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ABSTRACT

Within a rational expectations framework, policy has
effect if it alters relative prices and policy evaluations are
exercises in modern public finance theory. The time inconsistency
of an optimal taxation plan precludes the use of standard control
theory for its determination. In this article recursive methods
are developed that overcome this difficult&. The technique 1is
novel in that the constraint set as well as the value function
are determined recursively. Even though there is little hope
of the optimal plan being implemented - because of its time
inconsistency - we think the exercise is of more than pedagogical
interest. The optimal plan's return is a benchmark with which to
compare the time consistent solution under alternative institutional

constraints which society might choose to impose upon itself.



I. Introduction

The purpose of this article is to examine the problem of optimal
policy selection within the rational expectations competitive framework.
The natural context within which to discuss optimal policy selections is
optimal taxation.l/ This allows us to be fairly explicit as to how the
policymaker's objective is related to those of the economic agents. We
assume that there is a representative consumer, and that there is no
conflict between public and private objectives. The individual values
public goods, but prefers not to pay taxes, The role of the policymaker
is to provide public goods in such a way as to maximize the utility of
the representative consumer subject to the constraint that goods are
financed by proportional taxes upon labor and capital incomes.g

We first present a standard static taxation model, for which
optimization is fairly straightforward, We then consider a multiple
period problem with capital and show that standard control-theory
techniques are not applicable to the optimal taxation programming problem.é/
Bellman's principle of optimality (1957) fails and an optimal policy will
iﬁ general be time inconsistent, That is, the optimal policy plan at
time t' greater than t is not the continuation of the plan that was
optimal at time t.i/ Not only does this severely complicate the determination
of the optimal policy by precluding the applications of optimal control
theory, but more importantly, the time inconsistency makes it doubtful
whether such a policy would ever be implemented, Rather we would expect
the time consistent. solutions to be adopted, that is the rule resulting if

the policy action taken at each point in time is best taking into consideratio:
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both the current period outcome and a correct -evaluation of the end of
period position. Unlike games against nature, for which control theory
was developed, the consistent solution is in general not optimal and as
shown in Kydland and Prescott (1967) may be very suboptimal,

In spite of the time inconsistency problem, we do not think the
determination of the optimal policy and the resulting return is without
interest. The optimal return is a benchmark with which to compare the
return of the time consistent policy under a particular set of institutional
constraints. Possibly a constitutional admendment requiring the budget
to be balanced in peacetime or an institutional arrangement which results
in the process of policy change being long and protracted might result in
the time consistent solution being nearly optimal. If so, it would provide

strong justification for society establishing such arrangements.

2, A Simple Static QOptimal Taxation Model

Consider an economy with a large number of small economic agents.
Assume that the preferences of the representative household can be
represented by a utility function u(c, n, g), where ¢ is consumption, n is
labor supply, and g is public expenditures, With a representative household,
the social welfare function is well defined, namely to maximize the same
utility function. The decision variables of the household are ¢ and n,
and, assuming a linear production function y = wn, the household is

constrained by

0O<cs< (T-Twn and 0<n<n,

where T is the income tax rate and n is the maximum amount of labor services

that can be supplied, Note w is the marginal product of labor and therefore




in equilibrium the wage,
Assume now that T and g are set by a policymaker with the objective

of maximizing the utility of the representative consumer, i.e.,
max u(c,n,g) , (1)

where the aggregate variables are appropriately measured in per capita
terms. One constraint is that there be sufficient revenue to finance

government purchases; that is

(1-Twn>g . (2)
The tax rate is constrained by 0<T<T<1
The second set of constraints are that the standin consumer maximized his
utility subject to his budget constraint. 1In order to insure a unique
interior solution, we make the following fairly standard assumptions:
The utility function is strictly increasing and strictly concave in
consumption ¢ and the negative of labor supplied -n and is continuously

differentiable. 1In addition
(1 ';)wuc(o, Os g) > "un(os 0) g)
uc(ﬁwx I'-l, g)< _un(ﬁw, ;1: g)

for all 0 < g < nw, where u, and u are the particl derivatives with

respect to ¢ and n respectively., With these assumptions the consumer is

in equilibrium if and only if

Un(C,n, g) = "(1 ‘T)(Duc(c,n sg) . (3)

Thus, the policy problem is to maximize (1) subject to constraints (2) and

(3), the inequality constraints




T<T,n<n,c+g<wn

IA

and the nennegativity constraints. This is a well-defined programming
problem. The compactness of the constraint set and continuity of the

objective function guarantee the existence of a solution.

33 The Dynamic Certainty Case

We now introduce capital which makes the problem dynamic. We shall
consider the simplest type of model in which consumers own capital which
they rent to firms. The firms use capital and labor as inputs to produce
output which can either be consumed in the same period, be used as a
public good, or be used to augment the capital stock. The decision
variables of the consumer in period t are consumption, labor supply, and
how much capital to carry over to the next period. Finally, public good
expenditures are financed by taxes on labor and capital income.

For this problem we can define an equilibrium where the prices
clear the markets for given present and future values of the government

policy variables. Using the price of output as a numeraire, these

=]

£=0 °’

- -]

£
=o 2nd {rt}

*
equilibrium prices would be [wt} where w_ is the wage

rate and r the rental rate of capital in period t. In what follows, we
shall omit the stars and assume that we are referring to the equilibrium
prices in stating the constraints imposed by the rational expectations

maximizing assumptions.

We assume that the utility function of the representative consumer

is time separable with discounting:




Consumer's Problem

@
t
max T R u(ct,nt,gt)
t=0
- 1-7T)wn
s.t. ke te sk +0Q 8 )r Kk + ( V.0,
Ct’nt’kt+1 _>_ 0: nt s o, C=O,I,...,

and ko given,

Here 0 <9 <8 < 1 and 0 < Te £ T < 1 are the tax rates applicable to
— t—- — —

capital and labor income, respectively,

Factor supply and product demand are determined from the following

5.
first-order conditions for t=0,1,,..:=
PAUTLE LS TTRVu (e ng, 8,), (4)
( ) ’ u (e ,n,g) (5)
u (c , n , g = - . s s .
ctt+l? 41’ S sl1+(1 6t+1)rt+1] cot’ e’ o

Since the consumer owns the capital, the firm's problem is static:

Firm's Problem

max [f(kt’ nt) - rtkt - wtnt], t=0,1,,.

“ 9

where f(k, n) is a constant-returns-to-scale production function. In

equilibrium, profits are zero and therefore they need not be included

in the budget constraint of the consumer. The profit-maximizing conditions

are simply

Ty = fetkm)) (5)

R S Wil




and
w, = fn(kt’ nt). (7

We assume that £(0, 1) = w > 0 and that f£(k,n) is strictly concave in k,
y
strictly ingreasing in both its arguments, and positive, These

assumptions guarantee tﬁat in equilibrium (6) and (7) must be satisfied.

We also assume there is a k such that k = f£(k, n) and that ko k.

IA

Element k {s the maximal substantial capital stock.

. I3 ] . o
The optimal taxation problem is then to choose {“f =(gt, et,'rt)}t=O

S0 as to maximize

)
t
ZBU(C,n’g)
£=0 £t F

s.t. ' =
t 8, < 9trtkt4-7twt . t=0,1, R

and constraints (4)-(7), which are imposed by the rational expectations

.equilibrium assumption.

The labor supply-consumption decisions, n and o of the consumer

depend not only upon the current state of the economy, kt’ and current

tax rates, (B Tt) , but .also upon future tax rates. Until the sequences

t)

of future tax rates are specified the equilibrium current decisions of

the consumers cannot be determined,

Suppose the optimal policy sequence [ﬂz = (gz, 92, Tz)}:=o exists

’ 3
and is unique. This optimal policy will be the time inconsistent in the

sense that at time s >0 the policy {nz}:_s will not be optimal at time s.

The reason it is not optimal is because current equilibrium decisions of




the consumer are functions of the current state, current policy decisions,

and anticipated future policy actions.

Before proceeding further, a definition of state variable is needed.

Definition of State Variable

A decision problem ,is Markovian if after any number of periods,
say t, the effect of decisions of the current and subsequent periods
upon the total return depends only upon the state of the system at the
beginning of the tth period and subsequent decisions. A preference-
information-technology-wealth distribution structure is Markovian if
each agent's decision problem is Markovian in the assumed state variable
vector, given that other agents' decision problems are Markovian in that
state vector.

The state variable must, among other things, reflect the effect of
past decisions upon the subsequent production possibility set., This is
typically accomplished by including capital stocks and inventory stock
variables as components of the state vector. When preferences are time
separable, no state variables are needed to index the effect of past
decisions upon the individual's ordering of subsequent consumption paths
(or distribucions of subsequent consumption paths if there is uncertainty).
For some analyses, the current distribution of money, bonds, and stocks
must be specified by the state vector. Knowing the current stdte is
sufficient for determining the current and subsequent competitive
allocations and equilibrium prices (or process governing them if there

is uncertainty). With this definition, prices and current-period

decision variables are not state variables, Current equilibrium prices
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and decisions arevfunctions of the state variables.

The qaive application of optimal control is likely to lead to a
consistent solution for reasons given in Kydland and Prescott (1977).

The solution is consistent in the sense that it is best, given the current
state variables and ﬁhat policies will be similarly selected in the
future. However, this consistent solution will be suboptimal because the
effects of the policy for any future period t on agents' behavior in
earlier periods are not taken intofaccount. For the optimal taxation
example the consistent solution for the current period is to first tax
away all the capital income because the capital is already there and does
not enter directly into the utility function, or, in other words, it is
supplied inelastically. Anticipating this, agents will save little and
the capital stock will be small.

A superior alternative would be to restrict policymakers to use a
well-understood policy rule with good operating characteristics, Ho&e&er,
even if the best one among such rules could Se determined, the time
inconsistency of this policy makes it a doubtful question whether policy-
makers would continue to use it in future periods. If not, expectations of
economic agents would clearly be affected, leading to a change in their
behavior. 1It, however, is still of interest to study optimal policy over
time, even thqugh it is time inconsistent, For example, when a new tax
system is introduced, this is often a relevant restriction; more generally,

one might imagine large costs associated with changes in policy,

Determining Optimal Policy

The time inconsistency severely complicates the computation of the

optimal policy. Standard recursive methods are no longer applicable,




In what follows we outline a possible computational procedure, and point
out the difficulties involved.
To obtain restrictions imposed by the rational expectations

equilibrium assumption, we formulate the Lagrangean for the consumer

t
8 {u(ct, n, gt) +Xt[(1- Tt)wtnt+ (1 - et)rtkt+kt _kt:-H - ct]}

[
]
W M8

t=0

The first order conditions are

UC(Ct, n s 8t) = ?xt ) (8)

un(ct, ., gt)+xt(l -Tt)wt =0 (9)
- - = = . 1

Bl1+ (1 9t+1)rt+1])‘t+1 A, =0 t =0,1,..., (10)

In addition, we have the profit-maximizing conditions (6) and (7).

Using (6)-(9) along with the budget constraint of the consumer, we

can write

X = d(kt’ m

t

t,kc), t.= 0,1,..., an

where X, = (ct, n, kt+l) are the decision variables of the consumer.

Constraint (10), using (6), becomes

BITH (-8 E Gy ae DMy -2, = 0. (e,
But, from (11), nog is a function of kt+1’ L and >‘t+1’ and (12) can
therefore be written as

>‘t = h(ﬂ't,k . Kt-l)’ t=1,2,..., 13)




10

This constraint is unusual in that it goes backwards in time. It says
that the ratio of next period's and this period's marginal utilities

must equai the after-tax rate of transformation between consumer goods
next pefiod and consumer goods this period. The introduction of a
pseudo-state variable Xt-l’ which is a shado& price, is necessary because
of the time inconsistency of the optimal policy.

The problem is not a Markov decision problem [see Bellman (1957)]
because there is another constraint which must be determined recursively.
Let A be the set of (kt, lt-l) for which there exists a policy sequence
with an equilibrium. That is, there exists sequence {xs’ﬂé’ks}:=t such
that constraints (11) and (13) are satisfied for periods s > t, where
t > 0. For Xt-l sufficiently small, and therefore consumption in the
previous period sufficiently high, no policy sequence for which there

is an equilibrium will exist. This necessitates the addition of comstraints

(k kt) e A R I P R TR RS (14)

t+1°

We define the elements A _, and A to be the minimum and maximum
min max
respectively of UC(C,IH g) over the set of (¢, n, g) for which
c,n,g >0, c+g5f(ﬁ,n), andngﬁ.
Dropping the time subscript and using the prime to denote next period
value and the minus one subscript last period value, we define the
R Xmax] into the

following mapping & of closed subsets of Zz= [0, k] X [kmin

same space:

5N = {(k, k_1 ez : there exists (m, x, \) satisfying the

constraints below }




1

= (c,n, k') =d(k,m 1)

”
I}

>
i

= h(m, k, )\_1)
k', M) eA .

In addition there are the nonnegativity constraints and maximum constraints
on tax rates and labor supplied, We seek the largest set which is a
fixed point of %. The mapping & is monotonic in the sense that

,\151\2 implies Q(Al)EQ(AZ). Consider the decreasing sequence of sets

Ai+l = @(Ai) where A] =2,

The limit of this sequence is a greatest fixed point of &, and is the
recursively determined constraint set A. This set is non-empty for
given any ke [0, k] there is an equ‘il.ibrium path for policy et Sl =8, =0,
This implies in addition the projection of A on [O, k] is [0, k.

Let v(kt, Xt_l) be the maximum present value at time t over all
feasible current and future poliéies given the constraints implied by
the rational expectations equilibrium concept for current and future
private decisions, and given the current capital stock kt and last

period's marginal utility )‘t Y which provides the link to the past. Then

part of the policy problem is to solve the functional equation

vik,A_y) = max [u(c,n,g)+Bv (k', )],
T, X, A

subject to the constraint,

7 -
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x = (c,n, k") =d(k,m) ,
A= h(n,l&,l_1) .

g < Bfk(k,n)k+'rfn(k,n)n
x,m>0
TST,9<8,

and (A, k') e A where ()\_1,1() e A

The optimal policy 1s 1 = M(k, A ‘) . This means that at time t, given kt

and )‘t-l (which define admissible combinations of m and At), we obtain

t
l{ = i i i g d °
wt’ H(kt,lt_1), which determlneslkt, and therefore C.» My an kt+1

Note that constraint (13) puts no restrictions on )‘O' Given ko,

the policymaker can choose Tys *g» and XO which maximize

]
(a
o]

|

‘0 - d(ﬂo, ko, x'0)!

I\

go Sofk(ko, no) ko + TOEn_(kO’ no) n,

(KO’ k]) ¢ A

This choice of initial ko determines the optimal policy for the entire

future. Thus the pseudo-state variable )‘t-1 is a device to ensure that

the effects of future policies on agents' behavior in earlier periods
6/

are taken into account.—
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4, An Extension to Uncertainty

In this section we outline the extension of our analysis‘to environment
with unce;tainty. Suppose preferences and technology are affected by
random shocks, For example, some exogenous random event may affect the
demand for national defense, or a new scientific discovery may affect the
production possibility set. In this section we assume the utility function
of the representative individual is state contingent depending upon the
shock s, For example, the value of national defense may vary over time
depending upon the world political situation. The consumer maximizes

'cn
E tEOSt u(ct,nt,gt,st)

subject to his budgef constraint. From his point of view, government
expenditure 8, and the tax-rate parameters (et’ Tt), which affect his
budget constraint, are exogenous as is the shock S, For simplicity the
process governing st is assumed to be a Markov chain with m possible
states. The transition probabilities Pr(j | i) are the probabilities
that Sep1 = j given s, = i for i, j=l?...,m.

To simplify notation the time subscript has been omitted in the
subsequent development. Prime variables denote next-period variables,
and the subscript -1 last period. Let v(s_],k{l_]) be the maximal
obtainable expected utility for the representative individual given
that the beginning-of-period capital stock was k and that A_; and the

consumer equilibrium decisions this period are consistent,

The proposed dynamic program is

m
v(s_1, k, x_l) = max SE1Pr(s| s_l)[u(cs, n, 8, s)+3 v(s,ks, ys)] (16)




subject to constraints for s = 1,...,m
1 = - 0 ‘-
'ks+cs—k+(1 -rs) fn(k,ns)+.(1 Bs) fk(k’ns)

yg=u.(eg,n., 8., 8)

Ton £ (k,n ) +0_ k £, (k,n) 28
]
(ys, ks) e A(s)
and constraint

m
A4 =B SE,Pr(Sls-’)uc (cgrmgs 8, 8) [T+ (1-8) £ (k,n)l. (17)

The decision variables are individual decision x = {cs, n. ks'}:=1 .

; : m m ,
policy decision mm= {gs, es, Ts}s=1 gnd y= {ys}s=1 The constraint

that (yq, k;) belong to set A(s) is a feasibility constraint. The sets
A(s) must be such that there is a solution to the right side of (16) if

and only if (k, A_ ):A(s_..l) for 5_y= 1,...,m. Thus like the value

1
functions v, the constraint sets are determined recursively. One can,
at least in theory, find a solution which is computable as the limit of
.finite T-period problems as T becomes infinite,

The optimality equation (16) is of interest for the maximization
over elements specifying actions contingent upon s -- that is prior to

observing s. Consequently s is not a state variable in the sense of

dynamic programming, This is necessary because of the form of constraint (17).
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It jointly depends upon decisions contingent upon all s and not just the
realized s.
As for the deterministic case, constraint (17) is not applicable
in the initial period and choosing A for period zero is part of the
optimization problem. This choices determine the optimal state-contingent
policy for the entire future. If the optimal policy is mo=0(s, _ys ks A
and xt==x(st_1, kt’ Xt-lx then the actual policy selected in period t is
. _th A
the s component of ™ and the equilibrium decision of the representative
) th th
consumer is the s component of X, . Finally kt is the s~ component of

Y, =Y(s Py

t-1’kt’ £-17

To summarize, in the abstract at least, even the stochastic case
can be formulated as a recursive problem using the pseudo-state variable L
along with recursively determined constraint sets A(s). This formulation
leads to unusual constraints, howevér, and the problem of actually

computing an optimal policy would appear quite formidable even for

relatively simple parametric structure,

5. Concluding Remarks

We have not argued that optimization and quantitative methods
should not be used for policy evaluation and selection within self-
fulfilling and rational expectations environments, Rather we have argued
that naive application of optimal control theory methods will result in
time-consistent but suboptimal peclicies. As was demonstrated in [6] and
[7], the consistent solution can be very suboptimal. We think the
determination of op;imal policy, and more importantly its return, is
important, It provides a standard with which to compare time
In

consistent policy under alternative institutional comstraints.

environments where policy rules can be changed only after an extended
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period of public deliberation, the time consistent rule may be nearly
optimal,

We do not think discounting is the crux of the consistency problem.
For our optimal taxation problem, tne results were insensitive to the
discount factor @ and the inconsistency problem did not disappear as 8
aﬁproached one. If 3 equals one, there are problems with existence of
competitive equilibria because the infinitely-lived representative
household's utilify is infinite, We .suspect this problem can be
circumvented by introducing a Ramsey ''deviation from bliss" preference
ordering, With such an analysis the inconsistency problem will remain.

Finally, we emphasize that the fixed-rule procedure we advocate
does not necessarily imply constant values or constant growth rates of
the policy instruments. Quite possibly a feedback rule with the tax
parameters varying systematically with economic conditions may dominate
any policy of constant tax parameters. A policy rule, however, is
needed before one can predict what equilibrium process will govern the
economy and an implication of dynamic maximization thecry is that a
policy-rule invariant autoregressive model will not exist,

It should be noted that our equilibrium framework led to decision
rules that depended not only on the stace and tax rates, but also on the
unobservable shadow price A. This causes an estimation problem. To the
-extent, however, that everything in equation (12), except xt and Xt+1’
can be observed, including the discount factor B, at least the ratios of
next period's to this period's shadow price could be determined, and
these prices can clearly be scaled any way we want. Such relationships

might therefore conceivably be estimated.z/ But even if the relationships
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can be identified and estimated, we have not yet found practical methods
for computing the optimal policy when there are stochastic comnstraints

because of the high dimensionality of the dynamic program,
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Footnotes:

1/ For a review of the optimal taxation literature, see Sandmo (1976).

2/ Justification for ruling out non-distortionary taxes of the lump
sum variety are based upon heterogeneity of comsumers, which is not
an element of our models. Heterogeneity waslnot introduced because
it greatly complicated the analysis and would obscure the points we
wished to make.

3/ An excellent overview of control theory with emphasis on its
applicability to economics can be found in Chow (1975). Holly and
Zarrop (1979) using non-recursive methods have developed and applied
an algorithm for computing optimal solutions for finite horizonm,
deterministic problems.

4/ The point was established in Kydland and Prescott (1976) and discussed
at greater length in Prescott (1977). Calvo (1978) has demonstrated
the time inconsistency of an optimal monetary policy. As inflation
can be viewed as a tax on liquidity, his results can be viewed as
being within the optimal taxation framework and therefore as being
complementary to this analysis.

5/ The assumptions of the previous section concerning the function
u(c, n, g) guarantee an interior solution where w is a positive
lower bound on the marginal product of labour.

6/ This argument was partly motivated by comments in Bryant (1977).

7/ 1dentified, policy-invariant structures specifying current decisions
as functions of current state, current prices, and expectations of
future pfices and policy parameters exist. Huntzinger (1979) and
Taylor (1978) have estimated such structures and Wallis (1979) has
developed the econometrics much further. An alternative approach
is that of Hansen and Sargent (1980) who use maximum likelihood
methods to estimate parameters of preferences, technology, and

exogenous processes directly.



19

‘References

Bellman, Richard E,, 1957, Dynamic Programming, Princeton: Princeton
University Press.

Bryant, John, 1977, "Should Control Theory be Used for Economic
Stabilization?: A Comment," in K. Brunner and A. H. Meltzer (eds.),
Optimal Policies, Control Theory and Technology Exports, Amsterdam:
North-Holland, JY-100,

Calvo, Guillermo A., 1978, "On the Time Consistency of Optimal Policy in
a Monetary Economy," Econometrica 46, 1411-28,

Chow, Gregory C., 1975, Analvsis and Control of Dynamic Economic Svstems,
New York: John Wiley & Sons.

Hansen, Lars P., and Thomas J. Sargent, 1980, '"Formulation and Estimating
Dynamic Linear Rational Expectations Models: I Journal of Economic
Dynamics and Control.,

Holly, S. and M.B. Zarrop, 1979, '"Calculating Optimal Ecoacmic Policies
When Expectations are Rational," PROPE Discussion Paper, No. 33,
Imperial College of Science and Technology, London.

Huntzinger, R, LavVar, 1979, "Market Analysis with Rational Expectations:
Theory and Estimation," Journal of Econometrics 10, 127-45,

Kydland, Finn E., and Edward C. Prescott, 1977, '"Rules Rather than
Discretion: The Inconsistency of Optimal Plans," Journal of
Political Economy, 85, 473-91,

Prescott, Edward C., 1977, "Should Control Theory be Used for Economic
Stabilization?," in K. Brunner and A, H. Meltzer (eds.), Optimal
Policies, Control Theory and Technology Exports, Amsterdam: North
Holland, 13-38. '

Sandmo, Agnar, 1976, "Optimal Taxation: An Introduction to the Literature,"
Journal of Public Ecouomics, o, 37-54,

Taylor, John B., 1978, "Estimation and Control of a Macroeconomic Model
with Rational Expectationms,’ Working Paper, Columbia University,
Revised, forthcoming Econometrica.

Wallis, Kenneth F., 1979, "Econometric implications of the Rational
Expectations Hypothesis," Jorking Paper, Warwick University, Revised,
forthcoming Econometrica,

. #



