()) = fP(2(7))| dr

n oot
=3 [l - )
i=1
By Lemmas 3.1 and 3.2 this implies that
n n t n

S ilet) ~wi) < 3ol — il + 0 D ilailr) )| dr -+ o(0),

i=1 i=1 0 =1
where o(1) tends to zero as n — co. Passing to the limit as n — oo we obtain

(@ (t) — y(1) < ple —n) + o / u(a(r) — y(r)) dr,

which implies (3.1) by Gronwall’s lemma. Theorem 3.1 is proved.

In the following Theorem we collect some more or less direct consequences of Theorems

2.2 and 3.1 on the properties of solutions to (2.1).
Theorem 3.2. Suppose (2.8) holds and xq € M? with some ¢ > 0. Then

(i) there exists a unique weak solution x(t) = X (t,xo) of (2.1) with the initial condition
xo and such that ps(xz(t)) is uniformly bounded ont € [0,T) for any positive T'; this solution
can be equivalently characterized as a unique weak solution of (2.1) such that it is a limit
in oo of a subsequence of the sequence of solutions x™(t) of the equations & = f"(x) with
initial conditions xg = Ppxo; moreover, this weak solution is in fact a c,-solution for any

p>1 and z(t) € M2 for all t;
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(ii) the solution X(t,xq) is the limit in the topology of M (i.e. in p-norm) of the
whole sequences (not just its subsequence) of the finite dimensional approrimations x™(t)
described above;

(iii) the solution X (t,xo) is a continuous function of two variables t and zq for xoy €
Ue>0M?2, where xo and X (t,z0) are considered in the topology of M;

() if (2.16) or (2.17) hold, then the function us(x(t)) is locally Lipschitz continuous
function of t which is therefore absolutely continuous and almost everywhere differentiable;
the estimate

—apz(X(t, o)) — b < %Mz(X(two)) < apz (X (t,20)) + b (3.13)

holds for the derivative with some constants a, b depending on ¢, k and constants C' and
win (2.8), (2.16) or (2.17); this implies

po (X (t,20)) > e “us(zo) — b/a. (3.14)

Remarks. 1) For a discussion of conditions (2.16), (2.17) see the Remark after Lemma
2.4. 2) From (iv) it follows, as one can expect that in processes of pure coagulation when
po(®) > p2(¥) whenever Py # 0, the function uz(z(t)) does not decrease on the solution
x(t) = X(t, x0).

Proof. (i) is immediate from Theorems 2.2 and 3.1. (ii) As follows from our proof
of Theorem 2.2, from the sequence x™(t) and similarly from any its subsequence, one can
choose a subsequence converging in ¢, t0 a coo-solution of (2.1). As such limiting solution
X(t,zo) of (2.1) is unique by (i), we conclude that the whole sequence x™(t) converges
in coo to X(t,z0). But as all pa(x™(t)) are locally (in t) uniformly (in n) bounded, the
Coo-convergence implies the convergence in M. (iii) As X (¢, zg) is a coo-solution of (2.1), it
depends continuously on ¢ in co-topology. But again as above, as all us(2™(t)) are locally
(in ¢t) uniformly (in n) bounded, the continuity in co-norm implies the continuity in p-
norm. On the other hand, by Theorem 3.1, X (¢,x¢) is continuous in xy locally uniform
in ¢, which implies the required joint continuity of X (¢, () as a function of two variables.
(iv) po(x™(t)) is differentiable for finite-dimensional approximations ™ (t) of the solution
X(t,zo). Of course, one should be careful with differentiability when passing from z"(t)
to X (t,x9). We proceed as follows. From (2.13)

pa(x™(t + 7)) < pa(2™(t) + 7(ape(2"(t) + 6 + €)

for an arbitrary e and for 7 small enough. As z"(t) converges to X (¢, z¢) in co-norm, it
implies

po (P X (t 4+ 7,20)) < po(PmX (t,x0)) + T(ape(PmX (t,z0)) + 8+ €)

for any m. Passing to the limit as m — oo we get the same inequality for X (¢, z() instead
of P X (t,z0). As € is arbitrary we then conclude that

lim sup pa(X(t+7,20)) — pa(X (% z0))
T—0 T

< apa(X (t,00)) + 5. (3.15)
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The same arguments lead from (2.16) or (2.17) and Lemma 2.4 to the estimate

¢ B2(X(t+ 7, 20)) = pa(X (¢, 70)) > _aus(X(t,70)) — G- (3.16)

limin
T7—0 T
Together (3.15) and (3.16) imply the Lipschitz continuity of u(X(t,z0)) and estimates
(3.13) Clearly (3.14) follows from (3.13). Theorem 3.2 is proved.

To conclude this section, we discuss some consequences of Theorem 3.2 to the analysis
of the semigroup generated by operator (1.6). If X is a topological space that is a union
X = U2 K, of an increasing sequence of compact subsets K, let us denote by C (X)) the
Banach space of bounded continuous functions f on X (with the usual sup-norm) vanishing
at infinity, i.e. such that for an arbitrary ¢, there exists n such that |f(z)| < € for z ¢ K,,.
A semigroup of positivity preserving contractions Ti, t > 0, on C(X) is called a Feller
semigroup if it is strongly continuous in ¢, i.e. [|[T3f — f|| — 0 as t — 0 for any f € Cw.
This definition is slightly more general than the usual one where the topological space X is
considered to be locally compact (for a wide discussion of the theory of Feller semigroups
we refer to [Jal).

In the following we shall consider the set M? with the topology induced from M, i.e.
as a metric space with the metric p(x — y). Clearly, M? is a complete metric space that
is the union U ; K,, of the compact sets K,, = {x € M2 : us(x) < n}.

Theorem 3.3. (i) If (2.8) holds, the family of operators T, on B(M?2) defined as
Tif(z) = f(X(t,2)) is a semigroup of positivity preserving contractions on B(M?2), which
preserves the subspace Cy,(M?) of continuous functions. Moreover, for any f € Cy(M?2),
T, f(x) tends to f(x) ast — O uniformly for x from any K,,. (ii) If additionally (2.16) or
(2.17) hold, then Ty is a Feller semigroup on Cu(M?2).

Proof. (i) It is immediate from Theorem 3.2 (i) and (iii). (ii) To deduce (ii) from (i)
one only needs to show that the space Co(M?) is preserved by T;. But this follows from
Theorem 3.2 (iv), namely from estimate (3.14).

4. Convergence of stochastic approximations.

Unlike previous sections we shall use here probabilistic tools. Doing this, we shall
denote by the capital letters £ and P the expectation and respectively the probability
defined by a process under consideration. For a metric space M we shall use the standard
notation Dj,[0,00) to denote the Skorohod space of cadlag paths in M.

Let XN (¢) be the Markov chain in hZZ ;,, (with cadlag sample paths) defined by the
generator (1.4) and an initial condition Nh. This Markov chain is well defined, because it
has only a finite number of states. This section is devoted to a proof of the convergence
in distribution of the Markov chain X'"(¢) to the deterministic process described by
equations (1.7). This result will be obtained as a consequence of the following theorem
that gives an alternative (probabilistic) proof of the main existence results for solutions to
(1.7) obtained in Section 2.

Theorem 4.1. Let (2.2) (respectively (2.8)) hold and let the family Nh = N(h)h
of points from LT ;. have a uniformly bounded mass, i.e. w(Nh) < ¢ for all h and
some finite c, (respectively a uniformly bounded second mass moment, i.e. uz(Nh) < d
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for all h and some finite d), and moreover, Nh converges in co-norm as h — 0 to a
point x € M<.. Then there exists a subsequence of the family X}]L\fh(t) that converges as
a family of processes with sample paths in D._[0,00) (respectively, in Dp[0,00)), to a
deterministic process X™(t) with continuous trajectories that are weak solutions of (2.1).

Remark. For the case of standard Smoluchovski’s equations (1.10), the analogous
result was proved in [Je| for the discrete mass models and then generalized in [Nol] for the
continuous mass model (without fragmentation, however).

Proof. By Dynkin’s formula,

My(t) = g(X3'™" (1) — g(Nh) —/0 Grg(Xp™" () dr (4.1)

is a martingale for any function g on the (finite) state space of the Markov chain X}¥ h. The
idea of the proof is to show the tightness of the family of processes X", then to choose
a subsequence converging to some process X, and then to pass to the limit as h — 0 in
(4.1) with the test function g(x) = g;(x) = z; to obtain

0= (X7(0); —; = [ Ang (X7() (42)

which would mean precisely that X*(¢) are weak solutions of (2.1). The formal implemen-
tation of this programme will be divided in the following four steps.

Step 1. If (2.2) (respectively (2.8)) holds, then for the family XN" the compact
containment condition holds, i.e. for arbitrary n > 0, T > 0 there exists a compact subset
I'yr C coo (respectively I,y o C M) for which

i%fP(X,th(t) ely,r for 0<t<T)>1-n. (4.3)

If (2.2) holds, (4.3) is obvious, because as masses of X/ (¢) are uniformly bounded,
they all lie in a compact set of c¢o. To prove (4.3) for the case of (2.8) with I, 7 being a
compact subset of M, we shall follow the line of arguments from Lemma 2.3 to show that
with the probability arbitrary close to one, the second mass moment of the family XV (¢)
is uniformly bounded for ¢t < T with any 7' > 0, and hence X}¥"(¢) lie in a compact subset.
Using the martingale property of the process (4.1) with the test function g(x) = pa(z)
yields

t
Eus(XN(t)) = ua(Nh) + / EG! (XN (1) dr. (4.4)

0

As
1
Gipa(Nh) = + > Co(Nh) Y Pg(pa(Nh — Uh+ ®h) — ps(N))
WL W[ <k,u(V)<p(Nh) B2p1(®)=pu(T)
(NR)Y —
< > g1 23765 = 5),
W || <k,u(¥)<pu(Nh) J
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we use (as in the proof of Lemma 2.3) (2.8) and (2.10) to get

"
Gruz(Nh) < C > EM(‘I’)[(M(‘I’))Q — p2(V)]
|| <k,u(¥)<n

and consequently (see again the proof of Lemma 2.3)
Gruz(Nh) < apz(NR) + 5.
Hence from (4.4) and Gronwall’s lemma one obtains
Bus(XN (1)) < e (ua(N) + /a).

Since

ua (X (1)) < |M(E)] + / Gl (X (7)) dr |,

one gets using the maximal inequality for the submartingale on the r.h.s. of this inequality
that
TP(fgg 2 (X5 " ()] = ) < C(T)(p2(Nh) +1)
with some constant C'(7"). This implies (4.3).
Step 2. Let [My](t) denote the quadratic variation of the martingale (4.1). If g(x)
is finite-dimensional, i.e. g(x) = g(Pn(x)) for some n and all x, and moreover, g is
continuously differentiable with the uniformly bounded derivative, then

E([My(t)] = [My(s)]) < oh(t - s) (4.5)

with some constant o uniformly for all 0 < s <t <T and an arbitrary T'.
As the integral on the r.h.s. of (4.1) is a continuous process with a bounded variation,

we conclude that
[My(1)] = [g(XR" (1)) =D (Ag(Xp"(s)))?,

s<t

where AZ(s) = Z(s) — Z(s_) denotes the jump of a process Z(s). As (2.8) implies (2.3)
with o = 1, it follows from (1.5) for both cases (2.2) and (2.8) that all possible jumps
of g(XN"(t)) are uniformly bounded by 2kh and that the expectation of the number of
jumps on the interval [s,t] C [0,T] does not exceed




with some constant C'. Hence

k
(M, (1)] ~ [My(s)]) < 4K*h(t - 5) Z

which implies (4.5).

Step 3. If (2.2) (respectively (2.8)) holds, the family of processes XN"(t) is tight as
a family of processes with sample paths in D._[0,00) (respectively, in D.qn[0,00)).

As the compact containment condition (4.3) holds, by the well known criterion (see
e.g. Theorem 9.1 from Chapter 3 in [EK]), to prove tightness one must show that the
family of real-valued processes g(X{¥"(t)) is relatively compact (as a family of processes
with sample paths in Dgr[0,00)) for any finite-dimensional g from Step 2. To this end, by
standard tightness criteria for real valued processes (see e.g. Corollary 7.4 from Chapter
3 of [EK] or the Aldous-Rebolledo criterion in [Da]) one needs to estimate the oscillations
of XN (t). As the integral part in (4.1) is continuous with finite variation, to estimate its
oscillations one only needs to estimate the oscillations of the quadratic variation [Mg](t).
But for [M,](t) all required estimates follow from (4.5).

Step 4. End of the proof of Theorem 4.1.

It remains to show that the limit X*(¢) of a converging subsequence X" (), h — 0
and belong to a countable set, is a weak solution of (2.1). As we mentioned above, we are
going to use (4.1) with the test function g(x) = g;(z) = z; to obtain (4.2). From Step 2
it follows that the martingale on the Lh.s. of (4.1) with this g tends to zero almost surely.
Clearly, the first two terms on the r.h.s. of (4.1) with this g will tend to the first two terms
on the r.h.s. of (4.2). So, we need to show that the integral fo Glg; (XN (t)) dt tends to

the integral on r.h.s. of (4.2). As [(Gllg; — Akg;)(x)| tends to zero as h — 0 uniformly for
all z with a uniformly bounded mass, we need only to show that

Akg (XN (1) — Arg; (XT(2)] — 0,

or more explicitly that for any j

/0 (F(XN(s)) — £;(X%(s))) ds — 0. (4.6)

But from a weak convergence it follows (see e.g. [EK]) that X" (s) converges to X*(s) for
all s € [0,t] apart from some countable subset. As the function f is uniformly continuous
on M, for any positive ¢ (because, as shown in our proof of Lemma 2.2, it is a uniform
limit of uniformly continuous functions f™), it follows that the difference under the integral
in (4.6) is uniformly bounded and tends to zero for all s apart from some countable subset.
This implies (4.6) and completes the proof of Theorem 4.1.

As an immediate consequence of Theorem 4.1 (ii), Theorem 3.2 (i),(ii) and Theorem
3.3 (ii) we obtain now the following main result of this paper.

Theorem 4.2. Let (2.8) hold and let the family Nh = N(h)h of points from RZT ;,,
have a uniformly bounded second mass moment, i.e. pua(Nh) < d for all h and some ﬁmte
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d, and moreover, Nh converges in coo-norm as h — 0 to a point x € M? with some finite
c. Then the family X" (t) with paths in Dp[0,00) converges to a deterministic process
X*(t) with continuous trajectories that are (mass-conserving) cp,-solutions of (2.1) with
any p > 1. If additionally (2.16) or (2.17) hold, then the Feller semigroup of the Markov
chain X}N1(t) tends to the Feller semigroup on Coo(M?2) defined by the solutions of (1.7).

5. Diffusion approximation for mass exchange processes.

As was shown in this paper, the uniform scaling (1.4) of the Markov mass exchange
process defined by (1.3) leads to the deterministic measure-valued limit described by kinetic
equations (1.7). In the light of the recent increase of interest to stochastic measure-valued
limits (see e.g. [Dal; in case of branching processes such limits are called superprocesses, see
[Dy] for a review), one can naturally ask about possible stochastic measure-valued limits
of (1.3) under an appropriate scaling. For general k-nary interacting particle systems
with a finite number of types of the particles such limits were studied in [Ko2]. It turns
out that the conservation of mass property poses certain restrictions to the existence of
non-deterministic limits (diffusion approximation requires some symmetry of the process),
and such limits seem to be not available for generators (1.3) with k£ < 2, i.e. for binary
interactions, as well as for processes with pure coagulation or fragmentation. Nevertheless,
as we are going to show, for some process of type (1.3), the natural diffusion approximation
can be constructed. We shall not discuss here this approximation in the most general
situation, but rather for the simplest concrete model. This model does not look very
realistic physically, as it assumes some sort of pattern behavior of particles. Possibly, it
can be better interpreted in the biological context of [Ok].

Consider a process with generator (1.3) where Pg # 0 only for ¥ consisting of three
particles such that the sum of masses of two of them equals the mass of the third, i.e. for
U =e; +e; + e;4j. Next, suppose that as the result of a collision (or interaction) of three
particles of mass ¢, j, ¢ + j either the particle of mass ¢ + j will fragment into two pieces
of mass 7 and j or the particles with masses 7 and j will coagulate into a single particle.
Under these assumptions the generator (1.3) will take the form

E nz nz—i—]

X[PL(F(N —eipj+ e+ ¢j) = F(N) + PG(F(N + eiy; — e — ¢5) — f(N))].
Assuming further that

1 1
Pf ha” +pfj, PZC] = Eaij —|—pfj

we get the corresponding scaled operator (1.5) in the form

PCh )z (5 + P2 ) (VR + Dy — hes = hes) = (VB
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f
+ (%"'%) (f(Nh — heiyj + he; + hej) — f(Nh))]. (5.1)

Clearly, as h — 0, this operator tends formally to

0 0 0
Af(z) = Z%izjxi-i,-j[(p{j — i) (351 T 81]; B 83:5;)

%,J
0%f  O*f 0% f 0% f 0%f 0% f
i (6’3:12 * 8:6? + 8x§+j * 28:(:1-8333- - zaxi(‘?xiﬂ- B 28a:j8xi+j ) (5:2)

Let us give a rigorous result on the convergence of the corresponding stochastic pro-
cesses for initial conditions z € R Fin which is a consequence of the theory developed
in [Ko2|. Let A,, denote an operator on smooth functions on R"™ with a compact support
defined by formula (5.2) but with the sum over all i, j replaced by the sum over 4, j such
that i +j < n. Let X}¥"(¢) be the Markov chain in hZZ 4, defined by the generator (5.1)
and the initial condition Nh. Notice that due to a special structure of (5.1), X" (t) stays
in hZ} C R all times whenever N € Z"!. The following result is a direct consequence of

Theorem 3 from [Ko2|, which is in its turn a consequence of the theory developed in [Ko5].

Theorem 5.1. If N € Z", the Markov process X}'"(t) € hZ" C hZ% 4, converges
in the sense of distributions to the (uniquely defined) conservative diffusion process on R}
with the generator A,,.
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