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1. Introduction

It is well-known that it may be possible to attain a Pareto-
efficient allocation in an economy with consumption externalities by
the imposition of suitable excise taxes and subsidies, although the

imposition of such taxes may not be sufficient.l/

In addition, the structure of these Pigovian excise taxes is
familiar; they are levied only on the externality-causing goods,
and in general will differ across individuals. In practice, however,
it is usually prohibitively costly to attempt to distinguish perfectly
between individual externality creators, whereas it is often feasible
to impose ordinary commodity taxes on externality-creating goods as
a 'second~best' corrective measure. An example that is often cited
is the case of pollution from the internal combustion engine; it is
infeasible to monitor the pollution emis#ion of each separate car
owner and tax him accordingly, but it is quite possible to tax petrol

at a rate which is uniform across consumers.

This fact has an important economic implication, which is that
if corrective excise taxes are constrained to be uniform across
individuals, 'first-best' allocations are usually not attainable,gf
and therefore the choice of optimal tax structure is then a 'second-

best' problem, even if lump-sum redistribution is possible.

1/ This is due to the fact that if there are multiple equilibria
with taxation, one equilibrium may be Pareto-dominated by another,
and thus be inefficient, even though the first order conditions
for an optimum may be satisfied. (For a discussion of the non-
convexities giving rise to this, see Scheffman (1975).)

2/ There are special cases where uniform taxes are desired at a Tfirst-

=  bpest' allocation. One of these is the ‘'symmetric’ case, where
individuals have identical preferences and incomes. Another case is
where externalities are of the Meade 'atmosphere' type.



Starting with Diamond (1973) there have been several atteuwpts
to investigate the optimum uniform corrective {OUC) tax structure.
One of the notable difference between this structure and that of the
Pigovian 'first-best' taxes is that in the OUC case, it is usually
optimal to tax not only the externality~creating good itself,

but also goods that are complements or substitutes to it.

In a general equilibrium context, this is not greatly surprising:
if, for example, there is a good that is highly complementary with a
negative externality, while all other compensated cross-elasticities,
and its own compensated eliasticity, are small, then imposing a
positive tax on this good will entail a relatively small dead-weight
loss while inducing a relatively large reducticn in the undesirable

externality.

A major policy question then arises;given that the government is
constrained to OUC taxes, should it simply tax the externality~causing
good itself (‘direct’ taxation), or impose taxes and subsidies on
related goods ('indirect' taxation) ? Ef

Both Green and Sheshinski (1976) and Balcer (1980) have invest-
igated this guestion in the contexf of a simple three—good model
with utility functions linear in income, and find that there are
+hree conditions each of which is sufficient for indirect taxes to be

zero at a ‘'second-best' optimum.

The terms 'direct' and 'indirect' are used in this way in what
follows, although they are in parentheses to distinguish them
fyrom their more common usage, which distinguishes between income
and commodity taxation.

(]
~



The first two are; (i) that all individuals have identical
preferences and incomes, and (ii) that the externality be of the
'atmosphere' type, where the externality level depends on the simple
sum of the consumption levels of the externality-creating good, and
the individual ignores his contribution to the externality. ?hese
conditions, as well as being restrictive, are not particularly inter-
esting, as they are precisely the conditions for which *first-best’'
Pigovian taxes are uniform, and as mentioned above, the Pigovian

solution requires 'direct' taxes only.

Green and Sheshinski (1976) alsc noted a rather more interesting
condition, which was that preferences be separable in one of the non-
externality-causing goods; this turns out to be consistent with,

and in part a special case of, the following analysis.

The purpose of this paper, then, is to examine the ‘'direct/indirect’
problem in the the OUC tax structure in the context of a rather more
general model than the one previously used, which allows for income
effects and an arbitrary number of goods. We find that, for the case
where preferences are separable in the externality, general conditions,
on preferences can be found which are sufficient for 'indirect' taxes
to be zero at the optimum and interestingly, that these conditions are
precisely those which are sufficient for uniform commodity taxation
(where 'commodities' are goods 1,..,N + 1) in the standard many-person
Ramsey optimal taxation problem. It is also found that these conditions
are not sufficient to guarantee zero indirect taxation for the non-

separable case; this is shown by counterexample.



2. The Model

For simplicity we assume that there are two individuals. The

results obtained are easily generalised to an arbitrary number of

individuals.

We also assume N + 2 goods (i = C,.,N + 1) and we assume good O

is externality-causing so that the utility functions are defined as

U- =0 (X , x ,e) (1)

c
"
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»
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where f = (xl Y N+1) h=1,2,
1 2 2 1 i :
and e’ =X_, & =X - Also, we make the assumption of separability in

el, e2 so that

h _h j
o = P (P S ), €) h

]

This assumption greatly simplifies the analysis by removing the dependence

of demand of the freely chosen goods on externality levels.

In the subsequent analysis we will need to consider the possibility
of taxing the externality-causing good 'directly' and for this reason
must adopt some price normalisation that allows us toc do this. For
convenience, we adopt good N + 1 as the untaxable numeraire, and
suppose that each individual has an endowment of the numeraire é;h )

" N+1
plus a lump-sum tax or subsidy of the same which is controlled by the



government (Th). It should be stressed that the results obtained

below are entirely independent of the choice of normalisation.
The budget constraints are

N -h h
PoXo * 4% F R S Xy *T Bh=12 (3)

Each consumer maximises (2) subject to (3). The indirect utility

functions are therefore of the form

Vh=Vh(f(Po,g.Th),eh')h=1,2 {4)
and we have

Elh.= au” =" h=1,2 (5)

aeh de

We assume a constant returns to scale production function so that the
aggregate production feasibility constraint can be replaced by a

government revenue constraint in the usual way.

The production constraint can be written

|
nA

N
CoXo * I C ¥ Y Xer T e © S



Non-satiation will ensure that (3) will hold with equality, so that

summing (3) over h and subtracting from (6), we obtain

0 (7)

The optimal tax problem is Now to maximise the sum of the Vh subject

to (6), the control variables being tn’ ti (1 =1...N) and Tl' T2 .

The first-order conditions are :

h h 2 2 1
—ng°+rl 3_2 + r X + @)
P oP
O Q
N
u]:xo+tn 0K, + I, T :] = 0
P P
Te)
h h h 2 1
- X x, + r + r, X + ul X, + X + I t, KX
J 1 — 2 - J o i i
aP oP oP 9P
J 3 h|
= 0 V (9)
3
for the choice of to'tj (j =1....N).
For the choice of T1 b T2 we obtain
N 1
1 2 .5l 1
x -
. +r.8° +uE:°8° +i'-§-1 ti e 1]
I M 3 M oM



and
2 1 .2 2 = 2
Yy O+ r.3x + t . + I t,. 3, - = 0 (11)
[*] [} o {=1 i i
oM M oM

where U is the multiplier on the 'government revenue constraint,

~and Ah are marginal utilities of income for h = 1, 2.

Multiplying- (10) and (11) by =xi and xz respectively and adding
to (8) we obtain
1 .2 2 1 2 N 1 2
£ Sc, + oS ¢+ u[:to(soo+s )+i£l t, . (s°i+soiz']
(12)
= 0
and similarly from (9) we can obtain
12 2 1 1, .2 N 1.2
+ : + + +
T, So3 * T Sgy 7 “[t (Sop ¥ So3 1+ E &4 5y sji]
(13)
= O, Vj
Here s:j (i,j = O0....N} 1is the ijth element of the hth consumer's

Slutsky matrix.

Equations (12) and (13) are very similar to optimal tax formulae
for the many-person Ramsey tax problem and can be interpreted in a

similar way.

First, the 1:‘h are a measure of the distortion due to the externality,



as T'h/xh (h = 1, 2) represent the difference between the hth

person's marginal willingness to pay for the externality level and

the amount (zero) that he actually does pay.

Therefore ( - Ty Sij +_12 Sij } may be interpreted as the amount,
to the first order and at constamnt levels of utility 5/, by which a

unit change in the jth tax reduces the distortion due to the externality.

In the special case where Sij =0 i # 3, then
2 1 1 2

= s, + s.) = t, (s, + 8, 14

(ry o3 Ty So3 Wty (854 33 ) (14)

so that the marginal welfare gain in terms of "reduced distortion"

induced by the jth tax equals the deadweight loss to first order, imposed

by that level of t.

In the general case, the interpretation is slightly modified as
the first order conditions are interdependent. Now the marginal welfare
gain from the jth tax is proportional to the distortion in consumption
of the jth commodity induced by the tax system. Forx example, suppose Xj is highly
complementary to a positive extermality (Soj < 0y} then ome would be willing
to bear a tax system which induced a high distortion in the consumption.
of xj compared to some good k for which SOk = 0O, because
increasing consumption of xj is a more ‘'efficient' way of indirectly

affecting Xo than is changing xk 5

From this discussion it is clear that the jth tax will be non-

2/ This is as it should be, as the ability to effect lump-sum transfers
is equivalent to the ability to manipulate utility levels independ-
ently of commodity taxes.



zero at the optimum 6nly if it provideé an indirect way, via relation-
ships of substitutability; of influencing consumption levels of

good O. Therefore we would expéect (and it will be proved below) that
if Soj = 0 (3j=1....N) then optimal 'indirect' taxes will all be

Zexro.

A weaker condition for zero 'indirect' taxes can,however, be derived.
Suppose that relationships of complemntarity and substitutability are

such that if the externality causing good were untaxable, then the optimum

*indirect' tax structure would be uniform. In this case, nothing would.
be gained in welfare terms by allowing ‘indirect' taxation as an addition-
al policy instrument, supplementing 'direct' taxation. Therefore, at

the 'second-best' optimum with both types of taxation as available
instruments, 'indirect' taxes would all be zero. Also, because of the
similarity of this problem to the many-person ﬁamsey tax problem, it

is perhaps not surprising that one can provide sufficient conditions

for uniformity of the 'indirect' tax structure which are identical to
those for the Ramsey many-person optimal tax problem (the latter

conditions in their most general form are given in Deaton (1979)).

This argument can easily be formalised, and leads to the following

result :

Proposition 1

1f preferences are such that

o= PP, 2D, ) ney, 2
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h
and for fixed X, the indirect subutility function §h ( ) satisfies

then optimal 'indirect' tax rates are all zero, and the optimal 'direct’

rate satisfies

2 1
*
to = - 1 (rls _"_'r2soo ) .
u
52 + S1
0o

The first remark to be made is that these conditions are identical to

those derived by Deaton (1979) for uniformity of commodity taxation,

and require that the indifference map in the 3&31 space be of a special
h h

form. It must be independent of :&e and e and must be quasi-

homothetic.

The second point is that this result is a partial generalisation
of Green and Sheshinski (1976) who find for their model (N + 1 = 3
and utility linear in income) that preferences must be additively

separable in the following way for zero indirect taxes ;

o= g (3D, ") g oy el

1 2 (15)

It should be noted, however, that (15) does not satisfy weak separ-
ability in eh and therefore Green and Sheshinski's result is in

this sense more general than Proposition 1 above.

However it is established below that one can do without weak



11.

spparabi;ity in eh only in the special case of no income effects;
when income effects are allowed for, it is shown by counter-example
that indirect taxes are non-zero for preference structures satisfying
all the other hypotheseslof Proposition 1 except for weak separab-
+ility in eh . Therefore, it would appear'that Green and Sheshinski's
gqondition {15) cannot be generalised to the case of non-zZero income

igffects, although it may be possible to extend it to the case of

'many commodities.

Finally, we may note that when optimal indirect taxes are zero
| the formula for the optimal direct tax is idénticai to the one first
»derived by Diamond((1973) equation 10) for the case where the government
has only direct taxes at its disposal. This establishes that the

approach in this paper is consistent with earlier analysis.

Proof of Proposition 1

By hypothesis, the constrained demand functions for a fixed

~

Xg can be written

“h h » h h -h
X, = a (2 ) + Bi (E ) (T - Poxo + Xy 4+ 1) (16)
i=1l....N+1, h=1, 2.
l\h )
Clearly 3x
i = Bi ( E ) for all i and h.
oM

Now, by Theorem 5 of Goldman and Uzawa (1964) we know that



sh = ¢h axh i=1,...N+1], h=1,2 (17)
ol i
8Mh
where ox: is the derivative of the relevant unconstrained (xg
h
oM

variable) demand function.

Using the analysis of Neary and Roberts (1978) and the fact tpat

preferences are separable in xh we can derive

x

l; 3"'}1l “h 3":
—Lo. L (1 =) imlmel, (18)

h'lpz

where Pg is the 'virtual price' or marginal willingness to pay

for the ration level 1{2 . As 8Kh

i is independent of X'h ’
auh | °

at that level which would have been chosen by the consumer h

~

at the given market prices and income, which gives Pg = Po

and thus
h -1
‘h X
;o= 88 a+r, Toy m @), or (19)
° - i =~
o}
h h
Soy = YB . i=lo..N+1l, h=1,2.

Now by the homogeneity of degree zero of the compensated demand

functions, we obtain

12.



YB + S = 0 h=1,2 (20)

N A Nl (21)

Using (19), (20) and (21) we can write the N equations in (12) and

(13) in matrix form

LR o]
-~
=
+
-
N
(e

where B is the column vector ( Bl......B. )’ t is the column vector
b N -

(tl.....tN) , and the ijtn element of A , aij is defined as

1 2
a;y = (Syy + Sy /ey v vy

Then solving fcr £ (i =0....N)

using Cramer's rule we have, as long as the matrix is non-singular,

*
that t, = 0O (i=1l....N) and that to = %_ (Y,r; + YT,

Yt Y,




L4
Substituting from (20) we obtain the desired result.

In exactly the same way, we can show that if Soi = 0 for
all i =1....N then ti = 0 and t: satisfies Proposition 1 :
this proves the assertion above. It should be noted however that
Soi = 0 (i=1....N) does not require either separability in

goods 1l.....N or the Gorman aggregation conditions, so that it is

not a special case of Proposition 1. We have

Proposition 2

If Sgi = 0 for i=1....N and all h then the optimal

*
'indirect' taxes are all zero and to is as in Proposition 1.

We may now extend the analysis by considering the implications of
dropping the assumption of separability in eh . This is best done
by means of an example: we will first analyse the 'bench mark' case
of separable externalities, and then consider the more complicated

non-separable case.

Consider the two pairs of utility functions

_ 1 1 1 1 1 1 1

Ul = % log X, t 3 log Xy + 3 log X, + 5 log e
(22)

_ 1 2 1 2 1 2 2

02 = E-log Xq + T log Xy + z-log x, + log e

and

1 1 1 1 1 1 1 1

Ul = E-log (xo + 5 e ) + Z-IOg xl + Z-log x2
(23)

1 2 2 1 . 2 1 2

02 = i-log (xo + e ) + Z-log x, + Z-log x,
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It is easily seen that the utility functions in (22) satisfy all the
hypotheses of Proposition 1, and those in (23) satisfy all the hypo-

theses except for weak separability in eh {h=1,2).

Let us suppose that the relevant budget constraints are

1 1 1
Pox + Plx1 + x2

A
ron
+
)

(24)

2 2 2
Poxo + Plxl + x

[N
fin
[ V)

Here we may interpret good 2 as leisure, and we reqguire at the optimum
that T1 > -1, T2 > - 1.

1 = —l- = }—
Now define Zo =3 5 z]_ P 5
o 1
The social welfare function can be written as the sum of the indirect
utility functions, which are themselves derived from maximising (22)

subject to (24).

We have

1 5 . \ 3
W= E-log Z1 + 5-109 Zo + 2 log (1 + Tl) + 5-1og (1 + T2)- (25)

The revenue constraint is

1 - i - -
F (1-2C ) +7(1-2C) (2+T +T))- (T

Lt T, +T) Z 0 (26)

1

where Co , C. are the (fixed) marginal costs of production of goods

1
O and 1.

The tax problem is to maximise (25) subject to (26), the control variables
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, 2 and T,L£ , T

being Z 1 1

0 2 °

The first-order conditions are

‘5

i u.co(2+Tl+T2) (27)
0

Z2 = u.cl(2+'r1+'r2) (28)
1l

2 1 _ 1 _ _ -

1+Tl+ “[‘2"(1 zoco) + 4(1 zlcl) 1] o] (29)

(30)

N
"
o

oo

3/2 +uL%—(l-ZC)+ (l-Zlcl)—l:l

= 00 4 1 2

1
i;.(l-zc)+-—(1-ZlCl)3(2+T1+T2)=T+T (31)

We can easily eliminate the multiplier ; from (29), (30) and (31)

we obtain

7
p = 7 (32)

Now substituting (32) into (28) we find, remembering that ( - Cl )

Z
1
= tl that t1= 0 if and only if
6 K
T, T, = - % (33)

We can now show that condition (33) can be deduced from the first-order
conditions alone, implying that it is a feature of the sclution of equa-

tions (27) - (31). This is easily done by substituting for ZOCO and
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and Zlcl from (27) and (28) respectively into (31), whereupon we

) _ 6 5/
obtain T1 + T2 = = .

This is both an illustration of the validity of Propesition 1,
and a useful comparison with the non-separable case where, as will be

seen below, this property of the solution no longer holds.

Non-separability ‘implies dependence of demands on externality
levels. These 'conditional' demands are obtained by maximising (23)

subject to (24) and are then solved for the Nash equilibriam to obtain

1 _ 8 1 1
xo = 17 Po {l +Tl + T (1 +T23 (34)
2 _ .8 . 1 : 1 : 36
X, = (1-4—)—Po i(1+T2) + > (’1+T1 )3 (35)
1 1 1 8 .- ) 2
xl— (T)§T§7(1+T1A)+7 (1+T28 (36)
2 1 1 8 4
X, = (T)-IT€7(1+T2)+—7-(1+T18 (37)
The social welfare function is then
W = log & +ilogz | (38)
© 2 1
slioo [21sos2 e (1m0 +2 (1emy(1er | 09
29 | 2 1 8 2 8 1 27
- —
1 32 2 16 2 24
+zlog E(1+Tl) +T9-(1+T2) +-4-3(1+T1)(1+T2)d.

5/ Also, from (29) and (30) we obtain 3 Tl - 4T, =1. Combined with (33)

this implies that at the optimum T2 = - %- e T, = - %- so that

Tl 7 T2 > =1 1is satisfied.
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One easily obtains from the first-order conditions for a constrained

maximum of (3) that

t
1 U 12 10 -
EI = 3 i} 1+ Tl ) 5= + - (1l + T2 {3 1 (40)

(where p is the multiplier on (39). Also, one can establish that
o= %- from the first-order conditions, so that the condition for

zero ‘'indirect' taxation is

12 10 _ _1lo
B S B 21 (an

However, using the first-order conditions for variables Zc, and Z; and

substituting in (39) one can obtain

2. 1 5
7Tl+i—4-'1‘2='1—4- (42)

It is here that the problem arises. We have followed exactly
the same procedure as in the separable case, but (41) and (42) are
not linearly dependent, which implies that imposing tl = O requires
an additional linear restriction independent of the first-order
conditions. This implies that given that there are one or more solutions
to the system of equations given by the first order conditions, the
system given by the first-order conditions plus (42) is overdetermined.
Thus it is easy to assume (42) and obtain a contradiction implying that
t, # O at the optimum.

1

From (41) and (42), we have

(43)

3

il

]
wjuw

)

|
wjwn

Using (43), we find that to = O at the optimum so that from the
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first-order conditions,

oW 3 '
Ip S W = 7 - (44)
1
. . 5 5 .
However, evaluating oW at T = - =, T = = we find that
— 1 3 2 3
T
1
‘ow _ 18 1 .
) 3-'171 = —-,-7- + Té- ; @ contradict}on.

This example has been rather involved, but it has demonstrated the
important points; first, that the main result of this paper depends
crucially upon the separability of preferences in eh , and second,
that Green and Sheshinski's result'depends in a similar way upon
the assumption of no income effects. It is therefore p:obably
fruitless to search for general conditions on preferences, in the
absence of separability, which imply that indirect taxes are not

necessary.

3. Conclusions

It remains to be asked if some of the restrictive assumptions of

the analysis can be relaxed somewhat.

The first is that there is assumed to be only one externality:
however it does not seem that Proposition 1 can be extended to the case
of many externality-causing goods. The reason for this is that when
there are many externalities, an optimally uniform tax on all non-externality-causing
goods when the externality-causing goods are all untaxable is no longer equivalent

to optimal ‘'direct' tax on each of the extermality-causing goods as



it imposes an equal tax on each of them, and generally the 'direct’
taxes will be different at the optimum. The second assumption is that
the government has the ability to make lump-sum transfers between
individuals; making the assumption allows us to isolate those features
of an optimal commodity tax system which 'correct' externalities from
those features which play a redistributional role. However in any
reallstic economic environment with externalities the optimal commodity
tax system will play both rcles. In terms of the model above, if the
government has only a poll-tax at its disposallthen not surprisingly
Propositions 1 and 2 no longer hcld - it will be optimal to tax or

subsidise other goods for reasons of equity.

We may remark finally that under very special circumstances,

Proposition 2 holds for the case of many externalities.

Suppose the first o©....k goods are externality-causers, and the
k+1l.....N+ 1 goods are purely private.
Then if for any good o0 < 1 < k, and k +1 <] -<-N+1'S:Lj =
and forany 0 < i < k, 0o £ 3 £ k., Sij=0,thenit
can be proved that all 'indirect' taxes will be zero at the optimum.
Also, the optimal ‘direct' tax on the ith externality-causing good

can be found to be

1
& = o f %1813 Y28y
1 3 .
S11 ¥ 8y

However, this is clearly a very special case.



References

Y. Balcer (1980),'Taxation of Externalities: Direct vs. Indirect',
Journal of Public Economics 13, p.121-29,

A. Deaton (1979), 'Optimally uniform Commodity Taxes', Discussion Paper
No. 71, Bristol University. '

P.A. Diamond (1973), 'Consumption Externalities and Imperfect Corrective
Pricing', Bell Journal of Economics 4, p.526-38.

S.M. Goldman and H. Uzawa (1964), 'A Note on Separability in Demand
Analysis', Econometrica Vol.32,3, p.387-98.

J. Green and E. Sheshinksi (1976), 'Direct vs. Indirect Remedies for
Externalities', Journal of Political Economy 84, p.797-
808.

J.P . Neary and K.W.S. Roberts (1978), 'The Theory of Household Behaviour
under Rationing', Warwick Economic Research PaEerNo.l32.

D.T. Scheffman (1975), ‘The Aggregate Excess Demand Correspondence and
the Structure of Economies with Externalities', Review
of Economic Studies, Vol.42, p.597-604.




