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1. Introduction

It has long been recognised that a consumer's preference or a
firm's production possibility is itself affected by the allocation of
resources among other consumers and firms. The presence of such dependent
effects, usually referred to as "externalities' shows that not all the
economic behaviour is mediated through the market price system. While
the problem of externalities has received increasing attentionm, analysis
of its effects on the stability of a competitive economy appears to have
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suffered comparative neglected.

In recent years, however, two important features inherent to
models with externalities have been observed and examined by several
authors. These special features suggest the importance of considering
the problem of what happens to time paths of prices generated by a competi-
tive economy with externalities. One of the features is related to the
"anomalous" qualitative properties investigated by Diamond and Mirrlees
[9] and others.zf A price anomaly indicates the possibility that even in
the absence of income effects the aggregate quantity bf an externality
causing commodity increases as its price increases. As is well known,
the only source of destabilising a competitive economy without externalities
is the presence of asymmetrical income effects among consumers. However,
the suspicion stems from the anomalous behaviour due to externalities that
the Walrasian pricing rule may not lead the economy with externalities to

a stable competitive equiliyrium even in the absence of the such asymme-

trical income effects. ,

Another feature is concerned with the game theoretical situations
]
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discussed by Sandmo [2i] and others. When externalities prevail in the

economy, an individual agent must choose his consumption or production
taking the decisions of each of others as parametrically given. This
implies that the demand functions or the supply functions are functions
not only of prices but also of consumption allocation or production allo-
cation of others. It follows from the direct interdependent effects
through externalities that a similar difficulty to the Cournot-Nash type
model of oligopoly is brought into models with externalities even when
prices are kept constant. The quantity adjustment with this aspect may

form an another obstacle for a competitive economy with externalities to

]
i

attain its equilibrium prices.

The purpose of this paper is to provide a tentative approach to
the stability analysis which investigates the qualitative behaviour of
the dynamics of a competitive economy with externalities. We will concen-
trate our attention on an economy with reciprocal externalities between
consumers and firms. Within the framework, we will show that the economy
with externalities can only attain its equilibrium prices under fairly
stringent conditions even if we limit oﬁr concern to the case where the
stability of a competitive economy without externalities is guaranteed.
We will further clarify the relationship between the stability and the
separability of utility (or production) functions éiscussed by Davis and

Whinston [7] and others.

In Section 2, we introduce notation, preliminary assumptions
and then define a competitive equilibrium with externalities. In Section
)

3, we investigate the qualitative structure of the response of demand and

supply functions to a change in prices and in externalities. In Section



4, we describe the dynamics of adjustment process with externalities and
then examine the stability of the dynamic system. In the last sectionm,

concluding remarks are briefly mentioned.
2. The Model

Our concern is limited to an economy consisting of a representa-
tive consumer and a representative firm, though it is easy to extend our
analysis to the economy with many consumers and many firms. There are
(n + 1) commodities. The numeraire is labelled O , and may be considered
as minus labour. Its demand and supply quantities are denoted by X, and
Yo respectively, and its price set at unity without loss of generality.
The other commodities are labelled 1, 2, . . . n . The demand vector
and supply vector of their commodities are written as x and y , respec-
tively, and the vector of their prices as q . For the sake of simpli-
city, we assume that the consumer has no initial endowments of commodities
except the numeraire §0 . This assumption can be easily removed without

{

any difficulties.

{

We concentrate our attention on the case where reciprocal
externalities take place between the consumer and the firm through other
commodities except the numeraire. For the analysis that follows, it is
convenient to distinguish the actual level of externalities from the
expected or perceived one received by the consumer (or the firm). Let
c = (cl 3 0 G en) be the expected level of externalities received by
the consumer and e = (el, o e ey en) be that of externalities received
by the firm. We will hereafter refer to c (or e) as the consumption (or

production) environment facing the consumer (or the firm). Under such a



situation, the utility function of the consumer is represented by

U = IJ(xo, X; ¢) (1)
and the transformation function of the firm by

F(yp 5 €) = O (2)

We impose the following rather stringent assumptions on the
utility function and the transformation function : (i) U is twice
continuously differentiable on !(xo, x; ¢) , (ii) U 1is strictly concave
and increasing with respect to (xo, x), (iii) F is twice continuously
differentiable on (yo, y; e) and (iv) F is strictly convex and
increasing with respect to (yo, y) . It should be emphasised that we
assume concavity or convexity only with respect to its own decisi?n vari-

ables (not including the consumption or production environment).  This

implies that we deal with the Marshallian type of externalities.

It remains in this section to define a competitive equilibrium

with externalities.

Definition : The set of a consumption allocation (;0, ;) , a
production allocation (;0, ;) , a consumption environment facing the
consumer (é) , a production environment facing the firm (;) and a price
vector (&) are a competitive equilibrium with externalities if

i

i) ((x-y)<s0, q=20;



(ii) (yo, y) maximises I = Vo * 47
subject to F(yo, y; e) = 0 given the production

environment e = e

(iii) (xo, x) maximises U = ll(xo, X3 ¢)

+qx £ x. + I given the consumption

subject to x 0

()

environment ¢ = ¢ ¢

o >
[}
">
L J
0>
it
“ >

(iv)

A few comments will help. Part (i) is self-evident. The part
(ii) and (iii) require that the firm (or the consumer) forms his own expecta-
tion on the production (or consumption) environment and maximises his pro-
fit (or utility) subject to the transformation function (or the budget) taking
it as parametrically given. The part (iv) means that the (expected)
environment facing the firm (or the consumer) is realized in the sense that

it coincides with the actual level of externalities.

There may be problems putting expected externality levels into
an objective technological relationship. We will, however, be able to
escape from the difficulty by limiting our stability analysis to the
Walrasian t4tonnement process. The reason why such is a case is that the
tdtonnement process is the price adjustment one in which no actual produc-

tion takes place until equilibrium is reached.
3. Qualitative Structure of the Model with Externalities

We begin with the investigation of qualitative structure of the



model with externalities. Let us first consider the supply side of
the economy. We denote T(q; e) the level of profit attained at the

maximisation of the problem in part (ii) of the definitiom, that is,
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M(q; e) = max {y, + ay|F(yg, y5 & = 0} (3)
YooY

The partial derivatives of the profit-function 1 with respect to prices
give the supply functions for the corresponding commodities. Using the

gubscript notation, we can write the supplies as
y(q; e) = Hq(q; e) 4)
Taking total differentials of (4), we find

dy = I _dqg+0__de 5
y qq 40 Tge , (5)
where qu is the matrix of second-order partial derivatives of N with
respect to the prices of all commodities except the numeraire and qu

is the matrix of partial derivatives of Hq with respect to the

externalities.

¥ ’;
Let us denote the qarginal rate of trangformation of yj (or
ej) for the numeraire, i.e., Fj/FO (or Fn+j/F0 ) by wj (or wn+j)
and the partial derivative of Wy with respect to v (or e ) by

V.. (or . ). Then we obtain from (5) the matrix of partial deri~

ij i n+j
vatives of the supply functions with respect to the prices, denoted by

yq , and that of supply functions with respect to the externalities,

denoted by Yo » 88 follows :



-1
q qu vy yO q'y] (6)

and

_[¢

N
]
=
1]

-1
- - 7
gy = Vg0 ¥yl [¥ye = Vyo Vel (7
where Ewyy = wy0¢y] is the matrix with the (i, j) elements
(wij - ¢io wj) and [wye - wyowe] is the matrix with the (i, j) elements
(¢i it = ¢i0¢n+j) for all i, j . The matrix [wyy = wyowa is referred
to as the Antonelli matrix for the firm, which is symmetric and positive
6/ -1

definite.” The inve matri - has the same propert
efinite e i1nverse ix [wyy wyowa property

and so does yq from (6).

We consider the dual to the maximisation problem in part (iii)
of the definition and obtain the demand functions from an expenditure
function. Write the expenditure function as E(q; c; u) , which relates

the minimum level of expenditure to achieve a given utility level u to
I
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the vector of prices and that of externmalities. More formally,

E(q; ¢; u) = min {xo + thl(xo, x; ¢) 2 u} (8)
xo,x

The partial derivatives of the expenditure function with respect to the
prices are precisely the compensated demand functions for the corresponding

commodities. We thus have
x = Eq(q; (S (9)

from which we find by differentiation



dx = E dq+E de +E du. (10)
qq qc Q1

Let ¢ = (¢x; ¢c) = (¢1 coe e 905 g s e s ¢2n) be the vector
of the marginal rates of substitution of x and of c¢ for the numeraire.
Total differentiation of the utility function (1) with the budget equation

and arrangement leads to

du

UO[(IIq - x)dq + ¢, dc + T de]

— 3 1
Uo[(y x) dq + ¢c de + IIe de] . Q11)
Substituting (11) into (10), we obtain

ax = [E +E Uyl - x]dg+ [Eye * Equ¥o ¢c)oc

+E L Ug I, de , (12)
which yields
- = = = _1 - -
X, = qu + Equ Uy = ®) = (0, o0t (L ¢y — ) (13)
X 7 ch * EunO ¢c - —(¢xx - ¢x0¢x)_1((¢xc - ¢x0¢c) * ¢x0¢c)
4 (14)
and
— -— — ( -— —1 i
X © Eun'O I[e B "(¢x'x ¢x0¢x) ¢x0 I[e ‘ (15)

[

The expression in (13) corresponds to a familiar result that

\



the matrix of partial derivatives of the demand functions with respect

to prices is partitioned into the substitution term matrix and the income
term matrix. We also know from (14) that the response of the demand
functions to a change in externalities can be divided into the corresponding
terms. It should be noticed from (15) that the demand functions depend

on the production environment facing the firm by way of the profit which

is distributed as the divident to the consumer. The matrix (¢xx - ¢x0¢x)
is the Antonelli one for the consumer ;nd hence the substitution matrix

qu is symmetric and negative definite from (13).
4. The Dynamic System and Its Stability

We are now concerned with the main subject of this paper, that
is, the stability of a Competitive economy with externalities. From now
on, all variables are assumed to be functions of time. However, the time
argument will be omitted unless confusion would arise. In additiom, a

dot over a variable denotes its time-derivative.

We consider first the pricing rule of a competitive economy
with externalities. It is natural to follow the traditional formulation
of the Walrasian t4tonnement pricing rule. We will work with the stability
analysis of a situation in which the prices are called in terms of
numéraire. The process of pricing is then represented by the following

differential equation system:
(W.P) q = [a] [x(a; c5 &) - yla; ] ,

where [&1 is the diagonal matrix with positive elements a O
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We consider next the expectation formation hypothesis on the
ievel of externalities. Assuming that the expected level of externalities
received by each agent is an exponentially weighted average of past
externality levels, we introduce the following adaptive eipectatiun rule

9/

into the model:

[8) [y (a5 e) - c]

o
il

(A.E)

o .
L}

[v] [x (a5 c5 e —e]

where [B] (or [Y] ) is the diagonal matrix with positive elements

g. (or g ).I

1

We are now in a position to prove the stability of the gimuli-
taneous price and quantity adjustment process composed of (W.P) and
(A.E). We will accomplish this by imposing the following regularity

condition on the demand and supply functionms:

(i) The Column Diagonal Dominance Condition; The "own" price demand (or
L 3got

supply) elasticity dominates in the sense that it is greater than or
equal to the sum of the absolute values of cross price elasticities and

those with respect to externalities.

§

(ii) The Column Norm Condition; The sum of the absolute values of all
the elasticities is less than or equal to unity. The above conditions

can be integrated and expressed for the demand functions as

(zlqlzl e < | le1-Cx e [+ T [eS |+ T eS, 1)
€.. |+ €. S € < C [ & €.. |+ €, .
) J*l J_ J j*l 1] j‘l 1] j"l 1]
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and for the supply functions as

n . noo . o . no

. z .. < ..l g1 -(CZ 2. p ..
(j:i|n1J|+j=1|nlJl) < |n11| < (j#i|n13|+j=1|n13|) :
where

3 log X, . 3 log X e 3 log Xy 9 log Vs

[ == = — 1 =

ij 9 log q; » £33 T 3 log < * i3 © 3 1og e » N; T 3 log 9

and no. = E—EffLZE
nij 3 log ej ’

Then we establish:

Theorem 1. If the economy with externalities satisfies the

regularity condition, then the dynamic system consisting of simultaneous

price and quantity adjustment processes is locally asymptotically stable

around the equilibrium values (q, c, e)

Proof. Taking a linearisation of the entire system, (W.P)

and (A.E), we find

s = [p] [u]s , (16)
where § = [6; c; e]', & = [é; é; é]' s
Mo 0 0] xq = yq Xc Xe - ye
] = fo 8 0| and [u] = 7 -1 Vo
0 0 Y X X x -1
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From the diagonal dominance condition (i), we obtain with the

use of the definition of each elasticity for all i

R n R n R n -
4 q c e
|xiil Iqil % j:ilxijl |qj| + jzllxijl ch|+ jfl|xij| Iejl 17

and

~ n ~
a5+ 3 151 180 as)

P o}
lyd | la;] = = |y}
11 1 j#il 1 J=1

51

in which all partial derivatives are evaluated at the equilibrium values

(g, ¢, €) . All the income effects are evacuated in the equilibrium

A -

x = y in view of (13), and therefore xq is reduced to qu only.

It is well known that qu is symmetric and negative definite and then

%3, is shown to be negative. Moreover, ygi is positive from the

11

positive definiteness of yq = nqq . Thus, summing (17) and (18) leads

to

. R n v R
ngi - yzil lqil = (‘Xgi + ygi)lqil > jii(lxgjl+|ygjl)|qjl
n . n . |
c e e q-q_o\
+j§1|xijl chl +j£1(lxij|+lyij|)|ej| 2 jiilxij yij‘ Iqjl (19)
o3 RS, ] [o.] + 2 |68, - v5.| les] for i=1 a
j=1 ij j j=1 ij yij j 9 o o ey "

It follows from the norm condition (ii) for the demands that

o]

~ n ~
q c e - e ~
z or . i . Ao . (1 - A
AN A E AR AR AT AR R IO
< Q- xgi)|ei| = |x§i - 1| Iei| : (20)
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Directly from the norm condition (ii) for the supplies, we have

n o n - -
q e 5
Z . o . ' o B - . ° 1.1
J_=1|le| qu| +j£1|y13| |eJ| s |-1] le; (21)

A careful inspection of (19), (20) and (21) reveals that
] [u*] 6* < o,

where [H*] is the matrix which replaces all the off-diagonal elements
of H by its absolute values and &* is the vector which replaces all
the components of & by its absolute values. This inequality system
shows that the matrix [D] [HJ has a negative dominant diagonal and
hence characteristic roots with only negative real parts owing to the

well-known theorem by Mckenzie [16]. This completes the proof.

If we limit our attention to a partial analysis in which prices
are kept constant, we can easily show stability of the Cournot-Nash
equilibrium of the economy with externalities relative to a fixed set of

prices.

Corollary 1. Thelquantity (or expectation) adjustment (A.E)
is locally asymptotically stable around the equilibrium values

(c(q); e(q)) relative to q if
for all 1i .

To our knowledge, only two other papers discuss stability of quantity
adjustment within the class of models considered here. Sandmo [21] and
Cornes [Q] restrict their attention to a simple two-commodity (m =1)

10/
two~consumer pure exchange economy holding prices comstant.
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The analysis developed so far suggests that the instability
results from the strong effects of externalities on each agent's decision.
It is Davis and Whinston [7] who first pointed out its possibility and
considered the functional condition under which each agent's decision
with respect to commodities is independent of his externality environment.
They provided a special form of additive separability (in terms of cost
functions) which is sufficient for it, although they made no explicit
analysis on the stability, Dusansky and Kalman [11] developed further
research on this problem and extended the Davis and Whinston argument to

a wider class of additive separability.

On the other hand, as is already mentioned, another source of
difficulties comes from the presence of consumers' income effects. This
is the reason why Diamond and Mirrlees [é] and their followers use a
special form of utility functions in analysing anomalous behaviour in
models with externalities.ll! Since our analysis is limited to the case
in which there is only one consumer, all the income effects with respect
to the prices are invalidated in (13) at the equilibrium values. This

does not, however, imply that the income effects with respect to the

externalities are also vanished in the consumer's choice.

Motivated by the present stage of discussions, we are interested
in elucidating the exact relationship between the stability of a competitive
economy with externalities and the functional form of transformation (or
utility) functions. It is required for the transformation function that
the firm's decision with respect to commodities is independent of his
production environment, i.e., Vo * qu = 0 . A careful observation
of (7) reveals that this is satisfied if wye = wyO = 0 , Similarly,

for the utility function the consumer's decision with respect to commodities
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does not depend on the externality environment if ¢xc ¢x0 = 0

in view of (14) and (15). Together with these observations, we can
summarise that the externality environment is neutral to the firm's or
consumer's decision with respect to commodities except the numéraire if
the following two conditions are fulfilled:lg/ (i) A change in externa-—
lities does not affect the marginal rates of transformation or substitu-
tion of other commodities for the numéraire (ii) A change in the

quantity of the numéraire has no effect on the marginal rates of trans-

formation or substitution of other commodities for the numéraire.

It is well known that the condition (i) 1is satisfied if and
only if the production or consumption environment facing the firm or
consumer is "weakly separable" from his own decision with respect to
commodities. We can thus state with the aid of the theorem by Goldman

and Uzawa [12] 5

Lemma 1. The production or consumption environment facing the
firm or consumer is "weakly separable" from his own decision with respect
to commodities if and only if the transformation or utility function 1is

written as

F(eN(g, ¥), £77(e)) = O (22)
or as

v o= vty v utte) . (23)

Our task is to add a new concept of separability satisfying
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the condition (ii) to the weakly separable function (22) or (23). We are

ready to prove :

Lemma 2. A change in the quantity of the numeraire has no
effects on the marginal rates of transformation or substitution of any
other commodities for the numeraire if and only if the "weakly separable"

transformation or utility function is represented by
F(t (5, + o(y)3 £75e)) = O (24)

or

U o= Uty + 8 ull(e)). (25)

Proof. We only give the proof to the case of transformation
function because the proof is similar to the case of utility functionm.
The necessity is obvious. Consider the sufficiency for the 'weak separable”

transformation function. The requirement stated in lemma leads to

write .

I I I I_1
b IR N _fiofo " fifoo _
i0 ayo fI (fI)Z
0 0
for all i , from which we obtain
1 I I
foo | _ Mo, . fno o5
L ] I .« 8 I .

rh
O
=]
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By applying Lemma 1 of Goldman and Uzawa [1ﬂ to (26), there exists a

function B such that
2y, = Bl (27)
O O’Y y ° 7

We find from (27)

I
f
D = ;‘é’f) at’ =y + 6O, 28)

where o 1is an arbitrary function of integration. Then we have
iy, v = Aty + 8 = £y, + 8(y)
0’ 0 0 y
. . . . I It
which yields the desired result, i.e., F(f (yo + 8(y)); £ 7(e)) = 0.

The following theorem shows the fundamental relationship between
the stability of a competitive economy with externalities and the functional

form of transformation or utility functions:

Theorem 2. If the economy is characterised by the transformation

function (24) and by the utility function (25), the dynamic system with

(W.P) and (A.E) is locally asymptotically stable around the equilibrium

values (q, c, e) .

Proof. In view of Lemma 1 and Lemma 2, we find that

X, = X, = 3, = 0 under the assumptions made in theorem. The

linearised system of (W.P) and (A.E) 1is now simplified as
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where
-1 0 0
q4q aq
k% = -
[m#+] T I o| .
E 0 -1
L qq o
Consider the characteristic equation of [D] [H**] and then
obtain
n n
Q0 = - ek = ] ) e . - - R
.u [D] [m»+] izl(x + 8;) igl(x + yl)Iu [a] [qu nqq]‘

In order the dynamic system to be stable, it suffices to show that the
matrix [a][qu = qu] has characteristic roots with only negative real
parts since B8 > 0 and y >0 . As is already noted , qu (or qu)
is negative (or positive) definite and thus qu - qu is negative
definite. Then, owing to the theorem by Arrow and McManus [2], E -1

qq qq
is the so-called D-stable matrix and hence the desired result.

Theorem 2 yields a well known result on the stability of a

competitive equilibrium:

Corollary 2. 1If there exist no asymmetrical income effects,

the Walrasian price adjustment rule leads the economy without externalities

to be a stable competitive equilibrium.
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5. Concluding Remarks

Although the theory of externalities has been manifested in
many broad areas, no attempt has been made to explore its effects on
the stability of a competitive economy with externalities. This paper
has described the dynamic behaviour consisting the Walrasian pricing and
the adaptive expectation formation and has made an analysis of stability

of its dynamic system.

The analysis has suggested that even in the situation where
price stability of a competitive economy is guaranteed, the strong effects
of externalities violate its stability of the entire dynamic adjustment
process. The paper has also devoted to elucidating the fundamental rela-
tionship between the stability of a competitive economy with externalities

and the functional form of transformation and utility functionms.

The analysis of stability with externalities is in itself quite
interesting and important from a theoretical point of views. Beyond this,
‘ yi
however, emphasis should be placed on the fact that stability considerations
play a crucial role in judgjng economic impacts of piecemeal policy
recommendations (for example the Pigovian tax policy) in models with
externalities. In this conﬂeFtion, further stability analysis will be

necessary for obtaining frujtful qualitative comparative static results

in this area.



Notes:

10/

11/

12/

20.

The existence proof of a competitive economy with externalities
may be found in Arrow and Hahn [1] and Osana [19 g

See Buchanan and Kafoglis f4 ] and Sheshinski [22].

A related topic to the aspect has been appeared in Williams
[24] , Olson and Zeckhausen [18] and Connolly [5] .

The possibility of non~convex production set arising from exterma-
lities has been discussed by Starrett [2’3] , Inada and Kuga [13
and Osana [20]. '

The properties of the profit function are given, for example,
by Lau 15] . -

See Mosishima [17] and Katzner [16] .
See, for instance, Diewert [10] .

It is not necessary to consider explicitly the pricing process
for the numeraire by taking Walras' Law into consideration.

One can introduce alternative expectation rule, for example
the stationary or extrapolative one, into the model.

If we limit our concern to such a two-commodity. economy in which
the consumers' income effects are neglected as they assume,
we can easily prove that the Cournot-Nash equilibrium is

. c e
locally stable if 1 > €./,°n,;, .

ii ii

The utility functions are assumed to be linear in the numeraire
commodity.

Diamond [8] directly assumed these two conditions in his
analysis.” See also Balcer [3]
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