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1, Introduction and summary of results

This paper studies some general equilibrium aspects of the
demand for money. A model of the demand for money is developed in the
context of an intertemporal economy in which money is the institutional
medium of exchange and the asset whose nominal yield is certain. The
distinction of money as the medium of exchange is formally represented
by an expenditure constraint which reflects the relative illiquidgity
physical commodities, and is responsible for the transactions demand
for money. The presence of an alternative financial asset (a long-term
bond) whose future market value, and hence its resultant yield, is un-
certain gives rise to a speculative demand for money. The decision on
how much to consume, how much to save, and the form in which savings
should be held, is a joint decision, and the choice is based on

intertemporal preferences for consumption streams.

It is found that, as long as there is a positive subjective
probability of a positive return (nominal interest payment plus change
in capital value) on holding bonds, a temporary equilibrium will exist
and, in equilibrium, money will have a positive exchange value provided
there is an incentive for intertemporal modification of the initial
endowment allocation. The positive value of money is due in an essential
way to its role as the means of payment. The requirement of & positive
return on bonds is simply to make the individual's decision problem
well-defined (avoiding unbounded short-sales for purposes of speculation)
and could be removed by restricting the search for an equilibrium to

the region of prices in which the condition is satisfied (cf. Green (1973)).



The rather natural requirement that there is also a positive subjective
probability of a net loss on bond~holding, so that money is not dominated
absolutely by bonds as a store of value, does not have to be introduced
to ensure existence of a tempary monetary equilibrium (again because of
money's role in exchange), but it could be argued that, unless this were
the case, the social acceptance of money as the means of payment would

be eroded over time.

It is found also that the interest rate (the inverse of
the price of long-term bonds) will be positive if the subjective
probability of & capital loss goes to one as the interest rate goes to
zero, in which situation the demand for money becomes arbitrarily large.
This suggests that positivity of the interest rate is due to the existence
of a speculative demand for money rat-her than to a "liquidity trap" per se,
or to inelastic expectations, the latter being sufficient but not necessary
for the result. If the subjective probability of a capital loss goes to one
at a positive rate of interest, there will be a proper liquidity trap at

that rate and the above result will hold & fortiori.

The framework used here should be amenable to further elabora-
tion and, 1likewise, the technical approach of more general
applicability. There are several features in common with the model of
Green (1973) and it is therefore not surprising to find that several
of the conditions required to prove the existence of a temporary
equilibrium correspond very closely. A major difference, however,
is that, in Green's model, future trading is in contracts for goods

which are desirable in themselves. The assumptions that future prices



are expected to be positive, important for the proof of existence of

a temporary equilibrium with positive prices, is justified by monoto-
nicity of preferences. In contrast, the only assets here are financial
assets, which are of value only through their purchasing power for real
goods. The corresponding assumption in this context, that money is
expected to have a positive value in the future, is not particularly
satisfactory. This is avoided by the approach taken here, and the

relevant assumptions concern only the real commodities and their prices.



2. Ligquidity, speculation, and the demand for money

The environment for this analysis is a pure exchange economy
operating over & sequence of time periods (t=1,2...). In each period
there are N perishable consumption goods, traded in Walrasian markets,
i.e. the commodity prices adjust to equate supply and demand. There
is also fiat money, which is the unit of account (the price of money is
fixed at unity in each period), the medium of exchange, and a store of
value. The total gquantity of money is constant over time. Finally, there
is an elternative financial asset, a long-term bond. which is & note
promising to pay the bearer one unit of money in each succeeding period,
in perpetuity. vV The bond market clears by price adjustment ; the
inverse of the bond price in any given period is "the" rate of interest
in that period, the economy's measure of willingness to lend. In the
present context, bonds are perhaps best thought of as claims on (or debts

to) a central clearing-house.

The two essential aspects of the demand for money with which
the analysis will be concerned are (i) the transactions demand, arising
from money's role as the means of payment, and (ii) the speculative
demand, arising from the uncertainty about future bond prices (equivalently,
future interest rates) and thus the resultant yield of a bond. In order
to distinguish money as the medium of exchange 2/ and provide a transactions
motive for holding money, it will be assumed that real commodities
(in this model, the perishable goods) are relatively illiquid, in the
sense that money must be on one side of any transaction (goods must be

bought with money ; goods are sold in return for money) and that there

LI



is a delay betwéen the
supplying of a good and the opportunity to spend the sales proceeds.
More specifically, it is assumed that money received from sales
conducted in one trading period is not available for expenditure
until the next trading period. (This corresponds formally to an
exchange process in which there is one round of actual trading per
period and, in each round, offers to buy and sell are expressed
simultaneously on each market, an offer to buy being valid only if
backed by cash. In practice; it corresponds most nearly to the
situation of an individual who sells his labor in order to buy food,
but receives his wages in arrears at periodic intervals). 1In this
framework, the decision with respect to purchases in the current

period determines the transactions demand for cash. The value of

goods (in particular, labor) supplied during the period constitutes

an income demand for cash (cf. Clower {1967} ), which will be

allocated, at the start of the next period, between expenditure and

savings.

Bonds, like consumption goods, must be purchased with cash.
- But, in order to isolate the speculative motive for holding money,
it will be assumed that bonds, unlike consumption goods, are instantly

convertible into cash. In this sense, bonds are as liquid as money 2-.

It will be assumed that adjustments to portfolios (comprising
the amount of money in excess of tramnsaction needs, and the (positive

or negative) level of bond-holdings) are made, if at all, only at the
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beginning of each period. So, at this time, the individual must
decide on his new portfolio, his purchases in the current period,

and the income to be generated for the next period.

Let xt'e Ri, bt e R, and mt € Ri- denote respectively

the individual's final demands for consumption goods, bonds and money
balances in period t, with F% € Rﬁ, q € R%. and 1 the corresponding
(absolute) prices. In each period t, the individual receives an
initial endowment of goods, W, € RN, assumed to be known with certainty

&

for all relevant periods*. Then the expenditure constraint on the

4individual's action a_ = (X, bt’ mt) in period t, reflecting money's

t t

role as the means of payment, is
+
- <
(2.1) P, (xt mt) *oq b, £ Sqt+1) by * W o

where (xi = wt)+ is the vector of purchases. By definition,

m = m

. g1 P17 9y - bey) - B & @)

which is usually seen as the budget equation :

(2.2)  pp o% ¥ A Bt m T P - O (q + D by *+ =y

As a store of value, money's distinguishing feature is that,

due to its being the unit of account, its nominal value is constant

+ and has a portfolio (bt-l’ mt_l);c R x R, as a result of his
action in the previous period.
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o&er ﬁime. (Its real value, like the real value of any financial
asset, will, of course, depend on the level of commodity prices).

A bond, even though its nominal yield is fixed in money terms, will

be subject to capital gain or loss in terms of money, and hence of
relative purchasing power — its ultimate use — regardless of the
commodity price level. The resultant yield of a bond, the sum of

the fixed nominal yield and the change in capital value, depends on

its market price (equivalently, the interest rate) in the future and

is therefore uncertain. Without this uncertainty, and the péssibility
of a capital loss greater than the interest payment, there could

be no speculative demand for money.

It will be assumed here that the individual chooses jointly
his current consumption and his portfolio, and that the utility function
used for evaluating the alternative actioms is one which is based on
his intertemporal preferences for consumption. An action taken by
the individual in period t will have consequences for his choice
alternatives in future periods. Of particular interest here is the
possibility of a capital gain or loss which would permit greater future
consumption or less. It will be assumed that, in order to take
account of the effects of an action in the current period, the
individual considers only the ccnsequent position in the succeeding
period and evaluates it as if any credit (or debt) were actually to
be realized. In this way, his consequent financial positiomn is
evaluated in real (consumption) terms; the appropriate intertemporal
utility function is therefore one which represents his preferences

for combinations of current consumption and quasi future consumption.



(2a) Let these intertemporal preferences be represented by a
von Neumann-Morgenstern utility function, u : RiP + R, which

is bounded, concave, continuously differentiable, and strictly

monotonic.

The space of admissible prices (the money prices of consumption
goods and bonds) in each period will be demoted by I, defined by

b = { n =(p,q) € Q:fl | p>0 and q >0 }

In period t, the individual's expectations about the prices which
will prevail in period lt+1 will depend on the prices observed in
the current period (and also on the fixed sequence of past prices).
Denote by B (II) the Borel o-algebra of I, and by M (1) the

set of all probability measures on (I, B ().

(2b) Let the individual's price expectations be represented by
a mapping ¢ : I -~ M(I), which is continuous in the topology of

weak convergence of probability measures.

For each B in B(I), 1P(B;nt) denotes the probability assigned

to B when L is the price system observed in period t.

When considering an action a_ = (xt, bt’ mt) in

period t, the individual will therefore anticipaée the following

4/

constraints on his choice in period t+l, — for each
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LT (pt+1, qt+l) which he considers possible (i.e. for
L i ; :
each 41 im SUPP w(nt)
- +
(2.3) Peap © By “wey)) £ (@ v D B +om

and

(2.4) + 1) bt + m

Peol * Feel = Pt 81 v G t

Finally, the individual's action in period t must be such that

(2.5) (q D b otm >0, ¥ g, & suwp V(x);

o+
t+l t t

i.e. , an individual who borrows in period t must expect to have

enough money in period t+l to cover his debt.

The following procedure for choosing an optimal action in
period t is well-known (see, e.g. Grandmont {1974} ). Corresponding

to an action a = (xt, bt, mt) in period t and a price system

Teel = (pt+1, qt+l) € I in period t+l, the optimal choice in

period t+1 would be an x

N . . .
ee1 € R+ which maximizes u(xt,xt+ﬂ ’

subject to (2.3) and (2.4). Let xt+1(at, Wt+1) denote such

an optimal choice. Then in period t, if v, o€ I is the price

system, the optimal a, is that which maximizes

via,m) = Ju [x 0 %pay o) 1 d vl 5w,
I
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subject to (2.1), (2.2) and (2.5). (The function V is
continuous in both arguments, concave and strictly monotone in

the first. See Grandmont {1974} ).

The analysis (in section 4) will be concerned with the
interaction of all the individuals in the economy, when each
determines an optimal action in this way. It will be helpful to
de¥ive first the necessary conditions for an optimal consumption-

portfolio choice.
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3. Optimality conditions for the cdonsumption-portfolio choice

Consider the decision problem of an individual choosing
simultaneously his current consumption and 2 portfolio of money and
bonds. The division of his current wealth between curreﬁt
consumption and savings, and the form in which savings are held,
will depend jointly on his intertemporal preference pattern for
consumption and on the yield of the portfolio. The individual
does not derive urility from aseget~holding per se, but only from
the consumption stream to which the assets will ultimately give
rise. As the future real value of any portfolio is uncertain
(because of the uncertainty of future prices of both bonds and
consumer goods), so is the eventual consumption stream. The
current alternatives will be evaluated according to their expected
utility. The individual desires to achieve the best possible
time-pattern of consumption, having obtained any possible capital
gains from speculating on the bond market. To simplify notation

in what follows, let the current period be period 1.

In period 1, the individual has open to him the following

basic alternatives :

(i) transfer wealth from period 1 to period 2 by holding money;

(ii) transfer wealth between periods 1 and 2 by buying or selling
bonds;

(iii) speculate on a capital gain, by selling bonds in period 1

and holding the proceeds in the form of .cash.

Let w = (pi,ql) be the price system in period 1, and

a; = (xl’bl’ml> an arbitrary position. Given a;s to each price



system w, = (pz,qz) in period 2 there corresponds an optimal
consumption, X, = X, (al,nz). (The actual choices of a, and

X, are constrained, but the constraints need not be considered

2
explicitly at this point).

In case (i) above, if final wealth in period 1 is
carried over to period 2 in the form of a cash balance, with no
change in nominal value,IAx1k units of any commodity kl in

1
X,
1k Pik

P
2k2

period 1 can be given up in return for an additional

units of some commodity k2 in period 2. At the margin, the

change in expected utility would be

Axlklplkl
= - ! . S T o
Avy (K yky) I_[ e wh e J dy @®,® )
) 1“1 2k, 2
ulN+k u'k
= Axyy Py f | o Tt | 4 6T
1 1%y Pax, Pk,

where u' is evaluated at (xl,x2 (al,ﬂz). The position
(xl’bl’ml) cannot be optimal if Av1 > 0 for any, kl. (Note
that at (xl,x2 (al,ﬂz) ), the first-order conditions for the choice

of x

2 imply that N+k, is equalized for all k2). So a




necessary condition for intertemporal optimality is that

bv) <0 for all (kl,kz); i.e. for all (kl,kz),

1

3.1) I "y [ "Nk, )
. dv’ (n,: = aplTyimy)
p P, YO 2y Ty VTN

the expected ratio of marginal utility to own price of any commodity
in period 1 must be at least as great as the expected ratio of marginal

utility to own price of any commodity in period 2.

In case (ii), the purchase or sale of a bond in period 1
q
enables the exchange of — units of commodity kl in period 1

P .
q,*1 1k1

Pok units of commodity k2 in period 2. Equivalently,
2

for

AX.. P
Axlkl units of k1 can be exchanged for a quantity 1k1 lk1

9

Mg Pk
of bonds, which is in turn exchangeable for 1 71

9 szz

q,+1

units of kz. If the flow is from period 2 to period 1 (respectively,
from period 1 to period 2} the change in expected utility at the margin

is sz(k1'k2) (respectively, ‘_AVZ(kl’kZ))’ where

Ax g
tv, G ky) = M W BT e
——— u : u 2771
“oon Py M TPk, T

The position (xl’bl’m1) cannot be optimal if A'vz(kl,kz) ¥ 0 for
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any pair (kl’kz)' A necessary condition for intertemporal

optimality is therefore

t

u Y N4k
(3.2) I ! dY(n;n) = [ dy (N57,)
bR T T e

' »
for all (kl’kz)’ where u' is evaluated at (xl,xz(al,azﬁ.
This condition requires the equalization of the expected ratios of
marginal utility to corresponding price; the "price" is that of
the consumption good relative to the value of a bond in the same

period.

In case (iii), the change in expected utility as a
consequence of a speculative Bale of a quantity A of bonds

(implying a change in the level of consumption of k2 in period 2

equal to times the difference of q, and (q2+1), is

Pol
2k2

- q,~(q;+1)
I szz 2

where u' is evaluated at (xl,xz-(a1 ,1r.2). (Note again that

N+k2
P2!§'2

u

is equal for all kz). So a necessary condition for



optimality is that Av3 < 0 ;i.ecfor any kz ’

(3. 3) u

[ ql- (q2+1)

“d . .0
Py x N+k, ¥ omyimy) <

2

In summary, conditions (3.1) - (3.3) must be satisfied
by a consumption-portfolio choice (xl-’bl’ml) if it is to be

optimal, given the individual's expectations about the future.
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4, Temporary Monetary Equilibrium and its Implications

In this section the main concern will be the implications
of the additional restrictions which have to be imposed on the
behaviour of the individual agents in the economy in order to ensure
the mutual consistency of their actions in the current period
(t=1), i.e. to ensure the existence of a temporary equilibrium.

In the present context, a temporary equilibrium is a system of
absolute (money) prices of consumer goods and bonds, and corresponding
actions for each.individual, such that these actions are individually
optimal and all markets are cleared. It will be required further
that the equilibrium prices of consumer goods be finite, so that
money has positive exchange value, i.e. that it be a temporary
monetary equilibriuﬁ. The requirement that the equilibrium price

of bonds be finite, i.e. that the equilibrium interest rate be

positive, will also be examined.

Given the assdmptions made in section 2, which continue to
hold throughout, and the additional assumptions specified in each
case, the following preliminary results can be straightforwardly
established. (These, and other results below of a more standard

nature, are formally stated and proved in the Appendix, as indicated

5/

by the parenthetical references.)=~ (Lemma A.l). For any current
price system in 1, the set A(r;) of feasible choices in !

period 1 is convex; it is compact if and only if

. . e == S I _

(4a) for every Ty = (P1,q1) € I, there exists . = (52,52) & supp \l'(-,r1)

2

such that aé + 1> 4 3




17.

i.e., if and only if'W(B,v1) > 0, where
B = {nge H|q2 + 1> q1}. Condition (4a), requiring a positive probability
of a positive net yield on bonds, will be used to rule out unbounded
borrowing (speculative selling of bonds). It corresponds in part to
condition 2.6(ii) in Green (1973) which (if interpreted in the present
context) would also require & positive probability of & negative return
on bonds, a requirement which is not needed here because of money's other

role as the medium of exchange.

The correspondence A(.) is continuous on I (Lemma A.2) if the
correspondence suppﬂr(.) is continuous on II. Since the weak continuity of
V¥, already assumed, implies the upper hemicontinuity of supp ¥(.) (see

Remark 3.1 in Green (1973)) it is necessary to assume only that -

(bb) the correspondence supp y(.) is lower hemicontinuous on II.

Given the assumption (2a) on preferences, and the above results
concerning A(.), the individual's demand correspondence, ;(.), is nonempty-
convex—, compact- valued, and upper hemicontinuous on 1, and w1.;(n1) = n1.w1,

"~

for all m in 1, where L (w1,1) and w, = (w1,bo,th is the initial

1

endowment (Lemma A,3).

The proof of existence of a temporary monetary equilibrium
uses a fixed-point argument and the main requirement is that excess
demand vectors "point inward" at the boundary of:the set of admissible
prices. (See Grandmont (1975)). In the framework here, the "boundary"
corresponds to price vectors which either haveec one or more components
zero or have one or more components arbitrarily large. So it must be

shown that (i)
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the excess demands for consumer goods and bonds become arbitrarily
large as their respective prices approach zero; and (ii), the
(excess) demand for money becomes arbitrarily large when its "price"
approaches zero, i.e. when the prices of goods (or, possiblj, bonds)
become arbitrarily high. In other words, the system mﬁst be such
as to generate counter—forces when prices approach the boundary :
upward pressure (resulting,directly or indirectly, from excess
demand) on prices approaching zero; downward pressure (resulting

from excess supply) on prices approaching infinity.

It will be assumed that price expectations are bounded

uniformly away from zero, i.e.,

(4c) there exists ¢ >> 0 such that, for all m in 1,

supp \r('nrl) = 0

With assumption (4c), the unboundedness of excess demands
when prices go to zero (Lemma A.4) is straightforward to establish,
given monotonicity of preferences and, in the case of bonds, the
certainty of a positive return. Attention will be focussed now on

the situations in which prices become arbitrarily high.

If the prices of goods or bonds become arbitrarily high
then, in the limit, if the appropriately specified optimality conditions
of section 3 are not satisfied, the individual will want to take an

action such as would generate the necessary counter—pressure on prices.
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This is the essence of the argument applied to obtain the next
results; the sufficiency conditions are derived from the optimality
conditions, (3.1) to (3.3). Also, the constraint on money
expenditure has two important implications. First, money
expenditure on bonds is bounded above and so, if the bond price is
arbitrarily high, nobody can buy a positive quantity of bonds.
Consequently, there will be an aggregate excess supply of bonds if
anyone desires to sell bonds in this situation. Second, the
proceeds of any sales of consumer goods will constitute part of

the individual's demand for money. Consequently, if some
individual desires to sell a positive quantity of a good whose
price is arbitrarily high, the demand for money will be arbitrarily

large.

(44d) for any sequence <1K? > in N with p?k-*kw for

all k, there exists a commodity k such that

u'y (W) lim IPTk
either (i) < = - d¥ W,;M)
oot u|N+k2u;y n+’i° il P2k 2’nq ’
“u'y (w) . L +1
.. k lim P q
or (ii) m@ > . [ _.1_k' -_1-21-- a¥ (1[2';‘;1)
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Theorem 4.1 ¢

Let <1ri?‘> be any sequence in I with || p? || + 4+ ®,

and <ar11> any sequence with a~ € £ (1[111) for all n.

1
If (4d) is satisfied, then either mlf + 4+ ® or

n,n 6/
|q1b1 F %, =

Proof :

[It is necessary to consider only the "worst" possible situation,
where prllk + + » for all k and ptzlk + o for all k, for all

Il; € supp W(ﬂ'.rl‘) ] .

Suppose that the proposition is false. Then - sub-sequences

<xtll>. <bx15 ’ <m111.> such that x‘]‘ > X'cl’, Hx:i I < + =

b‘1‘+o, ifq‘1‘++m,orb‘l‘+b‘l’<+»,if

q? + q‘l’ < + 3 and m‘1‘ > m‘;_ < + oo, Thus, for large n,

m, < m, + 1. Since pilk + + o for all k, ’;‘.;’. = ‘4.‘1;

(o]
this, together with mg < + o, implies xl = u. Also then,

.

. : . .0
3,-1: x.; = w,, for any Kg = xz(arll,ltz) with 7, & supp w(‘zl)

for all n.



. =N
Suppose (i) of (4d) holds. Define xi = X
=n _ .n =n _ 1 - _ .n
b1 = bl’ m, m, + 1, and X, X, +
for all (x2,M.) such that W, ¢ supp W(in)
2’ 2 2 1
x; = x, (a?,]ﬁ). For large n, (5?, ;;) is
{
~n n n n, _ n _
v(al . ‘nfl) v(a1 ,1T..1) = J [u(x1 on e
I 1k

> 0, by (i), contradicting a? € E(ﬂ?).

Similarly, suppose (ii) holds and define ;?
=« _ o n _ .,a_1 =m _ m _ _1
mo= W, By b "3 %2 ) =
For large n,
-1 _ n n, = 1 .
via; , ".111) - v(a; , 7)) I - u' @)
Pix
> 0, by

' 1 ' :
A T (“”] av

q,+1

Sy, ]

93Py

(ii), contradicting 5? € ECET) .

q.e.d.
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Theorem 4.1 shows that, under the alternative assumptions,

m, + + « when ||p1]] + + « and, a fortiori, when q, + + « along with p1.

1
But the result is not sufficient to establish that lq1b1|+ + « (and hence

m, + + ») when q1 - + o but p1 converges. wWhen p1 converges it is no

1
longer the case that w is the reference point (in the limit) for the
individual's evaluation of an adjustment in his intertemporal position.
With finite commodity prices, the consumption stream can be adjusted

without using an arbitrarily large amount of money. In order to guarantee

that ‘q1b1| + + = when q *+ = 8 further assumption is required.

(4e) Let <w?)be any sequence in II with q? + + ® 3 then lim w(Bn;q?) =1,
n > + o«

where B = {W2£H|q2 + 1 < q?};
i.e., as the current bond price gets arbitrarily high, high, the
individual becomes subjectively certain that there will be a fall in
the capital value of & bond in excess of the nominal interest payment.
Y This is a fairly weak assumption. It should be noted that it does

not require that bond-price (or, equivalently, interest-rate)

espectations be inelastic.

Theorem 4,2 :

Let <1rr11>be any sequence in II with q? + + o, and <a.r11> any sequence with

a? é-g(w?) for all n. If (4e) is satisfied, then | q?b? | » + =,

veae
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Proof :

Assume the proposition false. Then there exist subsequences
n n n n o n n o
(};1 ) s <b1 7 and <m17 such that x, > x;, b, ~0, m -+ my.
. -n _ .n =m _ .n__1 -n _ 1
Define X Xy bl bl qn and m; m, + 1.
1

Then the effective initial cash balance in period 2, corresponding

-n L. .. T _ q,tl _ n n .
to m, if m., occurs, is m; I21 m, + —1];—1 [ql - (q2+1)].
4 4
For (xn,rrz) such that 12 € suppy§ 6’[.';1) and
’ qr = (g,+1)
n n . - 1 2 "
x, xz(al, 1(.2), define x, + ———=——e , for'sgme k.
9 Pk

For large =n, (i';, ?21) is feasible, and

-n _n, _ a 0y . . .
V(al’ rl) v(all 1[1) I ‘ u N+k dw
7 P
where u' is evaluated at (xg, xz(ai, 1!2) ). So for n sufficiently
large, v(?;, ‘.1??) > v(a?, wrll) in view of (4e), contradicting

n n
a; ¢ 6(1'[1).

q.e.d,
When all traders in the economy behave as the representative
individual of the precg@pg analysis, the respective results on
individual choice .carry over to the aggregate situation (Lemmas A.5
and A.6). A standard procedure, adapted to the present context
(Lemma A.7 and Theorem A.8), then establishes the existence of a

temporary monetary equilibrium, i.e. a temporary equilibrium in which
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the consumption goods prices are finite and thus the exchange value
of money positive. As in Green (1973), even though the method here is
somewvhat different, it is found necessary to assume the existence

of a set of future prices which all agents always consider possible : 3/

(Lr) there exists a C < I such that

(i) dint C is nonempty ;

(1) Y i e T dnd V1|1 e I, C ¢ supp wi('rr1) ;

The set C might be regarded as a region of prices which are considered

"normal", based upon past observations.

If (be) is satisfied, the equilibrium price of bonds also
is finite (Theorem A.9), i.e. the equilibrium interest rate is
positive. Unless (be) is satisfied, it is possible that g rte
without l q1b1 | + 4+ ® 3 the temporary equilibrium in this case
is one in which there is no trading on the bond market. It can be
seen from Theorem 4.2 that (4e), together with (2.5) and (ka),
implies a "liquidity trap" at a zero rate of interest, i.e. the
demand for money becomes arbitrarily large as the interest rate goes
to zero. Assumption (4e) does not require that interést—rate

expectations be inelastic - it can be satisfied with unit-elastic

LRI Y
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expectations. 19/ It would have been possible to strengthen (le)

to require that
pr (g, + 1 < q) > 1 asq1+E1<+m§

i.e. subjective certainty of a speculative gain by selling bonds

when the current price is at least E}. Then, a fortiori, a temporary
monetary equilibrium exists with a positive interest rate ;

and a liquidity trap exists at & positive rate of interest : the

demand for money becomes arbitrarily large as q, > E} (as the interest
rate +-f% > 0). But Theorem A.9 suggests that it is the existence of

a speculgtive demand for money, rather than either inelastic expectations

or a proper liquidity trap per se, which is fundamentally responsible

for a positive (equilibrium) rate of interest.

In order to guarantee a positive exchange value for money
in equilibrium, it was sufficient to assume (4d). Condition (i) of (kd)
is a sufficient condition for the same result when no borrowing or
lending is permitted (see Hool (1975)) ; it requires only that price
expectations be no more than unit—elastic. The addition of alternative
(i1) of (L4d) indicates that introduction of the possibility of borrowing
does not diminish the likelihood that money will have & positive
exchange value. In either situation, the positive value of money is due

in an essential way to its function as the medium of exchange.
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APPENDIX

It is assumed throughout that b, = O (see footnote 5)

0

Recall the constraints on the choice of an action a, = (xl, bl’ ml)

in period 1, when the price system is "1 = (pl, ‘Vql):
2.1) (e, = w)' +qgby g
: Pp= %1 7% 4P 2 Ty
(2.2) Pys Xy ¢ qlbl +m =p,. w'l + m0
(2.5) (q2 + 1) b1 +m 3 o, v ‘lze supp v (ir.l)

The feasible choice set in period 1, corresponding to f:'.l , 18

A(Jfl) = {al = (xl, m,, bl) (2.1) , (2.2) and (2.5) }

(4a) V¥ ‘!1 e I, 3 ®, € supp P (Il) such that 52 +1>gq .

Lemma A.1: V‘lkl e I, A(1E1) is nbn—einpty and convex ;

A(Tl*) is compact if and only if (4a).

Proof: vooe O, (ml-, 0, mo) € A('-“]_)S 80 A .(11) is non-empty.
It is clear from the definition of A(.‘ll)' that it is convex and closed.
1)

A(lf.'l) is bounded if and only if (4a): (b * is bounded above by 3 3

q
- i . 1
m <Py W tupt q,(b,) and .". , ¥ ¥, € supp v (‘1),
(@, +1) () gp; - @ +mgtq ) , e, (@ +1-9) (b)) g
Py - w *mg- If (4a) holds, 3 62 such that az +1>q and

(b)) < Lt (ppuy rmy,
4, +1 - 9
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- m . X

Thus -1 (pl. wy + mb) < by < : !

- 1
Bprl-q

=

bounded below by 0 and, since b1 18 bounded, X4 is

bounded above because of (2.1). my is bounded below by O and,

since % and b1 are bounded, my is bounded above because of (2.2). q.e.d.

Lemma A.2: If supp ¥ (.) is continuous on I,’ then A(.) is continuous

en I,

Proof: (i) A(.) is upper hemicontinuous on II: let <n;L -+ l? ,

and <a?> > a? with a? £ A(i?) for all n. Then a;

clearly satisfies (2.1) and (2.2). Since (b? . m?) satisfies

o o
(2.5) for all n, (q2 + l)b1 + m

follows from the continuity of supp y(.). So A(.) has a

O
20, ¥ %, c supp y (W),

closed graph. Any such sequence <a?> is bounded, therefore

A(.) is u.h.c.

(1i) A(.) is lower hemicontinuous on Il: take any

sequence <ﬂq> -+ ﬂ? and ag € AGE?) ; it is necessary to find

a sequence <arll> such that ar; -> a‘l) and atl1 £ A(ll'.;_l) for all n

sufficiently large. (For earlier n, it is possible to take

n n n

_ .« n _ n n_ .1 o,
a, = (wl, 0, mo).). Define a; = (x1 s b1 s ml) by % 1 .%) X s

o
1

(o}

1 <0

n 1 o . o .
b1 a- E-) b1 , if b > 0, and = b1 , 1f b

m? =m + p?. (wl = x?) - q? b? « Then a? > ai = (xg s b; y mi

[o] +

o o .0
asn >« p . (x1 ml) +q b, mg, 8o

(o] n + o.,n « It 1 + n.n
Py - (x1 - wl) + qy b1 < mEf and .°. P - (x1 wl), + ql‘bl <m

for n sufficiently large. p?. x? + q? b? + m? = p? N + e

from the definition of m? . Clearly, (q2 + 1) b? + m? > 0,
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2V (2, ,n‘l’) ; e, a‘l’ sg(ﬁ‘l’). That £ (.) is

(o] [o]
Via; m) 2

u.h.c. follows from the fact that <grlx> is bounded, since

A(.) is compact-valued and uhc on II.

(ii) follows directly from the budget equation, (2.2) gq.e.d.

(4c) 3 o >> 0 such that, for all "1 e I, supp ¥ (1'!1) > o
Lemma A.4: Assume (4c). Let <..'“?> be any sequence in II, and <a?>
: n n n o =
any sequence with a, €g& (1\‘.1) for all n. If LM 1[1 e II\I
then Ha? [] + + =,
Proof: (cf. Grandmont [1974]\.) We can assume without loss of

generality that there exists some compact subset of Il
which contains supp ¢ _(‘F.rll) for all n, and therefore that

(V] (“111) converges weakly to some np° in /A(I). Then we can
. o ' o
f = : . im
define v (al) Jl‘[ “["1 y xz(al, 1:2)] dy (1\‘2) 3 1im
via; , 11111) = Vo(al), and V°(.) is continuous and strictly

increasing. We consider two cases : (i) Pltl = 0 for some k ;
in this case we can apply the reasoning of Grandmont [197151-’
Proposition 2(i) of Section 3.8; (ii) q‘la = (0 ; assume

o (]

that the sequence <a;_1> converges to ag = (x"lj 5 b1 . ml).

with 8 < + o . a° is feasible for nicl’ , and vo(a‘{) gvo(al)

1 1

. o = _° i o P
for all a feasible for ’111 . But a; (xl, bl’ ml), with bl

. . o
arbitrarily large, is also feasible for 'n‘cl, . Since v (.)
is strictly increasing, vo(;l) > vo(acl)) . a contradiction.

q.e.d.
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¥ n, € supp Y (T[tll), if bc{ > 0. Suppose bcl) < 0 ; then

o _ o} _ L0 0 0™ o _Jn O, N~
"L T Mot R Wy ) tap B <mp+opy Ly - X)) ¢ QTG

o} . 0 n

since x" << x° and b® = b1 y for all n. .°, m <m o=

1 1 1
ma + Ptll S Ci xlll) + qul (btll)- » for n sufficiently large.

. o O 0 ) : )
Since a; e A(‘"l), m, + (q2 + l)bl 20,¥% 'l.fz E supp w(wl) §

mrl1 - (q2 + 1)(brll)- >0,y 1r2' € supp w(u(l)) . For n

sufficiently large, mrl1 = (q2 + 1)(b111)— 2 0,¥% ", e supp q;('rr-?) s
follows from the continuity of supp ¢ (.). Thus arl1 £ A(trtll)

for n sufficiently large. q.e.d

The individual's demand correspondence is defined by

gl = {a) e A(my) | via; , m) 2 vy , %) ¥ a' e A(w)}).

Lemma A.3: (i) & (.) is nonempty - , convex - s compact-valued and

upper hemicontinuous on II :

(ii) ?r', . E (w1)= ?T'l-w‘, ¥ LI I,
Proof: (i) That € (.) is nonempty - , convex - » compact—valued
follows from the fact that A (.) has these properties and
¥ is continuous in both arguments, and concave and monotone in
thé first, £ (.) has a closed graph: take any sequence
<'!’l;> in I, with 1:; -+ ﬁ;’. » and any sequence <21’?> such that

3 ;l e E (.ﬁlf), for all n, and 2111 - a(l) + Since the graph of

A(.) is closed, a‘l) € A(Tl'cl’) . Take any a € A(l';’) ;

there exists a sequence <ar11> such that a.Il1 € A(.'.‘I]T) for all
n o n n . ,.n n
n, and a; ra; . v (a1 s 1;.1) > v(a1 ,-1;1), for all n.

So, from the continuity of v in both arguments,



Let I =(1, .. ,i, ... , I} be the index set of the individuals

in the economy. Characteristics of the ith individual will be
distinguished by the subscript i, and aggregations will be over the
index set 7. The aggregate excess demand correspondencey, E:1~> RN R
is defined by £ (%) = E*;i‘_(wl) - Twyy =1 @) - Cuyqs 0,10,
where M is the money supply (constant over time). An element of

l;(‘n’l) ig z, = (xl = ml‘, bl > Wy - M), where, x; = Zliﬂ ,‘wl =

Zmil . b1 = zbil’ ‘ , and w = Xmil . A temporary monetary
s . . . i) * *
equilibrium in period 1 is an (I + 1) - tuple (w’l‘ > 817 tec 5 Ap )
. . N+ 2 vk ok . * &
of points in R such that T, = ('n'-,1 , 1) with m e I, a,, € E i(l‘i‘)
. *
for all i ¢ X, and Zail = Xwil .

Lemma A.5: (i)Z is nonempty -, convex -, compact-valued and
upper hemicontinuous on II ;

(ii) ﬁ'l LT (x) = 0.

Proof: This follows directly from Lemma A.3.
Lemma A.6: Let <1r111> be any sequence in II;

() ifnlowd efNT, then [[ ¢ () || »+ =

(ii) if Hp?”-)- + o , then either ||C(TTT)||++ ®

n.n
or |q; by | >+ =
Proof : This follows from Lemma A.,4 and Theorem 4.1,
(4e) 3 CC 1N such that (i) int C nonempty, and (ii)

¥ieI and 'V.wle I , C csupp vbi (11).
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n :
Let <I'* be a non—decreasing sequence of compact,

©o

E Il
convex subsets of I  such that I C U1 I

n=

and each 1" has a nonempty interior. Let <m?>

and <8r11> be sequences such that, for each n, ‘Hrll € Hn,

n n n ~ n

z E « . = .

]8T (), T . 2] = 0, and W . 2] 50

for all ® € T,

Then (i) <zt1‘> is bounded; (ii) 1if qu.l > 4o |qI11 br11|

is bounded.

G) (a) . <b111> is bounded. Choose ﬁz = '(52, ?1—2) € int C; then
¢D) (_q2 + 1) b1 tm o2 0,%n -« Choose'll = (Pl’ ql) such that
-1;1 € Hn, for n large, and El >52 + 1; then, since ;'1 . z‘l‘ L0,

n - n,— .n n_ —
for all T en, P; - X + 9y bl + m; < Py - + M, and therefore

(2) El ’Dtll + mI]T ;-1;1 -+ w +M, for n large. Similarly,
choose “1 such that “.1 € I -for large n, and ql < .g,2+ 158

then

(3) 9, b1 + m <Py - W + M, for large n. (2) - (1) implies

— — i - ] .
[q1 = (q2 + 1)] bl < Py - ¥ + M; (1) - (3) implies
- = n - . n =
[(q2 +1) - ql] by 2-(p; . w +M. Thus -b < b, < b,
where b, = —1——_— (p, . w, + M), and
21 = 1-2 1%
1 9
= 1 =
b, = - (p; - w, + M);
1 o~ — 1 1
ql - (q2 + 1)
. n
i.e., bl is bounded.

() <m,> 18 bounded. Clearly, m? 2 0. Take "1 € Hl;

B =p

n —
then m ;pl.w1+M-qlb1 ;pl.w1+M+q1£ =m, 8ay .

[

So m;l is bounded.

(c) <1111> is bounded. Clearly xrll > 0. Again, take
1 n .

'”1 6 1°; then Py - ¥ SPp-ot M+ q _t_:_l. Since

p, >> 0, Xll1 is bounded.
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(ii) If qux + + o, then |q111 btlll is bounded; i.e. b;l-*O.

Constraint (2.5) and assumption (4a) together imply that, for

. n,n n
all i and all =n, gq, bil + m, 20, Therefore
-qul bI; ;mrl1 , for all n. Since mrll is bounded above,
n

qll1 b1 must be bounded below. From aggregation of

constraints (2.1), qi b? <M. So it must be the case
that bY +» 0 if q" + + =,
1 1
q.e.d.

The economy & consists of the set T of traders satisfying
all the assumptions (2a) through’ (4f), with the exception of (4e). The

economy £ ' 1is the same as E except that the traders satisfy (4e) as well.

Theorem A.8: F.  has a temporary monetary equilibrium in period 1.
Proof: The proof is the same as that given below for Theorem A.9,

with the following modification: by Lemma A.6(ii), the
sequence <p11‘> (but not necessarily the sequence
<1|I11> = <(pI{, q?)>) must be bounded, and therefore

, *

J a subsequence converging to Py > 0. There is
a corresponding subsequence of <‘.1§‘> converging to
* * * . * . e e
Trl = (p1 . ql) (with 4 possibly infinite) and a

* *

subsequence of <‘ZI11> converging to ‘Fl (with b1 = 0

*
if q, is infinite).

Theorem A.9: E ' has a temporary monetary equilibrium in period 1, with

*
a positive interest rate (r1 = -% > 0).
9
Proof: Let <I"> be a Sequence of subsets of N as in the statement

of Lemma A.7. For each n, take z® to be a compact,
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ot n .
eonvex set containing the range of § . Then, using

the result of Debreu [1956] ,3,%n 5 2 pair ('n"r; ’ 2111)

."n n

- Zn L Ty Z =
such that 2 € 4 (ﬂ'l), 1 %1 0, and
nl . z,rll < 0\1'1;1 € . By Lemma A.7, the sequence <zrf>
is bounded and btl1 + 0 if qtl1 + 4o ,  The sequence

<"TI11> must therefore be bounded, otherwise Lemma A.6(ii)
would be contradicted. So 3 a convergent subsequence of

*
<1[I{> converging to - Since the corresponding subsequence
n
of <2
N |

*
Therefore L € . Since [ has closed graph and

<2,1;> is bounded, 3 a subsequence of <z111> converging

* —
> 1is bounded, Lemma A.6(i) implies that ul ¢ T\I.

* * ~ % *x . ~n N )
to z, € (1[4). 1[1 . zl = 0 since 1!.1 . zrll =0 W,
~% * o L . * *

ﬂ'l . 21 = (0 prohibits both zl >0 and zl < 0, So
i z* d 1~r* z*
if 1 # 0 an 1+ %

and hence, for n sufficiently large, LA z._rl1 > 0. But

~ *
0, 3.‘!’.1 € 1 such that 'l.l . z.1> 0

~

this contradicts L ztl1 < 0 \4 L5 € 1 ®, Therefore

£ - o

q.e.d.
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Notes

Bonds are issued by individuals, but are considered to be
homogeneous, no account being taken of differences in default

risk, etc.

That money is the medium of exchange is taken as an

institutional fact.

But, in another sense (cf. Hicks [1974] , for example),
they have imperfect liquidity because of the uncertainty

of their future market value.

These are. the constraints used by the individual for planning
purposes. It is not implied that the economy ends, or

that the individual expires, at the end of period t+l.

If an individual is in debt at the start of the current period,
there is the possibility that he will be bankrupt, in the

sense that there is no action which he could take in the
current period that would enable him to pay off his (expected)
debt within his planning horizord. 1In order to avoid the
technical complications of the equilibrium existence proof

in this situation, it is assumed that all individuals start
out with zero bond-holdings. This simplification affects

only the bankruptcy possibility; in all other respects,

the results would be unaffected by the existence of initial

credit and debt.
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Given the positive probability of a positive net return
on bonds (assumption (4a)) and the solvency requirement
((2.5)), it follows that m?* +» :whenever |q? b?' -+
(i.e., when bonds are sold at an arbitrarily high price).
So the phrase "or |q? b?|+ +o " in the statement of
Theorem 4.1 is superfluous in the present context.
However, the result as stated is more basic (cf. also
Lemmas A.6 and A.7).

e, denotes the unit vector with 1 in the k-th position and

k

-O elsewhere.

A violation of the optimality condition (3.3) would lead

to a condition of the form

J q) - (a, + 1)

Pok

3k such that 1lim
||e]l]>= @

u'N+k dy (“é; n?) > 0.

Such a condition could have been used as a further alternative
to (i) and (ii) of (4d) for the proof of Theorem 4.1. However
it is not a meaningful assumption when P, and p, are bounded.
Condition (4e) is actually a strengthening of this condition

which removes the dependence on Py

Cf. Green (1973), Assumption (4.2). The assumption of
"common expectations' used here is somewhat stronger than

Green's since it refers to absolute, rather than relative, prices.

The term "elasticity", being rather loosely applied here

to probabilistic expectations, refers to the average.
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